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D E E "  VERTICAL TAIIS AT MACE 

NUMB33.S BZZWEEN 0.7'0 AND 1.48 
By Chester H. Wolowicz 

As par t  of the flight research program coducted on a swept-wing 
fighter-type airplane, rudder-pulse maneuvers  were performed at   a l t i tudes 
from 30,OOO t o  43,000 fee t  over a Mach nmiber range of .O.7l to 1.48 t o  
determine the  la teral   s tabi l i ty   character is t ics   reht ive t o  the s tab i l i ty  
axes, i n  general, and the  lateral   derivative cl-mzacteristics, f n  partic- 
u b .  The time-vector method of  analysis ma used. Four configurations 
were  employed in  the  investigation. Three configurations involved three 
different   ver t ical  tails with "yhg aspect  ratio or area, or both. The 
fourth configuration emplayed a Large tail, which had been used in   the  
third  configuration, and an extension of the wing t ips .  

The time-vector method of analysis is capable of producing good 
value6 of the lateral   derivatives % fp Gap, CZB, ctp P r M a n g  

the damping ra t io  is lese than qproxFmately 0.3. Reliable  values of 
lateral   derivatives (C+ - Cy) ere   d i f f icu l t  t o  determlne  because of the 
sensi t ivi ty  of this quanti- t o  other  factors. The expected effects of 
increasing  vertical-tail  size,  resulting in  inc reasd  magnitudes of 
Czp , and C +, were realized. The a t i o n  of &Lng-tip  extensions had 

small effects,  except fo r  a"PaLrly large  increase i n  the magnitude of the 
damping-in-roll derivative Czp . Theoretically  calculated  derivatives 
showed fair t o  good agreement with fUght   resul ts  i n  the subsonic  range 
d t h  the exception of high angle-of-attack values of (kr - C q >  deriv- 
atives. Wind-tunnel data f o r  the  static  derivatives for  a Mach nmber 
of 1.41, when corrected for tors ional   f lexibiUty and a,ir-intake effects 
of the  Jet  engine, shared good agreement with .f l ight   resul ts .  The experi- 
mental ra te  of decrease in the magnitudes of CnP, CzB, and Czp with 

Mach number a t  Mach  numbers greater  than 1.25 was larger  than  estimated. 
This increased  rate of decrease i n  magnitudes  appears t o  be  the  result 
of possible shock wave and flaw interference at the wing t ips .  

ens. 

. . .  . 
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This paper presents an application of the time-vector method of 
analysis in  the  detemination of s t a t i c  and aynamic lateral   derivatives 
of a 45O swept-wbg fighter-type airplane. Details of the application of 
the time-vector method of analysis employed are also included in this  
paper &B are sane cansiderations of the  limitations of the met&&.. A l l  
data were obtained as p a r t  of  a camprehensive investigation, conducted 
at the NACA High-speed Flight  Station a t  Mxerrtis, C a l i f . ,  of the l a t e r a l  
characteristics of t h i s  airphae. 

The quantity of data obtabed fram the fHght test program provided 
the first opportnzniQ t o  perform a f&ly detailed  investigation of the 
stability characteristics of an airplane in the transonic and supersonic 
regions and to provide sane caparison with available wind-tunnel data . ( ref .  1). PraTious reports have presented the directional  st&il.ity aa 
determined by slznple relationships  (ref. 2) and the results of - r o l l  cou- 
p ~ n g  in-vestfgations (refs.  3 t o  6).  

The flight rudder-pulse data for the  determfnation of the l a t e ra l  
stability characteristics were obta5ned for four configurations. Three 
configurations employed the original Hng and %Wee different  vertical- 
tail areas (orLgimL, extended, and laxgel a l e  the fourth configuration 
employed an extended kFng and the large tail. The data were obtained at 
alt i tudes between 30,000 and 43,000 feet over a Mach number range extending .( 

t o  1.48. Most of the  tes ts  were performed at a naminal value of 1 g load 
factor, buS f o r  a few t e s t s  at ncnninalMach mbers of 0.83 and Llh load 
factors  within the range of 0.5g t o  1.8g were used to  investigate  the 
inflaence of angle of'attack on the lateral stabill@  chazacteristics. 

n 

The results of the malysfs of the  data are cca?rpssed with available 
wind-tunnel data and calculated derivatiyes. 

The results of t h i s  investigation are refemed t o  the stability 
system of axes, wNch is defined as an orthogonal system of axes inter-  
secting at the airplane  center of gravity  in wMch the Z-axis Ues i n  the 
plane of symmetry and is  perpendicular t o  the X-axls. The X - a x i s  is i n  
the plane of symmetry and is the projection In the XY-plane of the rela- 
tive  airstream onto the XZ-plane of symmetry. The Y-axis i s  perpendicular 
t o  the plane of syrmetry . 

,\ 
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The coefficients  ere  referred t o  the  original. wing mea and wing 
.a span. 

9 a, normal acceleration, g uni te  

at corrected transverse acceleration, g units 

%l indicated  transverse  acceleration uncorrected. for irmtrument 
position, g units 

C 2  rolling-mcenent coefficient, Cm 
R o U b g  mmmt 

damping-in-roll  derivative, E ac2 p er r a m  
2v 

cz, ra te  of change of rolling-t coefficient with yawing - r, 
angular velocity factor, -, per radian & 2  

c Zg 

C % 

effective  dihedral   derimtive,  -, per radian % 
as 

r a t e  of change of rclllng-mcment coefficient with r a t e  of 

change of angle-of-siaesup  factor, per radian 

Cn yawing-maanent coefficient , Yawing nqnent 
@b 

crp, r a t e  of change of yawing-moanent coefficient KLth roll ing 

A - 'anguw velocity  factor, 3, per radian 

% 
9 - 
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Cnr 

CY 

C 
*P 

C 

E 

ra te  of change of yming-mament coefficient with yawing angular 

velocity factor,  -, per radian ac, \ 

% 
directional  stabil i ty clerivative, -, per  radian aC$ 

ae 
ra te  of change  of yaxing-moment coefficient  with  rate of chmge 

of angle-of -sideslip  factor 

ra te  of change  of  yawing-mment coefficient with respect t o  .l ' 

control-surface  di6phce.tnertJ -J per deg ac, 
a6 I 

lateral-force  coefficient, Lateral  force 
qc 

ra te  of change of lateral-force  coefficient  with rolling 

angular velocity  factor, -, p radian & J2 
% 

* 

rl 

ra te  of change  of lateral-force  coefficient with yawlng angular I 

velocity  factor, -J per radian &Y 

% 
lateral-force  derivative, 9, per r a m  

i 

3s 
r a t e  of change of Lateral-force  coefficient  with  rate of change 

of angle-of-sideslip  factor, 

r a t e  of change of lateral-force  coefficient with respect t o  

control-surface  displacement, -, per -deg ao, 
as 

chord, ft 

mean aeroayrramfc chord, f t  
h 
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% pressure  altitude, ft 

IX moment  of i ne r t i a  of airplane about stability X - a x i s ,  

=%I co& + I sin2T), slug-ft2 z, 
=xz product of inertia  referred t o  stdbill- X- and  Z-axes, 

-1/2(% - 1%) S b  2q, SlUg-ft2 

7 i .  moment of iner t ia  of airplane about stability Z-axis, 

IQ,I~~,I& mments of iner t ia  of a rp l ane  about principal.  longitudinal, 
h t e r a l ,  ana ver t ica l  axes, respectlveu, slug-& 

incidence  angle of horizontal tail, positive  leading edge up, deg 

Mach  number 

mass of airplane, W/g, slugs 

mass ra te  of d r  intake of Je t  engine, WA/g, s~a.gs/sec 

period of damped mtmal frequency of airplane, sec 

rol- asgu1a.r velocity factor, pb/2~,  radians 

w d c  pressure, &+', B / S ~  f t  

ra te  of change with tbne of $, cp, and p,  respectively, 
radians/sec 

ra te  of change with time of r and. p, respectively, 
radians/sec2 

yawing angular velocity  factor, rb/m, radians 

~ L n g  area,  sq f t  

time required for absolute  value of transient  oscil lation t o  
&amp t o  half amplitude,  sec 

time, 6ec - 
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airspeed,  ft/sec 

transveree  acceleration,  ft/sec2 

weight of airplane, lb 

weight rate of air intake of j e t  engine,  Ib/sec 

distance frm center of gravity of afrplane t o  air Fntake of  
j e t  engflle  (measured paral le l  to bcdy X-axis), 25.1 ft 

distance frm center of  grav i ty  t o  transverse  accelermeter 
(measured paral le l  t o  b d y  X-axis ) , positive when forward of 
center of gravity, 5.37 ft 

distance frm center of gravity t o  transverse  accelerometer . -  

(measured perpendicular t o  b d y  X-axis), positfve when belox 
center o f .  gravity, -3.6 ft 

