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ELASTIC BUCKLING UNDER COMBINED STRESSES OF FLAT PLATES
WITH INTEGRAL. WAFFLE-LIKE STIFFENING

By Norris F. Dow, L. Ross levin, and John L. Troutman
SUMMARY

Theory and experiment were compsred and found in good agreement for
the elsstic buckling under combined stresses of long flat plates Wi P
integral waffle-like stiffening in a varlety of configurations. For éﬁéﬂ9°
fiat plates, h5 waffle stiffening was found to be the most effective of
the configurations for the proportions considered over the widest range
of combinations of compression and shear.

INTRODUCTION

"The advantages claimed for integral construction (ref. 1 states)
are potential Increase of structural efficiency, reduced assembly time,
and the maintenance of a smooth outer surface. The American effort has
demonstrated that the achievement of these ideals involves machinery
and plant of fantastic cost and the research effort so far expended seems
to have produced little which is spectacular as regards structural
efficiency . . .

Despite the pessimism of reference 1, the machinery and plant facil-
ities for the productlion of integrally stiffened construction are becoming
availsble both in this country (ref. 2) and sbroad (ref. 3), and research
effort continues to be directed toward the achievement of the spectacular
as regards structural efficiency.

In reference L, the use of relatively shallow integral waffle-like
stiffening was shown experimentally to produce substantlal Ilncreases In
the elastic longitudinal compressive buckling stresses of long flat plates,
particulerly when two~way ribbing inclined at -450 + 459 to the sides of
the plate was used. No attempt was made in reference 4 to correlate the
experimental results with theoretical predictions because no theory was
then available for the calculation of the characteristics of integral
waffle-like stiffening. Such a theory has now become availsble (ref. 5)
and the purpose of the present paper is first to show that this theory,
together with available theories for the elastic buckling of orthotropic

.
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LI flat plates, is adequate to predict the results of reference 4 and addi-
o es tional experimental results reported herein for elastic buckling under
s combined stresses, and second to survey the relative effectiveness of
f e various stiffening configurations as shown by the theories.
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No claim is advanced regarding the spectacularity of these results,
but as even the author of reference 1 finally concludes, and the discus-
sion of his paper (ref. 6) emphasizes, "There is no doubt, however,
that . . . (integrally stiffened) . . . materisl is well worth while and
could be used to advantage in a wide range of applic¢ations."”

SYMBOLS
by height of rib (web), in.
Dy longitudinal bending stiffness, in.-kips
Do transverse bending stiffness, ln.-kips
- Dy longitudinal or transverse twisting stiffness, in.-kips
) E Young's modulus, teken as 10.5 X 102 ksi for 355-T61 aluminum
alloy
H overall thickness, skin plus ribs, in.
k, coefficient in plate-buckling formula for compression
. kg coefficient In plate-buckling formula for shear
L length of plate, in.
Ny longitudinal compressive loading, kips/in.
Nky shear loading, kips/in.
T thickness of equal-weight solid plate, in.
t skin thickness, in.
» S 2
W plate width, in.
v 4 shear strain
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€ compressive straln

2] angle of skew of ribbing, deg

9 Poisson's ratio, taken as 0.32 for 355-T61 aluminum alloy
Hy Poisson's ratio associated with bending

) compressive stres;, ksi

ch compressive yield stress, ksi

T shear stress, ksi

TEST SPECIMENS AND PROCEDURE

The test specimens used for this investigation included those of
reference & and an additionsl seriles similar to those of reference 4
but having minor varlations for testing under combined stresses. All
these specimens were s e eg, approxjmately 10 inches wide by
45 inches long mad%”u%%o‘%'gs‘gn%gc%ﬁ% ’gﬁzgﬁ Eluminum alloy which had
been heat-treated and agéﬁ according to recommended procedures (ref. T
or 8) to produce the T61l condition. The castings were machined to the
desired thicknesses and riveted together using corner angles of
24s-Th eluminum alloy and 3/32-inch-giameter A17S-Th Gz;l;gmiu :H%o rivets
at approximately 1/2 inch pitéh; 7 HBE dotner “EigTes” rewl"?% % % 1/2
for the compression specimens and 1/16 x 3/k x 3/4 for all other speci-
mens. For the latter, two rows of rivets were used along each angle leg,
and in addition the angles were cemented to the castings with Aralditle
cement in order to carry the sheasr sitresses around the corners of the
tubes. Nine configurations of integral stiffening were used (see fig. 1),
nemely longitudinal ribbing, two-waey ribbing at -15° + 15°, -30° + 30°,
-450 4+ 459, _60° 4+ 60°, and -75° + 75° to the longltudinal axis of the
specimen, transverse ribbing, longitudinal and transverse ribbing, and
combined -30° + 30° skewed and transverse ribbing. On all specimens the
nominsl rib cross-sectional dimensions were the same (see fig. 2). The
rib spacing, measured as the perpendicular distance between parallel
ribs, was 1/2 inch on the longitudinally or transversely stiffened plstes,
and 1 inch on all the others except the -30° + 30° + 90° ribbing for

