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By W. Byron Brown and Will€m R. Monroe 

A theoretical  analyela  was  made to determine  the  temperature 
dlstribution ~n the  trailing  portion of a. liquid-cooled  turbine blade 
between  the  coolant  passage and the trailing edge and to study the 
influence of various des- and operating variables on the  hot-spot 
temperature at the trailing edge. The trafling portion of a typical 
turbine blade wes q r o x i m a t e d  b,p equivalent  rectaq,"lar and wedge- 
ehaped  sectlone t=, fao i l i t a te  aaalnis, and representative values 
for the  boundary tn~il?eratmes and surface  heat-tranefer  coefficients 
were asemed or cmyrted according to standard methods. 

Three-dimemtonal temperature distributione were obtained at 
effective gas taqeraturea of 20000 , 3000~~ SMI 5000' F for a 4-inch 
PriBZiLStIc  section,  cooled over the entire I th and having 8 thermal 
conductivity of 15 Btu  per hour per foot per-, and a t  2oOo0 F f o r  
similar sections having t h e m 1  conductivitiee of 120 and 210 Btu 
per hour per foot per ?F. In addition, cmparleon of one-dimensional 
temperature  distributions through the  outer  portion of the blade waa 
made for two shapes, equivalent rectangular and wedge plare sectione, 
at an effective @e temperature of 2000~ F. me -influence of thermal 
conductivity on one-dimensional hnperature distribuklon in both 
plane  sections was evaluated.  With  the equivalent rectangular 80h- 
tion, an in-?estigation i a s  made to detedne the effect on trallhg- 
edge  hot-spot  ten2eratu-e of varfatiom in the trail5ng-section 

tranafer coefficient. 
Hdth, th-lckne6s, t h e m 1  COndUCtlvlty, and coo-t-pa8Sage  heat- 

The three-dlmemiormal and one-dimensfonal  solutions of the 
equivalent recta-r trailing  portion  give almost identical temper- 
a t u r e  d ie t r ibu t ion  ia the blade eection away frm the  influence of 
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rim cooling. For the  blades of low thormal  conductivity and wide 
traFling  sections the hot-spot  temperature  closely  apprmches the 
effective gae taqerature,  and inf ini te  increase in -  the surface  heat- 
transfer coefficient a t  the coolant passage re lat ive t o  that obtained 
with  water will have Eutlall effect on the trailing-edge  temperature. 
Further reduction of trailing-edge hot-sgot  temporature can be 
obtained by the following three methds @veri i n  order of decreaeiw 
effect;  by use of materialEt havZw high taernal cmductivity, by 
altering the blade shapo to provide a re.latively short t ra i l ing  
sortion, by locating  additionalcooling passages a ehort d i e t a m e  
from the trailirg edge. 

A3 part of the  general p r o p a m  t 3  increase the permissible 
operating  taqerature of' gas-turbine  cycle8 ard to improve the life 
of critfcal   parts,   further analysis of the liquid-cooled turbino 
blade ia beiw conducted by the NACA t o  determine the available 
cooling effect a t  tho  anticipated hot s ~ o t  under present conditions 
of design anti to evaluate various poselble methade of improving 
cooling of the Bladee. 

Part I of the  current series on ''Cog- of Gas TurbineE" (ref- 
erence 1) preoents calcnlatione on the ap3lication of a i r  cooling 
f i n s  t o  the  turbine r o t o r  with the object of' reducing.the rim temper- 
ature t o  pernit  better coolin@; of solid bladee. It was found that 
the root af the blade could be cooled about 800° F below the effec- 
t ive  gas temperature, but r e l a t i v e l y   l i t t l e  Gain was obtained 8% t h e  
c r i t i ca l  section same dietance from the root. 3h part I1 (refer- 
ence 2) it was shown that blade life could be extended by rim 
cooling, and that the effective gas temperature could be slightly 
increased. 

Part 111 (reference 3) d~scusses the  circulation of l iquids  
through-hallow yssagee i n  t h e  blade and preerents a one-dlmmelonal 
analysis of tem-peratxre dietribution frqn the b.lado tip t o  the rotor 
a x i ~ .  The effects of variatione i n  blade length, length of cooling 
passage, type of liquid coolant, end rate of caolant flow were 
studied. The tmpratures-calculated (one-fifth the gan temperature 
f o r  water  coolin(j) were those q p r o p i a t e  t o  points  mar t h e  cooling 
7as~ages. . .  ... . . .  . . . . . . .  . . > "  . . . . . . . . . .  " " .." 

