-

NACARME

Lo B

Aut

Byl

. g‘}lgc}? 7 -é‘:umzuwux-m;}a-umum
J P - o mdemnaenvanae States within the meantng of the Eplocage Act,

.
[ ]
-

b

RESEARCH MEMORANDUM

EXTENSION OF BOUNDARY-LAYER HEAT-TRANSFER THEORY TQ
COOLED TURBINE BLADES
. By W. Byron Brown and Patrick I.. Donoughe

Lewis Flight Propulsion Laboratory
Cleveland, Ohio

LA” 4 CANCELLCU

ani - . A LA ’ ._..-,Date.lﬁ,-{u/;‘.?i
JEa 1480 ].. ...
R ST see YL g

wmformad thersct.

NATIONAL ADVISORY COMMITfEE
FOR AERONAUTICS

WASHINGTON
August 11, 1950

e §
civillan officern v {(‘?
&n:n,-d 15 Urhed Siates citizens of Yeown .,g_h
Loyalty and discretton who of secesatiy musk ba \Jﬁ

UNCLASSIFIER




9%t

AT

NACA RM ESOFO2 31176 01434 UNCLASSIFIED

NATIONAL ADVISORY COMMITTHEE FOR AERONAUTICS

RESEARCE MEMORANDUM

EXTENSION OF BOUNDARY-LAYER HEAT-TRANSFER THEORY TO
COOLED TURBINE BLADES

By W. Byron Brown and Patrick L. Donoughe

SUMMARY

A review of exlsting boundary-layer heat-transfer theory appli-
cabls to outside heat-transfer coefficients wes made. The influences
of Mach mmber, temperasture ratio, and exponents of gas-property
temperature relations were computed end were shown to be relatively
small, when the gas 1s alr, for Mach mumbers less then 2 with tem-
perature ratlos between 1 and 4. An equablion for the aversge heat
transfer of a surface was derived for constant wall temverature when
the boundary leyer changed from lemlinar to turbulent on the surfsce.
These results indicabted that the parameters needed to calculate the
Nusselt number are the Reynolds and Fuler nuwwbers and the trensition
ratlo (length of surface with laminasr boundary layer divided by total
length of swrface). Good sgreement bebtween the average heat transfer
predicted by the theory and some experimental results from cylinders,
en airfoil, and turbine blades was obtalned.

INTRODUCTION

No satisfactory correlatlion of heat transfer from turbine blades
is poesible between cooled turblne blades of the impulse and the
reaction type when the correlatlon schemes used for boller pipes,
heat exchangers, and reciprocating englines are applied. It Is known
that the convective heat-transfer rates bebtween the flulds and ‘the
metals involved are dependent on the boundary layers. In the gengral
case of heat transfer through the boundary layer, the stream tempera-
ture may differ sppreciably from the wall or surface temperature, so
that variations of specific heat, densibty, viscosity, and thermal
confluctivity should be considered, as well as the effects of Mach
number and pressure gredient in the direction of flow.

Theoretlcal studies have been mede of heat transfer through
laminar end turbulent boundary layers of cortaln simple types. One
of the earliest leminar studies was made by Pohlhausen (reference 1),
who assumed no pressure gradient (flat plate), various Prandtl num-
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bers, and constant flulé properties through the boundary layer. This
anslysis was extended to lnclude large Mach mumbers (supersonic flow)
and temperature ratlios (the absolute temperature of the fluld outelde
the boundary layer divided by the absolute t rature of the wall)
widely different from unity (references 2 to 4;. Variations in
gpecific heat and the temperature-viscosity law are . also consldersd
in reference 4. In references 5 and 6, the pressure gradlent along
the flow path is included, but co:ns-hant fluid properties are assumed,

thus :{mplying temperafbure ra.tios near 1. A1l these analyses assume

a constant wall temperature. Reference 7 considers varlations in the .

wall temperature without a pressure gredient in the Fflow direction.

In the case of theoretical formulasg for turbulent boundary
layers, Reynolds analogy is usually employed. Summaries of the
resulting formulss for heat transfer are glven in references 8 and 9.
The problem for lncampressible flow in a pipe and over a flat plate
is discussed 1n reference 10.

L P

Some experimsntal results heve been published on averaege outs
heat-transfer rates between the ges and the turbine blades from sta
tlonary cascades. No nozzles preceded these cascades. Data on
impuise blades with temperature ratios of C.8 and 0.9 are given in
references 11 and 12, respectlively, and reference 13 gives resulibs
for temperature ratlos above l. Even though these results are
plotted in the same mannsr, different correlstlons are shown for dif-
forent cascades (reference 14)}). In order to unify such results,
theoretical studles are needed and new parsmeters not used in tube
investigations may be necessary.

o
LUO

The theorestical effects of the various peareameters on the heat
transfer with a laminer houndary layer and constant wall temperature
were analyzed at the NACA Lewis laboratory and ere discussed hereln.
With the assumptions of constant wall bemperature snd Mach mmbers
less than 2, a formule ie derived for the average outeide heat-
transfer coefficlent at points where the boundary layer 1s partly
laminar and peartly turbulent. The effect of two additional param-
eters, the Euler number and the transition ratic, are calculated
and presented. Results from experimental investigations are assembled
and compered with resulis calculated by means of the theoretical
fornrula.s.
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STATUS OF BOUNDARY-TAYER THEORY WITH HEAT TRANSFER

When a fluid flows along a =alld boundary, the part in immediabe
conbact with the surface has zero veloclty relstive to the solid
{reference 15, pp. 676-680); whereas in the free stream, the fluid
has its greatest velocity relative to the solid. Between the wall and
the free sbream, the velocibty changes contimuously fram zero to the
free-stresm value; this region 1s called the bownmdary layer. One of
the characteristic features of this region is that it is very thin
compared with the length of the body for the ranges of Reynolds nun-~
bers considered herein {(10% < Re < 10%). Under these circumstances
(thin boundary laysr), the same equations hold for curved surfaces
as for plane ones for a laminar boundary layer (reference 15,

p. 120}, so that the radius of curvature will not enter Into the
solution in general (the stegnation poilnt 1s an exception). Such a
boundary layer is shown in figure 1, which greatly exaggerates the
relative thickness of the boundary lsyer. The solid surface is shown
in the figure as a plate placed in the middle of a converging channel
and therefore subject to a decreasing pressure gradlent for subsonic
flow. The distance x 1s measured along the surface from the stag-
nation point and the ¥y direction is perpendicular to the surface.
(A1l symbols used in the report are defined in Appendix A.)

