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By W. Byron Brown, and John 15. B. Livingood

A theoretical analy8is of the radial-temperature  dietribu-
tion through a turbine with spgoially deeigned turbine blades was
made for a turbine with and without oooling fin8 on the rim. The
effect on blade life and effeotive ga8 tmperature of the addi-
tion of cooling fin8 on the rim wa8 investigated for aeleoted
turbine operating conditions. The aaourac~~ of the radial-
temperature distribution was then deter&n& by finding a two-
dimensional temprature distributionthroughtheturbine  rimand
rotor for the turbine with end without cooling fins on the ~3%
!l%e two-dimensional distribution wa8 obtained by comideration
of radial- and axial-temperature  gradients and by applioation of
the relexation method to the resulting differential equation. A
three-dimensional temqerature  dietributim for a eeotion of the
turbine rim near a blade root was then determined by u8e of three-
dimensional  relaxation.

The result8 ehowed that, for the eelected condition8,  the
addition of oooling fin.8 on the rim permitted only a slight imreaee
in the effective ga8 temperature. The tvo-dimeneional imeetigation
proved the radial dietribution to be euffioiently acmurate for met
applications. Thethree-dirnemionaletudyindi~atedthetypeof
temperature gradient8 to be expected ina seotionof the rimw-
rounding a blade root and msy be applied to determination8 cf rim
thermal 8tre88e8.

High-temperature materials now available for g&i8 turbine8
limit turbine-inlet  tempereLture6  to about 1500° F; consequently,
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mme method Of turbine cooling i8 necessary if inlet tmperaturee
above this value are to be tmed. Investigation8 have been con-
ducted at the NACA Cleveland laboratory  (reference8 1 to 9) to
detemlne the relative merits Of indirectly cooling turbine blade8
(by conducting heat aw8y frm the blades) and of directly cooling
them (by pa88ing air or liquid8 thmugh holler paseages in the
blade8). Increase8 in gas temperature8  Of the order Of lCC" to
ZOO0 F were found pO88ible for indirect cooling; ccneiderably
greater increase8 in ga8 tem~raturee  were made possible by direct
cooling tith either air or water a8 the coolant.

In order to apply direct cooling using either air or water as
the coolaut, the turbine blade8 muet be deaieped with hollow pas-
cages . The mauufaoturing problem8 involved in the deeign Of hollow
blades, however, appem to 1imLt blade form8 a8 ccmpered with solid
bladee. Some turbine blade8 for indireot cooling have been designed
end tested; one of these is a blade with a long, thin trailing 8ec-
tion and with a hi& degree of twist.

The reeult8 of a theoretical investigation  of indirect oooling
for a turbine with thi8 special blade ere presented herein. Radial-
temperature  dietributions  were obtained before and after the addi-
tion 09 cooling fine on the rim and the increa8es In blade life and
effective gas temperature  re8ulting fmgn the addition Of rim fin8
were oaloulat~foraohoeeneet~turbine  operatingcondition6.
The radial-tefaperature  dl8tributicm wa8 then used aa a trial eolu-
tion and a two-dimensional  temperature distribution through the
turbine rim and rotor wa8 obttined by considering additional  tem-
perature gradient8 In the axial dire&ion. A three-dimensional
relazation wes then oarried out in a eeotion af the rim -und-
jlngabladeroot.
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The follaring eymbole are ueed in thi8 report:
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1 imaginary unit, t&i
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thermal conductivity of metal, Btu/(hr)(eq  ft)(%/ft)

blade length, (ft)

net spacing in relaxation method

coordinate  perpendicular to bothradial andaxial
directions

Q

Qi

temperature  residual at net point

heat-trenefer coefficient  between hot gas end metal,
Btu/(hdba ft)(+)

s, heat-transfer co&ficient betwean metal and cooling
air, Btu/(h) (es. ft) (%

r

T

t
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W

x

Y

radiu8, (ft) (al80 coordinate  inradialdirection)

temperature, (9)

average thickness, (ft)

tip speed, (ft/sec)

linear dimension onrimoaamnnn with blades, (ft)

distance of blade point fKrm blade tip, (ft)