The pur??oao of the preeent detail.& study is t3 investigate the 
temperature diatrlbution encountered i n  the relatively long, thin 
trailing section bokween the coolant ~ s a a g e  and the tralllng edge 



of the  liquid-cooled blade. T h i ~  section, partfcularly the t r a i Z i w  
&ge, e o m a  most l i ke ly  t o  be c r l t i c a l ,  The blade deEign and 
cooling  coalitions ueed are the same as uaed in reference 3 except 
t l m t  only the b M e  section bounded by the rim, the  t ip,   the wall 
of tho coolaDt passage, and the traiilng edge is comidered. The 
a n a l p i s  I s  carried out in  several parts,  with a e s m d  shapes or 
aectlons that &?proximate the trailix portion of & typical  blade 
ae follms: a one-dimensional analyafe of a r e c t a w a r  section 
through the  outer  portion away from the root, a sfmilar one- 
dimenslonal snalyais of a wedge-shaped sectfon, and a three- 
dFmensIona1 analysis of a right p r f m  f o r  the e n t t r e  s p m  of the 
blade. 

The f o l l d n l 7 ;  sectians of Ynis report  present the devel3,pment 
of the various solutions for  temperature  distribution in  terms of 
the dlmnsions,  9hysical properties, boundary tenperaturee, and 
surface corCiItione that prevail. In addition, a number of figures 
are  presented that illustrate the variom ef fec ts  of thermal 
conductivity on three-dhnaional temperature  distrfbution f o r  
several values Df the effective gas temperature and the combined 
influence of design d b m i o n e ,  thermal conductivtty, and 8ome 
surface condftiona on cmling of the t r a i l i ng  edge. 

The foLLmiw apibols, arranged In alphabetical order f o r  the 
convenience of the reader, were wed in  the calculatiolvr: 

a 

b 

k 

2 

Qi 

s, 

t blade thicknese, (ft) 



. 

m.ean blade thicknees, ( f t )  

blade thiclrnoEs at t ra i l ing edge, (ft) 

blade  thiclmess a t  wall of co3lant paeaage, (f't) 

temperature of netal, 9 

effective t m p r a t c r o  of ho t  gae,  OF 

averaGe tmperature of liquid  coolant, ?F 

temperature at rin, OF 

distance from Blade t i p  t o  blade element, ( f t )  

dietance from t ra i l ing edge t o  blade elament, ( f t )  

dietance frcan median plane of section t o  blade elament, (f t)  

angle betweon sloping eidea of wodge 

T, - T, OF 
A linear dimmion accented by a prime denotee that the distance 

has been extended by t1/2 (for the wedge) or ;/2 (for the rectangle). 

The turbine wheel with cooling paesages is el?am i n  f igure 1 
and a crom eection of the blade i n  flgure 2. The approximate, blade 
shapes (right prim, m d 6 0 ,  and roctangle) used in thie analyeie, which 
can be used to qproximate any tapered prof i le ,  are given in fig- 
urea 3, 4, and 5. 

The equatiom for the temperature distribution in the blade 
section between the coolant passage and the treF1Fng edge were 
obtained by equatlrq tho  heat entering and the heat  laaviw an 
element. In oraer t o  aim2lify the boundary condftiona, the crom 
sectlan of' the b l a b  under coneideration x a a  apFoximated by geo- 
metric figures having straight sides and aseae equal to that of the 
blade croae section. For the first aevelqment, a rectangular shap 
(f ig .  3) was ueed, Fn which  the width m e  made q u a l  t o  the distance 
from the t r a i l i x  edGe to the coolant-passage wall and the thickneaa 
equal t o  tho mean tfiickness of the blade over t h i s  width. For a 
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closer approximation t o  the t r u e  shape, a wedge ahape (fig. 4 )  wae 
used i n  whlch the width rmaimd the sane as in  the  rectangle and 
the thiclrnees tapered f'rm the blade t h i c b s a  at the  coolant paseage 
to the blsde  thickneee at  the trail ing edge. For both shapes, the 
approxjmate cooling surface xa8 lese than that encountere3 in the 
actual blade because the circular coolant-passage wall wae appxi3nated 
by a chord rather  than by the true arc .  