- n 

distance f r O m  center of gT&Vity t o  sideslip vane  (measured 
perpendiculsrr t o  body X-axis 1, positive when below center 
of gravity, 2.5 f t  " . . .. ". " 

- 

. .. d 

angle of. attack of airplane,  angle between reference body 
X-mls and s tab i l i ty  X-axis, deg 

corrected  angle of sideslip, deg o r  radtans 

indicated.  angle of sideslip, m e a s u r e d  frm relative airstream 
t o  X-axis, positive when X-axis is left df airstream, deg 

ra te  of change of side'sLip factor, bb/2V, radians 

contribution of intake air of jet engine to directional 

stability  derivative, -mavx,, per radian 
q- 

contribution of intake alr of jet engine to Lateral-force 

derivative,. - -mav, per radian 

t o t a l  aileron deflection,  positive. when left ai ieron i s  down, 
deg 
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rudder deflection,  positive when rudder deflected t o  l e f t ,  deg 

angle between reference body X-axis and principal X-axis, 
positive when reference  axis i s  above principal axis at the 
nose, deg 

ra t io  of actual damping t o  c r i t i ca l  damping 

angle of fnclin&ion of principal X - a x i s  of airplane  relative 
t o  stability X-axis, positive when principal X-axis is above 
s tab i l i ty  axis at  the nose, OG - E ,  deg 

mass density of air, slugs/cu ft 

time  parameter, m/pVS, sec 

angle of sidewash, radians 

ra t e  of  change of mgle of sidewash with  angle of sideslip, 
a 4 v  

r a t e  of  change of angle of  sidewa8h with rolling angular 
velocity  factor, - 

2v 

ac 
s 

phase angle, deg 

damping angle, deg 

angle of roll, positive when right w i n g  moves d m ,  radians 

angle of yaw, positive when airplane turns t o  right, radians 

undamped natural frequency,  radians/sec 

damped natural frequency, %\ll - c2, radians/sec 

contribution of f lexible,   vertical  tail t o  the 
lateral-force,  directional-st&ildty  derlv- 
atives,  etc.,  respectively 

, etc.  contribution of the rigid,   ver t ical  tail t o  the 
lateral-force,  directional-stabiIfty  deriv- 
atives,  etc.,  respectively 
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(=Yp) FJ(Enp)FJ change in   t he  contribu&ion of ver t ical  tail t o  . 

lateral-force,  directional-stability  deriv- 5" 
atives caused by f lexibi l i ty  of the-ver t ical  
tai l ,  etc.,  respectively 

The  symbol I j I represents  the  absolute magnitude of a j quantity 
and is  positive. When employed in an equation, the  equation is consid- 
ered t o  be a vector. equation. 

The phase  angle of a vector j relsttive  to-another  vector k i s  
indicated by the  subscript @.Jk. The second subscript k i s  used ae 
the  reference.  For' example, in   the expression %q = -150° the roll. 
displacment  vector,lags  the yaw displacement  vector by 150°. 

AIRPLANE 

The airplane Fs a fighter-type  with a single  turbojet engine equipped 
with an afterburner, a moderately low swept wing, and a low horizontal 
t a i l .  A. three-view .drawing of the  airplane with the  original  vertical 
t a i l ,  tail A, i s  shown i n  figure 1. Figure 1 also indicates the extended 
wing. A photograph of the aimlane 1s Shm .in...figure 2. 

A 

The tes t s  covered the following four-  configurations: -I 

A 
B 
C 
D 

Small (A)  
Original Extended (B) 
Original 

Large ( a  
Extended I-ge ( a  
Original 

Figure 3 presents a photograph of tails A and C. Drawings of the  three 
ver t ical  . tai ls  are shown i n  figure 4.  The s m e  rudder was  used on a l l  
tails. 

The airplane is equipped with  automatic leading-edge s la t s  in  f ive 
interconnected segments. A t  subsonic  speeds the  slats  generally started 
t o  open at 3 O  t o  6O. A t  supersonic speeds the  slats  generally remained 
closed a t  Mach  numbers above 1.25 f o r  the  angle-of-attGk range of the 
t e s t s .  

The physical  characteristics of the  various  configurations  are  pre- 
sented i n  table I. The estiniated  variation  wlth  airpiarie weight of the 
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principal moments of iner t ia  and inclination of the   p rhc ipa l  axes 
(fig.  5 )  is based on the  manufacturer's  estimate  (ref. 7) f o r  desi@ 
weight and empty weight  conditions. 

Standard NACA instruments were used t o  record  airspeed,  altitude, 
roll ing and yaufng velocit ies and accelerations, noma1 acceleration, 
transverse  acceleration,  angles of attack and sideslip, and rudder, 
aileron, and s tab i l izer  positions. The airspeed., al t i tude,  and angles 
of attack and sideslip were sensed on the nose born. A l l  records were 
synchronized a t  0.1-second intervals by a camon thhg circui t .  

The turnmeters  used t o  measure the angular velocities and acceler- 
ations were referenced t o  the body system of axes of the airplane and 
are considered. accurate t o  within f l . O  percent of scale range. Mounting 
direction  errors were 0.5' or  less. 

The indicated normal and transverse  acceleraneter  readings were 
corrected t o  the  center of gravity. The acceleraneters  are  considered 
accurate to within * L O  percent of  scale renge. 

Indicated  sides7lp  angles and mles of attack, measured  by vane- 
type  pickups, were corrected f o r  r o l l  and yaw rate,  and pitch-rate 
effects,  respectively. The pickups were mass damped. and had dynamically 
flat frequehcy-response characteristics over the frequency  range of the 
airplane. The pickups are  statically  accurate t o  W.lo .  

The ranges, dynamic charracteristfcs, and scale of recorded data fo r  
the angle of attack,  sideslLp,  velocity, and acceleration  instruments axe: 

Function 

a, deg . . . . . .  
p,deg . . . . . .  
r, r&ms/sec . . 
5 ,  r&ans/sec2 . . 
p, rdians/sec . . 
p, r a - / s e c *  . . 
a t ,  g u n i t s  . . . .  
an, Q U f t S  . . . .  

a30,000 feet. 
b40,000 feet .  

Scale of recorded 
Range data  (per  inch 

deflection) 

-20 t o  40 
10 - 75 f32 
10 - 55 
0.543 ko.5 

f l  1.01 
i4 4.19 
f7 6.33 

-1 t o  7 4.92 
fl 2.30 

Jndamped natural 
qs 

8 
8 

10 t o  12 
8 
x) 

7 

13 

r a t i o  

0.70 
0.70 
0.65 
0.65 
0.64 
0.65 

&o .43 
38 

I ... 
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Rudder, aileron, and stabilizer  positions were  measured by standard 
control-position transmitters Linked directly  to  the  control surfaces. 3 
The transmitter-recorder system had a f la t  dynamic response m e r  the 
frequency  range of the  control movements encountered. The transmitters 
are considered t o  be  accurate t o  within &.lo. 

The nose-born instal la t ion  for  m e a s u r i n g  the  airspeed was calibrated * 

by the NACA radar phototheodollte method. The Mach nmibers presented are 
considered accurate t o  kO.02 at speeds below about M = 0.9 and accurate 
t o  W .  01 at speeds above M = 0.9. 

Instrument  phase-lag corrections were applied t o  a l l  data employed 
in  the  analysis. Also, position  corrections were applied. by time-vector 
methods of analy-sis to   s ides l ip  and t o  transverse acceleration data. 
Details of the application of the time-vector method me. considered i n  
a later section of t h i s  paper. 

