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RESEARCH MEMORANDUM

A SIMPLIFIED MATHEMATICAT. MODEL FOR CALCUTATING
AERODYNAMIC LOADING AND DOWNWASH FOR MIDWING
WING-FUSELAGE COMBINATIONS WITH WINGS OF
ARBITRARY PLAN FORM

By Martin Zlotnick and Samuel W. Robinson, Jr.
SUMMARY

It is shown that, for the purpose of calculating aerodynamic loads
on the fuselage, the midwing wing-fuselage combination in subsonic flow
can be represented by a simple system of horseshoe vortices located on
the wing with images located inside the fuselage. Using this simplified
nathematical model, 2 method for calculating the 11ft and longitudinal
center of pressure on the fuselage in the presence of the wing is
presented.

In addition it is shown how the simplified mathematicel model can
be used for calculating the downwash behind the wing and for calculating
the gpanwise 1lift distribution on the wing in the presence of the
fuselage.

INTRODUCTION

Mutual 1interference between wing and fuselage has a significant
effect on the pitching moment of the wing-~fuselasge combination since
the longitudinal distribution of the serodynsmic loading on the fuse-
lage 1s altered by the presence of the wing. For configurastions with
unswept wings Multhopp (ref. 1) has developed a theoretical method for
calculating the pltching moment on wing-fuselage combinations which gives
good agreement with experimentsl results. However, for calculating the
plitching moment on swept-wing configurations, only semiempirical methods
such as that of reference 2 are available.

The aerodynamic loeding on the fuselage in subsonic flow is comsid-
ered iIn references 1 and 2 to be made up of two parts. The first part,
which is due to the fuselage angle of attack resulting from both the fuse-
lage geometric angle of attack and the upwash angle induced by the wing,

O .
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hes been calculated in reference 1 for straight-wing configurations and
modified in reference 2 for the swept-wing case. The second part, which
is often referred to as the wing 1lift "carried over" by the fuselage
(which will be referred to in this paper as the induced 1ift), has been
calculated anelytlcally for the straight-wing case by Multhopp. However,
for swept wings Multhopp's calculation cannot be applied and nc other
theoretical method has been availsble. In reference 2 this component

of loading is estimated by an empirilical method.

In order to calculate the induced 1ift on the fuselage in comblna-
tion with a wing of arbltrery plan form, & method is suggested 1n the
present paper which is based on Lennertz's (ref. 3} theoretical work.
Lennertz's results, which are concerred only with an unswept lifting
line passing through the axis of an inflinitely long cyllindrical fuse-
lage, are, in effect, generalized so that 1in subsonic flow the magnitude
and center of pressure of the induced 1ift on the fuselage when combined
with a swept 1ifting line, or even a llfting surface, can be calculated.
A numerical example is given in the eppendix to lllustrate the method.
The effect of finlte fuselage length is estlmated quelitatively from
results of an approximate calculation of the varlation with slenderness
ratio of the induced 1ift on an ellipsolid of revolution conmbined with an
infinite vortex. The approximate calculation is shown to give results
which asgree with results of Vandrey (ref., 4).

In calculating the induced 1lift on the infinitely long fuselage,
the wing-fuselage combinatlon is replaced by s slmple system of horse-
shoe vortices (or doublets) on the wing, with images inside the fuselage.
This representation may also be used, with some modifications, in calcu~
lating the 1ift on the wing in the presence of the fuselage and also the
corresponding downwash. However, for calculating the downwash and the
1ift on the wing, the simplified representatlon of the wing-fuselage
combination, although 1t is consldered to be asdequate, is no longer
rigorous, and the general applicability will depend on experimental
verification.

SYMBOIS
A aspect ratic (wing alone)
a maximum radius of body of revolutlon
b wing span
c wing chord

mean chord, S/b

o
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ey local 1lift coefficient

d ma jor exis of ellipsoid of revolution
Ly total 1ift on the fuselage

h2] pressure

q dynamlc pressure

s wing area (wing slone)

semigpan of bound leg of horseshoe vortex

;]

U free-stream velocity

Unax * maximum longitudinal velocity on surface of body
Xep longitudinal center of pressure

it vortex strength

r spanwise loading coefficient on wing, ccz/E

] mass density

Subscript:

n particular pair of horseshoe vortices

A prime denotes that the quantlity is dlmensionless with respect
to a; an asterisk denotes that the quantity is dimensionless with
respect to b/2; and a bar over a symbol denotes that the quantlty is
dimensionless with respect to =s.