Eguation for Heab-Transfer Coefficient

At the wall surface, heat leaves the fluld by conduction st the
rate per unit time per unit area Lk (ITF/dy)., where k, is the
thexmal conductlivity of the fluid at the wall temperature and
(BT/By)w is the temperature gradient perpendiculaer to the wall at
the wall. This rate of conduction ie equal to the smount of heat
that enters the wall per wnit time per wnit erea, ususlly given as
the product of e hesb-transfer coefficlent H and a temperature dif-
ference betwesn the Tiuid in the mein streasm and the wall. When the
fluid is moving rapidly, an effective Lemperature T is used in the

e
heat-transfer equation. Thus

BT, -T) = kw(%)w (1)

vhere Tw is not & fimection of =x.
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The effective temperature Te is not the temperature indicated

by & thermometer moving with the fluild, nor is it the stagnation tem-
perature indicated by & thermometer placed in a calming chamber where
the flunld is brought to rest wlithout heat transfer; thet is, adlebat-
ically. It is insbead the temperature that satisfies equation (1) at
a specific point x when (BT/By)w approaches zero and E remains

constant. Thusg, Te = Tw in this case and, conseguently, Te is

often called the adiabatic wall tempersture. By utilizing this con-
cept for the effective gas temperaturs, the differentlisl equsetions of
the boundery layer can be solved for (T/y) end T , end H may
be computed through the use of equation (1). ©

Eguations of Laminer Boundary Layer
The equations of the compressible laminar boundery layer for
steady-state flow of an actual gas with heat transfer are (refer-

ence 4):

Momentum equation,

du du _ o du )
S o ony (9 8 @

Continuity equation,

é% (ou) + 5—?: (ov) =0 (3)

Energy equation,

2
: or or ) or ou =)
Jcp pu&+pv§§>=§-(ka—§_)+p<§;) +u.5_l(-E (4)
In order to find the quantities (B‘I‘_/By)w and T, shown in

equation (1), two independent solutions of the boundary-layer
equations are necessary. The first solution i1s for (B‘I’/By)“r

wlth the assumption that Tw is independent of x and wlth the
Ffollowing bourdary conditions:

1346
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When
¥y =0,
u=0-=v
and
T =Tw=constant
end when
-Y=8:
u="1T
and.
‘I'.=T5

The second solutlon 1s for Te with the assumption that
(B‘I‘/By)w =0 eand T_ =T, which is an unkmown quantlty to be deter-
mined by solving the boundary-layer equations.

Dimensionless Parameters

The solution of equations (1) to (4) will involve the quantities
u, vV, X, ¥, 0> H CP: k, ?, p, E, U, W, @, and B. The

quantities @, o, and B are exponents of the temperature relations
of viscosity, thermal conductivity, and specific heat, respectively.
When the squations sre pubt into dimensionless form and solved, the
previously mentioned physical quantlities appear as a group of dimen-
gionless parameters, so that the solution can be expressed in the form

W(Nu, Re, Pr, M, Bu, T, A,®, @ B) =0 (5)
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where
TN

Nu = %x; = Nusgelt mwmber

Upw;c
Re = ——— = Reynolds number

e

S ,w Pw
Pr = _ELk;— = Prandtl number

133
M = 2= Mach number

S

-2
Eu = 5 = Euler number
pgU
X
!

moo= = temperature ratlo
W

‘Ao 'I'e - Ta
UZ/ZchP

= yecovery factor

e _ _?_)B
Co,w T

1346
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The Nusselt mumber Ex/]gr is a well-known heab-traensfer parem-

stor that can be dsrived from squabion (1) by reerranging and mulbi-

plying both sides of the equabtion by the reference length x, thereby
meking equation (1) nondimensional.

The Reynolds number U‘pwx/uw is a well-known parameter Ffor
fluid-flow problems relating the inertia to the viscous forces.

4
The Prendtl number c v/kw resplts from meking eamation (4)

nondimensional and depends entirely upon the properties of ths fluld.

The Mach nurber U/a and the temperabure ratioc TS/Tw gppear in

the solution when the heat gensrated In the boundery layer is not
negligible and when lerge temperature differences, producing changes
in property values, exist bebtween the fiuld and the body.

The Euler mmber :—322& is not as femilar e grouping as the
o /x
preceding nmmbers. It measures the pressure gradient in a nondimen-
sionsl fashlon. Althowgh the symbol for Euler mumber has appeared as
n in previous boundary-layer Investigations (references 5, 6, and 9),
the symbol Eu 1s used 1n this report to conform to the notation for
other dimensionless quantitlies, such as Re, Pr, and KRu. When the

velocity veries as X', ‘the partial differentiels in the mumerator
becams total differentlels and the Euler mmmber reduces to the con-
stant value Fu, a8 shown in references 5 and 6.

The quantity Te is often related to T8 by the equation

Uz
2 i
gdc,

Tg =Ty + A (7)

vhere [ 3is a dimensionless mumber called the recovery factor.

If large temperature differences exist between the gas and the
so0lid surface, many of the physicel quantlties in the eduatlons
(cp ;s B; p, and k) vary by large amounts in the boundary layer.