The telst procedure for  this investigation  consisted of recording 
the  airplane response t o  abrupt rudder pulses p&formed with other con- 
trols  f ixed. Attempts were made t o  maintain  constant Mach m e r  & 
al t i tude and t o  prevent  inadvertent. movement of 'the control  surfaces 
during the transient portion of the maneuver. Such attempts were not 
always successful and required  careful  selection of usable  portions of 
the  fUght record.  Figures 6(a) and 6(b) present  typical t h e  histories. 
Small changes in  alt i tude o r  Mach mmber did  not appear to influence 
materially the  results except i n  the region of the   c r i t i ca l  Mach number; 
however, moderate controlmavements i n  the transient portion of the 
maneuver influenced  the analytical results. The most troublesme data 
resulted fram maneuvers performed at high angles of attack o r  at other 
than l g .  

Maneuvers  were performed at 1 g x>.@ conditions  for the four con- 
figurations at alt i tudes ranging from 38,000 t o  41,000 feet over a Mach 
number range of 0.73 to  1-35. To extend the Mach nmiber range of t he  
t e s t s   t o  1.48, maneuvers were performed following a pullout from a dive. 
These maneuvers were performed t h  configurations By C, and D at 
35,000 f3,OOO fee t  over a load. range of 1.2g.to L7g. 

To investigate  the  effects of angle of attack on the  la teral  sta- 
bi l i ty   character is t ics  maneuvers  were  performed with  configurations C 
and D during turns and pushovers a t  Mach numbers of 0.73 t o  1.18 at 
40,000 22,000 feet and for configuration D a t  30,000 f2,OOO feet. 



Effects of angle of  attack were also investigated over a Mach Tnmber 
range of 1.03 t o  1.31 fo r  ~ o n f i g u r & t i o n s  A and B at alt i tudes frm 39,500 
t o  41,500 feet  with a load factor of l.7g t o  2.lg for  configuration A, 
and an a l t i tude range of 37,5UO t0 39,500 f ee t  with & load. factor of 2.Q 
t o  2.4g for configuration B. 

In considering the probable errors in   the analysis of t he   l a t e ra l  
chazacteristics of the airplane,  attention must be given to instrument 
accuracy as well a s  t o  readability of the  recorb,  possible  influences 
of variation in al t i tude and Mach number, influence of inadvertent move- 
ment of the controh, and accuracy of estimated  derivatives. 

The readabili- of the  records was a strong po ten t i a l  source of 
error.  Since the ranges of the instruments and scale factors eurployed 
were governed by the  roll-coupling  investigations  being conducted at the 
time, the  deflections on the r o l l  records were anall i n  general and very 
small at Mach numbers in excess of about 1.3. 

With all factors considered, the probable errors i n  the f l ight  data 
employed i n  the detemination of derivatives are estimated t o  be: 

Probable error, percent 

P: 
At M = 0.75 . . . . . . . . . . . . . . . . . . . . .  0.5 
A t M =  1.35. . . . . . . . . . . . . . . . . . . . .  2 

T1/2 . . . . . . . . . . . . . . . . . . . . . . . .  . 5  t o  LO 
. . . . . . . . . . . . . . . . . . . . . . . . . .  3 t o 6  

Subsonic region l r p r = 3 . O . .  . . . . . . . . . . . .  
l* l  3 

Supersonic  region - = 1.6 I ' P  I 6 
Iql 

. . . . . . . . . . . . .  
o w " . . . . " . . . . " . . " " " ' . . . . . . .  so 

The probable errors in  the  Lateral stabilfty derivatives  obtained 
from flight data are dependent on the degree of error i n  the estimated 
values of C and Czr, in  the moments of inertia, and i n  the direction np 
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Of the  principal a x i s ,  as  well as the  errors  presented i n  the previous 
paragraph. The probable errors i n  the  derivatives,  exclusive of the ' " 
influence of  errors i n  the  estimation of C, and Czr,  which will be . 
discussed later, are  believed t o  be: 

P 

Derivatives Probable error, percent 

c* . . . . . . . . . . . . . . . . . . . . . . . . .  3 t o 5  
C Y B . . . . . . . . . . . . . . . . . . . . . . . . .  10 

CZp: 
F r m  M = 0.70 t o  1.30 . . . . . . . . . . . . . . .  10 
A t  M = 1.47. . . . . . . . . . . . . . . . . . . .  50 

... c .  
2P 

- ." " "  . - . ." ". 

F r m  M = 0.70 to 1.30 . . . . . . . . . . . . . . .  10 
A t  M = 1.47. . . . . . . . . . . . . . . . . . . .  X) 

(c., - Cne) . . . . . . . . . . . . . . . . . . . . .  15 t o  20 

. 
PROCEDURES W U S I S  

The original wing mea and wing span were employed for  all config- 
urations i n  analyzing  the flight data for the   la teral  stability deriv- 
atives. To convert the  derivatives of the  extended wing configuration 
(configuration D) t o  the  actual wing area and  wing-span bases, the 

cyP 
derivative should  be  multipUed by 0.975, c.8 CZB by 0.925, 

and CzP and Cnr by 0.876. 

Inasmuch as the maximum sidesllp and roll angles of the tests were 
of the  order of Z0 and LOo, respectively, and since no significant .nm- 
Lineax or cross-coup'llng Influences were noted, the following Ilnearized, 
small disturbance forms of the  la teral  equations of motion of the  air- 
plane appemed appLicable t o  the analyeiB of the  data: 
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Three methods  were originally considered f o r  the  detemdnation of 

the  lateral   stabil i ty  derivatives.  The frequenq-response method of 
reference 8 was highly desir&le because of the number of derivatives 
which can be determined fram it; however, because of the time factor 
and some doubt as t o  the validity of the  results which would be  obtained 
UsFng the avai1a;bI.e flight data, it ua8 decided not t o  emplay this method. 
The  method of reference 9 is a time-vector appro& to the solution of  
the  derivatives; however, it is a  tabular procedure employing successive 
approximations and therefore i s  not a6 desirable as t he   r e l a t ive ly   rq id  
g r q h i c a l  time-vector method of analysis explained i n  references 10 t o  .E. 

The graphical  time-vector method of references 10 to 12 wa8 ernplqed 
for  the  determination of Gy 
required  precision of phase-angle b t a  precluded  the  possibility of 
reliable value8 of (Cyr - Gya> or Cy ; therefore it was decided, on a 
selective basis, t o  employ estimated  values of C y  and t o  ignore 
(Cy, - %b) i n  the solution. The values of  C and c”p which  were 

required f o r  the time-vector solution of the  other  derivatives were 

B’ c w  (c., - ens) 9 CZB’ and Czp. 

P 

P 
2, 

- obtained f’rm theoretfcal  estimates. 

Application of  the Time-Vector  Method of Analysis 

No attempt i s  made in thi8 paper to present  the  detailed  mathematical 
aspects of the  fundmental time-vector properties inesmuch as reference 10 
accaqlishes this quite thoroughly. - S u i i c e  it t o  say that   the time 
invariance of the phase relationships and amplltudes relative t o  each 
other  permits  the  representation of asy one of the  Ilnearized  equations 
of  motion by vectors.  In  the four lateral-directional  equations”L&ee 
degrees of freedm. . a r e -  *vo+ge in each eqgt&io_n; nanrely, sidesHD,- r o l l ,  
E d  yaw, each ii.tF%%e same fre-cency and damping characteristics. The 
amplltudes of  the various degree8 of f reedam i n  each of the  lateral-  
directional  equations have the sane shrinkage ra te  and the phaee angles 
remain constant; thus f o r  vector  representation, the various amplitudes 
and phase relations are time invsriant. 

The vector  properties  described i n  the  preceding  paragraph, plus the 
requirement that the  vector polygon representing m y  one equation must 
close, makes possible  the  detemination of two unknowns in any one equa- 
t ion.  Inaamuch as it is desired t o  determine  the stability derivatives 
fram flight data, it will be  convenient t o  introduce new notations for the 
s tab i l i ty  equations and t o  establish  the  equations in the form of ampH- 
tude ratios. All equations i n  this paper having absolute  value  notation8 
will be considered t o  represent  vector  equations. Hence 



The derivatives with respect  to r and 6 have been ccanbined i n  
equations ( 6 ) ,  (y), and (8). This was done because. Ir 1 is similar t o  * I 0 I and is appro-tely 1m0 out of phase with I . 

