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WATIONAL ADVISORY COMMITTEE FOR AFRORAUTICS
RESEARCH MEMORANDUM
DESIGN AND PERFORMANWCE OF EXPERIMENTAL AXTATL-DISCEARGE
MIXED-FIOW COMPRESSOR
I - IMPELIER DIESTIGN TEEORY
By Arthur W Coldstein

SUMMARY

An axi al -di scharge m xed-f| ow compressor, which is especially
adapted for Jet engines because of the large mass flow per unit
frontal area, is described. The basic concept of the design pro-
cedure i S the incorporation of conditions for efficilent flowinto
the design equations so that all reasonable cases can be computed

Wi thout investigating the effect of a | arge number of design param
eters. General equations of relative fluid notion are devel oped to
show clearly the assunptions involved, and the empirical character
of the sinplifications enployed to render the system of equations
sol vable and to conplete the design

The best inpeller was selected on the basis of the maximm
air-flow capacity, which was 19.6 pounds per second for a l4-inch-
di ameter impeller With a tip speed of 1480 feet per second and a
pressure ratio of 3.5

INTRODUCTION

The centrifugal conpressor has the advantage of hi gh pressure
ratio in asingle stage, sinple construction, mechanical strength,
compactness, and reI|ab|I|ty but 1is hand|capped by relatively | ow
efficiency and | ow mass flow perunit frontal area. For hi & speed
Jet engines, the frontal area is inportant fromthe standpoint of
drag and mass f| OW i S important fram the st andpoi nt of power. The
axi al - f|l ow compressor, on the ot her hand, has t he advantage of high
efficiency, high air-flow capacity per unit frontal earea, and ease
of staging, but is complicated and expensive t0 manufacture, frag-
ile, and relatively heavy. A conpressor combining the best features
of these two types woul d be rendered campact, sinple, |ight, and
strong by acconplishing the compression in rotors of high bl ade

T
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solidity and work out put, and woul d be reduced to a snall frontal
area by having the air directed axially at the entranceand exit

of the inpeller end in the diffuser. The apparent | ower efficiency
of the centrifugal compressor could probably be inproved by the
development Of & nore rational nmethod of deasign, t hus Justifying

t he development 0Of a campressor with high blade solidity end com-

pression i N a aingle stage.

A compressor of this type was t her ef or e developed with &
maxtpum i nternal dtemeter of 14 in&es Including the diffuser, an
equivalent tip speed of 1480 feet per second based on stagnation
inlet conditions, and a conpression ratio of 3.5. The air flow
was t0 be maximized i n the desi gn process.

AFRODYNAMIC BASIS OF DESIGN

The basie problemof the design 1s to assign the correct
velocity distribution at the Inpeller entrance and exit and to
sel ect dinensions that will produce maxi num weight flow for a
prescribed outer di ameter, rotative speed, end pressure ratio.
A study of the effect of all design variables on air-fl ow capacity,
however, is a stupendous task because of the large nunber of oases
thet must be computed. Rel ations between the desi gn parameters
are therefore established on the basis of certain assumptions as
to how the air could be efficiently handl ed and the independent
variables are reduced to two, thus permtting an evaluation of all
reasonabl e designs wi th minfmm effort.

Equations of flow at the entrance and exit are first devel oped
and these flows are related by meens of conditions for efficiently
handling the alr. This part of the design iscompleted Wi th a
maxi m zed flow before the inpeller shape is deternmined. An
i mpel | er shape 1a t hen computed t 0 accomplish t he desired change
inair flowand state from the entrance to the exit. GCeneral
equations of notion in the inpeller are developed in order to
indicate Cl early the baslc assumptions nade in obtai ning the shape
of the inpeller hub. Appropriate simplifications are used to per-
mt an easy solution for the inpeller design. Streamfil ament
met hods are used in determning the velocity distribution and
bl ade shape in the i nducer section, and from this poi Nt downstream
a faired curve i S used for the blade camber line.
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Baslc Assumptions

The fol | owi ng assunptions are used i n esteblishing fl ow rel a-
tions and veloeity distribution

1. At the entrance and exit (stations 1 and 3 in fig. 1), the
entropy is constant on an axial plane, which is the equival ent of
assuming no boundary layer on the shrouds end egual entropy incresases
for all streamines in the inpeller.

