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BERAVIOR OF A C m i L m  P U T E  UNDER 

By Louis F. Vosteen znd Kenneth E. Fuller 

The te&qereture  distributions encountered in   t h in   so l id  wings 
subjected t o  aer0dynmi.c heating  induce  thermal stresses tha t  m q y  
er"fective1y  reduce the s t i f fness  of the wing. The effects  of this 
reduction i n  s t i f fness  were investigated  experimentally by rapidly 
heating the edges o r  a cmti lever   plate .  The midplane  thermal 
stresses imposed by the nonunifom  temperature  distribution  caused 
the plzte  t o  buckle  torsionally,  increased  the  deform&tions of the 
plate  under a c o n s t a t  aFplied  torque, and reduced the frequency  of 
the first two n&urel %odes of vibratioo. By using  smll-dePlection 
theory md employing energy met'nods, the  eTfect or" nonuniform hea-ling 
on the  plzte  stifzness w&s calculated. The theory  predicts  the gen- 
e ra l   e f f ec t s  of  the  thermal stresses, but becomes inadequate as the 
tenrperzture  difference  increases and plate  deflections become large. 

.- 

One of the  s t ructural  problems  produced by nonuniform heating i s  
a change in   the  effect ive  s t izfness  of  the  structure  czused by t'nermrl 
stresses. This chmge in   s t i f f f iess  i s  not msociated with a chmge i n  
the .naterid properties,  but depends on the stzte of stress end may 
occ-LIZ at stress levels w e l l  below those  necessvy t o  produce  buckling. 
Leboratory  denonstrations have shown that the  natural  frequency of a 
s iapl i f ied wing structure can be effectively reduced by the nonuniform 
temperztu-re di-stribution  essociated  with  rapid  heating. 

The type ol" tenperature  distribution produced by the  eerodynmic 
heating 02 a thin  missile wing is  s h m  i n  figure 1. TT.lis Tigure 
(given i n   r e f .  1) shows the  vzriation i n  temperature  across  the  chord 
of a sol id  double-wedge a i r f o i l  immediately following a Ig ecceleration 
t o  MEch mmber k zt 50,000 feet .  The tenrperztures on the  surface aad 
et the TLdplsne are shown. Such a tecera ture   d i s t r ibu t ion  produces . 
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coqress ive   s t resses  ne= the  leading and t r a i l i n g  edges and teosion  in  
, t he   cen t r a l   pa r t  of tkLe wing. The e f fec t  of t5ese s t resses  is a  reduc- 

t i on   i n   t 3e   s t i f fnes s  of tke s tmxtcre  that  J m y  be observed as an 
tncreesed  deformztion  under lo& or as a reduction  in  nature1 frequency. 
Eo qumti ta t ive   da ta   ex is t ,  hawever, which relate  charges  in frequency, 
and hence effective  s%iffness,   to  temperature  aistribution. The project 
t o  be discussed  in this paper w a s  devised t o  setiszy par t  of t h i s  need. 

An zrangemnt  was selected tha t  required a s f rq le  test  setup and 
tht coEld be analyzed theoret ical ly  wFth rele;t+ve ease. 9-e test 
arrangement used- i s  shown in   f igure  2. A nonuniform temper&ture  dis- 
tribEtion  resez5lixg  thzt  encomtered by aerodynamically heated wir!s 
was produced by rgpidly  heeting  (with casbon-rod radiators)  the longi- 
tca ina l  edges  of a cantilever alurnfnum-allay plate L/4 inch  thick and 
20 inches  square. The temperature  distribution along the spzzl of the 
p l a t e  was constant  except for E. slight  decrease toward the   t ip .  Fig- 
ure 3 shows how the  temperature on t>e edge a d  at the midchord varied 
durlxg a test. 

Ln figure 3 the  temperatare In degrees 3ahrenheit of an edge and 
the ~ d c h o r d   l i n e  is plotted  against t i m e  LE. seconds. Heat is asplied 
t o  the plzrte fo r  &out 16 seconas. During this tire, the edge tempera- 
tu re   r i ses  alrrost  li3earlly t o  315O F at the peak of the heeting  cycle. 
Tvlhec the heeting stops, the teqerat-are drops  quickly and slowly Levels 
off as the p le te  cools. T!e variztion  in  temperature  across the chord 
hes been shown in   f igure  2 f o r  a time i n  the hezrting cycle (10 seconds), 
at the time of rnaxinmi edge tenperature (16.5 seconds 1, and durlng 
cooling (30 secords ) . These dis t r ibut ions show that  the  texperature 
renains  relatively low over the center  half of the  plate,   but  r ises 
sh-ly near the heated  edges. 