The amplitude ratio  representation  is"coqenient, inasmuch as it 
simplifies flight-data  reduction and enables a more-dlrect  determinatiog . 

of same of the derivatives. - 
The period .of. oscil lation P is determined directly frm the tran- 

sient  portion of the f l i g h t  record. To determine the  indicated phase 
angles, the measured time differences of the  different peaks of the 
va?zLous degree6 of  freedom were averaged and the simple expression 

* 

To determine  indicated amplitude rat ios   re la t ive  to  the body axes, 
the envelopes of the  t ransient   osci lht iog regx'ds are  plotted on a semi- 
l o ~ ~ i t h m F c  EL&, such as figure 7, as a fLinc_tiaiIox time. The-linearity 
of the curves indicates that the  line-wlzea  tlifferential  equation is 
applic&le. The indicated amplitude ra t ios  are then  calculated 8s shown ' 

in figure 7 .  
b 

The values or T1/2 are determined as indicated in f'igure 7. The 
damping angle i s  related t o  the damping ra t io  ( by one of the 
relations . ." +" 

- .  
" . 

.. . I 
I . .  - 

. . .  

.. 
" ."C . 
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c 

The determination of 0d or 5 remres the use of the logarithmic 
decrement whichnay be expressed in  ve;rious wqys such as 

Rusting (11) e ~ a  (E) and transposing 

Correctfcm of Lndicated Anrplltude Ratios and Phase Angles 

AmpHtude ratios  are subject to corrections for dynamic magniffca- 
tion,  instrument Location, and reorientation &en the data are to be 
considered r e l a t ive   t o  axes other  than  the b d y  axes about which the 
instruments me oriented. Phase angles me subject t o  corrections  for 
phase lag i n  the  electronic system, phase error caused by instrument 
location a w  Frau the center of gravi- of the airplane, and reorien- 
ta t ion when the b t a  me to be considered r e l a t ive   t o  axes other  than 
the b d y  axes. Tihe phase lag of the instruments vas based on the 

I relation .~ 
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= - (d$ 
where 

'J frequency of the  airplane,..  radiatu/sec 

'uni undamped natural frequency of.instnrment,  radians/sec 

The indicated phase angles were corrected for the difference i n  the phase 
lag of ,the instruments  involved. 

The transverse  accelermeter and  p-vane records were subgect t o  phase 
error caused by instrument  location. These phase errors were determined 
i n  a vector approach to the  correction  &.indicated amplitude ratios t o  
true amplitude ratios.  "" 

The amplitude ratios will, in   the case of ca re f i l l y  selected  instru- 
ments, be subject to negLigible dynamic amplification  error. I n  the case * 

of properly  oriented  gyroscopic  instruments, the position  error will be * 
negligible and I.o"Lion error is not a factor be considered. In the 
c u e  of the transverse accelermet&r and the. p-vane iidztunents, location 
error may be  important as on the present, airplme. 

- .. 
TO correct t h e  p record  for Vane location, the  following  expresston 

was employed 

P = P 1 -  xerb 
I n  terms of vector  notations 

'The graphical  time-vector  -solution of (17) is  sham in  figure 8(a). 
The solution 1s -0btaFned by first drawing i n  the dil-ection of the  vectors 
relative t o .  p us ing  the indicated phase angles  corrected  for  instrument 
phase lag. The numerical  values of the terms i n  (17) are  then drawn i n  

as  vector  quantities. The magnftude  of the vector and i t 8  direction Pl l  8.. 

represent the  magnification  factor by which all the amplitude ratios  taken 



. 
I 

wfth respect  to j3 should be divided t o  correct f o r  position  error, 
and the phase angle e r r o r  of a l l  of the phase angles  taken with respect 
t o  p .  

To correct the indicated  transverse  acceleration for  position  error 
the  following  expression w-aa used 

.%% x%5b 
at = + - Q - - Q 

In terms of vector  notations 

where -7 

The time-vector solutibn of (19) is shown in figure 8(b). The solution 
. is  approached by first drawing i n  the directions of the q, and rb vec- 

t o r s .  The directions of  the  acceleration  vectors 4, and ib are then 
1 located (90" + @&) dead of the velocity  vectors. me r d d e r  of the 

solution is  as shown i n  figure 8(a). It can be seen that the  position 
correction is significant in the  illustration  representing  actual test 
data of a n  average c o a t i o n .  

, 

Determination of the  Lateral  StabFlity  Derivatives 

The st&ility derivatives being dete-ed and the  equations of s 

motion employed in  the  present  analysis are referenced t o  the s t ab i l i t y  
axes. Inasmuch as the'flight data are referenced t o  the body axes, it 
is necessary t o  transfer the flight data frm the body axes t o  the sta- 
b i r i t y  axes. Had the  stability  derivatives sought  been referenced t o  the 
body axes,  then the   s t&i l i t y  equations  referenced t o  the body axes would 
have been employed. I n  the appendix are presented  the  equations f o r  the 

from the = transfer of the amplitude r a t io  and the phase angle Qrpr 
Ir I 

b d y  axes t o  the stability axes. The appendix a l s o  outllnes the vector ia l  - - 
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procedure employed i n  obtaining  refined magnitudes of Maad" 
well as phase angles with the aid of the transverse  acceleration equa- 
t ion ( 5 ) .  Figure  8(c)  illustrates the final  vector  solution  for these 
magnitudes. 

IS I 

After correcting the data f o r  various  sources of error and trans- 
ferring the data to   the stahili-ty axes, a6 shown i n  the appendix, it is 
a simple matter t o  proceed with the determination o f .  the derivatives. 
Since the positions  af the displacement,  velocity, and acceleration vec- 
to rs  are known, the three lateral-stability  equations ((6) t o  (8) ) may 
be  applied t o  the solutlon of the lateral  derivatives. 

Figure  8(d) shows the  vectorial  solution  for Cy 
B and ("yr - Cys) 

Although a solution for (Gyr - Cy;) is sham i n  the figure, t h i s  deriv- 
ative was not  included i n  the  results of the analysis because o f t h e  Lack 
of the  required  preci,sion of the value of which would be needed 
to  obtain a fairly rellable first approximation of this derivative. 

@at$ 

Figure  8(e) shows the vector diagram for the determination of cnP 
and (Cnr - CY) . NO attempt was made t o  determine ~ " p  i n   p w e  of one ' .. 
of the other two derivatives,  since some preUminary work appeared t o  
indicate there would be no advantage in doing this. The section  entitled 
"Discussion" i n  this paper  considers.  sepsitivity of sane of the  derivatives 
t o  experimental errors as w e l l  &s LFmitations i n  the application of the 
the-vector  methd of  analysis.  Figure 8( f) shows the  vector  solution 
for C z p  and C zp. In this solution C 2 was neglected  since 

- 

B 
CZr = (CZ, - Czp). 

Estimated Derivatives 

For the static  derivatives Cyp, Cng, and C available  tail-off 
estimates based on WLnd-tunnel data were obtafned frm manufacturer's 
estimates. W i n g  contributions to   t he  dynamic stability  derivatives were 
estimated frm the methods  of references 13 t o  18. The vert ical- ta i l  
contributions t o  the   s ta t ic  and dynamic stability  derivatives were calcu- 
lated,  using the method of reference 19 and calculated lift-curve slopes 
(refs. 14, 17, and 20). 

28 

Manufacturer's estimates were utilized  (fig. 9) for  the  effect  of 
to rs iona l   f lex ib iu ty  on vertical-tail  contributions  to C y B ,  Cnp, 

and Cyr for tail C. The flexibility corrections were a lso  applied t o  
c.,, 
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" I  

the calculation of Cz Figure LO s h m  the estimated change i n  the 
derivatives caused by ver t ica l - ta i l  tors ional  f lex ibf l i ty  in configura- 
tions C and D. 

& P' 

I 

Two sidewash influences were considered t o  be acting on the   ver t ical  
tail. Tfie sidewash fac tor  caused by r o l l  bP was,  on the basis of ref-  
erence 19, estimated. t o  be 0.25. !The sidewash factor caused by side- 
slip bP has been shown i n  references 21 and 22 t o  be a function of wing 

position and influences  the values of Cys, Cng, C l g ,  and (C& - %) . 
From reference 22, crs was estFmated t o  vary sanewhat l inear ly  f o r  the 
angle-of-attack range of fli t t e s t s  and was considered. t o  vary frm 
approximate- 0.07 at a = 0' t o  0.11 at  a = 6 O .  