The analyElie was performed in the fo l l aKing  parka; (a) 8 one- 
d h e n s i c r a a l  analpsis of 8 rectangular  section through the Outer 
portion of the blade, away from the blade root;  (b) a one-dfmeneianal 
analysis of a wedge-shaped eection through the outer port'ron of the 
blade; and (c) a three-dimensional analysis of a rlght prim for a 
4-inch blade length. 

(1) In parts (a) and (b) , t h e  heat flaw t o  the rim was negligible 
a t  a  section choeen amy frm the bLaiLe root  bemuse tple length 2 
was l a r g e  campared t o  the width b (fig. 5) . The validfty of this 
assumption ie demonstrated by the  resulte obtained Fn the t h e e -  
dimenslanal E L I I ~ ~ S ~ E ,  

(2) The heat gained from the traiXng edge can be accounted f o r  
by assuming the width to be extended by a diat8.nce equal t o  one-half 
the blade thicknees a t  the  trailing edge tl (fig. 6 ) .  The edge 
OQ a t  temperature T gained sane heat. %he extended SLWfaCeE 00' 
and QQ' were a t  nearly the a m  tarqerature T and no heat entered 
t&e end O ' Q ' ,  therefore these eurfaces gained practically the 8- 
amount of heat a13 the actual expoeed end. In part (c)  especially, 
the boundary condition wa8 much simplified. This assumption remained 
valid as long as t/Z m e  small ccqmed wiGh b. Thie validitr iB 
demonstrated for part (a). fh like m e r ,  the blade length was 
extended a diatLance equal t o  t /2. The length and the width extended 
by the distance t / 2  are denoted by b' and I '  respectively. 
This asamption Used O n l y  in parts (b) and (Cf . 

(3) The taqerature of the blade a t  the rFm wae constant at rim 
tempersture. E thle constancy is not maintained, it is ahown that 
variatione f r o m  it have little effect 011 the results except very 
close to the rim. This assumption was ueed o d y  ~n part (c). 

(4) The variation of IC was negligible and T,, TI, 91, and qo 
are constant over the blade and surface paeaages. Bemuse these 
blades were assumed to be cooled over the entire length and those of 
reference 3 cooled 0-3 t o  wlthin one-sfxbeenth inch of the t i p ,  the 
oompazable c m e 6  differed at the %lp. 
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One-DlmenairmEal Analysirr of Roctangnlar Section through 

Outer Partion of Blade, Away frm Blsde Roat 

The derfvatlan of the formula for part  (a) as sham by figure 3 
is  obtained from: 

where 

The botzndary canditiane are  ELB followe : 
when y = b, 

when y = 0, 

A aolution of equation (2) is 

3 = A coah a (y + c )  



b 

c 

Ram equationa (5) and ( 6 ) ,  when = 0, 

kA a einh a E = 91 A coeh a E (7) 

Werefore from equations (3) and (7) . 

"1 (*%) t e - 1  &(iJ 
ka t 

a 2 E =  - = -  - (8) a 

when t is not t o o  larp. This difference between E and t /2  
varies f r o m  0-4 to 0.5 percent for the values of a considered and 
has an inappreciable effect O.CO5 foot or m r e  inside the trailing 
edge. 

When J' = b, then from equations (4) and (6) 

Aa sinh a (b + E )  = %I ETe,- TI - A cosh a (b + E ) ]  (9) 

or 

Theref ore, 

" 

One-Dimensional Analyet8 of Wedge-Shaped Section 

through OLzter Portion of Blade 

It has been demomtrated (reference 4, equation (53)) that a 
solution for the  temperature  dietribution along the  g - a ~ P s  fn a 
wedge-ehaped scent (fig. 4) may be expressed 

8 = A'J,(ip) + BIE, ( ip )  (121 
where A' and B are azbitrary  conetants and J, and IC, a r e  
Be88el18 function8 of two m e ,  zero order. 
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Therefme when 

then 

Equation (13) can bo difforentfated and put in t h e  form G, de 
givm3 



.. 
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then 

order that eqution (17) may be satisfied 

Y 

(24) 

In standard form equatiogs (23) and (24) can be written, respectivelg 

where X l e  
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Whon the heat enterfng ier equated to the heat leeving 

or 

The boundary conditione can be more 8impI.y handled  if the gae 
temperature is taken e s  a reference temperature rather than the 
metal temperaturo; that is, If the s u b e t i t u t i m  is made 

e = T, -T ( 2 8 )  

or 

T = T ~ - ~  

Equation (27) then become 



NACA RM No. E?Blld 

The bow- candftiane that must be satiefied are 

when x 1  = 0 

0 a F =  

- 0  dy" 

0 

when x' = 2' 

e = T, - r, 
when y* = br 

k3e 
= -Q 

ll 

(33) 



Values of n ?ran 1 t o  14 were d o r t o d  asld the tmqeraturae cal- 
culated from equation (37). 