Two investigztions were d e  t o  determine the ef fec t  of t'ne non- 
uniform teqere ture   d i s t r ibu t ion  on t i e   s t i f fnes s .   F i r s t ,  the Cie-torma- 
t ions of t'ae p lz t e  due t o  thermal s t resses  were obtained for various 
load conditions. Secoxd, the changes i n  netural  frequency of vibration 
during  heating were investigated. 

Defom-ations I 
F i g n e  k shows the  t ig-rotation  histories.  The -Le of ro t z t ion  

of the tip i n  degrees is  s lot ted  against  %Lm i n  seconds &wing  heating 
md cooling f o r  no external Load md for applied  torques of 400 inch- 
pounds i n  ea& direction.  In  eacb case, Yce p l e t e  deforned by rotat ing 

4 .  

. 
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torsionelly  about  the zzidchord l ine.  As the plate  cooled, the deform& 
tions  decreased and the  plate  returned  to its original  position. Note 
that  the  plate underwent m appreciable  deformation  without  the  appli- 
cetion  of an externel load. Tnis thermal  bucklhng  of the  plzte  m a y  be 
e s ignif icmt  fector   in   the  control  of missiles having solid f ins .  The 
plate  rotated  in  the sane direction  regarcless of  whether heat was 
applied  syxmetricslly or on either edge because  of an i n i t i a l  k w i s t .  
The increased  defornations, which occurred when e constant  torque we6 

. applied i n  the szme direction 2s the i n i t i a l  t w i s t ,  indicate an approx- 
imerte superposition of  the deformzrtion €nduced by the  thermal  stresses 
OR the   inzt ia l   s ta t ic   def lect ion.  When a torque w a s  asp l ied   in  the 
opposite  direction,  the  plate twisted io the  direction of the  applied 
torque, but  the m&xirnun ixist was s l igh t ly  less. 

- 

Natural Frequencies 

It is d i f f icu l t   to   de tec t   the  frequency  chvlges  of e plate  under 
trmsient  heeting  conditions  because  of t'le time required t o  es tabl ish 
resonmce. For this reeson  the  present  investigation has so far been 
limited to   the  first bending and f i rs t  torsion d e s ,  inasmch  as a 
frequency  history  could be obtained for these two modes by s t r iking 
the  plete at regular  intervals  during the test. 2. - 

Figure 5 shows how the frequencies  of  the first two modes varied 
during  the test. Here, frequency of vibrat ion  in  cycles per second 
hzs  been plotted %ai-nst time In seconds f o r  the first bending  end 
f i r s t   t o r s ion  nodes. Tce first bending  frequency  decreased from 
19 cycles  per  second t o  1-5 cycles  per second et the  point of Iliaximum 
temperEture  grsdient.  This i s  .E 21-percent  reduction Fn frequency. 
The f i r s t   t o r s ion  frequency  begins E t  48 cycles  per  second end drops 
t o  a minimum of 30 cycles  ger second - e reduction  in  nzturel iyequency 
of &bout 35 Dement. As the  plate  cools,  both  frequencies  return  to 
their   original  values.  The small i r regular i ty  which occu-rs at the 
ne& of the  heeting  cycle hm been  observed in  el l  the first-torsion- 
node tes ts ,   but  as yet its cause  has  not  been  determined. 

As a f i r s t  approach to  predicting  the changes neesured tn   these 
tests,  snall-derlection  theory has been used. The anelytccal appro&ch, 
which is a coAnfkdnation of the  energy  mthods used to  solve  buckling and 
vibrational  problem, is  outlined  in  the appendix. 

I . 
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A conp&rison of the predicted and actual  effect  of the temperzture 
gradient on the  torsional  st iffness  for  the  case of no vibration i s  
shown in   f igure 6 .  &re the  t ip  rotetion  in  degrees has been plotted 
wainst the edge-to-center  temperature  difference AT i n  degrees 
Pdvenheit  for an zpslied  torque of 400 inch-pounds. Curves are shown 
for  the period of hezting  (or  increasing AT) and cooling (or decreasing 
AT). Tl?e smll-deflection  theory  gives a reesomble  apgroximtion of 
the  reduction  in stiffness about  halfway t o  the buckling  temperature. 
Akove this point, however, the  small-defiectioc  tieory  indicates that 
the plate  defll-ections would increase more rapidly tinan actually OCCUTS. 