The side  force at the engine  duct inlet   result ing *am the mmentum 
change caused by bendfng of the intake air t o  flow along the duct axis 
w a s  also taken into account in calculating Cy 

ations C and D. No air-intake effects  are considered when calculated 
derivatives on a r ig id  tail basis are presented. The air-intake effects 
were approximat& by the equations 

B ana c.p Of confi@;ura- 

Figure I1 shows the estimated weight rate of  air rewired  by the jet  
engine t o  maintain  cruising speed. Figure I 2  shows the  estimated  contri- 
bution of the intake air of the jet engine t o  a n d c  

Cys ne 

Following is a summary of the figures presenting  the  results of 
this investigation: 

Limitations of the Time-Vector Method 

Figure 
-~ 

Influence of c " p a n d c ~ r . . . . . . . . " . . . " . . . .  
Influence of 21-percent change i n  C 

13 

16 W w e n c e  of f0.5' change in . . . . . . . . . . . . . . .  
14 Tlp - - " - - - . - " -  

Influence of f5-percent change in Opr . . . . . . . . . . . .  15 
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Static  and  Dynamic  Characteristics 

results 

A 
B 
c 
D 

Comparison  of A, B, 

Comparison of- C and D 
C,  and D 

with  theory and 
wind  tunnel 

at M = 0.83 and 
M = 1.12 

" 

Angle-of-attack  effects 

T 
Period 
and 

asmping 

Figure 

Amplitude 
ratios  and 
)base angles 

19 
22 
25 
28 

31 

" 

34 

Static and 
j;ynamic  lateral 
derivatives 

20 
23 
26 
29 

32 

33 

35 

... 
The  data  for  configuration A, shown in figures 18 to X), are m e a g e r  

in  the  subsonic  region and most  are  subject to inadvertent  control move-  
ments  which, although not  affecting  the  periods  (fig. 18 a) ) appreciably, - 
do  affect  the  damping  (fig. 18(b)) and the  phase  angles t fig.  lg(b)) so 
that no attempt w a s  made to analyze  these  data for the  40,000-foot  con- 
dition.  The  three  test  points  at M = 0.71 constitute  the only reliable 
damping  characteristic  points  in  the  subsonic  region and, as a result, 
the  amplitude  ratio  curves of figure 19 indicate  approximate  values only. 
Despite  the  lack  of  sufficient  subsonic  data,  the  experimental  stability 
derivative  characteristics shown in figure 20 are  considered to be reli- 
able  within  the  accuracy  indicated  previously. 

Although  period and damping curves are shown in figure 18 for a 
load factor of 1.8 at 40,000 feet,  the  amplitude  ratios  and phase angles 
for this  condition  were not sufficiently  well deffned to obtain derivatives. 

The results  of-  the  analysis  for  configurations B, C, and D (figs. 21. 
to 2 9 )  are  based on the  availability  of a larger amount  of  pulse data for 
each  configuration:  The  data  for  configuration C were  sufficient to 
define  characteristic  curves  for t r b  Level  flight at 31,000 feet  from 
M = 0.77 to M = 1.0 as well as for  trfm  level flight at 40,000 feet 
(figs. 24 to 26). 
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Limitations i n   t h e  AppLication of the Time-Vector  Method of  Analysis 

A l t h o u g h  the time-vector m e t h o d  of analysis requires the s b p l e s t  
of equipment i n  i ts  application and is  capable of p r d d i n g  good results,  
it does have defintte limitations. In considering the Umitations, it 
i s  presumed that fl ight record8 have clear, sharply defined  traces, a& 
that  the  ordinates have ample maguification i n  relation t o  the  period 
~ c a l e  t o  produce well-defined peaks i n  the oscillations. 

One of the urnitations in the  axmlicatfon of the method is  the 
inabi l i ty   to  work wlth records of h & k v  ked dmlanes without - - 
resorting to  other methods of analysis, such a~ frequency-response anal- 
ysis, t o  obtain amplitude ra t ios ,  phase angles, and angular frequency 

- 

- 
of the motion; and t h  e use of tentplat e aids or analogs-to detenkne  the 
damping r a t i o .  When the damping ra t io  I; exceeds 0.2, the accuracy of 
defining begins t o  decrease. When 5 exceeds qproximately 0.30, 

” ” 

it is somewhat d i f f i cu l t  t o  determine the period  accurately and the T112 
values become increasingly  doubtful. Also when 5 exceeds 0.4, re l ia-  
b i l i t y  of P and T 1/2 becanes  poor. 

For controls-fixed conditions, the method depends on the  analysis 
of tSe t s s i e n t  portion of an osciUatom motion. ~ q y  inadvertent 
application of a forcing  function during this transient  oscil latory 
motion, wen though it may be small, will tend t o  influence  the  results. 
Ln instances where the forcing  flrnction is  deliberate and i s  of a pure 
sinusoidal  nature,  the time-vector method is applicable’prwiding  the 
Cy6 , Cw, and Cz6 derivatives  are available. 

A third Umirtation of  the time-vector method lies in the fact that 
only two of the three derivatives in each of the l a t e r a l   e q a t i o m  may 
be determined by m e a n s  of the vector diagram. 

In the case of transverse  equation ( 6 ) ,  the secondary terms 

and (‘Yr - %;) I pl are generally  neglected and the resul t  is 

This simplified expression for C, prwides anmers which are high; 
B 

however, the  error probably does not exceed 4 percent. The principal 

\ 
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difficulties  in  obtaining  refined  values of  C, have been Fn the read- 
ab i l i ty  of the records and the phase lag error of the vane itself. It 
should be recognfzed that the unknown phase lag of the vane would enter 
into  the problem  and affect  the amwere for Cyp, regardless of the 

method of analysis employed. 

P 4 

m 

In the case of the ro7Ulng-moment equation (eq. (8) ) it w a ~  deemed 
advisable t o  estimate the Vxces of cz, and to obtain Cz and Czp 

frm the vector d i w w  ST vector is relative@ small, 

especially  at  h i g h  Mach numbers, and a normal error of f5' i n  Qpr would 
result  i n  no accuracy i n  attempting to determine Czr. 

-. B 

A limited investigation x&8 made of  the  sensitivity of the deter- 
mined derivatives t o  variations of  the assumed values of GP and Czrr-  
t o  f5' errors  in OPr, t o  W.5' error i n  damping angle, and t o  a fl per- 
cent change i n  Cnp. This investigation w a s  considered f o r  configura- 
t ion C a t  M = 0.80 and M = 1.20 at 40,000 feet. 

As sham i n  figure 13, has a relatively amall effect on cItp % 
.I 

and a fairly large effect  on (cnr - he> . me  effect  on (Cnr - c%) was - 

of the  order of 0.029 and 0.017 units per 0.01 unit  change i n  Cnp at 
M = 0.80 and M = 1. X), respectively. The results of figure 13 show 
tha t  Cz is  affected Less .than O.OO& units per 0.01 unit change in  
Cz, and tha t  C is affected 0.0037 and 0.0052 uni t s   a t  M = 0.80 
and 1.20, respectively,  per  0.01unit cha;nge in Cz,. 

- 

P 
2p 

N o m l l y ,  i n  dealing with the yawing-mment equation (eq. (7) >, 
attempts  are made t o  determine  the ( Gr - %) derivatives fram vector 
diagrams. T~uB, either C or Cnp must be obtained by other means 

t o  permit  cmple-tion of  the  solution. In the  present paper a theoret- 
i c a l  estimate of (2% w-a~ made  and used t o  obtain  both C& - ki) and 

Cne. Inasmuch as there is usually same question of the accuracy of  
estimations, same vectar  solutions of C and (Cnr - %) were obtained 

% 

( 

% 
U s i n g  cnp as determined f'rm 



In considering the  possibil i ty of employrzlg calculated  values of 
t o  determine C and (Cn, - cntj) , values of Cn were obtained from 
equation (23) using faired fught data and vector  sohtions of c . 
The influence of a +l-percent change % on the   l a te ra l   s tab i l i ty  

derivatives Cnp and (Cnr - C v )  is shown in   f igure  14. On the basis 
of the  vector diagrams s h m  fn figure 14, the influence would be q p r e -  
ciable. In v iew of the  influence of small e m r e  Fn C PLUS the 
effects of the  possible magnitudes of errors in Opr and od it waa 
decided that,  insofar as the  present analysis is concerned, it would be 
bet ter  t o  employ theoretically  estimated values of C, 

% 

28 

np a 

12p 

P. 

