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SUMMARY

The temperature distributions encountered in thin solid wings
subjected to aerodynamic heating induce thermal stresses that mey
effectively reduce the stiffness of the wing. The effects of this
reduction in stiffness were investigated experimentally by rapidly
heating the edges of a cantilever plate. The midplane thermal
stresses imposed by the nonuniform temperature distribution caused
the plste to buckle torsionally, increased the deformstions of the
plate under =2 constant applied torque, and reduced the frequency of
the Tirst two nstural modes of vibration. By using small-deflection
theory and employing energy methods, the effect of nonuniform heating
on the plate stiffness was calculated. The theory predicts the gen-
eral effects of the thermal stresses, but becomes Inadequate as the
temperature difference increases and plate deflections become large.

INTRODUCTION

One of the structursl problems produced by nonuniform heating is
a change in the effecitive stiffness of the structure czused by thermsl
stresses. This change In stiffness is not associlated with a change in
the mgterial properties, but depends on the state of stress and may
occur at stress levels well below those necessary to produce buckling.
Laboratory demonstrations have shown that the natural frequency of a
simplified wing structure can be effectively reduced by the nonuniform
temperature distribution associated with rapid heating.

The type of temperature distribution produced by the eerodynamic
heating of a thin missile wing is shown in figure 1. This figure
(given in ref. 1) shows the variation in itemperature across the chord
of a so0lid double-wedge airfoil immediately following a 1g ecceleration
to Mech number L =zt 50,000 feet. The temperatures on the surface and
at the midplsne are shown. Such a temperature distributlion produces



2 NACA RM I55E20c

compressive siresses nesr the leading and trailing edges and tension in
the centrel part of the wing. The effect of these stresses is a reduc-
tion in the stiffness of tle structure that mey be observed as an
increased deformstion under loasd or as a reduction in natural frequency.
No quentitative data exist, however, which relate changes in frequency,
and hence effective stiffness, to temperature distribution. The project
to be discussed in this paper was devised to satisiy part of this need.

TEST PROCEDURE AND RESULTS

An srrangement was selected that required a simple test setup and
thet could be analyzed theoretically with reletive easse. The test
arrangement used.is shown in figure 2. A nonuniform temperature dis-
tribution resembling that encountered by aserodynamically heated wings
was produced by rapidly heating (witk carvon-rod radiators) the longl-
tudinal edges of a cantilever aluminum-elloy plate l/h inch thick and
20 inches square. The temperature distribution eslong the span of the
plate was constent except for ez slight decrease toward the tip. Fig-
ure 3 shows how the termperature on the edge and at the mldchord varied
during a test.

In figure 3 the termperature in degrees Fahrenheit of an edge and
the midchord line is plotted against time in seconds. Heat is applied
to the plate for sbout 16 seconds. During this time, the edge tempera-
ture rises almost linearly to 315° F at the peak of the heasting cycle.
Wher the heating stops, the tempersture drops quickly end slowly levels
off as the plste cools. The varisfion in temperature across the chord
hes been shown in figure 2 for a time in the heating cycle (10 seconds),
et the time of maximum edge temperature (16.5 seconds), and during
cooling (30 secornds). These distributions show that the temperature
remalns relatively low over the center half of the plate, but rises
sherply near the heated edges.

Two investigstions were maede to determine the effect of the non-~
uniform termperature distribution on the stiffness. First, the deforma-
tions of the plate due to thermal stresses were cbtalned for varlous
load conditions. Second, the changes in natural freguency of vibration
during heating were investigated.

Deformations

Figure 4 shows the tip-rotation historles. The angle of rotation
of the tip in degrees is plotited against time In seconds during heating
and cooling for no external load znd for applied torques of 400 inch-
pounds in each direction. 1In each case, the plste deformed by rotating
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torsionally gbout the midchord line. As the plate cooled, the deforma-
tions decreased and the plate returned to its original position. Note
that the plate underwent an appreciable deformation without the appli-
caetion of an external load. This thermal buckling of the plate may be
a significant factor in the control of missiles having solid fins. The
plate rotated in the same direction regardless of whether heat was
applied symmetrically or on either edge because of an initial twist.
The increased deformations, which occurred when a constant toraque was
applied in the ssme direction as the initial twist, indlcate an approx-
imate superposition of the deformeatlion induced by the thermal stresses
on the initial static deflection. When a torque was applied in the
opposite direction, the plate twisted in the direction of the applied
torque, but the meximum twist was slightly less.