Natural Frequency 

Figure 7 coAm.paxes the  results of the calculations with test resul ts  
when there axe no external loads end the plate  i s  vibrat ing  in   the f irst  
3orsion node. In   this   f igure the frequency i n  cycles  per  second  has 
been plotted qzicst  temperature  difference between the edge and the 
midchord Line for  the  periods of increasing and decreasing AT. The 
sxall-deflection  theory ageirr approximates the f'reqiency change about 
3alfwey t o   t h e   c r i t i c a l  buckling  temperature. Above this value, the 
theory  again  overestimates the change. This disagreerent  occurs  because 
the distortions have become lmge md the small-deflection  theory is no 
longer  valid. 'When the analysis is extended t o  include  the  effects of 
lzrge  deflections, more sctisfactory agreement i s  expected at the 
c r i t i c a l  AT. 

Figure 8 skows a similar co-qarison of maswed and calcuhted 
frequency as a k c t i o n  of time. The ra t io  of ectuel frequency t o  the 
i n i t i a l  m-iform-temper&tuze frequency is plotted  Egeinst time i n  sec- 
onds. The calculated curve indicates that the theoret ical   cr i t ical-  
bucklhg  temperature  differential is reached i n  about 15 seconds. Tne 
small-deflection  theory  predicts that the s l a t e  would have lost el l  i ts  
s t i f fness  at t h i s  point, but t h i s  is not t&e &ctuzl  case.  Since  stiff- 
ness is proportional t o  the  square of the frequency,  the  freguency 
decrease  obtained  fndicetes that only  about  half or" the  st iffness wea l o s t  
as a reszlt of the induced the-rmal stresses. As the plate  cools and 
the  tewercture  difference  becoms less thm- half that  r e p i r e d   f o r  
buckling, the theory is  again i n   f a i r  egreenent with the test results.  

CONCWDING IIEMAFKS 

Tests of a cmt i lever   p la te  heve shown that the nidplane stresses 
i-xposed by a norxniform temperature  distributkon can effectively reduce 
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the   s t i f fness  of the  plzte .  This reductio=  in stiffaess is reflected 
i n  the  increased  defomztion wder the  action of a constant  agplied 
torque md also in  the  reduction of the  natural  frequency  of  vibretion 
of the f irst  two mdes of the glzte .  By using  small-deflection  theory 
and by enploying  energy methods, the efZect of nonm-iform heating on 
the  plete  st ifTness was calculated. The theory  predicts  the  generel 
efTects of the tbermal stresses, but  is inadequate when the  deforme 
%ions become large. A a  extension of the analysis t o  account properJJ 
fo r  lerge deflections is expected t o  give more satrsfactory  resul-ls 
near  the  critical  temperature. 

Lagley  Aeronautical  Laboratory, 
National  Advisory  Cornittee for AeroneGtics, 

Lacgley  Field, Ve. , May 3, 1955. 
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APPENDIX 

Sy using  small-deflection t’neory and by W i n g  several  simplifying 
assuq-tions, a . ~  analysis of the effect  of rapid  heating on t5e deforma- 
tions, natural frequencies of vibration, znd tors ional   s t i f fness  of e 
cantilever  glate  vas xade. f’ke nethod  used is outlined in this appendix. 

Syribols 

p h t e  length,  in. 

erbitrwy coefficients of deflection  function 

g la te  half -viOth, in.  

p la te  f lexural   s t i f fness ,  E t 3  
12(1 - p2) 

Yomg ’ s modulus, p s i  

bending stiffDess, lb-in. 2 

effective beniiing stiffness,  lb-in. 

coacer;trated load, lb 

c r i t i c a l  exial load, l b  

grwitational  constent, in./sec 2 

torsional  Stiffness,  lb-in. 

effective  torsional  stiffness,  lb-in. 

arbitrary coefficient of stress function 

distributed  load, psi  

plate  thicb-ess , in. 

2 

2 
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ax 
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temperature, OF 

temgerature of midchord, ?I? 

potent ia l  energy of bending, in-lb 

strain energy due %o thermal expansion, in-lb 

potent ia l  energy due t o  external load, fn-lb 

energy due t o  mi&pla,ne stresses, in-lb 

s t r e i n  energy of n idp lae   s t r e s ses ,  in-lb 

k b e t i c  energy of vibretion,  in-lb 

deflection, in. 
long i tudha l  coordir?ate measured from root, in. 
transverse  coordinate measured f ron  midchord line, in. 
coefficient of thermal  expension, in= 

in. -OF 
zrb i t ra ry  exponent i n   t eqe re tu re   d i s t r zbu t ion  

t i p   ro t a t ion ,  deg 

t i p   r o t a t i o n  when AT = 0, deg 

Poisson 's   ra t io  

specif ic  weight, Ib/cu in.  