2. The gas inside the inpeller flowd on surfaces of revol ution

3. Tangential welocity at the casing in the di scharge annulus
is 0.95 of the tip speed

4. The velocity reduction at the blade tips in the inducer
section is one-third the incaming relative velocity.

5. Pressure rise allowed on the case s slightly |ee8 thanthe
centrifugal pressure rise on the assumption that the boundary layer
limts the pressure rise

6. At the exit, the maxi rum al | owed absol ute Mach number
is 1,4,

7. At the entrance, t he maximum al | owed rel ati ve Mach number
is 1.0.

For conputing the shape of the impellexr there are the foll ow
ing assunptions:

1. The bl ade tips are shaped according to two- di nensi ona
stream-Filement t heory, which is applied to conpute the velocity
on the bl ade surface. Suitability of the velocity distribution is
judged by two-dimensional boundary-layer theory. The rest of the
bl ade, extending down to the root, is shaped to maintain radial
bl ade el enents.

2. Inside the inpeller the entropy is constant on surfaces of
revolution normal to the neridional projection of the streanlines.

3. The frictional forces on only the blades and inpeller are
taken into account; those on the case are negl ected.

4. An infinite nunmber of blades is assumed for conputing the
hub shape.
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Determination of Entrance and Exit Conditionsa

At the entrance, it 1s assumed that radial equilibrium exists
at the inpeller face. For balance of the centrifugal and pressure
foroes

2
14 Vu
sE (1)
wher e
P pressure
r radi us

V absol ut e gas wvelocity
P denaity

Subscript:

u rotational conmponent

From thermodynamics, Wi th the assumption of constant entropy,

GH = .2’; dp (2)
and
pem Y (3)
where
B enthalpy
Subscript:
t stagnation st ate
Substitution gives
e Sy d v Wl (4)
dr " a@ ar \2/ T

984
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At the entrance, the stagnation enthalpy is constant because of the
constant energy Ievef, and (4) reduces to

2
& (F)- - a e @

where the subscript a indicates t he axial veloclty component. The
mess flow W' between the cylinder of radius r and the case x,
is

Te

W= 2 p Vordr ()
r

The inpel |l ers considered are to have subsonic internal relative

flow and the relative velocity at the entrance bl ade tiPS is there-

fore agsswmed t0 be sonic. The mathematical expression for thie
condition is

2 2 2
(va.,c,l) TSN IE%,I)Z + 2(’3(:"cs_,l‘.ru‘,c:,,l) -of (rc,l):l

- (v"u:i.,tz,Zl.re,l)z/(rc,l):a (7)
wher e
a sonic vel ocity
¥ rati o of specific heat8

W angular veloclty

Subscri pts:
c case
1 i mpel | er entrance

Station nunbers and some di mensions and f| ow parameters are shown
in figure 1. For convenience, the synbols used in the text and
appendi x A are 1listed in appendix B.
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Wth these three equations for the entrance flow, insufficient
relations are avail abl e to establish the flowthere. At the exit,
additional conditions are required to prevent the work output and
exit Mach number from varyl ng too much. In order to apply eque~
tions (S), (6), end (7) it is therefore necessexry to relate the
entrance to the exit flowand to apply the conditions imposed on
the exit flowto deternm ne the entrance flow

Fl ow on Impeller Bl ade Tips

The gas near the bl ade tip8 1s assumed t 0 be compressed toO
such a degree in the inducer section that the boundary leyer on
the bl ade tips Wi || separate from the blades W th a further pres-
sure rise in a reasonable distance., Downstream of the endofthe
inducer, a pressure rise in the radial direction slightly | ess than
that due to centrifugal force is therefore allowed at the case.

In symbolic notation,

dp < pof r, dr,

There is an entropy rise of the air end the pressure rise is
therefore arbitrarily reduced

1dp 2, _qd8
-p-drc W ]‘.‘c Tﬁ;-

wher e

S ent ropy

T absol ute tenperature

But

_L.-Tds

& &
dr, d.'l:‘ dr

O+

and Euler's equati on combined Wi th the energy equation gives for
any streamine

aE, = 0d(zV,) = a<a VZ)

g6
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Ther ef or e, o
w2 r = wd(rcvu,c) _ 4 Ve )
c d'rc dr, 2

If the relative velocity v is introduced, the solution af the
equations is found to be

v, = constent = Ve,2 = Ye,3 (8)

where the subscript 2 indicates the end of the inducer section
before radi al flow begins and 3 indicetes conditions at the
inpeller exit. A compression in the inducer is estimted as
feasible wth

, . . 1/2
Ve,2® 5 %,1 % (va.,c,l) + (vu,c,l - “’rc,l)%. (9)

—

Flow at Inpeller Exit

If the blade tips at the exit are directed axially at this
point the tangential conponent of the velocity is

Vu,c,3 = Yu,c,3 + WTs,3 = £ 0T 3 (10)

where f is the slip factor. For the inpeller8 under considera-
tion, eighteen blades are used, and an estimate gives f = 0.95.
The axi al -f| ow component is t hen

