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An error has been found in the labeling of the curves of figure 3.
A copy of the corrected figure is attached.
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RESEARCH MEMORANDUM

THECRETICAL ANALYSIS OF THE ROLLING MOTIONS OF ATRCRAFT USING
A FLICKER-TYPE AUTOMATIC ROLL STABITLIZATTON SYSTEM HAVING
A DISPLACEMENT-FLUS-RATE RESPONSE

By Howard J. Curfman, Jr.
SUMMARY

A general anslysie is presented which allows the amplitude and period
of the steady rolling oscillations of ailrcraft using the displacement-—plus—
rate response, flicker—type automatic roll stebilizatlon system to be
determined. Tt 1s shown that the insrtia, damping, and control charac—
teristics of the alrcraft in roll and the lag tims and rate factor of the
automatic system are sufficient to define these rolling oscillations, and
charts are presented from which the amplitude and period of the resultant
steady osclllatlons may be found. The addition of the rate—sensitive
element to the displacement response, fllicker—type system reduces the
emplitude and increases the frequency of the steady—state oscillatlons.
Because of the inherent residusl oscillations, this system may not be
considered ideal for many steblilization problems; however, thils flicker-
type system eppears to offer a simple solution to those applications where
gteady rolling oscilllations may not be objectlionable. Current trends in
Filotless-alrcraft designs Indicate that the sublect system can provide
roll stabilization wlth small amplitude resldusl oscillations. Close agree—
ment 1s shown to exist between the theoretlicsl resulis and roll—simulator
tests.

INTRODUCTION

The stabilizatlon of alrcraft in roll by means of automatic control
153 one of the Important problems exlsting in the fleld of pilotless—aircraft
research. Thls paper, like reference 1, has as 1ts purpose the study of a
particular type of automatic control system and 1ts adaptability to providing
roll stabilization in terms of the conventlonsl alrcraft parameters.

The automatlic roll stabillizatlion system considered herein is the
displacement—plus—rate response, fllicker—type autamatic pilot. In this system
the sense of ths control moment is dependent on both the angular displace—
ment and the rate of dlsplacement from a glven reference. The control

SOEFEFENTTAL UNCLASS!F!ED
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moment 1s conslidered to be constantly applied in either one direction or
the other at all {imes; hence, the name flicker—type system. It is
recognized that the continuous applicaetion of the control moment may not
be ideal for many stabllization problems; however, such a system may prove
an economic and simple solutlion to those applications where residual
ogclllations of small magnitude are not objectlonabls,

The alrcraft and the automstic control system parameters which affect
the rolling motlions of an aircraft are found by consldering the aircraft as
& single-degree—-of-freedom system In roll controlled by the automatlc pilot.
Charts are presented from which the amplitude and pericd of the resulting
steady—state rolling oscillations may be found. Roll-simulator tests
employing a subject automatic roll stebilizetlon system are lncluded to
show the agreement between this theoretical approach and the experimental
results.

SYMBOLS
angle of bank, radians
Y angular rolling velocity, radlans per second {d@/dt)
Ix moment of inertils about longitudinal axls of aircraft, slug—feete
L rolling moment in general and control momsnt in particular, foot~
pounds
Lp rate of change of rolling moment wilth angular rolling veloclty,
foot—pounds per radian per second (oL/Jdp)
1 combined differentlal deflectlon of allerons, radians
Ly rate of change of rolling moment with alleron deflection, foot—
pounds per radian (OL/JB)
Ly control moment, foot—pounds (L)
t time, seconds
Ot time increments measured from translated time origins, seconds
T time lag in operation of the servomotor, seconds
a demping-to—inertia ratio, per second (QLP/Ix[)
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nondimensionsl lag Pfactor (at)

A proportional rate factor of subsidisry feedback loop, radians per
radisn per second (see appendix, eguation (8))

R nondimensional rate factor (aA)

1 angular output of the differentiator, radians (-AD)

Prax maximom angular rolling velocity,.radians per second

C fractions of R .4

€ servomotor operating error, radians (see appendix, equation (6))

¢i reference bank angle, radlans (considered as zerc herein)

A amplitude of steady—state rolling oscillations (one-half total
displacement), radians \' '

Ap_o emplitude of steady—state rolling oscillsetlons when R = O,(that is,
for the displacement response, flicker—type system), radians

B nondimensional amplitude factor (LIx/Lpg)

P period of the steady—state rolling oscillations, seconds

In natural logarithm

e base of natural logarithm (2.7183)

Numerical subscripts refer to time limits (see appendix).