BASTIC CONSIDERATIONS

Midwing Configurastions With Axisymmetricel Fuselages

In the major part of the analysis the fuselege is asssumed to be an
infinjite cylinder. To obtain & qualitatlve estimate of the effect of
the finite fuselasge length, the varlation with slenderness ratlo of the
1ift on an ellipsold of revolutlon with a wing of Infinite span will be
calculated aspproximately in one of the following sections. An approxi-
mete method for making the small correctlon for this effect will be
indicated.
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Review of results obtained by Lennertz.- Lennertz (ref. 3) has cal-
culsted the leteral and longitudinal 1i1ft distribution on the fuselage
of an ldealized wing-fuselage configuration, in which the fuselage was
represented by an infinite circular cylinder and the wing by a vortex
having constant spanwise circulation. The vortices tralling from the
wing tips have images inslde the cylinder, and the bound vortex is
extended inside the cylinder to Join the trailing lmage vortices as
shown in figure 1. With this configuratlion, the boundary condition on
the cylinder of zero velocity normal to the surface ias satisfled only
at 1nfinity and in the plane normel to the cylinder axis which passes
through the vortex so that it is necessary to superimpose =zn additional
potential, which ILennertz calculated. For this case the lateral 1lift
distribution was obtained by considering the momentum change in a verti-
cal plane Infinitely far behind the wing, and the longitudinal 1ift dis-
tribution was obtailned by the use of Bermoulli‘s equation.

Induced lift on an infinite cylinder with a finite wing having
constant spanwige circulation distribution.- It will be shown that
the fuselage 1ift Ly and its lateral distribution dLy/dy are not
affected by the additional potential so that only the components of Lg
and dLp/dy due to the vortex potential need be calculated.

Neglecting all other singularities, the 11ft on & longitudinal
section of the cylinder dy (see fig. 1) due to the vortex potential
is calculated as follows:

The pressure p of any point on the surface of the cylinder can
be written

P = Pg +%‘-p(Um+Au)2 + Av2 +sze]

vhere Au, Av, and Aw s&re, respectively, the longitudinal, lsteral,
and vertical ccmponents of velocity induced by the vortices. The sec-
tion 1ift dLe/dy 1is then written

4aL
& - [ (- m)es

where o end p; are the pressures on the upper and lower surfaces,
respectlvely.
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Then

e _ 2prf Au dx (1)
dy ~

Only the velocities 1nduced by the bound vortex comtribute to the lift.

It may be noted that, since the dilstribution of the longltudinsl
Veloclties induced by the bound vortex ls symmetricel about 1lts axls &t
every section dy, the longitudlnal center of pressure of the 1ift due
to the vortex potential 1s on the axis of the bound vortex.

A closed expression for the Integrasl In equation (1) may be readily
derived as follows: Consilder the rectangular path indicated by the
daeshed line in the upper right sketch in figure 1 and the cross section
downstream at infinity shown In the lower right sketch of the same fig-
ure, The line integral of the tangential velocity component, taken

around the complete rectangle, AﬂAu. ds must be I} where the path

22
/2

where it does not 1link one of the horseshoe vortices (0 < |y| <

< lyl < |a|), and must be zero

)

links one of the horeeshoe vortices (

ac
b/2
Then the desired integral in equation (1), which is the longitudinal

portion of the complete line integrsl § Au ds, must equal \9;Au ds
minus the line integral along the short vertilcal line gt infinity

2
f Aw(eo,y,2z)d2z, where u refers to the upper surface and 1 refers to
u

[-+]
the lower surface. The integral f An dx  1s
-0

[: Au dx = §Au ds -\‘/;Z Lwleo 4y ,2)dz (2)

Since
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then
1

f OHw Gz = ¢u -~ ¢Z
u

where ¢u and ¢3 are the potentials on the upper and lower surfaces s

respectively, in the plane X = . When |8 _| < l¥] < |al,

t

V2 - 52
b

y—

an~1 ——-——32 - 52 - tan=1 ____‘aE - ¥2
b

Y+ oz y -2

b2 -
1\e2 - 2 1 1 jtan-1 B% -

y+_372-2- ("23.)2_&2

'y -1
@y = -¢ = —= [tan
u 1 >

|

tan”

and

\?QAu ds = Iy,

2
and when 0O < |y| < -_37— the strength of the image vortex located at
2
_ai_ is increased by =
b/2
I \l 2 _ :I 2 \l 2 _
¢11 = -¢Z = —E tan_l —a_._ﬁ - tan_l g ye - + tan"l i—_y.e_. +
2% B b a2
V-3 v*+3 Y-
b/2
bf o 2
\l 2 25ya= - y
‘tan_"l —-a—.-—-ﬁ = L F-b tan™ § - X
a2 x B2 2 2
v B)° - a
/2
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and.