L- x, (fw

3
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z coordinate in axial direction

a (2+$f'2

P (2¶p~P’2

Y (4wJkAyot 1 1’2

e - Tmqa

E

Subscripts:

a cooling air

b blade

8 effective

m metal

r rim (with A denotes area exposed to gas)

. rot rotor

.
AnALYsIs

One-Dimensional  Temperature  Distribution

A radial-temperature  distribution  was obtained by the method
developed. in reference 2 for a turbine with and without cooling
fins on the rim and with blades having long, thin trailing sections
and a high degree of twist. The follawing simplifying assumptions
were made:

1. Constant mean values aE' the area, perimeter, thermal con-
ductivity, and heat-transfer coefficients  were used for each
section.

2. No temperature  gradients other than radial were considered.

3. The effect of radiation  was negligible.

4. Cooling on both sides of the turbine rim was considered.
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5. For the turbine xfth cooling fins on the rim, the over-all
heat-transfer coefficient  was taken as 4.4 times the flat-plate
value af G. The value 4.4 was calculated frosn the fin dfmeneions
by the method af reference 10 for fins that were so designed as to
withstand the estimated stresses. The fist-plate value of q. was
calculated by Reynolds analogy (reference 11, p. 162) from values
of the friction coafficient  appropriate to the relative velocity of
the rotor and the air.

Expressions  for the temperature in the blades, rim, and rotor
of a turbine are derived in reference 2. These expressions  were
obtained by setting up heat balances for an element of the blade,
the rim, and the rotor, and by solving the resulting differential
equations. This process yielded the following three equations:

Blade,

Te - Tm = C cash a (x-B) (1)

T, - T, = WO (Wd + Eq (Wr) (2)

Rotor,

Tm - T, = r1i2 Pi1/3 JB1i3 (2/3rir312)  -I- G+j3 Jl/3 (2/3rir3i2)

(3)
The metal temperatures  of the blade, rim, and rotor were found for
ranges of the variables from x
r = 0.3750 ft) to x = 0 feet

= 0.2ll6 foot (corresponds to
(corresponds to

from r = 0.2775 to r = 0.3750 foot,
r = 0.5886 ft),

r = 0.2775 foot, respectively.
sndfrcPn r= 0 to

The six integration constants in equations (1) to (3) may be
evaluated as foI&ws: From the-boundezy conditions, E 0 for
r=O and for x = 0, itcanbeshownthat B=G=O.
The other four integration constants mey be found by solving'the
equations obtained by equating temperatures and heat flows at the
junctions of the various sections.
be

These equations  were found to



(0.2775)1&11~3J_, = DJO [ia(O.2775)1  t EiEO [43(0.2775)1 O1(4)

0.0267~(0.2775)Fi-2~3J2,3 2/3yl(0.2775)3/2
[

] = O.W7++0.2775$ - E+O.2775# (5)

T, + DJo Ee(O.375Ojj + EilQ [18(0.3750] -,T,-C oosh (O.ZllSa)

8k(O.O506) {- DiJ, k(O.3750)1 -*l' k(O.37504\ = k(O.0126) b d& (O.el=)l
L J r

+ 0.0380~+ k cash (O.ZllSa~ (7)

Values of theBeeselfmctiom am gmulillrefereace 12. The fore~going analyeis weis applied
to a specific turbine equipped vith a qecial turbine blade. (gee f&. 1.) The neceeearg
numerical values for oalsulati~ for this turbine were:

T8 = -19.5O F

T, - 1500° F

qi = 44.2 Btu/(hr)(sg IX)(%) (obtained Efrlmr@ferenoe llfor8ga8flow
d 6 lb/see throu& the tarbias) $r

k - 12 Btu/(hr)(aq ft)(-/it) 8.