DESCRIPTION OF THE AUTOMATIC STABIT.TZATTON SYSTEM

In genersl, the displacement—plus—~rate response, flicker—type automatic
roll stabilizetlon system is shown as a block diagram in figure 1 and
operates as follows: The detection of an error ¢ causes the ssrvomotor to
opsrate the controls to apply a comstant rolling moment to the alrcraft. The
sense of this rolling moment I 1s dependent upon the sign of €. A differ—
entiator whose output is an aengle proportional to the rolling velocity of the
aircraft forms a subsidiary or parallel feedback loop. The angular displace—
ment of the alrcraft in roll is also detected through another feedback loop.
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The two summing devices determine the difference between actual angle of
bank, the anguler output of the &lfferentlator, end the reference, ¢1,
thus forming the error ¢ causing the servomotor to function. Since the
error controllling the system is a function of both the roll displacement
and the rate of roll displacement and the applied control moment 1s a
constant to the right or left, the term dlsplacement—plus—rate response,
flicker—type system is applied. Reference 2 reports the succesgsful use of
such a system on & current research pllotless aircraft.

Since the subject system is essentially nonlinear, attention 1s called
to references 3, 4, and 5 which include additional methods of analysls for
nonlinear systems.

METHOD OF ANALYSTS

In this analysis of the rolling motions of an aircraft stabllized in
roll by the displacement—plus—rate response, flicker—type automatic control
system, several assunptions are made:

(1) There 1s a constant time lag in the operation of the servomotor,
that 1s, the application of the constant rolling moment to the alrcraft
occurs at a finite time after the error signal ls applied to the servomotor.

(2) The reversal of the control moment after the time lag is assumed
to be Instantaneous.

(3) The alrcraft response to the constant rolling moment is found from
the single-degree- of*-freedom, rolling-moment equation. In this analysils
this rolling-moment equation is written in terms of actual moments and not
in coefficient form. Hence, the deamping-in—roll and the aerodynamic roll-
control effectiveness must be specified by definite conditions of veloclty
and dynamic pressure.

(4) The case of out—of—trim moments producing roll has been omitted.

The mathematical procedure used in this analysis is closely related to
that of reference 1 and is pregented in thls paper as the appendix. The
analysls 1s briefly summarized in four steps:

(1) The conditions that cause a change in the sign of the error are
formulated. '

(2) The angle—of—bank variation during a complete cycle of a rolling

oscillation is written iIn terms of the general aircraft and system param—
eters whilch define the motion.
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(3) The conditions required for the uniform oscillations at steady
state are found.

(4) The general expressions which defins the amplitude and period of
the steady—state oscillations aie found.

Although the case of out—of—trinm moments producing roll is not
considered herein, it ls believed that & method similar to that used in
reference 1 can be applled to the dlsplacement—plus—rate response, flicker—
type system.

PRESENTATION OF RESULTS

The displacement—plus—rate response, flicker—type roll stebllization
system is characterized by the tendency of the automatically controlled air—
craft to oscillate at a definite amplitude and frequency. These resultant
ogciliations are defined as steady—state oscillatlons. The motions of the
aircraft in approaching steady state followlng a disturbance are not
conslidered herein; howsever, a method simllar to that used in reference 1 for
the displacement response, flicker—type system or a grephical method may be
employed for this transient state.

In thls section only the equations that were used for plotting the
included curves are presented, thelr derivatlions belng In the appendix. All
of the symbols used here and in the appendlx have been presented In a
Previous section.

Required Paramsters

The ansalysis shows that five primary parameters ars requlred to define
the steady—state rolling osciliatlons of the aircraft. These are:

(1) The rolling inertia of the alrcraft, I
(2) The damping in roll of the aircraft, Ly

(3) The control moment causing the ailrcraft to roll, L
{4) The constant time lag in the operation of the servomotor, T
(3) The proportional rate Pfactor of the subsidiary feedback loop, A.