2 2 ’ 2 2,8 2
Va’c’s ='\Ta,c’3 = /\kvc’s) - (vu,C,S) = (Tc,z) - (1£)° o (I’c,3)
(11)

In the discharge ennulus the velooity components will very in sone
msnner from the values at the tip. I a linear variation of the
guantity (Vu’3) 2/r3 i s prescribed,
(V4,32 _ Oun,3)% [,0,80%/r0 5 [Fuyn,3)%/mn d (r5 - =y 3)
rs  Tp,3 (rg,3 - Th,3) 3 3
(12)
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wher e subseript h indicates the inner-radius (hub) or blade-root
value. The enthalpy at the exit is a fundsmentel compressor per-
formance paraneter, and 1s, of course, related to the exit vel oc-
ities. Because of |imts to be inposed on the exit gas veloeity at
the bl ade roots, the enthalpy at the exit will be related to the
Mach nunbers of the absolute and relative flow at the bl ade roots
in the discherge annulus. If equation (4) is now applied at the
exit and (12) is substituted, t he resultant equation can be inte-
grated to give

2
Hx -E - v u,h,3 + 2u,c,3 vzu)hxzb (rz_- rh,S) l:r -1y ]
3 ~%h,3 Th,3 Te,3 Th,3 2(r°,3 -rh,a) 3 »3

(13)

or

Th,3 Te,3

The Mach nunber at the exit must not be too high for efficient
diffusion. Its value is given by

2 \e Vst o I - V32-)
M5 = GDE; T Gl 5 2Hy 3 (15

The relative Mech nunber M' is also of significance because itS
magnitude Wi || indicate choking flowin the-inpeller. It 1is
related to other flow variable8 by

(M )2 _ (75)2 - (73-,3)2 + (Vu,:v, - &)1‘3)2
37 T -1Es (7-1) B

wz(rs)z - ZQE‘SVu,S

(7-1) Bs (16)

5)2 = (M5)% +
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The val ue of E; at the root (Hh15) from (16) is substituted in

(14) to give the value at the case related to the Mach numbers at
the root

r 2
_ 2wy 3 Vu,n,3 - @05 (v 3)

y “(ry;
STV 0, 5)% - (ry, 5)Z]
, (Fe,3 - T 3) ((Tu,h,s)z . (vhc,3)2) (17)
2 I‘h,s r°,3

There are now available sufficient relations to determne the
complete flow at the entrance end exit with only two independent
paraneters, provided there are reasoneble limitations on the flow
conditions. A nunber of designs are therefore conputed with
various assigned val ues of these paraneters and the design is
sel ected on the basis of the best air-flow capacity. The assunp-
tions and procedures for conputing the entrance and exit velocities
are now Summarized.

SCHEDULE OF DESIGN COMPUTATIONS

For all Inpellers to be designed, the work output per pound
| s assigned and known. Consequently, from the state of the enter-
ing gas (1:,G 10 B ]), Et.c,3 is known. The work output varies
2 - 7

from streamline t 0 streamline, and therefore the nean work out put
per pound i S known only approximately. The rotative velocity w
and the maximum frontal di nensi on rc,3 are also esssigned.

Computations at Case

1. Fromthe assigned dat a, _\./,L‘I_,)c < and '\Tu,‘,,’j are compubed

by neans of (10), whi ch essumed axially directed blades at the
exit near the case. The Euler equation

Hy,3 ~ By,1 = ofrsVy,35 - r1Wy,1) (18)

can then be used to find the entering nonent of momentum at the
case (rg,1Vu,c,1)-
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2. The particular design being investigated now enters into
consideration by assigning values to r, 1 and xy 3. The

assigned value of r; ; pernmits the computation of V,, 53 from
(rg,1Vu,c,1)- The val ue of Tw,3 IS only tentative because in

same cases the entrance annulus will not eccammodate the entire
exit flow Therefore, when the minimum permissible Tp,1 IS

computed, t he corresponding streanl i ne position et the exit nust
be found and the exit annulus cutoff at thatposition.

3. Equation (7) 18 used to find Va,0,1° A rel ative Mach
nunber of 1.0 at the entrance blade tips is assumed.

4. For the exit at the case, equations (8) and (9) glve Ve,1s
Vo, 20 and v, 3. Wth v, 5 end Vu,c,3 equation (11) deter-

i n®s va,c’s’ whi gh wWith' v, o3 s used to find V5 3. Then
the enthalpy Hs,3 is conput ed from
HE=H - ‘.;_.z (19)

By assuming en efficiency for the impeller (0.85), it 1s possible
to find Pt,0,3 and py 3z from

1 1
Y 7-1 ) y=1
Pe 3 = <.EJ_3_ pt),c.os, 4 Pt,0,3 /_Hc,.'_’) (20)
s Ht,e,3 RTt,c,5 71 Ei,e,5 \Bb,c,3

where R is the gas constant.