ﬁgAu de = O

Then, from equation (2), the lateral 1ift distribution of the induced
1ift can be written

by._ .2
arg Ble? - 72
dy

= pU.T'p l—%tan"'l 22 (-a <y <a) (3)
b - g2
(3
and after integration over ¥
2
- B ( - (%)
Le o« b /2

which are the same as the expresslons obtained by Lennertz for de/dy
and the total fuselage 1ift ILp. The componenits of Ly and de/dy
due to the additional potential must therefore be zero.

The longitudinsl 1ift distribution on the cylinder calculated by
Lennertz, which included the effect of the additiocnal potential as well
as the vortex potential, 1s slightly different from that which would be
calculated due to the effect of the vortex potential alone. However,
both distributions are symmetrical about the axis of the bound vortex.
The longitudinal center of pressure of the lift due to the vortex poten-
tial must be at the boumd-vortex axls because the longitudinal velocities
Induced on the surface of the cylinder by the bound vortex are the same
in front and in back of the bound vortex as noted before. That the
longitudlnal center of pressure of the 1ift due to the vortex potentisl
and the additional potential must be at the axis of the bound vortex as
the Lennertz calculations show (although he does not say this explicitly)
can be shown as follows:

Superposition of infinite vortlces canceling the semi-infinite
trailing vortices of figure 2(a) as shown in figure 2(b)} will not change
the longltudinal 1ift dlstribution on the cylinder since no longitudinal
velocities are induced. It 1s apparent that the system is the same as
before, with the direction of the trailing legs of the horseshoe vortices
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reversed; therefore, the longitudinal distribution on the infinite
cylinder must be symmetrical about the axies of the bound vortex, since,
if 1t were not, the longitudinal 1lift distributions on the cylinders in
figures 2(a) and 2(b) would be different.

From the analysis in this section of the wing and cylinder combina-
tlon it can be seen that, for calculating the 1ift on the cyllinder, its
lateral distribution, and the longltudinal center of pressure, it 1s
necessary to conslder only the effect of the vortex potential. This
1ift due to the vortex potential will be referred to hereinafter as the
"induced 1lift."

Simplified representation of the wing-fuselage combination.- In
this paper, the wing-fuselage combination will be represented by a system
of dlscrete horseshoe vortices and images, so that configurations with
wings of arbltrary plan form may be treated. It 1s necessary to super-
impose two palrs of horseshoe vortices of the type shown in figures 1
and 3 to obtaln the vortex-image system of figure 4. The vortex-image
gystem of figure 4 can be used to represent wings of arbitrary plan form
In the menner shown In figure 5 by locating the bound vortices on the
wing quarter-chord line or by distributing them over the wing surface in
the same manner. Since the discrete horseshoe vortex becomes a doublet
line asg the length of the bound leg approaches zero, 1t is alsc possible
to represent the wing by a continuocus distribution of doublets.

Figure 3 shows the larger palr of vortices with span 2(yn + s) and

strength +I' near the smaller pair of span 26$n - s) and stremgth -I.
When the bound legs of the smaller are moved to colncide with the bound
legs of the larger, the net vortex strength along the section where they
coincide is zero, and the remaining sections of the larger boumd legs
form the bound legs of the desired system (see fig. 4). From equa-

tions (3) and (%), the lateral distribution of the induced lift and the
total induced 1lift for the vortex-imsge system shown in figure Lt are
glven by the following expressions:

A(ggz) ) (cfz) 2 ltan-1 20 - B)J;E_:_;E - tan™t 20m + N - 2

c (yn _ 5)2 - a2 (yn + 3)2 - g2

(5)
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Al _ ﬂ) o 228 (6)
@S <E n ¥o2 - &2

cc

where (—:l) is the loading ccefficient on the wing at the station y,.

c
n

Since 1t is known that the longitudinsl center of pressure of the
induced 1ift (and total 1ift) for each pair of horseshoe vortices and
images is still located at the axis of the bound vortex, it 1s possible
by superposition to caelculate the pitchling moment on the fuselage in
the presence of a wing of arblitrary plan form if the 1ift distribution
on the wing is known, although the complete longitudinal 1ift distribu-
tlon cannot be calculated unless the component of loading due to the
additional potentlsl 1s calculated. The total induced 1ift and its
lateral 1ift distribution can =lsoc be calculated by superposition. The
method is discussed in one of the followlng sections, and an illustra-
tlve example 1s given in the appendix.