A1l of these parameters must be known or estimated before the amplitude and
reriod of the steady—state oscillations can be determined.
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The results of the analysis are presented in terms of three factors
which include all of the parameters mentioned. These factors are:

(1) The nondimensional lag factor K which is defined as

Ea[ or

K =

(2) The nondimsmsional amplitude factor B which is defined as

(3) The nondimensionsl rate factor R which is defined as

R E’i@

A= 8aA

Each of these factors is used in finding the amplitude and period at steady
gtate.

Steady-State Amplitude

The amplitude of the steady—state rolling oscillations is defined as
one-half the total angle—of-bank displacement. The total displacement was
found from the expressions for the maximum angles of bank for each half
cycle of a steady-state rolling oscilletlon. The amplitude A of the
steady—state oscillations 1s glven as

A= +C°(l—R)+lnr L (1)
A

where C, 1is the fraction of the maximum rate of roll that exists at the

time the sign of the error changes, that 1s, when the servomotor is
signaled to reverse.

It has been shown in the appendix that the steady—state value of Co is
a function of K and R and that once K and R are defined, C, 1s
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unique. At steady state, therefore, the bracketed term of equation (1) 1s
completely determlined. Since the steady—state aempllitude varies directly
with the amplitude factor, figure 2 is glven as the solution of equation (1)
and presents the variation of the ratio of A/B with K for various values
of R. (The value of A computed from this fig. is in degrees.)

Figure 2(a) is presented for small values of K against A/B for varilous
values of R. Figure 2(b) 1s given for larger values of K against R for
various velues of A/B.

Steady—State Period

The period of the steady—state oscillations isg defined as the time
requlred to complete one cycle. The equatlon for the period P at steady
state is glven as

P=2 —-l-ln‘—l_co (2)
! E IE—(J-—'CO)B_K

Although the nondimensionsl rate factor R 1s not explliclt in equa~
tion (2), it is necessarily implied since the steady—state value of C, is

defined by both K and R. Fligure 3 is the graphical interpretation of
equation (2) for the steady state and i1s a plot of the ratio P/T agelinst

K for various values of R. At the values of K and R for the perticular
system, the valus of P/T read from figure 3 mulbtiplied by the lag time will
glve the period of the steady—state roll osclllatlons.

Attention 1s called to the fact that the period does not vary directly
with the lag time although the curve 1s presented in terms of the ratlo of
the period to the lag tims. This fact 1s true because the valus of K 1s
also a function of T. For example, at a particular R, the doubling of T
does not exactly double the period since the value of P./—r is changed due
to the resultant doubling of K.

DISCUSSTION OF RESULTS

To show more clearly the effect of the rate—of—roll component on the
operation of the complete asystem, a comparlson can be made between the
system with and without the rate—sensltive slement, that 1s, between the
displacement response and the dilsplacement—plus—rate response, flicker—
type systems.

Referring to figure 1, the purpose of the rate of sensitive element,
the differentiator, is to cause the error e , which energizes the servomotor,
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to be & function of the rolling velocity as well as the roll displacement.
Without the differentiator the servomotor is signaled to reverse when the
bank angle @ equals zero. (The referencs bank angle @; is considered

zero herein.) It 1s evident that the amplitude of the rolling oscillations
could be reduced if the signal for reversal of control moments could occur
as the aircreft is approaching the zero reference position. Thils effective
leading signal is obtained by using the differentlator whose output n is
proportional to the rolling velocity, since the signal reversal will then
occur when the bank angle ¢ is equal to the differentiator output 1.

The reduction in smplitude of the steady—state rolling oscillatlons
due to the addition of the rate—sensitive element is shown in figure 4. The
ordinaste is the ratio of the amplitude with the rate factor R to the
amplitude when R = 0, that is, the ratio of the ampiitude of the
displacement—plus—rate response, flicker system to the dlsplacement response,
flicker system. The ebscissa 1s the nondimensionsl rate factor R, and the
curves are presented for verious values of the nondimensional lag factor K.

In addition to showing the beneficial effects of the rate component on
the amplitude, the expected bensfits of a reduction of servomotor operating
lag are also revealed. For dlsplacement—responsge systems where the
operating lag cannot easily be further reduced, the addition of the rate—

" senslitive element appears to be the obvious step to take in the Improvement
of amplitude characterlstics of flicker—type systems as described herein and
in reference 1.

