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FLOW PATTERNIN A CONVERGING-D_G~TG lTOZZI@

By K1. Oswatltschand W. Rothsteln

The preseiitreportdescribesa new metho~for the prediction
of the flowpa.ttmmof a.gas in the two:dLmen~icmaland axially
symmetricalcam. “?t is assumedthatthe cxpensionof the gas is
adiabaticand the flow stationary.The sevmil-assumptions
necessaryon the nozzleshapeeffect,In general,no essential
Mmita%ion on the conventionalnozzles. !l?hemethodis applicable
throu@out the entirespeedrange;the velocltyof sounditself
playsno singylarpa@. The princiyelwei@ is placedon the
treatmentof’the flownear the throatof a converging-diverging
nozzle. For slendernozzlesformulaeme &erzvedfcr the calcula-
tion ofthe velocity_onents M functionof the location.

The fieldof ammressible nozzleflowhss been treat~d
repeatedly,Thus,Th.M&wr (ref?mence1) computedthp,transition
from subsonicto supersonic-flowfor a givenvelocityUstrlb@ion
overthe nozzleas. G. X. Ta~br (reference2) calculatedthe
caseof subsonicflowvihich,atthe throci’cof tltienozzlereaches
such speedsthat the velocityof soundia exceede~at several
points: H. (%rtler(roferen~e3) dealt inperticulm with

~ transitionfrom one of -themt~es of flow intotho Othelg.
the

,:

II. iUUVM?lXINOFTHEFUNDAMQWY!!EQU3TXONS

FOR TWO-DmWI(YWLFLOW

The nozzleaxis is indicatedwith x, tinenormali.ioit is y,
and the originof the coordinatesystemis.placedin the centerof
the narrowestcrom sectionof a Lavalnozzle.qmmtrical about
the x-axis,figure1. The velocitycomponentsazze u and v, the
directionof flowis frcm left to rtght. The shapeof tlm nozzle
is givenby a functj.onf(x), with f denotinghalf the hd.~t

*l’DaeStr&nngsfeldin etnorLavald&m,ti Jdmbuch lg42
Ltitfahrtforschung,pp. I 91-102.
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of the nozzle. T!ekinGf(C))=:’1:
the smallestnozzleheightbecome

,,
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all lineardimensionswithhalf
nondimensional.

J2acontrastto the ekrlierrepmts u enc.v qre expl”e~sed
by a power series@ y, the coefficientsof whichdependon x.

.In viewof the nozzleshapeWclng,symetricalto the x-axiGthe
flow itselfis visualizedas symmetricalto the x-axis. The
velocityat the x-axisis denotedby the subsci*3ptG. TO in
this ceseis zero. L~ted to temnsof’the fourthTowerof y
the velocitycomponentsWe ,.,

1
?

1 1
u(x,y)=~+~a2 +q&4y4+.. .

●

1“

+(x, y) = bly + $ b3y3 +...’
. J’

(1)

.,

with ~, a2, .a&,31 and b3 aa f~ldt~ons of x. The contentsof -

the presentreportconsi@ in &tablishingthe relationship
betweenthesequantitiesanClfunction~f(x). The firsttask will.
be to ascertainthe relationshipof the coefficientsa2, al~,,

i

b~) and.,b3 t~ti the quantities:i(x) and f(x).

(a)Calculationof the Coefficientsa~,.=4, lq, ~a 12a

Sincea potentialflow is alwaysrequiredjthe following
equationof ifirotationalmotion

givesbymearm

The primemark

respecbto’ x.
must therefore

au Z3v-. = -.
Zy ax . .

of (1) ,“

(!2)

cm blf and b3T is to .,ind:catethe derivationwith

Betwcmnthe coefficientsthe’follmingrolations
prevail: ..’

(24
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The density p is made dimensionlessby the %nk &msitqJ,”thet

dis,the density at speed w = U2 + V2 = O ~.adl velocftiosty
the ma-um velocity,that is, the velocityet den~itJ P = O,
Thus the ener~ theoremtakesthe form

(3)

K is the &atio of t!nespecifichea.ts~

El~ation of pressureand denstt~frcm the Euler eqnatton
of the continuityconditim and.the adiabaticequation,lemea tile
CQ3m3mic-gasequation

(c~-u2) *+(c2-#)$.2uv$=o
....