Although the errors in   the  phase angle Opr are believed t o  be 
generally  within 23' h the  present paper, the error may approach So. 
Figure 15 shows that a eo er ror  had negligible  influence on 
a moderate effect  on C and pronounced effects on 

A s t u d y  of the  vector diagrams in  f igure 1.5 will show that a decrease In 
the magnitude of 9 will reduce the  influence of phase angle error  

in % and (Cn, - Cv) , but will also increase  the  influence on C z  P 
d C  When the phase lag of the 5 vector  decreaees toward 

go0, the  influence of the t2° er ror  on both C 2 and C increases. 

ens, - 
28' czp and (% - Crib) - 

Lp' 

P ?e 

A i0.5' error i n  the damping angle ad shared small t o  moderate 
influence on Cnr - h e ) ,  as sham in   f igure 16. In instances where 
( Cn, - Cy) would be of the order of -0.10, the error would be pronounced. 

( 

Comparison of the Four Configurations 

A summary of the  results of the analysis of the  f l ight  data of  the 
four  configurations t o  show the  influences of the  various  modifications 
on the stability characteristics is presented in  f igures 30 t o  32. 

The period characteristics (fig. 3O(a) ) show an appreciable  decrease 
i n  t.he period when t h e   o r i g b a l  tail of configuration A was  extended t o  
form configuration B. Replacement of the extended tail by the  large tail 
t o  form configuration C showed a moderate decrease In the  period Over the 
Mach number range. The extension of the w i n g  i n  configuration C t o  form 
configuration D had a small uncertain effect on the  period. The effects 
of  the  various  modifications on the  period  characteristics  are  reflected 
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i n  the characteristics of the directional  stability  derivative Cnp as 
.1 

seen In  figure 32. . " . . .  . . .  " - .  " 

Although the damping ch-acteristics  (fig. 30(b)) show that T 
was decreased i n  the subsonic-range and increased i n  most of the  super- 
sonic  range with each increase i n  tail s i z e ,  the damping ra t io  ( showed 
a decrease wi th  each increase i n  tail size throughout the entire Mach 
number range investigated. The addition of wing-tip extensions, t o  form 
configuration D, appears t o  have negligible  effect on both T1/2 f . 
from M = 0.71 t o  &out M = 0.9. Between M = 0.9 and M = 1.37, the 
addition of the wing t i p s  appears t o  increase the damping. 

1/2 

....... 

The influence df the increase i n  ver t ical- ta i l   s izes  and the addi- 
t ion of the wing-tip extensions on the damping parameters T1l2 end 5 
is perhaps most effectively expressed i n  tenns of derivatives &8 shown 
by approximate relationships based on the  analytical  expressions of 
reference 25. Although not  exact,  the following relationships, applicKb1e 
to  low angle-of-attack  conditions, appearr generally adequate for quafi- 
ta t ive purposes: " 

A s t u d y  of equations (24) and (25) indicates that a t  any one value 
of dynamic pressure, T1/2 is dominated by Cn, and -the &amping 

rat io  5 is  dominated  by both ( C& - C%) and C (G.r - C ~ B )  

derivative  characteristics ( f i g .  32(b)) show qualitative  trends  with 
configuration which are, In general, compatible with the T1i2 trends 
shown in  f igure 30. 

( -%) 

The pertinent amplitude ratios are shown in figure 31. The character- 
i s t i c s  curves of . h L  for  the various configurations are somewhat e r ra t ic  

re la t ive  to  each other because of the poor readability of the transverse 
acceleration flight records and the p-vane errors  discussed  previously. 

P I  . - 
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In the subsonic r u e  the large  values of of configuration A 
were markedly reduced by the  various tail and wlng mdifications . In 
the  supersonic  region  configuration A showed the lowest Isl 1 ' '  magnitudes 

and an increase i n  ver t ical- ta i l  area increased the r a t i o ;  however, the 

addition of extended t ips  decreased 

The phase  angle Ocpp 
\ 

did not appear t o  be  influenced in the sub- 
sonic range by the  range of ver t ical- ta i l   s izes  covered, but  the addi- 
t ion  of the wing extensions had a more significant  influence on the phase 
angle (fig.  31). In the  supersonic  region  configuration A showed less 
lag i n  phase angle than did conffgurations B and C, which had practically 
identical  phase-angle characteristics. Ektension of the wlng t i p s  tend& 
t o  decrease  the lag. 

In the Mach Ilumber range beyond M = 1.2 or 1.22 the amplitude 
r a t io  and phase-angle characteristics appear, i n  general, t o  be changing 
a t  an increasing  rate. These changes in  characteristic trend are reflected 
i n  the derivative  characteristics sham in  f igure 32. 

Figure 32 shows that  increase i n  both ver t ica l - ta f l   s ize  and 
aspect ratio had desirable Fnfluences i n  the trFm level-f l ight   s ta t ic  
derivative  characteristics.  Configuration C had practically double the 
direct ianal   . s tabi l i ty  of configuration A at M = 0.7, and approxbately 
a 70-percent increase'throughout  the  supersonic  raage. The influence 
of the  different  vertical  tails on the  directional stabiliCy has been 
reported  previously in  reference 2 re la t ive t o  the body axis. When the 

curve of this paper f o r  configuration C and 40,000-foot a l t i tude 

was transferred t o  body axes and cmpared with reference 2, excellent 
agreement w-as evident over the  ent i re  Mach  number range. 

cnP 

The effective  dihedral C was a l s o  subject  to  substantial  increases % 
with each increase in   ver t ica l - ta i l   s ize .  Wing-tip &ensions had negli- 
gible  effect .  The rather sharp reduction in  the  negative  value of  C 

in  the  vicinity of the c r i t i c a l  Mach number of &-out 0.g6 i s  caused by 
the  tail-off  characteristics of the  airplane. !Fhe deterioration of 
effective  dihedral with increasing Mach  number from M = 1.23, when con- 
sidered  in  conjunction  with  the  break in  the C zp curves for  configura- 

t ions  C and D, tends to  indicate  the  possibil i ty of shock wave  and flow 
interference  near  the t i p s  of the W n g s  which influences  the l i f t  distri- 
bution  across  the span of the wing. Such an influence would reduce the 
effective dihedral C which tends t o  became negative in  the  region of % 

. M = 1.38 t o  M = 1.47, depending on .the  configuration. 
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The maor  influence of wlng-tip extensions (configuration D) appeared 
t o  be on the C derivatJve. In -the supersonic  range between M = 1.05 
and 1.30, there appexrs' 'to be a fairly large  increase i n  the negative 
value of the damping-in-roll derivative C z p .  This indicated  increase 
is based on the original wing Kea. and span..  nen .basd .  ~n the  actual 
wing area and span, the dgnping in roll fo r   ca . igu ra t ion  D i s  larger 
than for  configuration C up t o  M = 1.31. 

ZP 

In v iew of the  difficulty  in  obtaining ( C . ,  - '2%) derivatives and 
i n  an ef for t  t o  check roughly the magnitudes of the ( C n ,  - '2%) deriv- 

atives as obtained by the the-vectar method, equation (24) w&6 t rme-  
posed to   the  following form to  solve  for Gr - ( Crib) 

Utilizing the T1j2 and Cy8 values  for  configuration D (figs. 30 
and 32), (Cn, - C5) was cmputed by using equation (26) 
a6 sham i n  the fo'llowlng tabulation, with the values of 

determined by the time-vector method. 

1 -0.262 

-0.210 

Inasmuch as equation (26) is approxFmate and tends t o  provide 
(Cnr - Cnti> values which are high (especially at higher angles 0.f attack), 
it appears that the vector solutions for  (Cnr - Cne) are within  reasonable 
limits and a rough insight as to  the influence o f  the various configura- 
tions ~ R Y  be justifid. 

The negative magnitude of (C., - C%) appears t o  increase with 

increase in   ver t ical- ta i l   a ize   in   the subsonic  range.  Supersonically 
there appears t o  be a decrease i n  negative magnitude with  increase i n  
vertical-taF1  size. The addition of  wing-tip extensions  decreased  the 
negative magnitude of ( hr - %) t o  same extent;  supersonically  the 
influence  appears t o  .be negligible. 

E 
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Canparison With Calculated  Charmteriatics and 

Wind-We1 Data 

Two sets of calculated  characteristics curves .are s .hm in   f i gu re  33. 
The results show that  air-intake  effects and to rs iona l   f lex ib i l i ty  of 
the tail have a pronounced influence on the  calculated  stability 
characteristics. 