Effect of Finlite Fuselage Length on the Induced Lift

To obtaln an estimste of the error involved in the agsumption of
the foregoing analysils that the fuselage is infinitely long, an approxi-
mate cslculation will be made of the effect of slenderness ratio on the
Induced 1lift of an ellipsoid of revolution combined with an Infinite
vortex. The limiting case of the spherical fuselage 1s treated first
in the menner of Vandrey (ref. 4), and then the general case is treated.

Calculetion of the 1ift on & sphere-vortex combination.- The poten-
tial of the sphere combined with an infinite vortex (fig. 6(a}) is written

(n

Z
¢ =-—tan™" =+ U x|1 +

1 a3
‘(22 ze)gl

where the potentlal for the sphere 1in the free stream is
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3
o1 = Upx|l + £ = (8)

(2+2+ 2P

and the potentisl for the vortex is

I'p -
%:gtwl% (9)

The 11ft on a section of the sphere in the plane ¥ = Constant 1g

= - 1_— " (a - m)as (10)

where p,; and p; are the pressures on the upper and lower surfaces,
respectively., From Bernoulli's equstion,

P ro s do[lo v )+ (v o a0 4 (v 4 7] ()

Py - Py = 2p(u Au + wAw)

where Au, Av, and Aw are the velocities induced by the vortex on
the upper half of the sphere and u, v, and w are the local velocities
on the surface of the sphere. Thus

py=fb B pw =B X T
2:t52_y2 21ra2_y2
. (12)
2 42
=2y 2 =3y Xz
u= w = Xz
2 e a2 2 ® g2
-/
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The 1ift on the section at ¥y = Constant 1is

eU,, ¢a2'y2
a2 - y2 —432-32

e _35h
dy 2 =«

which may be written in the form

£(y)
ay -£(y
since
Au:.& zZ
2x g2 _ y2
and since
U = Upgx
when x = 0, so that
3
Umax='2_Uuo

11l

(13)

(1)

For an infinite cylinder with an infinite ¥Vortex, equation (1) will

a2lsoc hold. In this case

Upax = Uy
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From equation (13) or (14) the 1ift obtained for the sphere is

dLe 3
l{. ooP'b
and for the cylinder
.—f = prRb

Equation (14) gives the exact result for the case of the sphere
with an Infinite vortex and the same result as the method of Lennertz
for the case of an infinite cylinder wlth an Infinite vortex., It 1s
suggested, therefore, that equation (14) may be used to obtain a quali-
tative estlimate for the intermediamte case of an ellipsold of revolution
having s glenderness ratio between 1 and infinity. Thils assumption will
be made In the following section and it will be shown that the value
obtained for the induced 1lift by using equation (1k) is very close to
that obtained by the more accurate mathematical trestment of Vandrey
(ref. 4) for the case of an ellipsold having a slenderness ratio of 5.

Calculation of the 1ift on a combination of an ellipsoid with an
infinite vortex.- From equation (14) the locel 1ift on the ellipsoid i=s
written

dLe (¥)
Frale oUmex /::(y) 2 Au dx (15)

From figure 6(b),

£(y) = ay1 - (1)2

- (16)

Au
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The integration indicated in eguation (1L) yields

1 ALf _ UmaxlUs (17)
U T dy a
PUp &Y l+'d—

The values of Uﬁax[Uw glven as a function of the slenderness ratio in
reference 5 are shown in figure 7.

Figure 8 shows a plot of 1 e against d/a. The result of
pU Iy 4y
g calculation by Vandrey for the case of an ellipsoid with %-= 5 1is

shown to fall near the curve in figure 8. Since Vandrey's calculations
appear to be accurate to 0.05, the agreement may be even better than is
indicated in figure 8. Vandrey's results are obtained by difficult
computations for each body separately, and his method does not yield a
genersl expression similser to equation (17).

Figure 8 indicates that the induced 1lift on the ellipsoids having
high slenderness ratlos (d/a > 5) is about 90 percent of the induced
1ift on the infinite cylinder. Since the fuselasge ig similsr effec-
tively to a semi-infinite cylinder because of the wake which extends
behind it, the loss in 1lift due to the finite fuselage length is about
half of that indicated by the calculation for the ellipsoid of revolu-
tion. The value of induced 1ift obtained by assumling the fuselage to

l( Umaxf Uuo)
be an Infinite cylinder may be multipllied by the factor ) 1l + —_—
1+ T
to correct for the finite fuselage length; however, this approximste
correction can usually be neglected slnce 1t is nearly wmity for qost
practical slenderness ratios. Since the correction is smsll, it is
assumed that 1t may be gspplied directly for the finite-wing case without

1+

be multiplied by equatiomns (5) and (6) to correct for finite fuselage
length.