Natural Frequencies

It is difficult to detect the frequency changes of a2 plate under
transient heating conditicns because of the time required to estsablish
resonance. For this reason the present investigation has so far been
limited to the first bending and first torsion modes, inasmuch as a
frequency history could be cbtained for these iwo modes by striking
the plate at regular intervals during the test.

Figure 5 shows how the freguencies of the first two modes varied
during tke test. Here, frequency of vibration in cycles per second
has been plotted against time in seconds for the first bending and
first torsion modes. The first bending frequency decreased from
19 cycles per second to 15 cycles per second at the point of maximum
temperature gradient. This is = 2l-percent reduction in frequency.
The first torsion frequency begins st 48 cycles per second end drops
to a minimum of 30 cycles ver second - a reduction in nestural frequency
of gbout 35 percent. As the plate cools, both frequencles return to
their original values. The small irregularity which occurs at the
peck of the heating cycle has been observed in sl1 the first-torsion-
mode tests, but as yet its cause has not been determined.

THEORETICAL ANALYSTIS AND COMPARISON WITH EXPERIMENTAY, RESULTS

As a first approach to predicting the changes meessured in these
tests, small-deflection theory has been used. The analytical approech,
which is a combination of the energy methods used to solve buckling and
vibrational problems, is outlined in the sppendix.
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Deformatlons

A comperison of the predlcted and actual effect of the temperzature
gradient on the torsional stiffness for the case of no vibration is
shown in figure 6. Here the tip rotation in degrees has been plotted
ageinst the edge-to-center temperature difference AT in degrees
Fehrenheit for an applied torque of LOO inch-pounds. Curves are shown
for the period of heating (or increasing AT) and cooling (or decreasing
AT). The small-deflection theory gives a reasonsble approximetion of
the reduction in stifiness about halfway to the buckling temperature.
Arove this point, however, the small-deflection theory indicates that
the plate deflections would increase more rapidly thamn actually occurs.

Natural Frequency

Figure 7 compares the results of the calculations wilth test results
when there are no external loads end the plate 1s vibrating in the first
torsion mode. In this figure the frequency in cycles per second has
been plotted esgainst temperature difference between the edge and the
midchord line for the periods of increasing and decreasing AT. The
small-deflection theory agein spproximates the frequency change about
halfway tc the criticel buckling temperature. Above this value, the
theory again overestimates the change. This dlsagreement occurs because
the distortions have become lsrge and the small-deflection theory is no
longer valid. When the analysis is extended to include the effects of
large deflections, more sstisfactory sgreement 1s expected st the
critical AT.

Figure 8 shows a similar comparison of measured and calculsted
frequency as a function of time. The ratio of actuel freguency to the
initial uniform-tempersture Trequency 1s plotted sgeinst time In sec~
onds. The calculeted curve indicates that the theoretlcal critical-
buckiing temperature differential is reached in sbout 15 seconds. The
small-deflection theory predicts that the vplate would have lost 2ll its
stiffness at this point, but thils is not the actual case. 8Since stiff-
ness is proportional to the square of the Irequency, the freguency
decrease obtained indicetes that only about half of the stiffness wes lost
as a result of the induced thermal stresses. As the plate cools and
the tempersture difference becomes less than half that required for
buckling, the theory is again in fair sgreement with the test results.

CONCIUDING REMARKS

Tests of a cantllever plate have shown that the midplane stresses
imposed by a nonuniform tempersture distribution can effectlvely reduce
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the stiffness of the plate. This reduction in stiffness is reflected
in the increased deformation under the action of a constant applied
torque end also in the reduction of the natural frequency of vibration
of the first two modes of the plate. By using small-deflection theory
and by employing energy methods, the effect of nonuniform heating on
the plate stiffness was calculated. The theory predicts the genersl
effects of the thermal stresses, but is inadequate when the deforma-
tions become large. An extension of the analysis to account properly
for large deflections is expected to give more satisfactory results
near the critical temperature.

Langley Aeronsutical Laboratory,
National Advisory Committee for Aercnautics,
Langley Field, Va., May 3, 1955.



6 NACA RM L55E20c
APPENDIX

SMALL-DEFLECTION ANALYSIS OF CANTILEVER PLATE SUBJECTEZD
TO HONUNIFORM TEMPERATURE DISTRIBUTION

By using small-deflection theory and by making several simplifying
assumptions, an analysis of the effect of rapid heating on the deforma-
tions, natural frequencies of vibration, and torsional stiffmness of a
cantilever plate was made. The method used is outlined in this appendix.

Syrbols

a piate length, in.

Amn:Aij arbitrary coefficients of deflection function

b plate half-width, in.