An accompanylng effect of the sddition of the rate component to the
system 1s & corresponding reduction in the period of the steady-state
oscilletions. TFor the range of velues of K shown on figure 4, the
reduction in period results in the frequency of the oscillations with the
rete component belng approximately three timss the frequency without thls
element for the highest values of R considered. Im practice thils feature
may be undesirable if the response characteristics of an element of the
gystem are frequency variant. An example of such an application is the use
of a rate gyroscope as the rate—sensitive element. In order that the
response of the rate-~gyroscope system be reascnably linear with respect to
ths rolling veloclty, 1t must operate well below 1ts natural frequency.
Consideration should be given, therefore, to this and any other characteristics
that may be influenced by the increase in the frequency of osclllatlon due
to increased valuss of R. This effect of the rate factor R on the perlod
can alsoc be noted on figure 3. For any value of the nondlmensional lag
factor X, the period for any R is slways less than the value for R = O,
the displacement response case.

From the. preceding discussion it is recognized that the adjustment of
the rate-sensitive slement can, within reasonable limits, afford an sxce)—
tional amount of control over the amplitude of the rolling oscillatlons
cxperienced in the automatically stabilized alrcraft.
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APPLICATION OF RESULTS

Table I has been prepared 1n an effort to indicate whether or not the
toplc automatic roll stabilization system might be of value in current
problems. The alrcraft shown are not ldentical with any particular pilot—
less alrcraft designs, although current trends are revealed in the magnitude
of the characterlstlcs presented. Also shown 1n table I is a comparison of
the amplitude and period for the displacement respomse (reference 1) and the
displacement—plus—rate response, flicker—type systems for the same alrcraft.
The value of the proportional rate factor A was chosen very arbitrarily
and is not intended to indicate a most satisfactory or optimum value. It
1s actually the value found for the system used 1n the roll-simulator tests
discussed later 1n this report. It is noted in the examples given that the
rate elemsnt causes a reductlon in the steady—state ampllitude to as much as
one—thirtieth of that found for the dlsplacement response, flicker system.
The accompanying Increase 1n the fregquency of the steady—state osclllations
is shown by the reduction in the period. TFor aircraft 2 and b where the
displacement—response system glives very large amplitude oscilletions, the
systen .with rate decreases the asmplitude to values of a more tolerable
magnitude. The effects of lag are shown for alrcraft 3.

Although no speclal trends as to the effects of the other parameters
can be determined from this table, the method presented hereln sllows a
rapld determination of the effects of changes in the various factors with
velocity, altitude, Mach number, and so forth.

Roll-Simulator Tests

In order to substantlate these theoretical results, experimental tests
were run using the roll simulastor developed by the Imstrument Research
Division of the Lengley Aeronsutical Iaboratory. Thils Instrument l1s a
single—degree—of—fresdom system which 1s controlled by an actual automatic
system mounted on a moving table. The control torque—to—inertia ratio and
alrcraft demping—to—inertie ratio are electromechanically simulated.

A gyroscoplic unit comprising both displacement and rate gyroscopes and
an electrically operated servomotor were used as the displacement-plus—rate
response, flicker—type sutomstic stablilization system. Thle system ls
schematically represented in filgure 5. The rider arm ls attached to the
outer gymbal of the displacement gyroscope and remains orlented, providing
the zero space reference. The commutator drum is attached to the mounting
cage of the displacement gyroscope through the rate gyroscope linkage and
rotates as the aircraft displacement 1s changed., The rate gyroscope 1s
mounted to be sensitlive to rolling veloclty and 1s srring-restrainsd sbout
its precessional axis. The commutator drum 1s also rotated through an angle

N R
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proportional to the angular deflection of the rate gyroscope and thus
Pproportional to the rolling velocity by a suitable linkage. The contact
of the rider arm with elther of the segments of the commutator drum
energlzes the servomotor, causing the control moment to be reversed and
maintalned wntll a control reversal is again signaled. '

The results of two simu.ator tests are presented in table II. These
results are considered to be In good agreement with the theoreticsl results
because of the followlng restriction placed on these tests: The rate
gyroscope used had stops which limited its deflection; therefore, for the
present theory to apply, only those condltions which enabled the system
to function without the rate gyroscope hitiing or remaining on the stors
had to be employed. In each case the damping—to—inertls ratio requiresd
wasg out of the linear range of simulation for the Instrument.