1 Uﬁax[Uw
introducing significant error, so that the factor 5'1 + = is ®o
a
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APPLICATION OF SIMPLIFIED MATHEMATICATL MODEL TO CAICUIATION

OF THE AERODYNAMIC ILOADING AND DOWNWASH

In the following sections, the method for calculating the induced

1ift will be described and dilscussed
spenwlise loading on the wing and the
methods for calculeting the downwash
are not rigorous since the effect of

and methods for calculating the
downwash will be outlined. The
end spanwlse 1ift dlstribution

the additlonal potential, which

has not yet been calculated, must be approximated by a simple correc-
tion. Although the validity of the correction must depend on experi-
mental verification, 1t 1ls belleved to be adequate, and the exact value
of the additionasl potentlal msy be incorporsted into the method immedi-
ately when it is calculated.

Method for Calculating the Induced Lift on the Fuselage
If the 1lift distribution on the wing in the presence of the fuse-
lage 1s known, say from reference 6 or the method outlined in the
following section (see fig. 9), the induced 11ift may be calculated very
simply. A sample numerical calculation is shown in the appendix. It is

only necessary to substitute into equations (5) and (6) the value of

loading coefficient, cc1, for each of the discrete horseshoe vortices.

[+
The values of the Increments of the lateral 1ift distributions A g;i
on the fuselage due to all of the horseshoe vortices and thelr images
obtained from equation (5) are superimposed to get the complete lateral
1ift distribution dLg/dy. The increment of total 1ift for each palr
of horseshoe vortices and Imeges ALy acts at the bound-vortex axis,
and the longitudinsl center of pressure of the total 1lift Ly is
obtained simply by dividing the sum of the moments of the Incremental
total 11fts ALy by the total 1ift Le (the sum of the increments ALp).

The results of the calculatlon for the lateral distribution and
longitudinal center of pressure carried out In the sppendix are pre~
sented in figures 10 and 11, respectively. Figure 11 shows the incre-
ment of total 1ift ALy contributed by each peir of vortices and images
snd 1t can be seen that the contribution to the total 11ft Lp Jue to
the outboard part of the wing (the contributions farthest aft in the
side view) are smell compared to the contributlon of the inboard part
of the wing. The 1Induced 1lift on the fuselage has also been calculated
by uslng the wing-aslone spenwige 1ift dilstribution shown in figure gj

T
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that is, the effect of the fuselage on the wing 1s neglected. It can
be seen in figures 10 and 11 that, although there 1is about a 10-percent
Increase in the magnitude of de/dy and Lp due to the effect of the

fuselage on the wing, the lateral and longltudlnel losd distribution on
the fuselage i1s practlcally unaffected. The correction for finite length
has not been included in the calculations. Its only effect would have
been to decrease the megnitude of the 1ift, but it would not alter the
lateral or longitudinal distribution.

The totel 1ift end moment on the fuselage can be obtained by adding
the components of 1lift and moment due to the induced 1lift to the com~
ponents of 1ift and moment due to the locsl sngle of attack of the fuse-
lege (which csn be calculated as shown in ref. 2). The 1lift and moment
on the part of the wing outboard of the fuselage wall calculated by the
method of reference 6 or the method of this paper (described in a later
section) may then be added to the 1ift and moment on the fuselage to
get the total 11ft and moment on the combination.

Outline of Method for Calculating the Lift on the Wing in
the Presence of the Fuagelage

The 1lift diestribution on the wlug will be calculated by equating
the downwash angle 1nduced at the three-quarter-chord line by the horse-
shoe vortices centered on the quarter-chord line (see fig. 5) to the
local angle of attack on the three-guarter-chord line at several points
along the span. Since the boundary condltions on the fuselage are not
completely satisfled by the vortex-image system of figure 5 in the
reglon near the bound vortex, it 1s necessary to resort to certain
approximations iIn calculating the downwash. Calculation of the exact
values of these downwash functions would require the calculatlon of the
additional potential which involves a great deal of time and effort,
but 1f such calculatlons were made, the values could be used directly
in the present method and the restrictlons suggested below would be
eliminated.

The approximastions descrlbed in the following sections improve as
the longitudinal distance from the downwesh pointes to the bound wvortex
increases so that this method 1s considered to be best-suited for con-
figurations having fairly small ratios of dismeter to root chord, say

1 with -liameter < nd for swept wings with
for straight wings Root ohord %- & or swep g

Dismeter < 1 calculations of the serodynemic loading on a wing and
Root chord

tip~tenk combination, using a method corresponding to the one described
herein with the downwash points located about 1 tip-tank diameter behind

L
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the bound vortex (EEEEEEEE—-~ l), have been found to yleld results in

Tip chord 2
good general agreement wilth experimental results.