D plate flexural stiffness, __ B
12(1 - u?)

E Young's modulus, psi

ET bending stiffness, 1b-in.2

(EI)e effective bending stiffness, l'b-in.2

F concentrated load, 1b

For critleal axial load, 1b

g gravitational constant, in./sec®

GJ torsional stiffness, 1b-in.?

(GJ)e effective torsional stiffness, lb-in.2

K arbltrary coefficient of stress function

P distributed load, psi

t plate thickness, in.



NACA RM L5SE20c

T temperature, OF

Ty temperature of midchord, OF

AT difference in temperature between edge and midchord, °F
AT .. eritical temperature difference, °F

Up potential energy of bending, in-1b

Uy strain energy due to thermal expansion, in-1b
Uy, potential energy due to external locad, in-lb
U energy due to midplane stresses, in-l1b

Ug strain energy of midplane stresses, in-1lb

mZUv kinetic energy of vibration, in-l1b

W deflection, in,

x longitudinal coordinate measured from root, in.
¥ transverse coordinaste measured from midchord line, in.
@ coefficient of thermal expansion, Eigé——

£ srbitrary exponent in tempersture distribution
e tip rotation, deg

8, tip rotetion when AT = 0, deg

L Poisson's ratio

7 specific weight, 1b/cu in.

Oy longitudinal direct stress, psi

Oy transverse direct stress, psi

T shear stress, psi
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stress function
w frequency, cps

frequency when AT = O, cps

Temperature Distribution

The temperature is assumed to be constant through the thickness
of the plate and along the span; the distribution across the chord is
represented by the sirpple power law

SERON g

which involves the edge-to-midchord temperature difference AT and

the power ¢ required to describe the messured chordwise temperature
distribution. The power {, which varies during s test, determines

how sharply the temperature rises near the edges of the plate. In
order to find how ¢ varied, a curve of the form given in equation (1)
was fitted to the chordwise temperature distributions messured at veri-
ous times during a test. At the start of heating ¢ is very large,

but it decreases to about 4 at the peak edge temperature, continues to
drop as thne plate cools, and reaches a value of about 2 at the end of
the test (about 35 seconds after the peak temperature). The temperature
distribution given by equation (1) fits the measured distribution rather
well during heating but becomes increasingly poor as the plate cools.

Thermal Stresses
The plate is assumed to be in a state of plane stress and all
stresses are assumed to be in the elastic range of the material. The

assumption also has been made that the material properties of the plate
do not change with temperature. Thermal stresses are given by the

relstionships
a2
Ox =$

2
oy = S—x% 1 (2)
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where ¢ 1s the Airy stress function (see ref. 2) assumed to be given
by

¢ = KE'a._v.é‘T(X2 - a.2)2 (yz - b2)2 (3)

This function satisfiles the boundary condition that the stresses
(egs. 2) all venish on the free boundaries (x = a and y = +b).

In order to evaluate the arbiltrary constant in the stress function
(eq. 3), the method of minimum complementaery energy 1s used. The expres-
sion can be written simply as

o =
where p
1 a b
Ug = EEL/; bexa + 0,2 - 2uogo, + 2(1 + u)rxy‘?:ldx dy
> (¥b)
a b
Uy = fo fb o (o, + oy)dx dy

The first integral is the usual strain-energy expresslion and the second
represents the strain energy due to thermsl expansion of the plate.
(see ref. 3.) using equation (1) for the temperature T and equa-
tions (2) and (2{ for the stresses, the constant K may be evaluated

from equation (4a). When %.= 2 the result is

= =2.722 ¢
£ e (¢ + 3)(t + 1) (2)

Effect of Temperature Gradient on Deflections
and Natural Frequencies

To find the effect of temperature gradient on the deflections and
natural frequencies, snother minimum-energy method is used. Deflections
are represented by the power series

0 [}

\ wo= > > Agamlyn-l (6)

m=1 n=1
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which satisfies the boundary conditions (the slope and deflection are
zero at the root, x = 0). The undetermined coefficients of the deflec-
tion function may be evaluated by minimizing the change in energy during
deflection with respect to eackh of these coefficlents. The expression
can be written as

a_j.'i-d-(UB + Uy - 0Py + Ug) = 0 (72)

where
\

2 () B

re b o 2
Uy = %"Io J[:.b dx(g—w;) + cry(%;-) + 2ryy % %:}d.x ay

W
I

> ('7p)
=) e nb
_2nyt [T w2ax dy
UV g ulo J_'b
re e
= i o
Ty J

The first integral is the energy due to bending, the second is the energy
imposed by midplane thermal stresses (obtained from egs. 2 and 3), the
third 1s the kinetic energy of vibration, and the fourth is the potential
energy resulting from any external loads applied perpendicular to the
plane of the plate. (See refs. 4 and 5.)