Conput at i on8 atExit

5. The first step in conputing the fl ow conditions and gas
state atthe exit is to find the conditions 'at the blade roots.
Because the Mach numberincreases with decreasing rsz, and because

t he efficiency of nornal shock compression drops rapidly for Mach
numbers increasing above 1.4, alimit of My 3 = 1.4 is t&kenat

the root. There are two possi bl e procedures for the next step.

(a) The maxi mumflow at the bl ade roots is assumed by
setting M'y - = 1.0. Wth these values for the relative and

absol ute Mach nunbers, equation (17) then determnes Vu,h,3'
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and Hnp,3 I S then compubed from equation (16). Equation (15)
is then enpl oyed to find Vp,3 and Et,h,35 Va,h,3 18 com-

puted by a right trisngle formula. In conpleting a design begun
on such a basis, it was found that the flowlinmtati on ocourred
at the entrance rather than the exit and the condition

M'y,3= 10 was therefore discarded,

(b) An alternative procedure assigns several values of
Hy,n,3 for each ry z. Wen the entrance flowis computed for

each case, it is fouﬁd that this flow could be sccommodabted at
some radius for the root at the exit. O the values of the
exit root radius thus found, that which is equalto the assuned
Th,3 then gives the desired Ht,h,3. For any essumed val ue

of Eg,n,3, the procedurewould consist of first finding En,3

and Vy, 3 from equation (15). Equation (14) 1s solved for
Vu.n.3 aad Vg z thenfound, thus determining all needed
R 22

flow conditions at t he bl ade roots.

6. In computing the variation in fluid state and fl ow condi-
tions at the exit, Ht,3 i S assumed to vary linearly wlth radius

bet ween the value at the case and that at the blade roots. Equa-
tion (13) gives H3 and {(12) determines Vu,3- Then

(v3)2 = 2(111.,,3 - EHz)

(V,5)° = (V)% - (7, 5)?

end by assum ng isentropic condition8 at the exit

1

E; V"t
Py = Pg 3 Ec———,s (21}

For correlation of the entrance and exit streamlines, the mass flow
v, between the caese and a cylinder of redius rz is required.

rc,3
w = 2% Pz Va5 Tz drs (22)

Tz
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Computetions at Entrance

7. Conputations of flow atthe entrance use equation (18),
which gi ves

1
Ty V1 = 5 (Bg,1 - By,3) + 3 Vy,3 (23)

The entering moment of nomentum ry vu,l is therefore known a8 a
function of rz, the radius at which that element of gas |eaves

the Inpeller. However, the value of the mass flow Wy between
radius r; and r, ; is the same as that between rz and r, 4
2

3 .
for the sane etresmline; that is,

1
W(r]_) : ¢ P1 va.,l ry dry
- Te,1
Ty
rc,S

establishes a relation between the corresponding ry and Ty for
any streanline. (The mass flow density Py va,l is not yet Jmown.)
At the exitryg Vu,s "is a known funotion of W and equation (23)
therefore also gives ry Vu,l as a function of W Equation (5)

gives

2 2
Wed)” 2 270w (25)
(1‘1)

whi ch cannot be solved directly for (va,l)2 as a function of W
because r; s not known es a funetion of W The quantity

2
d(rlvu 1)

T isa known function of W however, end can be eval uat ed

984
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a(rVy, 1) 2 3 3
o = 2(rVy,1) T ar \ TVt o
But
ars 1

2 .
Al so, H.b,3 and (vu’s) /r3 are limear functions of rz; con-
sequently

aBy,5 _ B30 - By,3n

dry ¥s,37%h,3
and
: 2 2
&y - s () (v0,0,51%/x0,3] = [(Fu,n,0%/em 5]
dry 57,3 2 aVy,3 Te,3 = ¥h,3
Theref ore

2
_ e Vy,1)® TV
ho= aw arz Pz Vg 3

2 2
¢ 3vu,?: + r3 (VLc,s) (vugh,S) _ By c,3~Et,n,3
2 "2Vy,3(re 3 -Tp,s) L Te,3 Th,3 zrc,s - r’."1‘,3j
26)

can be eval uated from exit computations a8 a function of Whb&ore
solving for the entrance flow. Now equation (25) can be witten

cl(v%l)2 "
& ()? &

and equation (24) can be expressed
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d(rl)z 1

£ e ———
aw "0 Va1

(28)
The system of equation8 (27) and (28) can be nunerically integrated
by t he Kutte-Runge Net hod.