which a l%-inch spacing was used. These spacings were such as to keep
the ribbing material approximstely equal in weilght to sheet 0.050 inch
thick. Also on all specimens, except in the series of tests of plates

with -45° + 459 ribbing in which the skin thickness was varied, the nom-~
inal skin thickness +tg was 0.050 inch. For the series in which tg
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was varied, nominal skin thicknesses of 0.025, 0.050, 0.075, and 0.100 inch
were used.

The compression specimens were tested flat-ended in the 1,200,000-pound-
capacity testing machine. A1l other specimens were tested with their ends
bolted solidly to end fixtures, which reduced the unsupported test length
by approximately 5 inches, in the combined load testing machine of the
Langley structures research lsboratory (see fig. 3). Buckling was detected
by “buckle-bars” resting sgainst the sides of the tubes, as was done in
reference L.

By preselection of the combilnations of longitudinal compression and
shear applied, every effort was made to keep the buckling stresses within
the elastic range. For some stiffening configurations, plestiec buckling
(as will be discussed in a subsequent section) wes not completely avoided,
in large measure because the material propertles achieved were substan-
tially below the handbook velues for 355-T6l (see ref. 7 or 8). Compres-
sion and shear stress-strain curves measured for samples of the specimen
material asre presented in figure lL; the measured value of compressive
yield stress was only 28 ksi compared to the typical value to be expected
of 37 ksi.

Dimensions of specimens and test data are given in table 1.

THEORETTICAL ANALYSIS

Elastic longitudinal compressive buckling loads for the test speci-
mens were calculated from the formula of reference 9

2
Ny = "_2 (ke - 2) \D1D2 + kDk + 2;@%) (1)
W
where
N, longitudinal compressive loeding, kips/in.
W plate width, in.
D;,Dp

elasstic constants for the proportions and nominsl dimensions
uY’Dk of the test speciméns as given by the formulas of reference 5
(experimentally measured values of the coefficients o, B8,
etc. of those formules were used)
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ke compressive buckling coefficlent, determined in the manner of
reference 9 from a curve (such as that of figure 1(b) of
ref. 10) of compressive buckling coefficlent against plate
aspect rgtio for an isotroplc flat plate having loaded edges

fixed and unloaded edges simply supported. (It is shown in

ref. 9 that such a curve may be used for orthotroplc plates
if the aspect ratio is calculated as an "effective aspect

ratio" equal to Lkﬁjgé.
W \/Dy

Elastic shear buckling loads for the test specimens were calculated
from the formula of reference 11

Nyy = % (ks\%;; D23) (2)

W
where
Nxy shear loading, kips/in.
kg shear buckling coefficient, determined from curves of shear

buckling coefficient plotted against the inverse of the
"effective aspect ratio” as defined for compression. Such
curves, similar to those of reference 11 but for short edges
clamped and long edges simply supported, are presented in
figure 5.

Reductions in calculated buckling loads to allow for plasticity
were made as follows:

(1) An “"effective” or "equivalent" stress-strain curve was derived
from the material stress-strain curve such that the ratio of ordinates
of the derived and materisl curves at the seme strain was the same as
the ratio of axial stiffness of unit-wldth integrally stiffened plate to
axial stiffness of unit-width solid plate of equal weight.