In figure 2, the veluwes of p, k, and cP are plotted in a

logarithmic scale against absolute temperature. The large varia-
tions may not result in lerge chenges in the Nusselt number bsceause
some of these varlstlons mey be compensatory. These curves can be
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closely approximsted by straight lines on a logarithmic plot for mod-
erate renges of temperature, so that it is possible to write

.

(3]
= (T
wh, =(2/t ) N
=
x/x_ = (z/T )P (8)
c /e .. = (T/T P _]
D’ PwW W :
where ®, @, end B are exponents that will appear in eguations (2}
to (4) when the preceding substitutions are made for w, k, and
cP. The usual substitution for p 1s mede; that is, p variles
inversely as the temperature and directly as the pressure. In the
solutlon, the values of ®, @, and B have an influence on the
results when T, i1s markedly different from 1.
L 3
Effect of Variatlon of Dimensionless Peramsters on
Nusselt umber for Leminar Boundery Layer -

When solved for Nu, equation (5) tekes the form

Nu =V, (Re, Pr, M, Eu, T.,, @, ¢ B) (9)

A =‘l’2 (Pr, M, Eu, w0, ®, B) (r0)

The evaluation of the functions \lll and 5 presents a formi-

dable mathematlcal problem. The NACA Lewls laboratory is now working
out a numerlcel soclution for the general cease, where the gas proper-
ties in the boundary layer vary with the temperature and large pree-
sure gradlents are present 1n the free stream at the same time.
Calculations have already been made by several Investigators and in
this paper for some simplified cases by which the first-order effectes
of the pareameters, acting independently, can be determined. The
efTects on the Nusselt mmber of the other nondimensional mmbers in
equstion (9) follow.
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Effect of Reynolds number Rs. - All the references dealing with
heat transfer through a laminar boundary layer (references 1 to 9 and
15), no matter which of the other parsameters are included or omitbed,
agree that Nu should be proportional to the square root of the
Reynolds mumber (for exsmple, reference 15, pp. 626-638). Thus,

mu o AfRe (11)

Effect of Prandtl mumber Pr. - A simple and exact relatlon for
the effect of the Prandil mumber on the Nusselt mmber is impossible
because of the way Pr enters into equation (4) when the equation
is made nondimensionel. The effect has been calculated (reference 15,
Pp- 624 and 626) in the case where M =0, T, = 1, and variations

in o, &are not considered; that is, B = 0. It has been found that
with Bu =0 for 0.7 <Pr €15, the approximate relation is

/3

Fu o (Br) (12)

Similarly, with Eu =1 for 0.6 <Pr <2 (reference 15, p. 632),

" mw o (er)®t (13)

A similar relation for Eu = 2 presumably could be found, but as yet
has not been determined.

Effect of Euler muwber Fu. - The equatlons that give the effect
of +the Buler number on the Nusselt mumber for the case when Tr s 1,

M =0, and B =0, are given in references S5 and 6. Calculations
are mede in reference 5 for a series of Prandtl numbers fram 0.6 Lo
l.1 for Bu =0 &and Ew =1 and for & series of values of Eu for
Pr = 0.7 in reference 6. By utllizing the lamlinsr veloclty distri-
butions published in reference 17, Nu/a / Re may be calculeted fram
the eguation given in reference 6, which is

Butl

2

T _ '
.’\/Be *® H _ —
‘fo exp (- Pr f £ an) dg

6

(14)
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The results of the calculations are shown In figure 3, where

-0.09 < EZu< 1.5 and 0.8 < Pr< 1.1. The lower value of Eu, where
du/dy 1is zero at the wall, gives the largest adverse pressure gra-
dient theoretlcally possible In a leminar boundary layer with Tr = 1l.

If this gradient 1s exceeded, reverse flow wlll begin ab the wall and
transition or separation will occur. When the value of Nu/a/ Re
plotted 1n figure 3 is defined as Flam’ then

F = Nu/a/Re 15
wrhara 4o o Pymeattan ~Ff hoth T and
WAL de WS s J ke b Sl W WLLAs Wl WAL W ML UL dend R Srleh dhods P

Effect of temperature ratio T.. - In the following paragraphs,
the effect of Tr will be evalusted by keeping ®, @, and B of
eguation (8) constant, followed by the eveluation of Nusselt number

rhancas A 0 worndad-tano 4 on oo anmA 2
Wrdlldpd U D WL WS U ¥Vl LG U LV Abh Al | w ] Sk A He

By wbtilizing figure 4, which is obtained from the results of
reference 9, it is seen that at least for Eu = 0 +the Nusselt rmumber
and the temperature ratio mey be expressed in the form

Nu @ (7,.)" ' (16)

Then n can be evaluated from published results for the case when
B =0 (constant specific heat) and FEu =0 (no pressure gradient).
The results of the evaluations where w and ® were assumed egual
are shown in the following table:

T,. renge Mach Prandtl | w=Q pe) Reference
number | number

1ST. <4 0 1 0.76 |-0.089 2
LST <4 0 0.725 | .75 | -.073 2
LTI < 4 .9 .7 .7 ~.091 3
1<T.,<4( 5 1 1 .8 ~.087 3
1<T <2| 5 1 .8 -.084 3

1346
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The valuss in the teble indilcate that neither changes Iln the Mach
nutber nor in the Pranditl mmber have much effect on n in the ranges
shovn. It will be shown later theb this independence 1s not true of
w. The infiuence of ® 1is not shown in the table because the values
used in the references cover only & very small range. In practice,

@ cannot change mich unless extreme temperature rangss are used or
unless the fluid is changed.