In appandix B it is &own that euf'fioiently accurate reaulter 
(within lo) can be obtained by ueing onLy tho firet value of m; 

COB P3 z, etc. 
t h t  ie,  m = 1 a d  droppina; the t o m a  invGlVing; COB P2 Z, 

The following asswaptiom were made in  apply iq  the  prevlous 
r o s u l t s  to specific  numerical calculations: 

1. The gaa flow vas 55 pounds per-secord. The hoat-tranrsfer 
coefficient comsaponding to thie ga0 flow qi was found to be 
222 Btu per h o w  > e r  square foot per 9. 

2. The liquid caolant, wator,  had an average temperature CXP 
ZOO3 F and a flow rate of 6.42 pounds per second f o r  the entire r o t o r .  
The heat-tramfer coefffclent corresponding to this coolant flow cr, 
was calculated (reference 5) a8 2370 Btu per  hour per square f o o t  per 9, 

3. AVersY;e t h e m 1  cmduct ivi t ies  k of 15, 40, 60, 80, 100, 
120, and 210 Btu per hour per epuare foot per 9 were used. 

4. The turbine had 55 blades. 

5. The blado was liquid cooled omr i t s  entire length of 4 inchae 
by tn0 coolin;: passa@s 0.25 inch in d w e t q r .  - .  me blade chord waa 
1.188 inchoa long. . .  
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6. Some numerical valuea aeeumed were 

b = 0.0500 foot 

b = 0 .OS50 foot (rectangular section) 

b ' = 0.0515 foot (wedge-ahaped section) 

2 = 0.3333 foot 

The theoretical  temperature  distribution in the  trailing segment 
of the turbine blade w a ~  determined by a three-dimensional analgais 
using equation (62) fn which the blade ~ 0 6 8  section was agproxinaated 
by a rectangle. The temperature distrtbution was  found in two planes 
representfng  the naximsrm and the mlnimum temperatures f o r  t he  z 
axis;  the first plane WSB located at t h e  slde of the rect-le and 
the second wae on the mecffsn plane thmugh tho section. The tcmpora- 
t u r e  was glotted ag8-t radial d i e t a c e  from the w h o 1  axis f o r  
intervale from t h e  trailing  edge the wall of tho coolant, passage 
(fig. 7). At  the wall, the series converged too slowly to be u e d u l ,  
therefore the curve w a ~  based on a one-aimens~oml calculation (equa- 
tion (11)) and the behavior of the other curve6 of the famiu. Sim- 
ilar distributions were c&Llcula=tOd and slotted ueing thermal conduc- 
tiuitios 120 and 210 Btu per hour por foot por ?E' (f Lg. 8). 
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represents  the  cloeest  approximation wfth plsxlea as boundaries and 
t h i a  shape was used to indicate  the trend, A three-dlmenefonal 
analysie of a wedge-eha$~ed cram section was beyond the scope of 
thia   report  and quite  unnecessary  because on the outer  three-quartere 
of the b l a b ,  the netal temperature does not c-e with the radius 
arid the  compa~ieon W ~ B  made on a one-dfmenaioaa?. basia fccr tempra- 
tures  along the center  l ine of a section thraugh the outor portion 
of the  blade. The comparison 1s presented  as a p l o t  of metal tan- 
perature aga-t distance from the  wall Qf the coolant passage f-or 
an equivalent rectangular and wodge-shaped e e c t i m  (fig. 9). 