Beyond M = 1.25 all the  flightdetermined  derivatives  except 
(Cn, - Cnp) experience a deteriorating  break i n  magdtude  characteristics. 
The calculated Cy and C chmacteristice  indicate this break clearly; 

calculated C 2  chwacterist ics show only slight but simila;r trends 
s tar t ing at M = 1.15, calculated C characteristics  indicate that 

damping i n  r o l l  begin3 t o  deteriorate f n  the  vfcinity of M = 1.35. 

B ”s 
B 

lp 

Inasmuch as is practically dependent on wlng alone, the break 
in   the C curve  not  accounted for by calculated  values of this deriv- 

ative appears t o  indicate, as mentFoned in   t he  previous  section, the 
possibil i ty of 5ome shock wave and flow interference near the   t ip  of the 
wings of both configurations which influences  the Uft  distribution 
across  the span of the wing. Such an influence would rduce  the  effec- 
tive  dihedral C which tends t o  became negative at a Mach number of 

approximately 1.47. 

czp 
2P - - -_ - - ” -. . . . 
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A comparison of. the  calculated  derivatives  Kith  flight  results 
showed fair t o   g o d  agreement in   the subsonic  region f o r  a l l  derivatives 
except ( ~ n ,  - hi) . The calculated  values of ( c,, - c”B), similar t o  
the low-sped wind-tunnel values, were much lower than flight results.  

Unpublished w%nd-tunnel s ta t ic-s tebf l i ty   data  f o r  M = 1.41 were 
corrected for ver t ica l - ta i l  f lexibil i ty and air-intake  effects of the 
j e t  engine and are  plotted in figure 33. These modified wind-tunnel data 
show good agreement with the fllghtdetermined  trend of cps and C z p -  

It i s  d i f f i cu l t  to compare the low-speed wind-tunnel data wlth the 
subsonic f l ight   resul ts   ( f ig .  33) because of the  large Mach  number differ-  
ence. As will be pointed  out in  the  following  section, the variation 
of Cy,, C3, and C with angle of attack shown by wind-tunnel data 
is  the opposite of trends shown by flight results; however, it *pears 
t h a t  the magnitudes of C and C from f l i gh t  and  KLnd-tunnel data 
tend t o  agree. 

ZP 2p 
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Variation  of.Stability  Characteristics With Angle of Attack 

Although available flight data  permitted the presentation of con- 
s tant  load factor burves for  several of the lateral. characteristics in  
the supersanic region for  configurations A and B (figs.  18 t o  21), and 
data were also available for the presentation of the  lateral  character- 
i s t i c s  in the subs.onic region  for altitude effects for  configur&tion C 
(figs. 24 t o  26), no attempt is d e  i n  this paper t o  USCUSS the  results 
inasmuch as other flight data provided a more detailed W i g h t  into the 
variation of the lateral stabil i ty  characterist ics with angle of  attack 
a t  Mach  numbers 0~0.81 and 1.a. 

The variation .of the  lateral   stabil i ty  chmacterist ics with angle 
of attack at M = 0.83 a t  alt i tudes of 40,000 and 31,000 fee t   for  con- 
figurations C and D, and a t  M = 1. & at m alt i tude of 40, OOO feet for  
configuration C are, shown i n  figures 34 and 35. Also shown in   f igure  35 
are the variations of C 9 2  ~ 7 , p l  Czp, (Cnr - %) with of 
attack as obtained *am reference 1 for  a Mach  number of 0.13. 

A s  shown i n  figure 34, fU&t data indicate a decrease i n  period 
wlth increasing  angle of attack  regardless of the Mach number or  altitude. 
The damping characteristics improve with both  increasing  angle of attack 
and decreasing altitude. 

The amplitude r a t io  and the phase lag of increase wfth 
I PI I 

angle of attack.  -kcremi& -le of at tack tends t o  place the roll 
and sideslip displacements i n  phase, This .&qxlency, plus  the  increase 
i n  roll angle  per a t  s idesup  angle,  tends t o  accentuate Dutch roll 

"_ 

tendencies of the airplane. 

Figure 35 s h m  the  trends of the variation of the derivatives  with 
angle of attack. The CYa derivative is not  included  because  the scatter 

of the f l i g h t  results precluded the  possibility of presenting a defini te  
trend of Cy variation d t h  angle of attack at constant Mach number. 

Although Law-speed wind-tunnel data from ref-ei%&ce 1 are shown for  c&- 
parison with f l i gh t  results a t  M. = .0.83 and M = 1.14, a direct  camp=- 
ison  for the same Mach number conditions is d i f f icu l t  because of the 
presence of autmatic  leading-edge slats on the airplane and the large 
Sifference i n  Mach number which would make extrapolation unreliable. 

P . .  . . " 

FLight results  tndicate an increase in   d i rec t iona l  stability and 
effective dihedral with increasing  angle af attack. 

The damping-in-roll derivative C appears to   a t ta in  its rnaxFmum 
2P 

xagnitude a t  an angle of attack of &out 3'. 
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Fram the  analysis of f l ight  data obtained for four  configurations 
of a swept-wing fighter-type  afrplane over the Mach  number r-e f r m  
0.7 to 1.48 the following conclusions have been reached: 

1. The time-vector methcd of analysis i s  capable of producing good 
values of the  lateral  derivatives C y  p, CJIP’ CZB, and czp providing 

the damping ra t io  is less than  approximately 0.3. RelLable n lues  of  
lateral  derivatives CnT - are di f f icu l t  t o  detemine because of 
the  sensitivity of thfs  quantity t o  other  factors. 

( “.e) 
2. The expected effects of increasbg  ver t ical- ta i l  s ize ,  resulting 

i n  increased magnitudes of Cnp’ C 28’ and C were reallzed. Ip’ 
3. The addition of wing-tip  extensions had -11 effects, except 

for a fairly large  increase i n  the magnitude of the damping-fn-roll 
derivative C t  . 

P 

4. Theoretically  calculated  derivatives showed fair t o  good agree- 
ment with f l ight   resul ts  in the subsonic  range  with the exception of 
high angle-of--.attack  values of 

f o r  the static  derivatives  for a Mach number of 1.41, when corrected f o r  
to rs iona l  f lexibi l i ty  and air-intake  effects of the   je t  engine, showed 
good agreement with fllght results.  

( C n ,  - caFi) derivatives. Wind-tunnel data 

5 .  The experimental ra te  of decrease in  the magnitudes of %’ 
C and Cz with Mach m b e r   a t  Mach numbers greater  than 1.25 was 
larger than estimated. This increased  rate of decrease fn magnitudes 
appears to be the  result  of possible shock wave and flaw interference 
a t   the  wing t i p s .  

lP ’ P 

Hip&-Speed Fli@t Station, 
National Advisory Cmmittee f o r  Aeronautics, 

Eawards , Calif. , March 9, 1956. 



APPENDIX 

The transfer 03’ the amplitude ratios and phase amgles frm b d y  axes 
t o   s t a b i l i t y  axes w88 accmplished by the use of equations for  the trans- 
f e r  of . # and 4 to   the  s tabi l i ty  axes, and the m e  of the  vector 

%I rb 

To transfer and 0 to  the  at8bili ty  mea, the  follarLng 
PDrb 

equations from reference 9 were employed 

and 

The amplitude rat ios  l cv l  . and and the phase -lee and lpl % 
QI were obtained vectorially with the aid of the transverse  acceleration 
equation ( 5 )  as sham i n  fiwe 8 ( c ) .  In approacbing this analysis the 
directions of the % and p vectors are drawn a6 shown and, since  nei- 

ther  /-# nor the direction of the cp vector is known, first approxi- 
nations  are made for these  quantities as follows: 

w 

_._ 
c 
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and 

where 

As a resul t  
drawn aa sham. 

mqS - 180' 

31 

of these f i r s t  approxima;tions, the vector diagram is 
me closing  vector 2r determines the first apgroxi- Is1 

nation of the direction of the r vector frm which the second approxi- 
mation of the vector  direction i s  determind  to obtain the second 
approxhation of t he  cp vector  direction using Opr. 