The wall temperature has been used throughout this lnvestigatlion
in eva.lua:bing Nu, Re, and Pr, all of which involve some of the

T 20l A Al S o TP +ha Pran_abtvacm Fommarvatmmra 45 11aad Inatracd AT

the wall temperature for svalusbting the fluld properiles, the value
of n will be quibte different. This effect ls shown in figure 4.
The question lmmedlately arises as to whether there exlsts some
Intermediate temperature that, if used for fiunld-property eveluation,
would cause n +to became zero. :

It 1s suggested in refersnce 9 that some results of Crocco can
be closely approximated by evalmnating the fluld propertles at a
temperabtiure TP when

2 Tw
T =7 |1+ 0.032M + 0.58 | — - (17)
P 5 : T8

0 <M<S5

Because in this correlation congbent specific heat (B = 0), zero
pressure gradient (En =0), ® =0.75 =@, and Pr = 0.725 arse
assumed, it 1s not recommended for other cases when these conditions
are not fulflliled.

The temperature rablo has another effect not directly releted to
equation (9), the effect on the stebility of the leminasr boundary
layer. A theoretlcal analysis 1s presented In reference 18 and the
results are shown in figure 5, where the critical Reynolds mumber 1s
plotted egainst the temperature ratio for Euler mumber of zero. The
ceritical Reynolds mmuber, which indicates the stability of the laminar
boundery layer or its resistance to transition, ls seen to increase
for increasing T,.. It 1is experimentally shown in reference 19 that

the Reynolds mmber of transition decreases when T becomes less
than 1.

Effect of viscosity-temperature exponent ®. - In going from one
gas to another, the valus of ® may change considerably. It is shown
In reference 20 that ® ranges fram 0.647 for helium at low tempera-
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tures to 0.98 for cerbon dloxide. Thus & range of values of & could
conceivably be useful. Reference 4. contains such values with M =1,
Pr = 0,725, w=@, B =0, and Eu = O (presented herein as fig. 6),
whereln c £ ,,[B‘ L,s’ a gquantity proportional to Nussell number divided
by ,(ﬁe is plot'bed. against ©®. This figure showe that when
= . T = 4
1, NuL 5/,( ReL s 1s almost independent of If s

cha,nge of w from O 7 _to 0.8 (plausible range when the flu:l.d is a.:!.r)

decreases NuL S/ L 5 gbout 3 percent, whereas a change in ®

fram 0.65 to 1.0 decreases Rup S/JReL 5 &bout 8 percent, the refer-
ence value of ¢ ,f L 5 bein,g at T -=l.

Effoct_of thermal conductlvity - temperature exponsent . - The
geparate effect of ® hae not been published insofar as is known. In
the references it ls assumed to be the same as .

Effect of specific heat - temperature exponent p. - The effect
of the exponent § has been compubed using the resulis of refer-
ence 4 and is shown in figure 7 with X, a quantity proportional to

Nu 6/,[?—5, plotted ageinst B. This figure showe that for

T, =1, NuL s/ .[ReL 5 1s independent of B. The figure also 1llus-

trates the fact that l‘Iu.L 8/“,38 L,5 decreases for increasing T .

At B =0.2, a pleusible value for air, K 1s red.uced. 10 rcent for
= 4.0, and. w0 al

Tr Inasmich as NuL 5 “f L,3 K, Nu,L 3 ,"I_i L,5 is 8o

reduced 10 percent from the velue at Tr = 1.0.

It 1s therefore apparent that the large changes in the physical
properties of the fluld through the boundary layer dus to large tem-
perature varlaticns produced several effects. Some of these effects
tended to reduce Nu/NRe, whereas other effects tended to incresase
Nu/AfRe. The net result of ell these chenges has not been completely
calculated, but in view of the compensations noted, the net effect
may be much less then the changes in the ind_tvid.ual properties would
indicate.

Effect of Mach number. - Celculabtlions are presented in refer-
ences 3 and 4 In which a range of Mach mumbers was used. From an
analysls of the curves besed on these calculatlons, it is concluded
that for Mach numbers not exceeding 4 an approximate relatlon is

Nu o(l -C Mz) (18)
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The coefficient C in equation (18) depends on the other param-
eters of equation (9), but does not undergo large changes in the range
of values usually encountered. The calculated veriation caused by
chenging Mach mumber from C to 2 is shown in figurs 4. When
w=0.75 =@, Pr =0.725, Tr =2, and B =0 =ZEu, a calculation

ubilizing the results of reference 4 yilelds the value 0.00374 for C.
This value was eltered very little by changling 'I‘r fram 1 Lo 4.

The curves of reference 3 indicate a value of 0.00341 for C, where

Tr=l, Pr =1, W=0.8=®, and Fu =0 =PB. Both of these mm-

bers are so small that for stvbsonic flow, the Mach mmber effect is
guite insppreciable, at least for Eu =0. When M =4, the effect
on Nu 1is to reduce 1t sbout 6 percent from the value at M = O.

Correlation eguation for lamingr flow. - For 1 £ Tr < 4 agnd
0< M <2, the combined effect on the Russelt number for air as the
gas of Tr’ M, ®, and B is of the order of a 5- or 1lO-percent
change from the velue at T, =1, M =0 (for air, B = 0.2 and
® = 0.7). In view of the compensations on Nu/A/Re of the different
factors involved, an approximation has been made for purposes of cor-

relaetion for the heat transfer from a laminar boundary layer. For
this approximstion, equation (9) takes the form

Na =V (Re, Br, Eu) © (18e)

Figure 3 was put ln the form of figure 8 by using the results of
figure 3 for Prandtl mmber of 0.7 apd results of reference 6 for
Eu > 1.5. For the range 0 < Fu < 2, the resulbs shown in figure 8
check figure 3 to less than 3 percenit. Thus the following equation
replaces equation (15) for 0.6 <X Pr<1 and O0< Eu< 2:

Nu/(Pr)l/ 5 ='f1 [Re (19)
where

flam = Elam/(rr)l/5

Equation (19) will be the correlation equation for leminar flow with

Flam. given in figure 8.
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Equations of Turbulent Boundary Layer