CONCLUDING REMARKS

A generel analysls of the steady rolling oscillations of alrcraft
using a displacement—plus—rate response, flicker-type automatlic roll
stabllization system hes been presented. Thls system may not be considered
satisfactory for many stabllization problems because of the inherent steady
osclillations; however, this flicker—type system appears promising where
steady—state osclllations may not be obJecticnal. Current trends in
pllotless-aircraft designs indicate that the topic system cen provide roll
stabilization with smsall amplitude residual oscillations. It has been
shown that the addition of a rate—sensitive element to the displacement
regponse, flicker—type system of reference 1 1s an effective method of
improving the amplitude characteristics. Accompenying the reductlon of
the steady—state amplitude due to the rate component is an increase in the
frequency of the rolling oscillations. Charts have been presented for the
determinstion of the ampllitude and period of the resultant steady—state
oscillatlions, and these theoretical considerations have been shown to be in
closs agreement with roll-—simulestor tests.

Langley Aercmautical Laboratory
National Advisory Committee for Aeronsutlcs

Langley Field, Va.
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AFFENDIX

DERTIVATION OF EQUATIORS

Basic Equations of Motion

The basgic dlfferentiel eguatlon of motion 1n this analysis 1s the
rolling-moment equation for one degree of freedom:

II:-'—:%—LP%%=L (1)

The right—hand member of equation (1) is the constent control moment. The
solution of thils linsar differential squation ylelds “he relatlonships

_ Lix (Lp/Ix)t Lp)t X
pal ke
+ p(0) If—XE(LP/Ix)t —ﬂ + 9(0) (2)
P |
o-L E(Lp/lx)t —ﬂ + poye TP/ T)E (3)
P .

where @(0) and p{0) are, respectively, the angle of bank and rolling
veloclty at the time origin considered.

Equations (2) and (3) are modified in form for use in this paper. It
is evident that the varlatlons expressed by these equations are those which
follow the initial conditions defined when + = 0. Herein, the notatlon At
is used in place of t and indicates time Increments measured from a defined
origin where At = 0, thus allowing the equations to be translated along the
time axis when proper consideration is given to initial conditlons, that l1s,
whenever At 1s defined as zero. A second change is made through the use
of the substitution of
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vhere a 13 termed the damping—to—inertias ratio and the vertical bars
indicate the absolute magnitude. The final modlificatlion is the expression
of p(0) as a fraction of the maximum rolling velocity. From equation (3)

L
P [ .-
max Lp
and
p(0) =Cpy,

where C 1s the fraction of p "&t the time origin (At = 0) considered.

Making these changes, the basic equations of motion are

I —a At
g = —-% (1L —-C)e +ant -(1L-0C)|+ ¢(o) (4)

P .=—%‘-1;E —(1-0)" Aﬂ (5)

Signal Reversal

The time of signal reversal of the system 1s defined as the time at
which the sign of the error changes, the error sign change causing the
gervomotor to reverse. Actuael apprlication of the reversed control moment
occurs T B8econds after signal reversal.

Prom the block dlagram shown in figure 1, it 1s seen that the error
may be wrltten as )

€=0@s — (@ —n)

vhers @3 is a reference bank angle and 1s taken as zero herein, ¢ 1s the

actual bank angle, and 1n 1s the output of the differentiator in the sub—
sidlary fesdback loop. Thus, the actlon of the servomotor can be written as
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L= || siten €

ILI sign [— (¢ — -q):[ (6)

It 18 recognized thet the condltions at signal reversal are therefore defined
by € =0 or

g—n=0 (7}

The purpose of the differentiator is to provide an effect of lead Into
the automatic control system; that is, the slgnal reversal is to occur whils
the aircraft 1s approaching the zero reference position dus to the rate of
rolling inastead of at the zero refersnce, as 1n the case in the dlaplacemesnt
response, flicker-type system. The output 1 of the differentlator is
written as :

n = AP (8)

whers the nsgative slign is requlred i1f the actlon of the subsldliary feedback
loop 1s to cause the system to lead. The factor A 1is the rate propor—
tionallty factor with the unlte radlans per radlan per second. Substitutlng
into equation (7) gives

g +AR=0 ' (9)
as the conditions which must exist at signal reversal.