Downwash in region near the wing bound vortex.- Although the
boundary conditions are satisfied completely only at Infinity, the
traliling lege of a single palr of horseshoe vortices and images also
satisfy the boundary conditions on the cylinder in the plane perpen-
dicular to the cylinder axis which passes through the bound legs of the
horseshoe vortices. In addition, the bounmdary condltlons on the cylin-
der are satisfied completely by the semi-infinite vortex-imasge system
everywhere in the plane of the horseshoe vortex. Since the boundary
conditions on the cylinder are satisfied exactly at the points noted,
and are partly satlsfled everywhere else, it will be essumed that the
downwash due to the trailing vortices mey be calculated epproximately,
at least in the plane of the horseshoe vortex, without introducing any
correction factor.

It will be necessary, however, to use a correction factor in calcu-
lating the downwash due to the resl and image bound vortices which have
the greatest tendency to viclate the boundary condition of zero velocity
normal to the surface of the cylinder. It will be assumed that, along
a line parallel to the bound vortex, the effect of the cylinder on the
vertical flow induced by the bound vortex will be the same as 1ts effect
on & two-dimenslonal uniform rectllinear flow, so that the downwash

~induced by the bound vortices on that line is increased by the fac-
a

tor 1 + —5

Ya

The downwaesh angle at a point at y = Yg 8nd X = Xg {(shown in
fig. 4) 1is then written :

S - N F 0 e} of1+8 18
% = eszn: 7n [Fn(x,¥,0) + Gu(x,¥,0) +Ya2 (18)

where the downwash factor due to the trailing vortices Fn and the
downwash factor due to the bound vortlces Gp may be calculated by
the Biot-Savart law.
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The function F, 1s the sum of four terms, each having the form

_ = _ = -
—1 = + 1 -
Yp = ¥g + 1 Jkin - Fa + 1)2 + (iia _ in)e
i - - ]
1 Xa - ¥n _
s _ % -1 + 1
¥n - Fa *(g'n'ia"l)e"'(ia‘in)e

(the term corresponding to the tralling legs of the horseshoe vortex
centered at ¥y = yp) and the function G, is the sum of four terms,

each having the form

1 {— Yn = ¥a + 1 ¥n - Fa -1

%o - i“u(sfn - %+ 2%+ (R - ) \(Fa - e - )% ¢ (R - %)

(the term corresponding to the bound leg of the horseshoe vortex
centered at ¥ = yn).

Scheme for calculaeting spanwlise 1ift dlstributlion on the wing.- The
1ift distribution on the wing is calculsted by equating the downwash
angle on the wing induced by the vortex-lmsge system to the locsl angle
of attack on the three-quarter-chord line of the wing at n points as
in reference 6. Thus equation (18) is written for each of the n sta-
tions, and the simulteneous equations can then be solved for ¥, at
n points on the span. The + marks in figure 5 indicate the points
where the downwash 1s equated to the local angle of attack.

The effective angle of attack ag 1s equal to the geometric angle
of attack on the wing Og plus the angle of attack lnduced by the
fuselage

= ag + apt _ ) : - (19)
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and

'gﬂ
n
&
/’:T\
+
l M
o
~—
1
8

a2 (20)

where ap 18 the geometric angle of attack of the fuselage and the
factor 1 + ?g- takes into account the increase in the vertical velocity

of the free stream in the neighborhood of the fuselage as calculated by
ssgsuming the fuselage to be an Infinite cylinder in a two-dimensional
uniform rectilinear flow of magnitude Vap.

The effect of finite fuselage length (referred to in ref. 6 as the
"inflow effect") must be included separately by multiplying 7 at each
spanwise stetion by the factor 1 + 286 where & is the ratio of the
local increment of longiltudinal veloclity due to the fuselage to the free-
stream velocity. As shown in reference 6, the factor 1 + 28 is used
to account approximastely for the small increase in dynamic pressure in
the flow over the wlng due to the lncresse in the local longitudinal
velocity near the surface of a fuselage of finite length.

Outline of Method for Calculating the Downwasgh

The downwash calculatlons made in this section are for the case
when the wipg 1s at en angle of incidence with the fuselasge at zero
geometric angle of attack. The accuracy of the calculated results must
be verifiled by experimental results; however, by comparison with results
of downwash calculations for the wing alone, the results of the calcu-
letions for the downwash in back of the wing-fuselage combination may
serve to give useful information regarding the effect of the wing-fuselage

interference.