When the boundary layer becomes turbulent, the differential
equations (2) to (4) can no longer be applied because the motion 1s
not steady end the meen motion does not satisfy the equation of
Stokes. In spite of much simplification, neither the dynamic nor
the thermal problems are at present smensble to solution in thelr
more exact form. The flow is often regerded as conslsting of &
‘mean flow and a superposed Ffluctuating motion. By use of this
concept, equations similar to equations (2) and (4) have been pre-
sented wherein the velocities and the temperatures are time averages
(reference 8) that neglect pressure-graiient and dissipation terms
ag follows:

-, -ouw_, 9 fudu du
us-x-+7§-—+gy—(%gy—+el{gy—) (20)
- -y _3 oF o
GE D) -2(EE ud) (=)
where eM is the so-called eddy diffusivity for momentum and €H

1a the so-called eoddy diffusivity for heat. Thus formelly, the
leminer solutions for no pressure gradient and no digsipation cowld
be used by substituting €y + n/p for u/p and ez +n/p Pr for

t/p Pr. This solution cannot be carried out so simply, however,
because the values of the eddy diffusivitiss very from place to place.
Consequently, equations (20) and (21) have been used to derive Reynolds
analogy. This derlvation 1s carried ocubt by postulating that

dp/dx =0, Pr =1, end €y =€y Fauations (20) and (21) then

become identlcal in form, the_only difference belng the substitution
of T in equation (21) for wu in equation (20) as the dependent
varisble. It cen then be shown (reference 8) thet

B ___-f (22)
cp,wpwU 2

T
where T 18 the friction coefficlent equal to —-‘-%——
p U%/2
5]

The postulate that Pr =1 holds approximastely for all geses.
A number of formmlas have been mroposed for correcting equation (22)
for cases where Pr #£ 1. The simplest formula, glven in reference 21,
is

1346
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2/3 '
—E _ = (er) / =< (23)
cp ,wpw
T+ is shown in reference 8 that eguabions contalning more accurate
and more ¢ ex correction factors do not differ markedly from

equation (23) in the range 0.5 < Pr < 10. When eguation (23) is
solved for Ku, the result 1s .

/3

¥u = %Re (Pr)l (24)

The correlation for Nu can then be campleted by substitubing
an f correlation in equation (24). One of the simplest of these
correlations ls glven in reference 8 and is

.2

-0
% = 0.0296 (Re) (25)
Substitution of this velus in equation (24) ylelds
0.8
No = 0.0296 (Re) (1>r)l/3 (26)

Reference ¢ presents equation (26), comperes it with two more
elaborate correlations, and concludes thal equatlon (26) is adsquate
for gases, though possibly not for liquids wlth extreme values of
Pr. Accordingly, equation (26) will be used as the correlation
eguation for turbulent boundery leyers even though the pressure-
gradient effect has not been included.

In the laminsr boundary layer, it was foumd that the wall tem-
perature was sultable for eveluatling the gas properties p, cp s Mo

and k. Although the eveluwatlion temperature for a turbulent boundary
layer cannot be obtalned from thls analysis, a temperature equal o
the surface temperature is suggested, consldering that the leminer
sublayer in the turbulent boundary leyer may be controlling the heat
transfer. Also,; good correlation for turbulent flow in pipes is
cbtained in reference 22 when the gas propertles are evaluabed at the
wall temperature. The wall temperabure wlll therefore be msed for
evaluating the gas properties in both laminer and turbulent boundary
layers.
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Heat Transfer with Both Leminer and Turbulent Boundary Layers

As the solid surface increases in length, the Reynolds number
becames .larger and the laminar layer ultimately becomes unstable,
chenging to a turbulent boundary layer. The problem then arises of
camputing an aversge Nusselt mmber for the whole body, from the
stagnetlion point where x =0 to the tralling edge where x =L.

If the transition point is at §£L, where the leminar boundary layer
changes to & turbulent boundary layexr, then

1346

¢ =Eitr_ | (27)

The method for obtaining the total heat transfer is to integrate H
for both laminsr and turbulent boundary layers.

L'br _
Hdx + Hdx =HL (28)
0 L'tr

The heat transfer over the whole surface will be obtalned when
both laminsr and turbulent boundary layere are consldered to exlst
on the surface.

Heoat transfer through leminer boundary layer. -~ The correlatlion
sguation for the leminar boundary layer is glven as equation (19),
which nmay be wrltten as

E I Y-
S o

In order to obtain the heat transferred, an integration over the
laminsx layer is necessary. The assumpbion of constant pw will be

mede, which le reasongble for low Mach mumbers. In addition, the wall

temperature and F, = will be assumed. constant over the laminar

portion. . Then integration of egquation (29) yields
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L, .= &L L= tL
1 Hax =F | T ax (30)
]%(Pr)lh 1 l-lw x
o o

It is stated in references S end 6 thet If Eu is to be con-
stant, the relatlon between U and x is

T = cleu (L)

vhere Eu 1s the Euler mumber. Substituting squabtion (31) in
equaetion (30) end inbegrating yield

L _ Eu+l
2 F D.C 2
L lem ["wl
H AT = ———S [ W L (f7, (32)
173 Bu+l B (E )
kw(Pr) ) w

o

Heat transfer through turbulent boundsry layer. - The corre-
lation equation for the turbulent boundary layer is glven as
equation (26), which may be written as

0.8
Ue -0.2
E = 0. ¥
kw——7—(Pr)l g = 0.0296 (“w) x (33)

Proceeding in a manner similar to eamations (29) to (32), with the
integration now from L to L, eguabion (33) becomss (neglecting
pressure-gradient effects on the local heat-transfer coefficlent)

I 0.8
_ (Y 0.8(Bu+1) 0.8(Eu+l)
—7 H"x‘c‘fs'%%ffﬁ“uw) " b - goom]

Kk (Pr) -
(34)

Sumation of heat transfer over surface length L. - Where both
laminar and tuwrbulent b leyers exist over the surface, use of
eguations (28), (32), and (34) will yleld an aversge heat-transfer
coefficient, thus
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HL F WL
. (Pr)l/ii Eu+l (EL) ¥
W
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0.8
c.p O.8(Eu+l 0.8(Fu+l
0.031 (%1fy) T p0-8mueL) [} 0.6(suen) (35)
Bu+tl \ p
W
1/3