tb = 0.00% (ft) 'r

P

,
K8' '
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% = 0.1388, (it)

&t = 0.1722, (sq ft)

a, = 30 Btu/(hr)(sq ft)(?F)(without fins)

9, = 132 Btu/(hr)(sq ft)(-)(with  fins)

a = 27.89, (ft)'1

p = 6, (ft)" (without fins)

B = 12.56, (ft)'1 (with fins)

Y = 13.7, (ft)-312

The solutions of equations (4) to (7), upon substitution of these
values , gave the followdng values for C, D, E, snd F:

Without fins With fins

C = 2.59O F C = 4.41° F

D = 384.60’ F D= 35.92O F

E= -71.53' F E= -13,360.00° F

F = 880.70° F/(ft)li2 F = l17.30° F/(ft)'i2

The radial-temperature distributions  through the turbine were then
obtained (fig. 2) by the use czf these calculated integratfon con-
stants and equations (1) to (3).

Special attention was then given to the radial-temperature
distribution through the turbine blades. Stress-to-rupture data
for cast S816 high-tamperature alloy, obtained from figure 3.in
reference 13, were cabined with the blade-stress  distribution,
obtained by the use of equation (3) in reerence 9, and allowable
blade-temperature curves were obtained for various blade-tip speeds
and various blade lives. The allowable blade-temperature curves
for lOOO-hour blade life are plotted in figure 3 with the blade-
temperature distributions  for the turbine with and without cooling
fins on the rim.

In order to determine  the effect on blade life of the addi-
tion of cooling fins on the rim, an allowable  blade-temperature-
distribution curve tangent to, or just above, the blade- .
temperature-distribution curve for the turbine tith rim fins must
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be obtained for a fixed blade tip speed (equal to the maximum
allowable blade-tip speedfor the turbine without rim fins) and for
ablade life as yet unknown. A femily of allowable  blade-temperature-
distribution  curves was found for this fized tip speed and for dif-
ferent blade lives. The curves for lOoO-, 2000-, and 3000-hour
blade life sre plotted in figure 4 with the blade-temperature dis-
tributions for the turbine with and without rim fins at a tip speed
of 1170 feet per eecond.

The effect of the addition cdl cooling fins on the rim on the
effective gas tennperature  was then investigated. In order to deter-
mine this effect, en allowable blade-tepnperature  curve was fixed for
lOOO-hour blade life and a blade tip speed of 1170 feet per second.
A fsmily of blade-temperature-distribution curves was then found for
various effective  gas temperatures. A blade-temperature-distribution
culve tangent to, or just below, the fixed allowable blade-temperature-
distribution curve was required. The curves 80 obtained are shown
in figure 5.

Two-DImensional Temperature Distribution

Two-dimensional temperature  distributions were obtained through
the turbine rim and rotor by considering temperature ,qadients in
both the radial and the axial dlrectfons. Symmetry was assumed
about the radius of the rotor because cooling was considered at
both sides of the rim. Brcm a heat balance for an element ~YCZ&&
of the wheel, the heat-flow equation wes found to be

a28 1 at3 a2e = o
a2-+r;TF+-a2

Along the cooled edge of the turbine, the boundary condition was

The boundary condition at the rim surface exposed to the hot gas
WaS

And the boundary condition at the junction of the rim end blades
WaS
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30% g= 2as5w& q&e

where account is taken of heat entering the rim by both convection
andconduction. It was assumed there was no heat flow across the
other boundaries.

A solution of equation (8) was found by applying the relsza-
tion method (reference 14). The one-dimensional temperature dis-
tribution previously obtained was sssumed as the radial-temperature
distribution along the cooled edge of the turbine. From these
values, the definition aP 6, and the boundary conditions, esti-
mated values of 6 were obtained and inserted at each point of a
square network of points. Temperature residuals (interior heat
sinks) were then calculated at each net point and reduced to mini-
rmrm values by the use of fired relaxation patterns. F~CELL these
revised values of 8, the metal temperature  ‘Im was found at
eech net point, and isotherms were then drawn. (See fig. 6.)