~2 is the squaredvelocityof sound,Whichmay be writiionas

-lOQ K-l~2 = 1$
2 ‘ ‘T

EMmination of the sonicvelocityfrom
by means of this equationgives

( (

K+.+}>+ I.xt+up12-———-u
K-1 ,/t* K-

(1 -T@

the manic-gas eg.uction

“ #du 4 +
.)

—=— (5)?IK K-1

I’ormlngby(1) the firstderivativesof u and v and.m%sring
thesealongtith the velocityccwponentsthauaelveain equation(5),
givesby comparisonof coefficientsthe relattoncbetween W,

82) abj bly b3, a2’) al-f,end Uo’o The ternstnd3yen&ent:,

vemii.t, As is roe~ily.sppcxeti

(6)

. With equdxl.on(2a)the quantity a2 h ita miktion with UO
and theirdoriva%ivescanbe computed.I?urtbrmore,it is pcinted

..’ ,’., ,.
,,



to Iao are ccmparqtivelysmali
ffrst approximation of a2 and

velocityaffordedby the sin@e
dorivatlvein equation(6).

with UG
continuityfor

Yor i3nozzle floir. !!?kl~’’fora
b].‘itis sufficienttoQn&t the

flow filamenttheoryand Its

as the flow filamentvel.octtythq,equationof

,,.

J._

%(J--%2)K-1f= Const;

11.

( Q “Cl
)In compressibleflowthe ~unction ~ 1 - us”

the velocity,for i~~~pressibl~.flow the quantity
symbolfor thisfmwtion is foundto Ve prwtical.

,,
1’

“i:l.9(U)~ U(l P ‘@,, ,, ., (7)
The variat3.cmof the function5s for K = S,\OG”’“asXOI.1OWS,the
valuesof the ftmctionsare gi~en in tableZ,

For the derivativesof’ O“wtthrespect to’ u the follov3nG
eblnxmktions~e introduc~d

,,

md

.,

(’(d ,.

(7b)
1

.
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subscript O or s. The formulasfor b~ and a2 can thenbe

writtenas

euo
blf = - ~Ll”uo’f

a2f2 . bllf2~ -
FH?n”o(”o’f)a -* [(-uOff),

+ ‘O”o
q=: @orf)2 -* Uouo+ .

(8a)

(8b)

nozzlee@je,sincethey di&ppear with the third.end fourthpower
of y with ~yproachto the x-efi.s.Hence it is lo@cal to use
thesetezmsto satisfythe boundaryconditions.With uf and vf
designatingthe velocitycomponentsat
boundaryconditionsmust be fulfilled:

Tf = Ufft

or also

(
1bf3=f7 uo+~

blf+G3

Hence a differentialequationfor b3

form

the nozzleedge,the foUowing

(9)

1 k
a2f2 r-f

‘zb3 )

which can.be writtenin the

*bSf’=“ (“+f2)“lf -+b~f’f’ (at)

The termnot underscoredis ema.1.lcompared.to the term f?uo, as

seenfrom (1). It probablycan be scoredas a ml.e. At lcmstit
makes equxtion(8c) easyto iterate:by scoringthe last teun at
the firststep of iterationana ther+by ~aphicel differemtietion
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of the ?)3 obtainedin firstapproximation,calculatinga second.
a~proximationof this quantity.Wfth the newlyformedderivative
this b3’ scarcelydiffersfrcznthe previoueone. It uhouldbe

notedthat it is not a matterof the relctivevariationof b ‘,
~ 3

but that the variationof the term *4 b3’f4 in relwtionto LIO

is decisive. This iterationdoesnot involvemtzchmore Q&perwork,
sincethe coefficientah. h8d been ~ecured, It is roccmmonded
to use the followingexpession whichis readilyobtcinedby (2a):