The left side of equation (35) is EEL/(Pr) , the ordinste custom-

arily used in experimental correlations. The right side is usually
given as a functlon of a Reynolds number. A sulteble Reynolds number
for use with UL is
ﬁp L
—¥ _ = Re (36)
B L
w

where U 1s the average velocity over the solid surface. It is
necessary to express ey in terms of TU. -

The defining equatlon for T is -

I
ITL=[ U dx (37)
0

E.u -
. Substitution in equatlon (37) of U = clx and Integration yields

Bu+l E ] (58)

Substitubion of this value of c:L in equation (35) ylelds

ﬁ" IEh1+l
Sl 0.037 = 0.8 0.8(Eu+l)
——P-r—)7— m Re i + m ReL [} - ¢ ]

(39)

The reference length used in the Nusselt and Reynolds numbers is
sometimes dilfferent from the L used here. For turbine-blade shapes,
a common reference length is perimeter/r, which reduces to the
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diemeter for a circular cylinder. In equation (39), per:l;m.e‘ber/ﬂ
will be used by substituting 2L/x for I in No  end in Rep.

The coefficient 2 i1n the Ffirst term then becomes 242/x or
1.596, whereas the coefficlent 0.037 in the second berm becomes

0.2
0.037 (2/x) or 0.0338,

1/3
If valuss are chosen for Eu and ¢, +hen NuP/(Pr) is a

function of Rep. BEven when plotted on a logerithmic scale, the

Pfunction will still be slightly curved because of the 0.5 end 0.8
powers of the Reynolds mumber in equstion (39). Because heat-transfer
correlations ere usually presented by drawlng a straight line through
the observed points plotted on a logarithmic scale, for purposes of

PotaS arntia o~ - S ke PP UG DI S . Y.
comparison equetlon (39) will be put into the approximate form

/3

Nup/(Pr)l =F (ReP)Z (40)

with perimeter/t belng the reference length.

Equation (39) can be put into the form of equation (40) by
meking the exact equation (39) coincide with the epproximete
equation (40) at two points near the ends of the observed range of
experimental data. In thls case, the two points chosen will be

4
RGP =2x10 end 2x 105. The greatest difference between the
exact and eppraximeste curves will then be about 2 percent or less
4.
for 10™ < ReP.S 4 x 105 » I1ncreasing to about 6 percent when ReP
is extended to 106.

Velues of Z and F are shown in figure 9. They are plotted
as ordinestes esgalnsgt the transition ratic £ as abscissa. Four
veluss of Eu are shown, ranging from -0.09 %0 2. The effect of
Eu in figure 9 is less then that shown in Figure 8 beceuse Eu

appears 1n the denominator of the first term of egquation (39) and

thus partly cancels the effect of Flam'

By using figure 9 and eguabtlon (40) » curves were determlined for
different veluss of £ and Eu, as shown in figure 10, where

1/3
Nup/(rr)_ 1s plotted ageinst Re . As would be expected, the

lowest heat transfer results from a completely leminar bo
layer, £ = 1; whereas the highest heat transfer is obbtalned for en



20 ' - -

entire turbulent boundary leyer, £ = 0. In practice, some of the
curves would not exbtend Intc all the Reynolds number renges shown,
but the extension has been made In figure 10 to illustrate the

. theoretical trends. It is seen from the slope of these theoreticel
curves why experimental resulis, when plotted in this fashlon, often-
times yield slopes different from 0.5 or 0.8, the theoretical values
expected wilth either completely laminar or 'bu:r"bulent boundary layers,
respectively.

APPLICATION OF THEQORY TO EXPERTMENTAL RESULTS

In the followlng section, the theory will be compared with exper-
Imental results obtained from cylinders, an airfoil, and bturbine-blade
cascades. On these surfaces, Bu veariss locally but average values
wlll be used except for stagnation points and the airfoll where local
heat-tre.n.sfer coefficients have been measured and can be compared with
theory.

Cylinders "
Equetion (19}, when written in the form
p Ux
B _ 7 / 3 [%v "
W W

cen be used to calculate a Nusselt mmber for the stegnation point of
a cylinder. Nesr this point, it has been shown (reference 23) that

le
U = 3.63 -5~ (42)

where D is the cylinder dlameter end Ul the upstream velocltbty

of the fluid. Substitubtion of equation (42) in equation (41),
cancellation of the x‘'s, and mulviplication of both sildes by D

yield
p U D
i, 1.905 Fy (pr) A’ Ty (43)

For this case, Eu =1 (reference 15, p. 631) and utilizing fig- -

ure (8) for Figp vith Pr = 0.7, equation (43) becomes

1346
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Nu = 0.945,\/‘1%% (44)
or
Nub/(Pr)l/S = 1.084 ReD (45)

Equation (44) 1s nearly the sems as that given in reference 15
(p. 632). The difference in the mumerical coefficilent (1.01) in the
reference 1s due to the use of a higher Prapdtl number (Pr = 0.733)
and & theoretical velocity distribution (U = éle/D) .

Experimental measurements of the Husselt number at the stagnation
point of a cylinder are gliven iIn reference 24 and are plotbed in fig-
ure 11 for three cylinders of diameters 1.27, 2.54, and 6.35 inches.
The theoreticel curve is shown also and agrees very well with ths
d-a-ta.