Three-Dimensional Temperature Distribution

In order to obtain a more accurate temperature distribution
around a blade root, a detailed three-dimensional.  relaxation was
carried out for a small portion of the turbine rim. The portion
selected extended from the center of a blade to a point midway
between that blade and the next blade, from the center of the rim
tothe coolededge of the rim, andfrcmtherims~ace1/4  inch
in a radial direction. (See fig. 7.) As before, cooJAng was
considered on both sides of the turbine rim. Syzmnetrywasassumed
about the center of the rim, about the center of the blade, and
about the line midway between the two blades. Because only a
small potiion of the.rimwas considered and the curvature  of the
vsrious boundary surfaces of such a portion was slight, the curva-
turewss disregarded. The heat-flow-equation,  derived by setting
up a heat balance for the element ax ay as was found to be

a28 a28-+--g +$oax2
Boundary conditions were the same as those considered in the two-
dimensional investigation and the solution was obtained in exactly
the ssme wey, except that a cubical network of points was required
here; hence, a new relaxation pattern was employed.
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RIS'OIES AND DISCUSSION

NAGA RM No. E7122a

Three different sections of the specially designed turbine
blade considered in this investigation  are shown in figure 1. The.
root section, the central section, and the tip section m presented
in order to show the high degree of twist end the long, thin trail-
ing section of the blade, both of which preclude direct cooling.

The radial-temperature  distribution through the turbine rotor,
rim, and blades, obtained for the turbine with end without cooling
fins on the rim by application  of equations (1) to (3), is shown
in figure 2. The addition of fins lowered the rotor and the rim
temperatures  by at least 325O F, but the reduction in blade tam-
peratures decreased  as the b-lade tip was approached and, for the
upper half of the blade, the temperature  reduction due to the addi-
tion of cooling fins on the rim was negligible.

The temperature distribution through the blade for the turbine
with and without cooling fins on the rim plotted with all&able
blade-temperature curves for various tip speeds and lOOO-hour  blade
life is presented  in figure 3. The critical blade point for the
turbine without fins and for an effective gas temperature of 1500° F
was found to be at 0.35 the distance from the blade root; at this
point, the allowable blade t~perature was about 1435O F end the
tip speed was 1170 feet per second. The critical blade point for
the turbine with fins occurred slightly farther from the blade root.

The effect on blade life Cxp the addition of cooling fine on the
rim is shown in figure 4. For a fixed blade tip speed of 1170 feet
per second and an effective gas temperature of 1500' F, the addition
ef f Ins indicates an incresse in blade life freon 1000 to 2000 hours.
In practice, such an increase would be difficult to realize because
the effective gas twrature and weight flow would have to be kept
uniform and the blade material would have to be homogeneous  to a hi&
degree. The results indicate that near the rupture point the life of
the material is highly seneitive to small temperature changes.

The &fect oF the addition of cooling fins on the rim on the
effective gas t~perature Is illustrated in figure 5. It was found
that for a blade life of 1003 hours and a blade tip speed of 1170 feet
per second, the addition of fins petitted an effective  gas temperature
of 1530°F, an increase cxf 30° F. It is pointed out that figure 6 in
reference  3, which ehows possible increases in effective gas tempera-
ture for a range of blade parameters, gives in this case a result con-
sistent with this value.

From the preceding  results, itmey be observedthatthe addition of
cooling fins on the rim resulted in doubling the blade life, although
it permitted  only a slight increase in effective gas temperature.
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The results of a two-dimensional‘investigation of the taapera-
ture distribution through the turbine rim and rotor, obtsined by
use of the relaxation method, are shown in figure 6. The inves-
tigation was made primarily to determine the accuracy of the radial
(one-dimensional) distribution previously found. The results are
limited to the turbine rim end rotor because no significant  changes
could be found in the blade-temperature distribution without a
considerable amount of calculation necessitated by a reduction in
net spacing end a large increase in the number of net points used.
The radial-temperature  distribution paved to be accurate; the
addition of cooling fins on the rim resulted in lowering the tem-
perature at the blade root by about 3000 F. Correspondingly
larger increases were found neerer the turbine axis..