The thermal  cmductivity of the metala nsod i n  blade  construc- 
t i o n  has considerable influence on the tamperature  diatrlbution;  the 
high-teneile-strength alloys cursently uecd have a re la t ive ly  low 
thermal  conductivity. The ef fec t  of thermal. cxi iuct ivi ty  wae 
inveetigatsd using a one-dimoneional analysis of a section through 
the  outer  portion of the blade for-avorage thermal canductirlties 
ranginC: from 15 ( s t ee l )  to 210 Btu  per hour per f o 3 t  per ?I? (copper). 
Although the upper raws of conductivities l a  impracticable for 
actual  use in blade cm&ruction, it does indioate t h ~  trend and the 
magnitude of texpsrature changes with'chmgea in thennal conductivity. 
The comparison is pesentad ae plots of metal termperatuke agaimt 
distance frcan the wall of the coolant paeeage for the reckngular  
shape (fig. lo(&)) and the  wedge sha2e (fig. lO(b) ) .  The ef fec t  of 
a change in thomzal czmductlvity .on t ra iLbq-ed6e  teqerature  was 
determined ccmpwativelg u ~ l n g  the mnte values of coMuctivity f o r  
equivalent  rectangular and wedge slmpee. One e ta t ion  M the section 
center line a t  the   t r a i l i ng  odge was used for each thermal conduc- 
t i v i t y  (f Pg. 11). 

The theoretical  three-dimensional tfmrperature dietribution for 
a turbine blade of rectangular crom eection ie presented for effec- 
tive gas tmperaturee of 2 0 ~ 0 ,  3000°, and 5000~ F in figure 7. The 
t e q e r a t u r e  ?all8 off in Wrea8irq increments as the dis tance  to  
the cooling liquid decreases. A t  a constant  dietauce frm the wall 
of the coolant pas~age, the  temperature ramins subetantiallg conetant 
f o r  approxbnately  three-quartere of tho blade length. The tempra- 
ture  beyond t h i e  point falls  off rapidly and reachee the rim temper- 
a t u r e  a t  the  base. The average  temperature at the trailing edge of 
the blade was reduced 7.14 percent below the gas temperature a t  
2000' F and 7.6 p r c e n t  below the @e temperature a t  5000'. The 
temperature d l f f c ren t i a l  between the s ide and the cantor of the 
blade (z  = t / 2 )  was 3,G percent of e, negligible at t h e  trailing 
edge, and at  the m a x i m u m  point did  not exceed S percent of the metal 
temperature. 

. 
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The temperature distribution at a gat3 temperatme of 2000° F 
for rectangular blades having t h e m 1  conductivitie6 of 120 and 
210 Btu  per hour per foo t  per ?F i8 presented i n  fQure 8. With 
fncr*eaeing thermal conductivity of the blade metal, the temperature 
tends t o  decrease at tihe trailing edge and increase mar the  coolant 
passage. The tmpe;=ture a t  the trail.€ng edge is appraximately 
32 percent below the gae temperature at a thermal coductivity of 
120 Strt per horx per f o o t  per ?F and 36 percent below the gas tem- 
perature a t  a the-rmal conductfvlty of 210 Btu per hour per foot  
per OF. With increased thermal conductivity, the influence of rim 
cooling is more effectfve &nd the radial distribution line6 f a l l  
off more rapidlr. The temperature differential between the sides and 
the center of the blade  decreasea with increased t h e m 1  conductfvity. 
For the higher coductivit iea,  this differential ie too rmzall t o  be 
sham in the figures, iaaemuch ae it ranges from 2 O  t o  7' P. 

An invea t ig~t icn  of a rectangular  cross-eection blade irdicstes 
the temperature dietribution i n  a blade ha- the c r o s ~  Election 
shown in figwe 2 but (3rrorB in the tmperature  distribution 
Kill exiet. The trend wlll be fndicated, however, if the rectan- 
gular croas section fe canpared 113th a cloeer approxination t o  
t h e  true shape; namely, a wedge-shaped section. P l W e  9 presents 
plota of the me-dimsnsfaml temperature diEtributfon a l o q  the 
center  line at the blade tFp for a rectangular and 8 wedge  section 
a t  a gas teqerature of 2tj0O0 F and a thermal  conductivity of 15 Btu 
per hour per foot per 3F. The tmperature  distribution for the 
wedge shape has a slight* ateeper elope than t i t  far the rectan- 
gulw section and the tarqeratures a t  the  tralling edge and the wall 
of the coolant paasrage a r e  lower. (Part of t h i s  lclKering is due to 
the additfonal t h i chese  of the cooling  aurface. 1 