The everage Nusselt numbers over the cylinders are shown in fig=-=
ure 12, together with the theoretical curve from equatlion (40). The
Reynolds numbex ReD containing the upstream velocity Ul has been

converted to the Reynolds mumber Bep s, which conteins U, the

average veloclity around the cylinder. The average velocliy and the
dimensioniess number Bu were found from the pressure distribublons
given in reference 24 through use of Bernoulli's edustion and the
definitlon of the Euler mumber. The value of § was obtained by
noting the polnt of minimum Nusselt number in the plot of Wu
against the a.ngle moasured fram the stegnation point. Thus, § was
found to be 82°/180° or 0.455. The agreement between the experiment
end the theory is surprisingly good in view of the fact that separa-
tion has occurred on the cylinder and no account of separation was
teken In the theoreticel development.

Afrfoll

Reference 25 glves local heab-transfer coefficients for clear-
alr conditions obbained iIn flight Investigetions of a HACA 65,2-016
symnetrical alrfoill with an 8-foot chord. An equivelent dilamster
at the leading edge was obbtalned herein using the coordinate sys-
tem for the airfoil given in reference 26, From this equiv-
glent dismeter and the data of reference 25, it was possible to

: 1/3
determine HuD/ (rr) / and ReD at the stagnation point. Because
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only one flight speed was used for the clear-alr conditlon, only one
point was obtalned, which is shown in figure 1l and agrees well with
the theoretical curve and experimental resulis from cylinders.

1346

Using the experimentel resulbts of reference 25, 1t was also
posslble to determine locel Nusselt, Reynolds, Prandtl, and Euler
numbers. The coefficient Fla.m could then be determined locally

from the Euler mumber and a theoretical curve drawn for camparison
with the experimental resultg. The camperison is made in figure 13,
equation (19) being for the lamlnar case and eguastion (268) for the
turbulent case. The curve for a flat plate is given for the leminar
range to show the Increase resulting from inclusion of Euler mmbex
effects in equation (19). A scale 1s also given for the varlation
of x%/L with Re. It is seen that equation (19) agrees well with
the data in the leminsr Yange until very close to the leading edge.
Equation (26) falls somewhat below the experimental resulis.

1/3
An everage value of Nu /(Pr) / was celculated using equa-

tion (40) and figure S. Thepa.verage Euler number was obtained from

the pressure distrlibution and the transition retic was obtalned from

the plot of local heat-trensfer coefficlent against x/L. The tran-

sition point was taken as the value of x/I vwhere the heat-transfer -
coefficient shows a sharp increase. By wsing this method, the calcu-

1/3
culated velue of Nu_/(Pr) was sbout 9 percent less than the
experimental value. '

Turbine~Blade Cascades

In order to determine aversge outside coefficlents for turbine
blades, various sets of heat-transfor messurements have been as-
gembled. The pertinent facts about these experiments are shown in
table I. It is evident from the table that various pressures, tem-
peratures, veloclties, and lengths were used by the different authors
In their correlstlons. In order to put these resulits on a uniform
end comparable basis, the gas properties were all reduced to those
at blade temperatures, the velocltles were reduced to eversge values
around the blade perivhery oubside the boundary layer, and the refer-
ence length was reduced to perim.e'ber/sz. The veloclty reductlion was
accamplished by using the state of the gas at the inlet to the blade
cascade, celculating the veloclty distribution around the blades
through use of the streem-~filament method, and then utilizlng the
experimental curves and the date where available to obtain

Nu,P/ (Pr)l/s. The detalls of these celculatlons are given in refer-
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ence l4. Same of the experdmental correlatlons resulbting are shown
in figure 14.

The comparisons between the correlatlon curves given in figure 14
and the theory are made in figures 15 to 17. The method used to
obtain the theoretlcal curves 1s glven in appendix B. The comparisons
indicate better agreement of the thsory and the experiment when ¢ is
determined by the condition that Eu= 0 rather than by the condition
that Eu = -0.09. An exception is the case of reference 13 (fig. 17),
vhere better sgreement is obbtailned for the Eu = -0.09 condition.

The deviation between the £ determinations in this example, however,
is rather small.

SUMMARY OF FESULTS

Fram a theoreticel anelysis of heat transfer from the 'boundary—
layer aspect, the following results were obiained:

1. Other dimensionless muwmbers in addition to the Reynolds and
Prandtl numbers are needed for an accurate evaluation of the Nusselt
mmber. Two of the most influentlial mmberse are: +©The Euler number,
a measure of the pressure gradient; and the transition ratlo, which
msasures the emount of leminsr boundary layer present on a surface.

2. The Mach number appeared to have a smaller effect, at leash
Tor Mach numbers less than 2 and temperature ratlos between 1 and 4,
when the fiuld was &ir. The viscoslity- and specific heat- - tem-
pereture exponents showed varying influence, depending on the tem-
perature ratlo.

3. An equation for the averege hest transfer was derived for
constant wall temperature to Include the Euler mmber snd transition-
retlo effects.

4, Thevretlcal curves based on thls analysis agreed with experi-
mental results obtained from cylind.ers, e symmstricsl alrfoll, and
turbine-blade cascades.

Lewls Flight Propulsion Leboratory,
National Advisory Commitiee for Asronsutics,
Clsevelend, Ohio.
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APPERDIX A

SYMBOIS
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gpeed of soumd in gas
factor in correlation equation (18), Wu o (1 - C Mz) .
drag coefficlent due to gkin friction

specific heat &t constent pressure at point x,y 1n boundaxy
layer .