Analysis of torsional deflections.- The thermal buckling which
occurred when the longitudinal edges of the cantilever plate were heated
resulted in torsional deformations which were similar to the deformations
that took place when a constant torque was applied to the plate tip. Of
the first two modes of vibration, both of which experienced a reduction
in natural freguency, the first torsion mode underwent the largest change.
Therefore, the remainder of the amnalysis has been restricted to torsionsl
deformations. Six terms of the deflection function which are antisym-
metrical in y have been used, The deflection is then gliven as

= Ajox2y + Ay)x2y5 +
Appxdy + Aoy xIy3 + (8)
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When there is no external load or vibraticn, the solution of equation (72)
gives the temperature difference necessary to produce thermal buckling.

For a square plate (% = 2) this difference is

AT, = :%2;2§2 (9)
a tKEax

When the value of K given by equation (5) is used, egquation (9) becomes

AT, = 18.36D (& + 3)(t + 1) (10)

aftEaq ¢

Since the flexural stiffness D also contains the modwlus E, the
critical temperature difference depends only on the plate geometry, the
coefficient of thermal expansion, and Poisson's ratio.

For the case of no external load or heating, the frequency of the

first torsion mode of ‘s square plate (% = 2) is found to be

_4.185 /Dg 11
®o alrx \[ 7t (11)

The frequency given by this relationship is slightly higher than that
obtained in the experiments. This is due largely to insufficient
clamping of the plate root. For the purpose of comparing measured and
calculated results, the theoretical plate was assumed to be slightly
longer than the actual plate so that the measured and calculated fre-
quencies would be the same at the start of the testh.

If no heat is spplied and the plate is not vibrating, the angle of
twist of the tlp (assuming that the tip remains a straight line)
resulting from a couple of magnitude 2Fb produced by applying a con-

centrated losd F at the tips (a, tb) of a squere plate (% = 2) is

6, = 32.18 iTD-:'i (12)

Approximate interaction equations.- The deflectlon modes of the
plate for first-torsion-mode vibration, thermal buckling, and applied
torgques gt the tip are all very similar. If these three modes are
assumed to be identical, the deflection can then be expressed as a
funetion with only one arbitrary coefficient, and simple interaction
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equations can be cobtained. For heating with no external load, the
ratio of actual frequency to the initisl uniform-tempersture frequency
is found to be

o _ i oA (13)

For heating with no vibration, the ratio of the angle of twist of the
tip to the angle at uniform plate temperature for s constant torgue is

6 1
" A (1n)
(S of

The frequency of vibration 1s proportional to the square root of the
torslonal stiffness GJ, and the angle of twist 1ls inversely proportlonal
to the stiffness, Hence, in this simple case it is apparent from equa-
tions (13) and (14) that

(a0 e _ .

= AT (15)

where GJ 1s the torsionsl stlffness of the unstressed plate and (GJ)e
is the effective stiffness of the plate when subjected to thermal stresses.

It 1s of interest to note that a reletionship similar to equa-
tion (15) exists for s simple beam subjected to an axlial load. The ratio
of the effective flexurel stiffness of the loaded beam to that of the
un:oaded beam 1s

£§El§ =1 - X (16)
EI For

where F is the axial load (positive for tension, negative for com-
pression) and F., 1s the load necessary to produce colurm buckling.

The simple expressions given in equations (13) and (lk) very closeLy[
approximate the results obtained by solving equation (7a) for related
values of fregquency, temperature, and twist.
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Figure l.~ Chordwise temperature distributions in an aerodynamically
heated airfoll (ref. 1, fig. 11).
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Figure 2.~ Measured clordwise temperature distributions of a radiantly
heated cantilever plate.
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Figure 3.~ Measured temperature histories for an edge and the midchord line.
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Figure 4.- Measured tip-rotation histories for applied tip torques of O
and *400 in-1b.
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Figure 5.- Measured frequency histories for the first bending and first
torsion modes.
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Figure 6.- Comparison of measured and calculated tip rotations for an
applied tip torque of 400 in-lb.
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Figure T.- Comparison of measured and calculated frequency changes for
the first torsion mode,
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Figure 8.- Comparison of measured and calculsted freguency histories for
the first torsion mcde.

NACA - Langley Field, Va.