Since the maximm value of the rolling veloclty can be defined, the
maximum valus of 17 can be represented as '

Mpax = A Ipma.x:l
The following notation is convenient for use herein:
n = oy (10)

where C 1is defined as & fraction of ths maximm rate of roll and has the
gign of the rolling velocity at the instant considered.

N )
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These conditions at signal reversal and the baslc equatlions of motion
can be uged to describe the angle—of-bank varlatlon during a cycle of the
roll oscillations.

First Half Cycle of Roll Osclllation

A general description of a rolling oscillation 1s begun by considering
the alrcraft banked to the left with the constant right rolling moment
rolling the sircraft to the right. (See fig. 6.) The condltion of signal
reversal is also assumed (@, = n,) &nd is given by At =0, @(0) = Bos
and C = Co, the numerical subscript referring to point O, figure 6. From
equation (10).

Mo = Colmax (11)

From equatione (h); (5), and (10) the angle of bank, rolling velocity, and
differentiator output variations during the Interval between polnts 1 and 2
(fig. 6) are written as follows:

@o1 = §£§ [El ~Co)e 2 4 ant — (11— Coi] + fo (12)
3
1, -a At
oy = -E —(L-cole ™t q (14)

Since conditions of signal reversal were assumed at point O, the actual
reversal of the control moment occurs after a lag periocd of T seconds, or
at point 1 (fig. 6). Substituting At =T into equations (12), (13},
and (14), and defining the nondimensional lag factor K = aT, the conditlons
at control reversal are found to be

¢l=%’25- El—co)e-K+K——(l—Co] + 2, (15)
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C1Pmax (16)

b1
M1 = C1Mmax (17)
where Cj 18 poslitlve slnce the roll 1s to be right and is given by

C1L = [1 - (1 - co)e‘%l : (18)

The motlon followlng the reversal of the control moment, expressed
as ¢12, is found by the superposition of the lncremental changes in bank

induced by the reversal of the control moment. The control moment conslidered
herein is an aserodynamic contrdl moment expressed by

L = 8Ly

where 8 1s the combined ma.ximm differential ailleron deflection (measured
from zero deflection) used as & flicker control and Ly 1s the control-

effectlveness perameter. Since the flicker—type control causes a change
from maximum control deflection in one dlrection to meximum in the other,
the incremental changes in bank induced by control reversal are found by
considering the control moment as twice that given by the previous equation.
Time Increments in thls case are to be from control reversal, point 1, with
the inltial conditlons at this point considered.

$12 = B El—cl)e_aAt+aAt—(l—Cl£l + @1
—2B(e'a &t 4 g At —1) (19)

where @ 1is given by equation (15) end B 1s termed the amplitude factor
and is defined as

LIE
Lp2

B
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Substituting equations (18) for C; and (15) for @), the angle—of-bank
variation following control reversal takes the "form

@12 = Po + BSK + (l—co)<e‘K—1)—aAt
+ (o8 &t 1) [(1 — Co)e X — 2]} (20)

Tt is now assumed that point 2 (fig. 6) represents the time of the
next signal reversal. This condition will be satlafled when

Po = 1o (21)

Differentiating (20) and substituting t,, for the time increment in reaching
point 2, the fraction C, of the maximum rolling veloclty existing there 18
found to be

Cp =20 212 _ (1 — co)e_(K+at12) -1 (22)
The followling angles are also regqulred:
@ = P, + B {K + (L - CO)(e‘K- l) — aty5
¥ (e‘atl? - 1) [(l S (23)

Mo = Cofipay (24)

Tt is evident at this point that the remainder of the cycle could be
defined in a similar way; however, this is not required in the evealuation
of gteady—state conditions.