 Another scheme of good acouracy for this special system was
devised. Equation (27) can be expressed

We)*
aryVy,1)°  (ry)®
or
dy . _ 1
ax (,)2

. . 2
where fOr convenience y = (Vn} )% X = (rlvu’l)z_ Then

&y _ 1 d(r1)2= 1 aw a(ry)?
d12 (rl)4 dax (rl)4 d(r_lvu,l)z aw

1
4
“plva,l"‘(rl) (29)

B

A Taylor's Series expansion foOr y is
y(x+#a) = y(X) + Ay' (x) + Azz- y'(x) + %3% y'(x) +

or

y(x-0) = y(x) - a7t + &y () - 8 gy 4

¥86 -
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Then
y(xtA) = 2y(x} - y(x-A) + A%y (x) + + (30)
and

y(xta) = y(x-a) + 28y (x) + 3 &3 ' (x) + (31)

In starting t he solution, a small increment in (rl 1)2 IS used
and t he term —-A5 ¥ (x) tn equation (31) is neglected to obtain

(Va,1%)p - (Va,1%)a = - [( 2 ngu,lzrlzla - (Vu,lzrlz)a

118 + (%)
(32)
as the difference in axtal vel ocities sguared at émo inlet radlal
stations a and b for the estinated value of (r;%)b. The mean
value of pyV¥, 4 for the step is then estimated, utilizing the'

guess for (ry%)y to compute the value of p; at the average

positi on by means of t he stagnation density and t he velooity. Wth
this mean val ue of p,¥, ,1 for the step froma to b, a better

estimate of (x%)b is obtained from

(x1%)y - (21%)q = - ,?51%—1 (W - W) (33)

where W, and W, are known in advance for the corresponding step
in (rq¥y, 1) - (rivu’l)a. The new value of (rlz)b can then be
used again in_equation (32) and the process repeated to find the
value of (rq2), that checks. After one small step has been

taken, equation (30) is used because it neglects only the fourth
and hi gher derivatives. The size of the interval can be doubl ed
after the second step because of the higher accuracy of the fornula.
In the case of equation (30), the steps are uwniform in (erﬁ l)

Then equations (30) and (29) give

1
x(pyV, )
P1Va,1**1 /b

(Va,1%)a = 2(V4,1%) ~ (V4,1%)a +
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and parabolic (second degree) integration of (28) gives ‘

o e e
(rlz)a - (r,%)y, = - [?rl St )iz n(rl s )é}

X[. 1 8 5 |
WPV, 10a + (0017, 10y + Tipp¥, 1)J
(35)

In equation (35), (V, 1)d and pg are known, but (pl)d. is not.
If an estimate is nwde, t hen (rlz)d and hence

1
(Vy,1) = 77 (W, 171)

and finally p, ocan be computed. Equation (35) is repeatedly

used until the estimted and computed val ues of (rl )g saeree.
The method fails |f (r1,L1) as a function of w Is constant;

in that c ek sinpl er method of solution is avai
able because (25) indicates (V4 1) i S constant, aumd
and

( ence p are known functions of ry. The solution

of equat|on ) by Sinpson's rule then identifies the variation
of ry wth var|at|ons in W

8. At this stage of the computations the entire veloecity dis-
tribution at the entrance and the exit is known, and the nmass flow
is also known as a function of radial position at the entrance and
the exit. Examination of the velocity diagrans indicates in some
cases a radius at which it is desirable to set the blade root.
Comput ation of the blade stress at the roots also inposes limta-
tions. If the blades are tapered wth increasing thickness toward
the root, blocking of the flow area may indicate a desirable radius
for the root. By such considerations, a blade-root radius is
deci ded upon and a mass flow establ|sﬁed for the assumed val ues
of e 1 and Ty, =z-

z >

DESIGN OF IMPELLER

After the best gas velocity distribution has been conputed at
the entrance and exit, the next problemis to design au inpeller
bet ween these planes to acconplish the desired turning of air
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| nducer Section

The inducer section is regarded as that portion of the inpeller
where the air receives an initial conpression with no radial flow
at the case. At the end of the inducer seotion, the flow area is
made as large as possible by designing for no radialflow at the
root. Conditions at the inducer exit are estimated by the dif-
ferential equations of notion on the assunption of a certain pre-
scribed relative velocity at the cese. (See equation (18).)
I nside the impeller

2
Hb =H + %— = H‘b,l + m(rzvu,z - I‘lvu,l)

The quantity

1.2 1,22
ET -E(ﬂr =Et’l-mrv 1 (36)