(2) The secant modulus of this reduced stress-strain curve at the
calculated elastic buckling strain was used as the effective modulus

in the buckling equations. The buckling strain was calculated as Ne/®

times the inverse ratio of axial stiffness of unit-width integrelly stif-
fened plate to axial stiffness of unit-width solid plate of equal weight.
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3.:::. The elastlc longitudinel compressive buckling loads calculsted for

e o the test specimens are plotted as the solid curves In figures 6(a)

% %l and 7(a), end the corresponding elastic shear buckling losds as the solid
Lo curves in figures 6(b) and 7(b). The corresponding plastic buckling loads
sooe are plotted as the dashed curves in the same figures. The results of the
..:E" calculations are also given in tsble 1.

For combined longltudinal compression and shear, the buckling loads
(both elastic and plastic) for the test specimens were calculated assuming
e parabolic interaction curve between longltudinsel compression and shear
buckling as recommended in reference 12 for built-up square tubes. The
results of these calculations are plotted as the solid curves (elastic)
and dashed curves (plastic) in figure 8.

For comparisons of the relative effectiveness of the various stif-
Pening conflgurations considered, calculations were alsc made for the
buckling under combined stresses of infinitely long, simply supported
integrally stiffened flat plates having the nominsl specimen dimensions.
These calculations were the same as those carried out for the finite
length, fixed-ended test specimens except that values of k, and kg

corresponding to infinite values of VLI- b D—i were used.

The results of these calculations for inflnitely long plates are
presented in table 1 and figure 9.

CORRELATION OF THEORY AND EXPERIMENT

The test results, tabulated in teble 1, are plotted as the circles
and squares in figures 6 and 7 for simple longitudinal compression or
. shear losdings and in figure 8 for combined stresses as well. In the
elastic range, as shown by the general colncidence of solid curves,
dashed curves, and polnts, correlatlion between the calculated curves
. and the test polnts 1s genersaslly as good as can be expected in view of
the inherently poor dimensional tolerances of sand castings. Beyond the
elastic range (where solid and dashed curves diverge), the test results
correlate well in some cases with the calculated plastic values; in other
cases the correlation is better if no reduction for plasticity 1s mede.
Accordingly, while the calculations of the elastic buckling loads appear
to be confirmed by the data, no confirmation is made of the calculation
of plastic buckling loads. Evidently in the plestic range variatlons
in material properties from casting to casting in addition to the varia-
tions in cast dimensions increased the experimentael scatter. If, for
example, those specimens which achieved stresses comparable to the cal-
- culated elastic values were constructed of materiasl havlng propertiles
comparsble to the typlcal handbook values (refs. 7 and 8) for 355-T61 alumi-
num alloy, they should have buckled elasticelly, and the stresses which
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they achieved would be in confirmastion of the calculations. Buckling
loads even below those represented by the dashed curves of figures 6, T,
and 8 might be expected, on the other hand, if the material properties

of some specimens were even lower than those measured and presented in
figure 4. Possibly in this category were the three specimens represented
by the square test points in figures 6, 7, snd 8, namely the -45° + L5°
specimens having & skin thickness of 0.075 inch loaded in compression,
and the -30° + 30° + 90° specimen loaded in shear. The buckling loads
for these specimens were substantially below even the calculated plastic
buckling loads. However, because Jjoint fallure occurred in all of these
specimens, and only in these specimens (see also ref. L), improper corner
attachments would appear to be a more probable cause of the reductlons

in buckling loads for these speclimens than low material properties.

COMPARISON OF EFFECTIVENESS OF VARTOUS STIFFENING

CONFIGURATIONS AS ILONG FLAT PLATES

»

A comparison of the relative effectiveness of the various stiffening
configurations consldered for resisting buckling under various combina-
tions of longitudinal compression and shesr as long flat plates in the
elastic range is given in figure 9. Here are plotted interaction curves
calculated from equations (1) and (2) as previously described.

The curves of figure 9 indicate that, of the configurations con-
sidered, the -45° + 45° pattern is the most effective for pure longitu-
dinal compression and the -60° + 60° pattern is the most effective for
pure shear. Further, there is evidently little merit in configurations
heving angles of skew of the ribbing greater than 60°. The effectiveness
of such configurations is smaller (even in the elastic range), for all
combinations of longitudinel compression and shear stress, than for angles
of 60° or less.