Conditions at Steady State

At steady state, with no out—of—trim moments producing roll, the oscil-—
lations are symmetrical about the zeroc angle of bank reference position. The
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angles of bank and rolling velocities existing at signal reversals must
therefore be the nsgatives of one another. The following conditlions there-
fore exist at steady state:

c2 ""Co
¢2=‘¢o
112_-'_"10

t1p =—Z In = (25)

Substituting equation (25) into (23) glves

Go — Bo = B K+2Co+1n:r 1—Co 1 (26)
[?—(l—co)e_KJ

The left-hand member of equation (26) is equel to —2f, Decause of the
gteady—state conditions and may be written as

—2¢o = ~2ng

—2(—400}%&,{)

24C, |4

%
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Substituting this into equation (26) and ueing the expression for the
emplitude factor B glves

[&] gy = i

Ix

or

1 —
2CR =K + 2C4 + In %o = (27)
2 — (1 -¢Cple

where R 1s termed the nondimensional rate factor end ls defined by

A =a8h (28)

Equation (27) is called the conditional eqguation for a half cycle. It
i1s the relationship that must exlst between the factors at steady state.
Since K and R are defined by alrcraft and system parameters, the Cg

oxisting at steady sgtate ls determined.

Steady—State Amplitude Equatlon

The amplitude of the oscillation is defined as one-half the total
amplitude displacement. Since the oscillations are symmetrical about the
reference axls, it 1s only necessary to f£ind the meximum angle of bank. The
time to reach zero rate of roll was found from the differentiation of
equation (20). This time was substituted into equation (20), and the
amplitude was found to be given by

-

A=3B K+Co(l—R)+ln[ ﬁ-—] (29)
- (l -C )e

At steady state the bracketed term 1s defined for a given K and R, and
the amplitude may be presented as A/B as a function of K and R.
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Steady-State Period Equation
The period of the oscillation is defined as the time reguired to complete
one cycle. It is evident then that the period P is

P=2(71+ t12)

Using equation (25) for t10, the period is written finselly es

; 1 1L —-0Co
P=2 l =% 1n 0]
T g l;_ (l—Co)eﬁ] (30)

Although the nondimensional rate factor R Is not explicit in equa—
tion (30), it is necessarily Implied since, at steady state, C, 1s related

to both XK and R.
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TABLE T

Alreraft 3 s
Weight, 1b 500 1200
 Diameter, in. 20 17
Length/Dismeter & 12
Aspect Ratio Lie6 4.0
Mach NMumber 1.5 1.5 0.85
L, f-1b | 347 930 270
Ly, ft-1b/rad/sec =6.58 -li20 =17.5
Iy, slug-ft2 0.3 7.8 1.8
7, sec 0.025 [0.025 0.025 |o0.050 [ 0.025
K =T |L.D/Ix| 0.60 | 0,55 |[1.35 | 2.70 | 0.029
/A, rad/rad/sec 0.122 | 0,122 | 0.122 {0.122 | 0.122 |
R = A |1/ 2,93 | 2.67 | 6.59| 6.59 | 0.1k
Amplituds, deg 1,01 | 15.6 | 1.01| 2.63 1.3
Period, sec 0,085 | 0.086 | 0,074 | 0.072 | 0.188
Amplitude, R = 0, deg | 7.75 9% 3.71| 7.0 32.5
Period, R = 0, sec 0,232 | 0.24 | 0,168 | 0.27 0.75

21
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TABLE IT

Roll Simulator Tests

NACA RM No. L8K23e

Test 1 2
s = lIﬁIxi 11.06 10.93
|L/1x | 78,0 7740
B = |L/Ix]| /a2 0,639 0.645
T, sec 0.0312 0.0282
/A 5 rad/rad/sec 0.122 0.122
K = arT 0.345 0.308
R = aA 1.35 1.33
Amplituds, deg (masﬁvd) 2.10 1.91
Period, sec (measured) 0.186 0,189
Amplitude, deg (calculated) 2.11 1.80
Period, seec (calculated) 0.118 0.109
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Figure 1.— Block dlagram of the displacement—plus—rete response, flicker—type automatic roll
stablllzation gystem.
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(2) For small values of K.

Figure 2.— Chart for determining the stesdy-state amplitude.
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(b) For large values of X.
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Tlgure 3.~ Chart for determining the steady-state period.
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Filgure 4.— Curves showing the effect of the rate componsnt on the steady—state amplituds.
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Figure 5.— Schematic dlagram of the displacemsnt-—plus—rate response, flicker—type system used in the
roll similator tests.
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Sigrial reversal
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Figure 6.— Methematical n
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