1l 42 =
H+=V -cnwh E + 1V,

z
is therefore constant for apv one streamline, and the relative
stagnati on enthalpy H + (v2/2) changes on any streaniine only

as a result of change in the potential energy level (u%/2).
Equation (4) is then

2 dr.
ag (W) 4 1,4 1 av®
&= Y ) ' e () -i T @)
In terns of relative velocity
_d_'[' ——2 = - ———r - zmu - (S)_dw 1 u,l ar (38)

Continuity gives

aw _
= = -2xr p Ve

In accounting for tne area blocked by the blades, the quantity
2nr - (Bd/cos V) must be used fur 2xr where
B nunber of bl ades

a bl ade thi ckness
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V] angl e between direction of axis of rotation and intersection
of blade surface With circular cylinder about axis of
rotation

The corrected mass-flow equation is

g‘_z.=-<2:w- Bd)pv cos Y (39)

cos Y

For structural strength it i s prescribed that radial |ines through
the bl ade tips be blade el ements and consequent!ly

ten Y = (r/r;) ten Y, (40)

Isentropic conditions are assumed at any axiel depth; from this
assunption the density variation is estimted by neans of

L
-1,
P =0, (%) . (41)
in conjunction with (36) rewitten
2p2
H=Eb,l "wrlvu’l -%—'72 +(£—2r—' (42)

The equation of notion is then

a(vife) _ 1
aw (2nr - Bd sec ¥ pv COS ¥V

2 a(r1Vy,1)

v 2 .
xEr—sin \J:+:2vm3|n%--m—dW (43)

This equation may be solved simultaneously with equation (39) by a
at ep- by-step process such as the Kutta-Runge nethod. The quantity

© 3= (rlvu,l) is a known function of Wand is conmputed before
the inducer section is designed. The boundary valuefor v, = v 5
is also known, but ¥, is not. A solution is therefore obtained
for several values of ¥, and the one giving the desired value for
ry, is selected.
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The bl ades nust be turned fromthe entrance direction rapidly,
especially in the beginning because the bl ade thickness mey cause
a velocity rise before the diffusion process is begun. The vel oc-
ity distribution at the bl ade tipsis estimated on an assumed
camber line by the streamfilament nethod as outlined in refer-
ence 1. A check for boundary-layer separation is then nmade from
the cal culated velocity distribution and the suitability of the
assunmed design so evaluated. Modificatioms in shape are indicated
by the desired change in velocity. The rest of the inducer blade
surface i s shaped according to equation (40).

M xed- Fl ow Secti on

Fromthe end of the inducer section to the inpeller exit, a
smoot h surface of revolution is assuned for the shape of the case
and on this surface the curve representing the blade shape at the
tips is assumed. The bl ade surface is then obtained from egua-
tion (40). The quantities r, and ¥, are then known functions

of the axial depth, and therefore ¥ 1s known at every point. The
boundary condition of constant v, is attained by properly shaping

the root. The equations utilized in this step are derived in
appendix A, and are |listed here for continuity. The nmass fl ow

bet ween two surfaces that are meridional projections of the stream-
lines is .

5o m) cos a dn (44)

- = pv (2:171‘ -

and the variation in relative velocity is determned by

a(vefz) _ . L
aw p(an —_Ba )
cos o
dwr,v., -)
{25y 2w  sin a) sin o cos @| _ 1'u,1
x lj(‘?“sﬁn (v + r cos o j| aw

where
@ angl e between velocity and neridional conponent

dn elenent of length in neridional plane normal to neridional
vel ocity component
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R, radius of curvature of meridional projection of streanine
P angl e between nmeridi onal component and axis of rotation

If the blade consists of radial elenents then

tan a (46)

r
tan W=F—tanﬂlc=coscp

[+

Fluid density isrelated to that at the case and the enthalpy of
the fluid by

L

-1
e _ (E
o (Hc) (47)

The density at the case Py i S computed on t he assumption of

const ant efficiency during the compression process. Equation (46)
is evaluated on a plane normal to the axis, and equation (47) is
eval uated along the curve n, which consists of the |line
elenents dn. An infinite number of bl ades and constant entropy
al ong the n-curves are assuned. This system of equations is

sol ved by tekingsmall increments in the massfl| ow and evaluating
the position of the streamine next to and inward fram the one

al ready known. The velocity is also evaluated at this streamline.
The new streanline position i s conputed throughout the whole

| mpel I er before moving on to the next atreamline. By thi s method
it is possible to evaluate Ry, and solve the equation. When the

entire mass flowis thus accounted for, the shape of the hub is
outlined by the last streanine