Beyond the elsstlc range, angles of skew greater than 60° would
become relatively even less effective. In fact, clearly the more plastlc
the stresses, the more nearly the angles of skew must conform, for greatest
effectiveness, to the-angles of principsl stresses; thaet is, for longitu-
dinal compression the angles will approach 09, for shear the angles will
approach 45° (see, for example, the dashed curve of figure 6(b) which
indicates that, for the amount of plastic action allowed for in the cal-
culations assoclated with the test specimens, the -45° + L5° configura-
tion is approximately as effective as the -60° + 60° configuration).

The 0° + 90° and the -30° + 30° + 90° configurations show no out-

standing characteristics in the elastic range (see fig. 9). In the plastic
range, however, the 0° + 90° configuration should become relatively more
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effective in compression, and the -30° + 30° + 90° configuration should
become relatively more effective in both compression and shear. Accord-
ingly, as & kind of compromise, the latter pettern may have at least a
limited range of efficient application.

Square-pattern ribbing emerges as the most effective of the patterns
considered for the wlidest range of loading conditions. Oriented at h5°,
it is the most effective in the elastic range for longitudinal compres-
sion, as it undoubtedly is high in the plastic range for shear. Rotated
to the 0° + 90° orientation it can be expected to become more effective
high in the plastlic range in compression, and, correspondingly, rotated
to the #30° F 60° orientation it can be expected (see ref. 13) to become
more effective in the elastic range for shear (in the latter case, atten-
tion must be paid to the direction of the shear stress in the selection
of the plus and minus directions).

CONCLUDING REMARKS

Experiments on cast specimens have indicaied that available theories
are adequate for the prediction of elastic buckling of flat plates with
integral waffle-like i}%%;ﬁ? . Calculstions based on the avallable
theories show that, for, oﬁé lat plates for a wide range of loading
conditions, integral waffle-like stiffening of the general proportions
considered is most effectlive in a square pattern. The optimum orienta-
tion of the square pattern varies somewhet with the loading conditions,
but a -45° + L45° orientation hass the most universal application.

Langley Aeronautical Lsborstory,
National Advisory Committee for Aeronautics,
Langley Field, Va., October 8, 1953.

Norris FZDOW‘
Aeronautical Research Scientist
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TABLE 1.- DIMENSIORS OF TEST SPECIMENS, ARD VALUES
OF MEASORED ANMD CALCULATED BICKLING LOADG

Heasured Calc. elestic Calc. plastic Calc. ejulv. bm:h'l.tng
Skin Overzll [Plate [Thicina i treases as’locg
Stiffening [thicknesa,]thlcimesa, L.mu, le udv. ;J‘.a.:c, fuckling loads, | buckling loads, | buckilng loeds, S 1at plates,
arrangesent., g E W t B, Hxy, M, Exy, Nz, Hxys .. | .
=% ia- 1a. 1n. fo. wipe/in. hspsfin spefsa. fripefin. xipain foipafiz.]  F '%
1 ka3
(a) b) (b}
0.095 c.2% 0.1 0.106 o9 | a
058 S | loa o Sl -
2hT a . 0 0.
o . 1.1 10 0 . %043 | o bo.ks | o 3.73 o
o2 a2 ﬁ o bg.29 0 bg.29 0 235
23 .13
K] 216
060 257 10.0 108 b6 Q e 0 bes | o
52 5.7 o
-15 5 15 050 .45 10.0 101 3 | o . {
0R3 e 3.9 07 4 ' 4] = 5] b ks [+ 3.72
K 2.91 w.2 106 98 o '
30+ 36 033 . 10.2 .10k 90 | o brae | o LT ¢ 1.0 o
049 2%9 10.2 058 AT 61 [ b o T 0 9.10
032 26 10.2 J10% K £3
038 2k 10.0 080 91 o] c: ]
45 4 k3 ‘o1 2 |00 2 = | 2 e | o2 %55
.02 . X o KE)
o2 25 16.0 .101 122 | o .
) 2047 0.0 .101 1.21 o b8 | o bios | g .2 o
e B ORS| F | B R |ne ] o fma 1.3
O4T 259 10.0 099 o 1.18
.oTL 271 loa 119 1.28 | G a a
s e o7 2% |02 @ [ia |o 176 [0 1 |0
.03 zih | 0.0 az3 152 e 35 o 1.5%
096 26 |10.1 2k 1. ] e .
-5 + k5 % 296 m.i ﬁE 1. o o5 § b .2_96 ‘g 2 €3
. 297 . IA5 ) 1.
057 248 101 101 9 | e s 0 b n
. 0% 27 |10 103 > | e 1.10 1.05 |.0 0 o
<o + 60 0L 2%8 10.2 105 97 T o By.91 0 b1.26 o 15.7
055 250 0.2 106 g2 | 103
K 246 5.8 098 £8 a b6 o b gq o
: . 5.75 0
B+ :ﬁ '_22‘;3 g:? R ﬁ ® o By .o 0 51,05 0 15.6
Ok .24 10.0 11 M 0
50 .0k6 22 0.1 3 2 0 ba | o b3 373 o
060 252 10.1 11k 0 K 0 br.ag [ .78 o 12.h
.0%8 252 100 117 .30 59
gg'{ 243 10.1 ﬁ g [} ags | 0 b4 8.18
. 250 10.1 . J o K K 0 . o
0+50 085 250 |13 097 a2 6 o B1.48 P b.g3 o 15.7
%0 230 10.1 098 [ .33
050 247 30.3 LLY 96 [ m.as | o By 932
= o 0% 28 | 103 LR 1.25 | o 1. a7 |0 . 0
00+ R o 23 10.3 aze 0 b7 o b1.66 o br.1y ] 1.0
04T .250 10.3 119 .56 82