As was noted previously, the boundary conditions on the wing-fuselage
combination are completely satisfied by the vortex-image system infinitely
far behind the wing. At & great distance behind the wing, therefore, the
theoretical value of the downwash can be calculsted accurately for a
glven spanwise 1ift distribution. This calculation 1is simple, and the
results may be useful for certain epplications. However, the aspproxi-
mations made in the preceding section for calculating the downwash at
the wing three-quarter-chord line may give more sccurate results for
the downwash calculseted in the plane of the wing in the region nearer
the bound vortex.

ahllERisanr
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If the 1lift distribution on the wing is known, say from the method
of reference 6, or the method outlined in this paper, the downwash angle
in the plane x = » may be calcilated by adding the downwash due to
each palr of trailing vortices and thelr Ilmages. Thus, from the Biot-
Savart Law and figure 4, the downwash angle o, at the point ¥y = yg,

Z = Zgy, and X = o 18 glven as

1
Oy = E I F (21)
2nhg¥ i nn .

where

Yo + g + 1 Yn + ¥g - 1 .
- 2 - 2 -
(yn + 3y + l) + za_2 (yn + g - l) + a2
52 22
Fo - =— + 1 §o-2=-1
In & ¥n .
- 52 2 - a2 2 _
ya_§_+l +za2 (ya-f‘—- +za‘2
2 g2
§a+;‘—-+l ia+?—1
n n
- (22)
52 2 2 2 2 2
Ya +=—+ 1) +E; 3'r8_+§——l + Zg
Yn Yn

and 7y = (cey/8), 1s the local 1ift st station iy,.
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The representation of the wake by discrete vortices 1s satisfactory
1f the downwash is calculated at points halfway between the trailing
legs (ya = yn). The velues calculated at these polnts may be faired

to obtain a continuous spanwise distribution of downwash angle.
CONCIUDING REMARKS

For the purpose of calculating the longitudinal loading on the fuse-
lage in subsonic flow, & midwing wing-fuselsge combination hes been repre-
sented by a system of discrete horseshoe vortices and imsges. Using this
simplified mathemastical model, a method for calculating the 1lift on the
fuselage induced by the wing is presented and illustrated by & numerical
exsmple. This "induced 1ift" can be added to the lift on the part of
the wing outboard of the fuselsge snd the 1ift on the fuselage due to
the upwash induced by the wing to get the total loading on the wing-
fuselage combination with an axisymmetrical fuselage and a wing of
arbitrary plen form.

In addition to the method for calculating the induced 1lift, which
is theoreticelly rigorocus, methods for calculating the downwash far
behind the wing and for calculating the spanwise 1ift distribution on
the wing in the presence of the fuselage are outlined. In calculsting
the spanwise 1ift distribution on the wing, approximations are made to
account for the effect of the "additional potential so that the method
is not rigorous. However, the effect of the additional potential may
easlly be incorporated into the method when it is calculated.

Langliey Aeronsutical Laborstory,
National Advisory Committee for Aeronautics,
Langley Fleld, Va.
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APPENDIX

ILTUSTRATIVE EXAMPLE
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A numerical example 1s glven to 1llustrate the method presented in
the body of the pesper for calculatling the induced 1ift on the fuselage.

Geometric characteristics of the midwing configuration used in the

illustrative example.- The
is essentially the same as

plan view of the wing-fuselage combination
shown in figure 5. The geometric daste are

Aspect ratio e 6 ® 6 &6 & & & @6 e o6 6 & & & & & 6 & 6 6 & e 8 s e e 8
Taper ratio - - - * - - - [ ] [ ] - - - . * * L ] * - - . . * - - Ll . - 0.]+5
Sweepback, A€ « ¢ o o o o o o« a o o o & o 2 2 e a o s 8 o o 8 & = 45
a* - - - L] - L] . . - - L] - - - - - - L] . - L] - - L] - * L] - - L] - - 0 L lo
s* - - L ] . - - L] L d - L - - - L L] . L - . L] L] - L] - - - - a - - - L} 0 [ ] 05

Spanwise loading on the wing in the presence of the fuselage.- The

spanwise 1ift distribution on the wing in the presence of the fuselage
tebulated below and shown in fligure 9 1s the same as the one cbtained

in reference 6 for a high midwing configuration.