To obta3.n the second approxfmation of f#, divide 2-r 

27 #- to  obtain the f i r s t  approx5mation of # and multiply this 

Using the second approximation of  and direction of the vec- 

to r ,  the second approximation of C Q # is determined and redrawn on 

the vector diagram t o  obtain a new value of 27 and direction of the 

r vector. This second apprmdmation of 2-r ~ ' ' l s  now us& to  obtain 

a second approximation of # and a third approxhation of - Is, I i s  I' 
It has been found that the direction of the r vector ard the 

magnitudes of # and # determined by c- the successive 

approxbt ions  thus far me quite  close t o  the  values which would be 
obtained had the  successive approximation  procedure  continued t o  ccmplete 
convergence. 

Having determined #, #, and the  direction of the r vector, 
it is a simple matter t o  obtain the phase angles @M and 0qp. 

. .  I 
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Figure 1.- Three-view drawing of airplane with original vertical tail and 
the extended a8 well as the original  wing. All dimensions in inches. 



Figure 2. - Photograph of the airplane. E-2089 
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" 

Figure 4.- Sketch of vertical tails A, B, and C. Refer to table I for 
physical characteristics of the  vertical tail. 
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Figure 5. - Approxdted  variation of principal  mmnts of inertia and 
inclination of principal &e relative t o  the body axis. Clean 
configuration. 
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(a> Configuration C. M 1.45; kp S= 32,500 feet. 

Figure.6.- T i m  histories of lateral oscillations induced by a rudder 
pulse. 
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(b) Configuration D. M E 0.78; % 40,400 feet. 

Figure 6. - Concluded. 
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Figure 7.- 

6 7 io 

Typical use 'of the semilogarithmic sheets for determfning T1/2 
and amplitude ratios. hp = 30,280 feet; M = 0.775; P = 2.98 sec; 
~ / 2  = 2.40 sec. 
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. 
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Corrected phase ang lea  

. Figure 8.- Typical sequence employed i n  the determinatfon of lateral 
derivatives using f l i gh t  data and the time-vector method. 



(b) Determination of carrect  value of w-. Correction necessitated by 

lateral accelerometer  location. 

Figure 8.- Continued. . 
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( c )  Determination of MI, and positions of the  r, q,  and cp vec- P I '  IPI 
tors relative to $. 

Figure 8.- Continued. 
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cyp = -0.573 

l a  I 

(d Determination o f  Cys and (CU, - Cyb). 

Figure 8.- Continued. 
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Figure 8. - Continued. 
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Figure 8. - Concluded. 
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Flgure 10.- Change in lateral stability derivatives due t o  torsional 
, flexibility of the vertical stabilizer in conflgumtions C and D. 

Estimates based on calculated derivatives. 
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Figure 12.- Esthted contribution of the intake air o f  the jet engine 
to CYa cnp* 
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( 8 )  M = 0.80. (b) M = 1.20. 

Figure 13.- Influence o f  C% and Cl, on the lateral stablli-by derivatives for configuration C 
a t  M = 0.80 and M = 1.20 a t  hp u 40,000 feet. Solution based on d a t a  obtained f r o m  fabed 
cupves. 
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(a) M = 0.80. 
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1 Determixed Derivatives, 
Cond3tion C "P Cnp 

1 3 I0.0980 1-0.0155 I -0.196 I 
(b) M = 1.20. 

Figure 14.- Lnfluence of kl percent chnge i n  C, on the lateral Eta- 
$ 

bility  derivatives and (Cnr - Cq,) for configuration C at  

M = 0.80 and M = 1.20 at kp = 40,000 feet. Basic values Of & 
used were obtained from feired flight data, vector solutions Of cZP, 
and equation (23)- 

c"p 
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(a) M = 0.80. (b) M E 1.20. 

Figure 15.- Influence of tp change in Qpr on the lateral. stability derivatives for configura- 
t ion  c at M 0.80 and b! = 1.20 at hp = 40,000 feet. 
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Figure 16. - Influence of t0.5~ change in @d on the lateral stability 
derivative (Cnr - C.+) for configuration C at M = 0.80 and M = 1.20 
at lip = 40,000 feet. 
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Figure 18.- Period and damping checracteristics of the airp+e a8 fupc- - 
tions of Mach number, altitude, and angle. of. at%& per. load factor. 
Configuration A. c 
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(b 1 Daaping characteristics. 

Figure 18.- Concluded. 
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(a) Amplitude ratio characterist~cs. 

Figure 19.- Amplitude ratio and phase angle characterietics of the air- 
plane at its natural  frequency aa functions of Mach number and alti- 
tude. Conf'iguration A. 
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(b 1 Phase angle characteristics. 
Figure 19,- Concluded. 
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Figure 20.- Variation o r  static and dynamic lateral stability  derivativee 
with Mach number. Configuration A. 
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(b) Dynamic derivatives. 

Figure 20.- Concluded. 
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(a 1 Period  characteristics. 

Figure 2L- Period anadamping characteristics of the  airplane as func- 
tions of Mach number, altitude,  and angle  of attack per load factor. 
Configuration B. 
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(b) Damping characteristics. 

Figure 21.- Concluded. 
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(a! Amplitude ratio characteristics. 

Figure 22. - Amplitude r a t i o  Ad phase angle characteristics .of. the air- 
p h n e  a t  its natural frequency 88 functions of"ach number and alti- 
tude. Configuration B. 
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(b) Phase angle characteristics. 

Figure 22.- Concluded. 
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(a ) Sta t ic  derivatives. 

Figure 23.- Variation of static  and dynamic lateral stability derivatives 
with Mach number. Configuration B. 
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(b Dynamic derivatives. 

Figure 23. - Concluded. 
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Figure 24. - Period an& damping c&acteristics- of the airplane as k c -  
tions of Mach numb&, altitude, and angle of attaclr per load factor. 
Configuration C. 
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(b 1 Damping characteristics. 

Figure 24.- Concluded. 
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(a) mlitude ratio  characteristics. 

Figure 25.- Amplitude  ratio and phase angle characteristics of the air- 
plane’at its natural frequency as f’unctions of Mach number, altitude, 
and angle of attack per load factor. Configuration C. 
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(b Phase angle characteristics. 

Figure 25. - Conclrded. 
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(a 1 Static  derivativea. 
Figure 26. - Vaxiation of' static and dynamic lateral stability derivatives 

with Mach number. Configuration C. 
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(b) Dynamic derivatives. 

F-e 26. - Concluded. 
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Figure 27.- Period and damping characteri6tics of the airplane as f’unc- 1 

tions of k c h  number, altitude, and angle of attack  per load factor. 
Configuration D. . 
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(b Damping characteristics. 

Figure 27.- Continued. 
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(a 1 Amplitae r a t i o  characteristics. 

Figure 28.- Amplitude m t i o  and phase angle characteristics of the air- 
plane at its natural frequency as functions of Mach number,  altitude, 
and angle of attack per load factor. Configuration D. 
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(b) Phase angle characteristics. 

F i g u r e  28.- Concluded. 
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(a Static  derivatives. 

Figure 29.- Variation of static and dynamic lateral stability derivatives 
with &ch number. Configuration D. - 
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(b) Dynamic derivatives. 

Figure 29.- Concluded. 
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Figure 30.- Summary of period and damp- characteristics of configura- 
tions A, B, C, and D as functions of Mach number at hp = 40,000 feet; 
an = 1.0. 
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(b) Damping  characteristics. 

Figure 30.- Concluded. 
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Figure 31.- Surrm~1-y of the characterhtics of the  amplitude ratios Isl 
1 %  I 

and - and the phase angle 4 of configurations A, B, C, and D 
IPY OB 

as Ifunctions of Mach number st hp = 40,000 feet; = 1.0. 
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(a 1 Static  derivatives. 

Figure 32.- flunmary of the  lateral  stability  derivative  characteri8tics 
of configurations A, B, C, and D as functions of Mach number a t  
hp = 40,000 feet; a, = 1.0. 
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(b) Dynamic derivatives. 

Figure 32.- Concluded. 
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(a ) Static  derivatives. 

Figure 33.- Comparison  of  the  variation of the lateral stability  deriva- 
tives Of configurations C and D with Mach number as determined from 
flight with calculated  variation. hp = kO,OOO feet; a, = 1.0. 
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(b) Dynamic derivatives. 

Figure 33.- Comllded. 
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Figure 34.- Period, damping, amplitude r a t i o  m, and phase angle Ocpp 
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characteristics as functions of angle of attack a t  constant Mach num- 
ber. Configumtions C and D, 
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Figure 35.- Stat ic  and,dynamic lateral stability  derivative  characteria- 
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