The effect of the t h e m 1  conductivity of the blade metal on 
one-dimensional tenperatme di8tribUtiO13 is e h m  in figure8 10 
and 11. Figure lO(a) preaents the temperature d is t r ibu t ion  along 
the center  line of o rectangular section through the outer portion 
of the blade for an effective gae temperature of 2000" F and m i o u a  
t h e m 1  conductivities. A t  law thermal condcctivities, the temper- 
ature falls off eharply fram the trailing edge to the coolant 
passage. With increasing thermal conductivity,  the temperature 
decreases at the t ra i l ing  edge and ircreaeee a t  the wall of  the 
coolant pa~aage, which in general tends t o  equalize the temperatures 
across the width of the blade. The r edh t ion  of the temperatwe 
a t  the trailing edge increawe wZth  an incroase in the thermal 
conductivity.  Figure 10(b) B€I'JHE the temprature  distribution 
f o r  a wedge aection for  the same conditions fmpo~ed m the redan- 
gu- section. The general form of the  curve is sFmil&r to %'hat 
f?r the rec-t;a-ngular section; however, the temperatures at the 
tralling edge and at the w a l l  of the coalant pa8sae;e a r e  lower and 
the drop in temperature for a given increase in  conductivity i~ greater, 
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The variatfon -Im temperature Kith an increase in t h o r n 1  con- 
ductivity f u r  rectanplar- and wedge-ahaped sectfona i~ sham  in  
figure 11. The Toint  selected for comparison was located on tho 
center  l ine of the  section a t  the t r a i l i n g  edge. The curves show 
that   the  blade tecrperature a t  *Lie pofnt may be considerably lowered 
by us ing  metals haVin& a high -thermal conductivity and W i t  f o r  the 
a m e  conductivfty, the cool- is mbstan t ia l ly   g roa ter  for the 
mre representative wedge-shaped eoction. Tuie ef fec t  i s  par t ly  dne 
t o  the l O S 8  of effective mea at t h e  cooling raseage where the thidc- 
ne89 of the equivalent rectangular section  ia  considerably Iese than 
tha t  of the wed@ section. A t  high values of thermal conductivity 
a representative  teuperature  dietribution o m  be obtained from the 
rectangular  section by assuming the mean thicknees t equal t:, the 
value of t 2  for the ccmpaFative wedge. The - total   crose-soct iomi 
mea then i e  no l q o r  equivalent. The same care fn Elelecting 
appropriate d33nemioner extonds %he useful range of the nandimenaional 

- 

chart ( f ig .  1 2 ) .  

The nondimena-Lm&l caoling 
Te - T 
Te - q a t  the trailing edge fo r  

the rectangle is shown ae a function of ab ' and b/ak in fig- 
ure 12. Equation (11) was used with coeh a€ =I. rt ie men from 
figure 1 2  that f o r  ab' 2 3, the  cooling l a  leas than 10 percent 
f o r  the en t i r e  rango of qo/ak. In order t o  obtain 50 percent 
ooo1Fng even for q u f t e  large values of qo/ak, rib' must be leas 
than 1. Points for' ths extreme valnea of k, 15 and 210 Btu per 
hour per foot  p r  OF, are &own on the figure. Theoretfcallg ab ' 
could be reduced by decreasing q1 and b' or by increaeing k 
and t. Under cnrrmt  conditiom,  not much can be done about qi 
and k, The curve8 then  indicate short   thick t r a i l f ~  edges instead 
of long th in  oneB f o r  good coolhg, From tho curves of f lgure 12 
it can be deduced that wlth  materials of low thermal  conductivity 
an i n f in f t e  Increase  in tho coolant-paeeage  heat-tranafer  Coeffi- 
o ien t   re la t ive   to  that obtained with water will have small ef fec t  
on the traili?qy"dge temperature. 

Tho f o l l m r i q  genoral  cmclusinm can be drawn f r c r m  the analyeis 
of the cool iw  character ie t ics  of the t r a i l i n g  part of a l iqu id-  
cooled turbino blade: 

1. For blade materials havlw L o w  thermal  conductivity, the 
computed t ~ e e - d ~ l l E l i o n a l - t n r n p e r a t u r o  d ie tx ibut ion  of the equiva- 
lent rectangu.lar trailing sect ion  indicates   that  the rlm-caoliw 
effect i e  significant for only n short distance from the blade root, 
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the  trailing-edge  temperature cloEtely approaches  the  effective  gas 
tempratme, md t he  temperature gradlent n o m 1  to t h e  surface 
exposed  to the combuetion gas ca?. generally be neglected. 