It 1s, however, quali-

tatively correct for the pure midwing case and is used to 1llustrate

the procedure for obtalning the induced 1ift on the fuselage. The 1ift
distribution on the wing in the presence of the fuselage plotted In fig-
ure 9 is tabulated as follows:

CCZ
n yn* Xn* (T:—)

c /n
1 0.15 0.15 0.369
2 .25 .25 .366
3 .35 .35 .356
L A5 A5 .338
5 .55 .55 .319
6 .65 .65 .300
T .15 .75 266
8 .85 .85 2k
9 .95 .95 200

Longitudinel distribution of the induced lift.- Equation (6} which

gives the 1ift on the fuselage due to & single palr of horseshoe vortices

at (Xh',tyn') and their images can be written
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p = CSZ s” 2 (A1)
aS c /n ynl2 - g'2

The total 1ift Lf/qS is then

Ly _ _» o1 2
- 8 ji:: <‘a )n y 2 (h2)

2 _ g

The longitudinsl center of pressure referred to the Intersection of the
quarter-chord line and the fuselage axis of symmetry (see fig. 5) is

:%;: (C;z) 2 = %'

n ynte - gt

> (3 2
€/n_ ,2 2

c
n
In 8

(a3)

*ep

The computed values of Lg/qS and Xep' are obtalined from the values
presented In the following table:

2 CCy 2 ccy .2 .
o 2 2 z 2 2 g 2 2 o
yn'c - 8t n ynt -8t ¢ /n ynv - g!

1 1.000 0.369 0.554
2 «333 122 .305
3 .168 060 .210
4 .100 034 .153
5 .066 .021 .116
6 .0k8 01k .091
T .036 .010 075
8 .028 007 060
g9 .022 .005 048

Z = O.6l|'2 Z = 1.612
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I
o
.
o]
[OV)
n

. n oy - g!
Xep =
%: (CCZ) 2
1 S /n 2 _ _,2
ynl st
= 2,51
ccy 2 )
The values of s¥* are plotted as vectors in fig-~
¢ /n v 2 - 512
n

ure 1ll, The location of xcp‘ s also shown.

Lateral distribution of the Induced lift.- Equation (5) which gives
the lateral distribution of the induced 1ift on the fuselage due to a
single peir of horseshoe vortices at (xn ,+yn ) and thelr imsges can be
written

dLe
A(E;_ 3 ccz> can=1 2(yn -8 )11 - y.2 an-1 g(yht . B')ql - y'2
T @ o' - 8 )2 -1 (yﬁ' + s')2 -1
(Ak)

The total 1lift at a station Zy' on the fuselage is then

al-p

—d_y——.= E.Z (El) tan"l E(yn' - g') !1 - '_‘,"12 ) .tan"‘l E(YD' + 5')\[1. - 'y"—l

qa L fal S /n : (yn' - sl)2 -1 (yn' . B,)e _ l_J
(a5)



dLp

The value of -d-‘Z—- at *y' = 0,25 1is calculated from the values in the following table (the
q

®<S

lateral lift at any station #y' can be calculated in a similar manmer):

@ @
E(ynl - B') 1 - y|2 2(}’ 'y B') \Il - }"2 ccy
-1 tan~1 O @
n jran o ( )
(va' - )2 -1 (yp' + 8')2 - 1
1 1.5TL 0.918 0.241
2 .918 .633 . 104
3 .633 481 054
L A8 .387 .032
5 .387 .32k 020
6 .32k 279 .01k
T 279 2hh .010
8 24k 217 .007
9 217 .195 ' .005
Z = 0,487

7Z (ccz) (@ @) = 0.310

at y' = 0.25. The complete lateral 1ift distribution is shown in figure 10.

=
a
B
g,
»
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V]
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Figure l.- Combination of horseshoe vortex and infinite cylinder.
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Plgure 3.- Superposition of two unequal pairs of symmetrical horseshoe
vortices to form a discrete horseshce vortex-lmsge system.
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Figure b4.- Cylinder with & pair of symmetrically disposed horseshoe
vortices and thelr images.
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Sweepback angle, 45°;

taper ratio, 0.45; A = 8; a* = 0.10.

Figure 5.~ Cylinder-wing combination.
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(b) Infinite-vortex—ellipsold configuretion.

Figure 6.- Illustrations of sphere with infinite vortex and ellipsoid
with infinite vortex.
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Figure 8.- Effect of slenderness ratio on the lift carried by an ellipsoid
of revolution intersected by an infinite vortex having the strength I‘b.
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Figure 9.~ Lateral 1lift distribution on wing alone and on a wing-fuselage
combination. Sweepback angle, 45°; taper ratio, 0.45; A = 8; a* = 0.10.
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Figure 10.~ Lateral distribution of induced 1ift on the fuselage in the
presence of the wing, Sweepback angle, 45°; taper ratio, 0.45; A = 8;
B* = oclon e
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Figure 1l.- Longltudinal distribution of induced 1lift on fuselage in the
presence of the wing, Sweepback angle, 45%; taper ratio , 0,15; A = 8;
a* = 0,10.
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