longitudinal  dlrect  stress, p s i  

t ransverse  direct   s t ress ,  psi 

sheax s t r e s s ,   g s i  
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9 
UI 

UIO 

stress  function 

frequency,  cps 

frequency when N = 0, cps 

Temeratme  Distribution 

The temeratme is assumed t o  be constant  through  the  thickness 
of the  plate  and along  the span; the  distribution  across the chord is 
represented by the  simple power h w  

- s 
T = + AT(g) 

which iwolves  the  edge-toaidchord  temperature  difference M' end 
the power ( required t o  describe  the  Eeasured  chordwise  temperature 
distri'oution. TEe power c, which varies  during a t e s t ,  determines 
hov skiarTly the tenqerature r i s e s  near  the edges of the  plate .   In  
order t o   f i n d  how 5 varied, a curve of the form given i n  equation (1) 
was f i t t e d   t o   t h e  chardwise teqerature   dis t r ibut ions measured at veri-  
ous times during a t e s t .  A t  the start of heating { is very  large, 
but it decreases to about 4 a t  the peak edge temperature,  coctinues t o  
&o;, as t'he plate cools, and reaches a valae of about 2 ai; the end of 
t he   t e s t  (about 35 seconds after the peak temperature). The temperature 
distribution  given by equation (1) f i t s  the measured distribution  rather 
well auring heating  but becones increasingly  poor as the  plate  cools. 

Thermal Stresses 

The pla-be i s  assuned t o  be W a state of pM"e stres's and a l l  
stresses  are assuned t o  be ir- the  elastic range of the  material. The 
assmption  also has been made that the  mter ia l   propert ies  of the  plate 
do not change vith  tenperatme. Thermal stresses  are  given by the 
relationships 

I 



- 
-where is the A i r y  stress  function  (see  ref.  2) assumed t o  be  given 
by 

\ 

3 

1 

This funct ion  sat isf ies  %he boundary condition that the  s t resses  
(eqs. 2) a l l  vanish on the  free  boundaries (x = a and  y = tb} . 

I n  order t o   eva lmte   t he  arbitrary corstant  in  the  stress  function 
(eq. 3) ,  the method of mininun complenentmy  energy is used. The emres-  
sion can  be written simply as 

-(us a + UH) = 0 
aK 

where \ 

= La,J; aT ( ax + by> dx dy 

- 1  The f i r s t   i n t e g r a l  i s  the  usual  strain-energy  expression a d  the second 
represents  the  strain energy due t o  thermal  expansion of the  plate.  

I (See re f .  3 . )  7 using  equation (1) f o r  the  temperature T and equa- 
. t ions (2) m d  (3 for   the  s t resses ,   the   constat  K may be  evaluated 

from equation (ha). When a = 2 the  resul t  is 
b 

I Effect or" Temgerature Gradient OD Deflections 

and Nztural Frequencies 
r 

To find  the  ef3ect of temperature  gradLent on the  deflections md 
natural frequencies, &nother minhvm-ecergy method is used. Deflections 
are  represected by the power ser ies  

I 

I 

m=l n=l 

J 
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which satisfies t'he boundary conditions (the slope &nd deflection are 
zero a t  the root, x = 0). The mdetermined  coefficients of the deflec- 
tfor,  function may be evaluated by minimizing t h e  change i n  energy  during 
deflection with respect   to  each of these coefficients. The e-ression 
can be written as 

.L 

where 

The first integral  is the  energy due t o  bending, the second is the  energy 
imposed by midFlane t h e m  stresses  (obtained from eqs. 2 and 3) ,  the 
third is  the  kinetic energy of vibration, and the  fourth 5s the   sotent ia l  
energy result ing frm any external loads mplied  perpendicular t o  the 
plane of the plate.  (See refs.  4 and 5.) 