2. The three-dimenai~ml and one-dimensional solutions of the 
equivalent  rectangular  trailing  portion  give almost identical tam- 
perature  distribution in the blade eection away from the influence 
of rim cooling;  the me-dimensional treatment of the wedge or 
rectangular  section is therefore sufflfcient f o r  moet  investfgatlom. 

3. For blade materials of very low thermal  conductivity,  the 
one-dimensional  tengerature  dietributfon  computed wit& the equiva- 
lent  rectangular  section is mly slightlg different f'ram that of 
the more represen-t;ative wedge section. 

4. The equations for the one-dimensional rectangular  eolution 
permit  construction of a simple chart, wkiich give6 the value of the 
trailing-edge nondimensional cooling pnimeter with any possible 
canbination of the design and o p e r a t a  w i a b l e e  comidered in the 
Ekrlalysis, 

5. For  the blade ehapes considered in this analyeis, and with 
materials of low thermal conductfvity, an i n f h i t s  increase in the  
coolant-paseage heat-tranafer coefficient  relative to that obtained 
with water will have mall effect on the tzaillng-edge tenqerature. 

6 .  For t h e  blade &?ea considered fn tais analgais, trailing- 
edge temperature may be comlderably reduced Kfth a material of high 
thermal  coliductivity and to a leeem exbent by locating the cooling 
passage closer  to the trafling edge. 

7 .  Large reduotion in trailing-edge temperature results when 
the blade s h a p  is altered to provide a short thick trailing  section. 

Aircraft  Engine  Research  Laboratory, 

Cleveland, Ohio. 
National  Advisory Conanlttee for  Aeronautics, 
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Thus 

where 1 . . .  

! I 
! . . .  n = 1, 2, 3, 4, ..- , .  

and 
I I 

I I 
. .  .. . .. i , j ,  I .  ' I  

. . . . . . . . . . . . 



. . . .  . .  . . . . . . . 

e 



The development of equation (36) loads to a d c t d n a t i o n  of P. 

I I  
( 4 9 )  

!he poaslbllity of determininLJ values of & and $m 30 satiafy equatfona (44) and 
(46) has bean establishad in textbooks on Fourier atid othor harnmonlc aerlee (reference 6, 
pp. 118-121), and it ie only necessary that tho values determined deffne a convergent series. 

Thc wluos  of are detormFnod  by Integrating equation (46) botvoen the llmlts of 
x' = 0 t o  x: = I' and e = 0 t o ,  z = and subatltutlng the  vnluce pmviouslg detarminud 

: ,  . .  z 
for % and Pm' in e q u a t i w  (43) and (50). Tho Intogration i s  acaompliahed in two steps 
uehg the function COB NsXdX and m a  Puzdz as multlpllors. 



. .  . 
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or 

... . 



or 

. .  
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Thie equation wiU..be velid for all practical purpoees when the 
thicknees of the blade is -11 canpazed wlth the w i d t h  and the 
length. It is necessary, in demonstrathg t h i s  statement, to f3Xp0.II.d 
tho double aeries given by equation. (37) a d  inspect t h e  term6 con- 
taining the function COB Pmz. The expneion of equation (37) with 
the subscripte fn the order . r n  a s ~ u m o ~  tho form 

Lf all the other terma in the series a r e  arranged eo they bocone 
coofficionts of the function COB Pmz, 
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equation (64) it an bo men that if the coaff icient of t he  
function COB P2z in m y  series IS neglfgfble comparsd with wrfty, 
the terms subsequent to COB P l z  may bo dimegarded for practical 
application of the equation. Because the seriee ie convergent for 
escending value8 of n, it is neceesary to Lns_nect the cod- 
flci-ent of COB P2z for a value of II = I, 
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For the blade under coneideration, 

b' = 0.055 ft 

k = 15 Btu/(b>C€'t)(OF) 

1' = 0.3385 ft . 

= 222 Btu/(hr)(aq ft)(?F) 

90 = 2370 Btu/(l;r)[aq ft)(?F) 

t = 0.01 ft 

From equetion ( 5 0 )  

PI = 53,74 

P2 = 632 -99 

Froa equation (43) 

Nl = 4.64 ft-l 

Fron equat,ion (38) 

.. . 