Eu
factor in-'U=clx

diemeter of cylinder

characterigtic length, %’—

Fuler mmber, - éE&- )
pSUz/x

b1

mean coefflcient, 3

R—ep (:P:c-)l

Nu
,J‘R'e'

coefficlent for lesminar flow,

F
lam

mesn coefflclent,
1 73
(Pr)

T

friction coefficlent, —s
Ay /2

nondimensionsl stream function, A/Eu-é-l ~—d_ -
A/va
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acceleratlon due Lo graviiy
outslde heab~transfer coefficient
mean oubslde heat-transfer coefficient
enthalpy
mechanical equivalent of heat
b, g
from referemnce 4, XK = LA
iT T_Jc
w 0 p,5
thermal. conductivity at polnt x, ¥ in boundary layer

total length of surface, measured along surface fram stagnabtion
polnt to trailing edge

value of x &at transitlon point

Mach mmber, TU/a
locel Husselt mmber besed on X, Hx/kw

local Nusselt number based on D, zu:/kW

mean Nusselt mmber based on L, E/kv

mean Nusselt mmber based on mz_l:g_b_ez_, Eo/kw

n
exponent of Nusselt - temperature-ratic relation, Fu @ (Tr)

Prardtl mmber, ey “jkw

gtatic pressure in boundary leyer, or at its edge because
3p/dy is assumed zero

gtreem functlon of flow in boundsry leyer
miversel. gas constant

local Reynolds number based on x, Upwa*w
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crltical Reynolds mumber below which all oscillatiohs in
leminar boundery layer are damped

Reynolds number based on D, Ulwa/p.w

mean Reynolds mmber based on L, "Epr/uw

ﬁp D

rime

mean Reynolds mumber based on B - ter : 2
W

gas ‘temperature at point x, y in boundaxry layer
time average temperature
reference temperature for property values,

T |1+ 0.052M° + 0.58 (== -1
5 Tr ‘

temperature ratio, 51:'5/’.13W

velocity of ges é.t edge of boundary leyer

integrated average velocity U

velocity upst «wam of body

boundary-layer veloclty In x direction
time-aversge boundary-layer veloclty in x directlon
boundary-layer velocity in y direction

time ~average boundary-layer velocity in y dlrection
distence slong surface or parallel to it

distance normal to surface

exponent of Reynolds mumber (equation (40))

1346
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exponent in specific heat - temperature relation,
B
c /e = (T/7 )
P D.vw w
outer edge of boundary layer
eddy diffusivity for heat

eddy diffusivity for momenbim

nondimensional boundary-layer coordinate, q/ E-—U"—é'-]-'--yt\lé
Te B TS

recovery factor, -
T c

[2gTe
absolute viscoslty of gas at point x, ¥y in boumdary layer .

kinematic viscosity (u/p)

L
transition rstilo, —%‘-r-

density of gas et point =x,y 1in boundary layer

sheer stress, ([hzav./ay)_ﬁr

exponent :Ln' thermal conductivity-tempersture relation,
kfic = (p/r )?

function, eguation (5)

function, eguation (9)

function, equation (10)

function, equation (18a)

exponent in viscosliy-temperatire relation, H /pw = (T/‘I‘w)w
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Subscxripts:

D based. on dismeter
e effective

L bédsed on total length

lam  leminar

i pregsure surface

P based on perimeter

S suction surface

SP suction and pressure surface
W wall condition

melin streem condition

NACA RM ESOFO2
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AFPENDIY B

METHOD OFEVAIHATINGTBANSEEIONRA&EOABDAVERACEEE}IERNUMEEE

In order to obtain the thecreticsl curves for comparison with
experimental correlations shown in figure 14, the chordwise velocity
distribubtions given in reference 14 werse used to debermine the point
of transition end the average value of the Euler number, inssmich as

Eu:..@%x_ (BL)

_ap _ au
ax = PgY ax
Equetion (Bl) becomes
B =X g (B2)

By using finite differences, dU/dx was calculated fram the
aforementionsd velocliy dlstribution and combined with the other
factors in eguation (B2) to obtaln Eue The resultant plot of Eu
against x/I. is shown in figure 18 using the velocity distribution
of reference 1Z glven in reference 14. As shown in figure 18, the
transition point was obtained at x/L, where Eu =0 or Eu = -0.09
for both the suctlon snd pressure surfaces. The value Fu = -0.09
represents the condition where the adverse pressure gradient is so
large that reverge flow at the wall is lmminent. The value Eu =0
represents the limit of the adverse pressure region. At any valus
of Eu 1less than Eu = 0, +the boundary-layer veloclity profile has
a point of inflectlon, indicatlng an umstable veloclty regimse.

A wolghted average of the transition rabtio was determined using
the lengbths of the suctlon and pressure surfaces.

¢
st t b 5)
LS + LP
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The Euler number was determined by obtaining the integrated
aversge value of Eu +o the point of transition for both the
suction and pressure surfaces. A wélghted average was alsc used
for the Buler mmuber.

L Eu + L Eu
Fu = 58S T P (B4)
sp L +L
s P

Using the values of £ and EuSP celculated by equations (B3)

and (B4), figure 8 was utilized tc determine Z and' F end these
va.lues substitubed in equation (40) to give the theoretical curve.
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TAHLE T - SUMMARY OF VARTAELES USED IN HEAT-TRARSFER FXFRRIMENTS ON CUTSIDE OF TURBINE BLADES

Investigator Pollmenn Meyer Andrews, Bradley
Reference number 11 12 13
Temperaturs ratlo, Tr 0.8 0.9 2 -1
Evaluation temperature for: 1
viscoelty Inlet streem | Film Blade
denslty Inlet streem | Inlet stream | Mean®
thermal conductivity Inlet streem | Film' Blade
Premsure for density Tnlet Inlet Meen®
Velooity Inlet Inlet Exit
Length Perimeter/t |Perimeter/t | Chord
Chord., 1n. 3.94 0.680 1.0
Wumnber of blades 3 6 5
Bolidity® 1,47 1.92 1.6
Method of heating or cooling | Electrically |Electricelly | Hot gas stveam with
hoated blade | heated blades | water-cooled blade
Remarkas Only middle |Blades heated | Only middle blade
blade heated | by conduction| cooled

1 .
Fllm temperature = 1/2 (streem stetic temperature + wall bemperature).

Moan density = B/RL

5 = 1/2 (inlet pressure + exit preaemra) from cascade
=Dy + 0,850 /Zch

= T
Tmae.n 1/2 (T + ):

. Bgol1a1ty = ohord /epacing

ZOEDCH I VOvH

£¢
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S¥ET

Stagnation point
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