Although the three-dimensional temperature  investigation
through a se&ion Ccp the turbine rim near a blade root is not
directly related to the other investigations  reported herein, it
is included because of its value for any future study cf rim
thermal stresses. The results of the investigation sre shown by
the isothermal surface in figure 7; the l/4-inch section of the
rim that was considered is divided into three lsyere in order to
show more clearly the isothermal  surfaces. Acarefulstudycf
figure 7 shows the temperature changes in the various directions
for the rim section that was used in the investigation.

The following results were obtained frcan a theoretical inves-
tigation of the temperature  distribution through a turbine with a
specially designed blade and with and without cooling fins on the
rim:

1. For a fired tip speed of 1170 feet per second and an effec-
tive gas temperature  of 1500° F, the addition of rim fins permitted
a slight increase in the effective gas temperature  (from 15OOO to
1530' F).

2. The two-dimensional temperature distribution, obtained by the
relsxation metha, proved the analytically determined radial distri-
bution to be sufficiently accurate for most applications.

3. The three-dimeneionsl temperature distribution revealed the
conditions  existing in a section of the rim near a blade root and may
be applied to investigations  of thermal stresses.

Flight Repulsion Research Laboratoq,
Rational Advisory Ccnmnittee for Aeronautics,

Cleveland, Ohio.
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TIP sectton

Central sactim

-
Root sectlon

F i g u r e  I. - S e l e c t e d  s e c t i o n s  o f  s p e c i a l  t u r b i n e  b l a d e  suttable f o r  rim
cool tng.
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1600
I I I I I
Rotor Rfm Blade

3 4
Radius, r, in.

5 6 7

F i g u r e  2 . - R a d i a l - t e m p e r a t u r e  dlstributlon t h r o u g h  t u r b i n e  w i t h  s p e c i a l
turbine b l a d e s  f o r  effectfve  g a s  t e m p e r a t u r e  o f  1500°  F .

.
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F i g u r e  3 . - Radial-temperature  distribution  t h r o u g h  s p e c i a l  t u r b i n e
b l a d e  f o r  e f f e c t i v e  g a s  t e m p e r a t u r e  o f  1500’ F .
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F i g u r e  4 .  - A l l o w a b l e  increase I n  b l a d e  tlfe f o r  turbine w i t h  c o o l i n g
fins o n  t h e  rim f o r  b l a d e  t  tp s p e e d  o f  1 1 7 0  f e e t  p e r  s e c o n d  a n d
effectfve  g a s  t e m p e r a t u r e  o f  t500° Fi

.
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F i g u r e  5 .  - A l l o w a b l e  i n c r e a s e  i n  effective  g a s  t e m p e r a t u r e  f o r  t u r b i n e
w i t h  c o o l  tng f i n s  o n  t h e  r i m . B l a d e  tip s p e e d , f  170 f e e t  p e r  s e c o n d ;
b l a d e  I  i f e ,  IO00 h o u r s .
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.

(a) Withoy;,c;~~ina  f i n s  o n
.

. .8325-------+-.2820-i

(b) Wi th  coo l ing  f ins  on  the
rim.

Figure 6 . - T e m p e r a t u r e  drstributlon t h r o u g h  c r o s s  sectton o f  turbfne
rim a n d  r o t o r  f o r  effective g a s  t e m p e r a t u r e  o f  1500° F . (Al I dlmen-
sfons i n  tn.1
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.

.
Figure 7 . - Isothermal s u r f a c e s  fn s e c t i o n  o f  turbine rim n e a r  b l a d e

root considered for three-dimensional relaxation.
In ’ F.1

I Tempe rat u re
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