Analysis of torsional  deflections.- The thermal buckling which 
occurred when tine longitudinal edges  of the  cantilever p h t e  were heated 
resulted  in  torsional  deformations which were similar t o  the  deformations 
that took  place whea a constant  torque W E S  agplied t o   t h e   p l a t e   t i p .  O f  
the  first two modes of vibration,  both of which experienced a reduction 
in natural frequency, the first torsion mode  unCierwent the  largest  change. 
Therefore,  the  reminder of the analysis has been restr ic ted  to   tors&onal  
deformations. Six terms of the  deflection  function which are antisym- 
oletrice1 i n  y have  been  used. The deflection is then  given as 
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When there is no external load or vibraticn,  the  solution of eqwhion (7a) 
gives  the  temperature  difference  Eecessary to produce t h e m 1  buckling. 
For a square  plate (z = .$) this difference is  

When the  value of K given by equation ( 5 )  is  used,  equation (9) becomes 

Since  the  f lexural  st iffness D also contahs  the modulus E, the 
c r i t i c a l  temperature  difference degends only OE the   plate  geometry, the 
coefficient of thernal expension, and Poisson's  retio. 

For the cEtse of no external load o r  heating,  the  frequency of the 
first torsion mode of a square  plate (E = 2) is r o d  t o  be 

OO = x& 4.185 Dg 

The frequency  given by this   re la t ionshis  i s  slightly  higher than t h a t  
obtained  in  the  emeriments. This is due largely  to  insufficient 
clamping of the  plate  root.  For the  purpose  of comparing neasured mfi 
calculated  results,  the  *heoretical  plate was  assumed t o  be s l igh t ly  
larger thm t h e   e c t m l   p h t e  so that the measured  and celculated fre- 
quencies would be the same at the stmt or' the   t es t .  

If 110 heat is epplied and the p h t e  is not  vibrating, the angle of 
twist of the t i p  (assuming that the t i p  remains a s t ra ight   l ine)  
result ing from a couple of magnitude 2Fb produced  by  applying a con- 
centrated load F at %he t i p s  (a, %) of a  squere  plate (2 = 2) is 

eo = 32.18 - 2Fb 
D 

Approximate interac-bion  equations.- The deflection modes of the 
plate  fo r  f irst-torsion-mode  v5brztion,  thermal  bucflillg, and applied 
torques at the   t i p   e r e  a11 very similar. If these  three modes a re  
assumed to be identical ,  the deflection can then  be  expressed as a 
function w i t h  only one erbitrary  coefficient,  and simple b t e rac t ion  
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equations  csn  be  obtained. For heating  with no external  load,  the 
r a t i o  of actual  frequency t o   t h e  init izl  mifom-temper&ure  frequency 
i s  fow-d t o  be 

For  heating  vith no vibrat ion,   the   ra t io  of the  angle of t w i s t  of the 
t t p   t o  the angle at uniform plate  temperature f o r  a constant  torque is 

0 1 

The freqce-rlcy of vibration i s  proportional t o  the square  root of the 
tors ional   s t i f fness  GJ, and the angle of twist is inversely  proportional 
t o  the stiffr-ess. Hence, in t h i s  simple  case it is apparent from equa- 
t ions (13) end (1b) that 

where GJ is the  tors ional   s t i f fhess  of the unstressed  plate and (GJ), 
i s  the  effective  st iffness of tile p la te  when subjected t o  thermal  stresses. 

It is  of in te res t   to   no te  that a relat ionship  s ini lar  t o  equa- 
t ion  (15) exis t s  
of the  effective 
mloaded beam is  

vhere F is  the 

f o r  a simple beam subjected t o  an a i a l  load. The ratio 
f lexure1  s t i f fness  of the loaded beax t o  that of the 

(16) 

ax ia l  load (positive  for  tension,  negative  for corn- 
pression) end Fcr i s  the load  necessary t o  produce column buckling. 

The simple  emressions  given  in  equations (13) m d  (lk) very  closely ! 
approximate tbe results obtained by solving  equation (7a) for  related 
values of frequency,  temperature, and t w i s t .  
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Figure 1.- Chor&wise temperature distributions in an aerodynamically 
heated a i r f o i l  (ref. I, f ig .  11) . 
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Figu-re 2.- Measured ck-ordwise temereture  distributions of a radiantly 
beaked cant i lwer   g la te .  
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Figure 3. -  Measured temperature  histories  for  an edge and the midchord l ine .  
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. Figure 4.- Measwed tip-rotation  histories f o r  applied t i p  torques of 0 
snd -1-400 in-lb. 
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Figwe 5.- Measwed frequency his tor ies  f o r  the first bending  and first 
torsion modes. 
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Figure 6.- Comparison of measured and calculated  t ip   rotat ions for an 
applied t i p  torque of 400 in-lb . 
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- Figure 7.- Comparison of measured and calculated  frequency changes for 
the first tors ion mode. - 

L, \ - " 
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Figure 8.- Conparison 02 measured axd calcul.=ted  frequency histories f o r  
the f i r s t  torsion mode. 
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