Thus with (8a)to (8d)the coeffic:.ents
can be computedwithoutexcessiveyaper

givenas functionsof x. As a rule f
while ~ is the factorlookedfor, But beforeproceedingto the
solutionof thisyrohlem,simplerformulasfor the firstepproxi.
mationof the coefficientsare indicafed.

of the Towerseries(1.)
vmrk,when f and UO are

if3the givenquantity,

(b)FirstApprodmationfor 8P, a~l,bl, and b3

If the yrinci~alflowdirectionis ,~venby ‘die u co~onent
of the velocityjas is usuallythe casefor nozzles,and which
alwaysholdsfor the throatof a converging-divgr@.nCnozzle
particularly;the valueof the velocity us, obtainedby simple
flow filamenttheory,representsa firstappm@mation for’the

velocityat the axis, Comparedto U. the terms hly,~ a2y2 are
L

smallby aswmption and a satisfactoryfirstapproxlmwtionis
securedfor thesequantities~~enthe velocity U. and its

derivativesin (8) are reylaced.by the correspondi.m~quantitiesof

%“

Bearin~in mind that f = 1 at tho tlyroat,the ea.ua%i.onof
continuityfrom whichthe flow filament
reads ,’

6’sf.emx

s,peedc& be do”terminedj

.,
(lo)



Differentiationwith respect to x readilyyieldsthen the velocity
increment

(lOa)

At the throatthe equationbecomesindeterminate,The application
of L~Hopital~slaw t

ff = o; u~f =
&,=

(lOb)

In this equation f couldof cowse be conitted.,sinceit waa
takenequalto unity,but, in view of the repeated.appearanceof
the e~reseiona urf and fff?, the form is retained. Quantity ff~t
can be ’interpretedas the ratio of half the nozzleheightand
curvatureradiusof the nozzleed~eat the throat.

Thus the insertionof the flow filamentvaluesin equation(8a)
,.- givesthe followinSfcwmulafor blf (=+si~ and severaldashes

indicate“thata firstapproximationis involved)

.,‘.
By (24 ,.

.,.
a2f2= Usff‘r +i.l~lffl-U#’f2i- ● . . (llb)

!l!helast equationcouldhave leen obtainedjustas wellby
the Mqertion of ‘theflow filementvaluesin equation(8b). With
theia!.dof(10), us, t3naq~’f,my be re~rded as defined,equa-

tion (U) cohtatnsno unlmom-f&ctors, Afterusingthe flow filament
valuesfor computingthese coefficientshmtead of the axes values,
it is lo~icalto em@oy thern’alsofor computin~ b3.

The”boundarycondition(9) is writtenin firstapproximation

Vf = Usf? -:., ,“.

whichby means of (ha) gives

(llC)
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hence,owingto (2a)

NACA TlfNo.1215

(ml)

The last tworesultsare to be expectedbeforehand.When insertin~
the flow filementvd.ues in the coefficientsin (1) it is not to
be expectedto”immediatelyobtaintwo termsof the development.

Nothingis saidfurtherabout (ha), The identicalremit
couldbe obtainedtithoutany theoryby an appraisalof v with
the aidof (9). Formula(llb)is more instructive.Forming u
with its aid, w can be calculatedin firsta~proximation.

(l/e )

Zntieresting?noetof all is tilelastbracketedtei~; qucntity fft;
is alwayspositiveat tho ttioat.Asalting,stZbsonic. velocityin
the convergin~part of the nozzleand supersonicvelocityin the
divergingpart,the last Swmand in the subsoniczoneis ne~tive,
in the supersonicpositive. Two effectscan be differentiatedin
firstapproxl.mation,whichcausea deviationin velocity w at a
point y from the respectivevelocity Uo. One of the effects

risesas a resultof the curvatureof the nozzlecilge,ma ie given
by the term fftt,]theotheris causerlby the inclinationof the