EDatersined by weight.

Bealenlated from equatfons (1) edd (2) for nowinal dimemsions with tg = 0.050 in.
“Caleulated from equations (1) and (2) for nominal dimensions with t8 = 0.02% in.
Sgaleulated from equations (1) and (2} for nominel dimensions with tg = 0.0T5 in.
eCalculated from equations (1) and (2} for comine) dimensions wvith ta = 0.1200 1n.
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Figure 1.- Ribbing configurations considered: +top row, 0° + 90°,
-30° + 30° + 90°, 90°, end 0°; bottom row, -750 + T5°, ~15° + 150,
=459 + 450, -30°% + 30°, and -60° + 60°.
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Figure 2.~ Cross section of ribbing used on all test specimens.
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Figure 3.- Arrangement for combined load test.
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Figure }.- Compression and shear stress-strain curves for 355-T61 alumimm
alloy as used for test specimens.
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Figure 5.- Approximate values of kg for orthotropic, rectangular plates
clamped along the short edges and slimply supported slong the long edges.



NACA RM L53J27 S

0 [] 1 l 1 —_ 4' L 17
—45+45 80 O+90 =30+30+390
4 deg
(a) Compression.
Elastic
——Plastic
20 B —
N xx’ | T
kips/in. T
T T T
~ .
O
1 [ l [| 1 l by
—45+45 S0 O+0 30+30+50
4, deg
(b) Shear.

Figure 6.- Variation with angle of skew of ribbing of calculated and
measured longitudinal compression and shear buckling loads.
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Figure T.~ Variation with skin thickness of calculated and measured longi-
tudinal compression and shear buckling loads for -45° + 459 configuration.
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Figure 8.- Calculated and measured interaction curves for buckling under
comblined longitudinal compression and shear loads.
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simply supported integrally stiffened flat plates of the proportions
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Because of the coupling actions assocleted with cne-sided stlffening,
distortions other than tkose due to buckling may be of Importance for some
applications. Coupling becomes of greater significance as the depth and
thickness of ribbing incresses relative to the skin thickness. Particularly
if conditions of continuity at the edges of the plate are not such as to
reduce the coupling distortions, the magnitude of these distortioms,
determined from the elastic constants of the plate, should be examined before
ribbing relatively deeper or thicker than hss been investigated is used.
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INDEX
Subject Number
Plates, Flat - Stiffened 4.%.3.1.2
Loads and Stresses, Structural - Compression h.3.7.2
Alvminum 5.41.1
ABSTRACT

Theory and experiment were compared and found in good agreement for
the elastic buckling under combined stresses of long flat plates wigg o of
integral waffle-like stiffening in a variety of configurations. Fo;,§§é¥?
flat plates, h5° waffle stiffening was found to be the most effective of
the configurations for the proportions considered over the widest range
of combinations of compression and shear.
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