Impellexr Desi gn Di mensi ons and Performance
The foregoing system of ccmputations resulted in an inpeller

with the foll owi ng design di nensi ons and performance character-
1stics:

¥86
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Di nensi ons:

Radi us of case at entrance,inches . . . . . . . . . . . . . . 562
Radi us of case at exit, inches . . . . . . . . . . . . . ... 7.00
Radi al bl ade ee, inch . . . . . . . . . . .. .. ... 040
Radi us of root entrance, inches . . . . . . . . . . . ... 275
Radi us of root at exit, inches . . . . . . . . . . . . . . . . 5290

Fl ow Characteristics at Exit:

Absol ut e Mech number at case . . . . . . . . . . . . .. .. 128
Absol ute Mach number at root . . . . . . . . . . . . . . ... 140
Rel ative Mach number at case . . . . . . . . . . . . . . ... .60
Rel ati ve Mach aumber at root . . e e e .75
Rotation vel ocity component, feet per ‘second . . . . . . . .. 1400
Axi al velocity conponent at cese, feet per secord . . . . . . 710
Axi al velocity component at root, feet per second . . . . . . 840
Impeller vel ocity at 7-inch radius, feet per second . . . . . 1480
Performances

Average pressure ratio . . . . . . . . . . . . . . ... ... 35
Mass flow, pounds per second. . . . . . . . . . . . . . . . . 197
Efficiency mear CaSe. . . . . . . . . . ..o .85

The conditions at the exit are shown in figure 2 and those at the
entrance in figure 3. Because of the constant entropy assunmed at
the exit the efficiency of canpression is | ower for stresamlines
near the root beoause of the |ower work input.

EVALUATION OF DESIGN PROCEDURE

The fundanental objective of the design method was to find
sufficient reasonable restricting conditions on the types of flow
so that the nunber of variable design paraneters would be as snal
as possible. The highest air-flow capacity design for variation
of these parameters could then be found with a reasonabl e amunt
of labor. Scme of these restrictions are quite arbitrary, such as
the energy conversion possible in the inducer and the limtation
of the absolute Mach nunber to1.4which was chosen because of the
hi gh efficiency of normal shock conpression at this value. How
ever, efficient diffusers can be designed at hi gher Mach numbers by
utilizing oblique shocks

More exactcaleulationsof flow detail are al so desirable,
especlally at the inpeller entrance where radial flows exist.



22 RACA RM No. ESF04

More detail of the velocity distribution on the bl ade surfaces inside
the inpeller is required to account for three-dimensional flows. To
utilize such a know edge to the utnost, however, sol ution of the
equations for the boundary-|ayer £low on the rotating blades is
required in order to decide what 1s a good veloeity distribution.

No such sol ution exists.

One can therefore say that the design procedure is partly
rational and partly enpirical. Because the analytical sol ution of
these flow problens 48 not in immediate prospect, experinental
techniques nust provide sone of the information required for the
st ep- by- st ep improvement of t hi S promising type Of compressor.

Fl i ght Propul si on Research Laboratory,
Nat i onal Advisory Cammittee f Or Aeronautics,
Cleveland, Chi 0.

984
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AYPENDIX A

EQUATIONS OF INTERNAL RELATIVE FIOW IN IMPELLER

The gas inside the inpeller is assuned to flow on surfaces of
revol ution, which pernits an extensive simplification of the equa-
tions of motion. For-a conpressible f£luid with absol ute veloeity v
and steady welocity v relative to the inpeller, which rotates with
angul ar velocity w, the equation of motionis

V;-;x(vxﬂ+‘1’}’-=m25+2'v_x5+f/p (l)

The bar over the synbol indicates a vector quantity; 'Ef- is the
force per unit wvolume exerted by viscous forces and bodies dis-
tributed in the fluid. The term

i s the centrifugal force where

W=0x7T linear velocity of rotation

V=u+v absolute velocity
2V X Coriolis force
From t he | aws of thermodynamios, the equation will be nodified by

expressing the pressure and density in terms of other gas-state
functions

2
%vpsvH -'I‘VS-.-V(Eb -%) -TVS

In the section on inducer design, it was found that the quantity

+2 2

was constant on streanmlines in the inducer. This quantity is
introduced into the equations of motion in order to determne the
conditions for which it is constant for streemlines in the inpeller.
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(2/p) vp = Oh - TVS & (vu2/2) - vvi/2
Equation (1) then becones

vVh =798 + v x (o +v x 7) + F/p (3)

Thi s equation shows that the condition for h constant on a
streamMline (vvh = 0) is