The following circular and hyperbolic function8 apgly for these 
values : 



. 
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sin P1 $ = 0.2654 coeh Mllb' = 9.7425 

: sin P2 4 = .02% coeh EZzlb ' = 6.5907 X 1014 
2 

a h  2P1 e 0.5119 coeh Mny ' = 1 when y 1  = 0 

sin 2P2 = .0467 cosh l+1ys = 1 when 8' = 0 

tanh Mllb' = 0.995 cobh MllyT = 7.4513 when r* = .05 

t 

tanh M@ = 1 cosh uzl~* = 2.7822 X 1013 when y'  = .OS 

IT the given values In eqwtion (66) are substftuted, t he  following 
coeff ioiente are obtained : 

y' = 0 # = -5.738 X 

x' = 0.05 6 = -2.142 X LO4 

yt = b' @ = -3.882 X 10-3 

The values of $ obtained f o r  the blade under consideration ahox 
thett the  coefficient of the COB P2e term ha0 8 maximum vdue at  
y' = b' and i8 then equal to 0.4 percent of VIe first term ead EB 

such nay be disregarded for practical  asptlioations. 
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From equation (39) 

P =  

0.005 1 0.3335 

03283 I ,3333 
.32%3 

.01 

.005 
0 

The coefficierrt af khe COB Fnz term wcreaiee a0 t h e  rim is 
a-ppmached and roacfiea a t-alue of 1,5 percent af ths f -st term at 
%hie point. For purposes of this report, the temperature w - l l l  not 
be calculated within 0.005 foot of the rin md the cooling LIq.3id. 
With this limitatim, - the values of the second and subesquent terme 
are negligible. 
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Liquid coolant -f at TI, O F  - t 
1 

Figure 3. - RactanguIar approrfmatlon to rear part of blade sectlon 
for one-dimenslonal analysis. 

Flgure 4. - Wedge-shaped approximation to mar part  of blade sections 
f o r  ona-dImenslonal  analysts. 
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Figure 5. - Rectangular  approximation  to rear p a r t  o f  &Inch-turbfna 
btade f o r  three-dimensional analysis. 

"" 

Q 0' - 

Figure 6. - Correct ion for  heat received by t r a i l i n g  edge. 
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Blade length, In. 

(a) Effective gas temperature, Te. 2OWo F. 

Figure 7. - Three-dimensional temperature  distr ibut ion I n  rear p a r t  o f  turbine  btade 
a t  thermal conducttvlt  k o f  IS B t u / ( h r ) ( f t ) ( O F ) .   ( F o r   f a c i l i t y  I n  reading, f i g .  7 
( a )  i s  plotted on a d i f f e r e n t   o r d i n a t e  scale than f i g s .  7 (b)  and ( c l * )  
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Ftgure 7. - Continued. Three-dimensional  temperature  distribution in rear part Of tut- 
bine blade at  thermal  conductivity k ot I5  Btu/(hr)(ft)(OF). 
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Fioure 7. - Concluded.  Three-dimensional  temperature d i s t r i b u t i o n  In rear   part  o f  tur- 
bine blade at thermal conductivity k of  IS B t u / (   h r l (  f t l ( O F 1 .  
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( a )  Thermal conduct iv i ty ,  k, 1 2 0  B t u / ( h r ) ( f t ) ( O F ) .  

i 

Ffgute 8. - Three-dimensional  temperature distribution I n  r e  r p a r t  o f  t u r b i n e   b l a d e   a t  ef -  
f e c t i v e  gas temperature T, o f  m~$ F; 
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( 6 )  Theraal  conductivity, K, 210 Btu/(hr)(ft)(OF). 

Figure 8. - Concluded. Three-dimensional temperature distributim i n  rear part o f  turbine 
blade at effective gas temperature T, of 2000° F. 
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Figure 1 0 .  - One-dimensional solut ion for  pervalent blade temperature at  effective 
gas temperature Te of 2oooo F. 
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(a) Rectangular section. 

" . 



F i g .  I O b  1 

Distance frun cool fng I iquid, f t  

0 .I .2 .3 .4 .s .6 
1 I I I I 1 I 

Distance frun cool ing I iquid, i n .  

( b l  Wedge-shaped sect ion. 

igure 10. - Concluded. -0nedimensiona1 s o l u t i o n  fo r  prevalent blade temperature a t  
ef fect ive gas temperature T, of 2oo0° F. 
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Figure I ! .  - Temperatures o f  trailing edge obtained fran the one-dimensiona?  solutions, 

Effective gas temperature, Te, 20006 F. 
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