08
T = - /e (4

where 8/3s is the derivative along a streamine and Py is the

conponent of F parallel to v. The entropy rise is a result of
friction, and hence Fy is a frictional component of force. The

rest of the force is normal to the velocity vector . v and is
designated as a lift force F;. Because h iS constent along any

stream ine, then changes in h may be deternmined from values On
different streamines at the inpeller entrance. At the entrance h
i s constant for different streamlines at the same radius. Because
the flow is assumed to be on surfaces of revolution, h is there-
fore constant on surfaces of revolution; that is,

I—I'Vh =0

The only remaining component Of vh is therefore normal to ¥
and U and i S parallel tO the unit vector

fe Y XU __ (5

J (¥ x n)¢

which is in the neridional plane and normal to the projection of ¥
on that plane. If the assunption is madle that v8 IS parallel tO
v,

TVS = - (%Fv)/p

Tofo +Tx(B+vxN e Eavh

where 2 1s a unit vector parallel to ¥.
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It is now assuned that the lift force Fy is on the surface

of revolution forned by the stream sheet as well as normal to the
velocity. Thus, F; dis normal to fi,and therefore,

ah

=fi-¥ X (8w + v x %) (6)
on

Eguetion (6) provides the basis for conputation of the streanlines
in the inpeller.

For greater convenlence the velocity is broken down into two
conponents v, the meridional conponent and w, the rotational

camponent. Then
BT xw=voxXHh=7Ucos gfr = v, ucoso/r=rv,0co8Q

Al so,

TXVXT =V ve[2 - Tewv

and

Tovr = (Vg + V) - V (Vg 4 + vy 4)

ov.
vmz—-+ﬁvm§+ + eto.

om

2 ov. ov. v
m 1, aYum

W, -—
gy v+ * 8w T 56
ov

m — ? 2 u
+ - =T F — V.
r u81n¢ r u r u§9

ov, _
wher e %-Yren is the derivative in the direction O u. Equa-
tion (6) becones

. 2 .2
Sa;l. [h - (vz/z)] = 2v, wcos - :;:-+r-l:—cos P (7)
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Because t he stagnation enthalpy 1a assuned to be uniformat the
entrance to the inpeller, eguation (2) give8

él_". _ a(l-l-l'?l)

on on

SO0 that equation (7) beccmes

2 2 d(in -7
v v, v, PYRAZD,
%E:-Z—YEQ)OOBQ+%-%GOBCP-%-T

If en infinite number of blades is assumed with | oading and vol une

dispersed in the fluid, the variation of mass flowis

Bd
cos a

- W = pv, <2:tr - dn (8)

Then

e

cos a
cos o _ (2w ,  sina)sina cos @ _ & (7 .F 9
X[Rm <v+ r) cos a ] dW(l 1) (®)

The quantity a(uy-¥y)/aw 1s a known function of the particular
streanline i n application of this equation to i npeller design.

The angle ¥ between the axial direction and the curve formed
by the intersection of the blade with the circular cylinder about
the exis is related to a and ¢ by

sin a tan a

tan V= 5F o OB a - cos ® (10)

If the bl ades consist of radial elenents,

tan q;=r£tan¢°
[+
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APPENDIX B

SYMBOLS

The following symbols are used in the text and the appendix:

sonic velocity

nuwnber of blades

thickness of blade-

force exerted on fluid by blades and viscous forces
slip factor for discharge tangential velocity
enthalpy of gas

Mach nunmber of absolute vel ocity

Mach number of relative velocity

coordinate on curve in neridional planeand normsl to the
relative velocity

pressure
gas const ant

radiue of curvature of meridional projection of streaniine
radi al distance from axl e of rotation

entropy of gas

coordinate along a streamine

absol ute tenperature

linear velocity of rotating impeller

absol ut e veloelty of gas

relative velocity of gas

mass flow between two stream surfaces of revol ution
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a angl e bet ween meridional component and resul tant relative gas
vel ocity
¥ rati o of specific heats of ges
d(rlvu,l)z
" aw
p ges density
® angl e between neridional and axi al components of gas velocity
Vo tan™l (vy/vg)
w angul ar velocity of Inpeller
Unit vectors:
£ indirection of relative velocity ¥
a in direction of velocity of Inpeller u
A in meridional plane normal to stream surface of revolution
A - fi x &
JEx 82
) parallel to projection of relative velocity curve On
meridional plane. (Nornmal to & and @)
Subscri pts:
1 i mpel l er entrance
2 i nducer exit
3 i mpel I er discharge
a axi al vel ocity component
C case value (at blade tips)
h hub value (at blade roots)

11ft

P4
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m meri di onal vel ocity component
r radi al velocity conponent
t stagnation state

u rotational velocity component
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