U&‘f
nozzleedgeand is givenby the term —-ft. In the subsonic

‘s
range,curvatureand inclinationeffectcarryoppoaltesi~s; in
the dupezwonicrangethe ~ffectsare cccumilative.So if curves
of constantvelocityare plottedin the nozzle>the linesin the
mzpersonicrangetillbe curvedmuch more than in the subsonic
range, In factthe curvesof constantve&ocitymy evenrun
parallelto the y-aklsin certaincircumstancefl.This cher&ctor-
isticbehaviorof curvesof constantvelocityor concrtantyreaswe,
whichis the same,are continuouslyobservedat~ain. .
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(c)

To complete

The character of
It is clearthat

9

Derivationof a DifferentiallM_uation

for uO(x) VolwneCorrecttcms

the s&tion the function Uo(x) must be found,

the profilm is detemined by the coefficients.
an equationfor U. nuzstbe cbtainedwith the aid

of the continuitycondition,whichis writtenin the form

M is a mass flowmade dimensionlesshy tinetank density,the
maximumvelocitiJand the throatcrosssection.

An equaticnfor us ls obtainablethen by developingthe

integrand at point u. U. and v = O Wp to tiletermsof the
fourthpower of y followedby inte~ating. But a smewhat
shorterprocessis yreferredwhichin additionImingsout the
importanceof the individualtemnssucreclearly.

(12)

In analogyto’(7)

3. ,

e(u,VP). U(l - U2 - vqK-l (Ya)

Observingthat the developmentof u - u,. and of V2 startswith

the secondpower of y, the development’’fore(u, #) canbe
confinedto

.,
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‘9(U,#) = e(uo,o)-f-(3.,@-‘Q)+-($$/’0~
o

()we
(’u- U.) +2

&la-V’2Uoo

It is readily
when function

()1 a%
‘F,s u;,(u - .,3)2 -!-

0

01 we+——
2 a$

#
Uoo

seen thatthis equationcanhe expmssod
(7) istitroducedeverywher.:

cliffermtly

.

.

8 (u, VP)= ,0 +.”f?uo(u - @

.
1

~elluo(u )- l+) 2

1
+ (e 1

q’ eUUo-; uo+
o )

+0 (U-QV2

o

~- 1 ( e
—e ‘o
8U02 ‘Uo

)

-3$”!”3— T4~102

Introductn~in this e~res~ion the Levolopnelltof

whereonlytermsup to includin~the fourthPOTT9~
sidered,and perform&ngthe integralin (12),the
of (8a)l(~b),and (8c)gives

u - UO and o+ $,
of y are con-
?p@icction

.,

.
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1 41+_aff*+— b f3
24 4 30 3 p

J

.(

1 a2f4 + ~ ~ ~2f21J12f2+e Uuo ~ 2 20 Uo
.—.)

i

(

e ~~. 44
i—— e -3=+3

40UO*: ‘Uo U. )

~hlf

‘o

‘lhisequationcanbe considerablysimplifiedwhen certain
limitingassumptionsare made. Bearingin

stillothertermsin equation(1)lemides

involvee term of the form
6~ a~f it is

7:
no sensein carryingsumands amountingto

of ~ ahd or > b3f3. The sameholds

mind thd the use Or

1 4p- a4f wouldalso

apparentthat thereis

a mere tenthpart

when they are smaller

1
than the hundredthof —a f2.62

To effecta substantialsimplificationconsistentwith accurate
resultsthe task is restrictedto an areaneer the throatsectiGn.
For this area it is assumedchat

Ifr]<~clo (13)

and

fftt<0,5Q (14)

With the aid of (lOb)and (ha) it immediatelyaffords,thefollo~rlng
estimatesfor K = 1.400, that is, say, for air

,’

blf =0.04; uoTa C.*O
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Since ~ has at the throa~ in general,the valueof 0.40,we
get

All termsin the exprossiodin the bracketscan be voided except
the underscoredterm;the termsare smellenou@ so that thereis
no dangerthat addeduy they couldcontributea substmtial.amomt.
In the lastbracketede~ression the groatostterm is @venhy @uuo,
as seen in tableI. This temm ca~ot exceedthe value25. Since blf

occursin the fourthyowerthereis no hesitationto amitthe last
term also. The resultis the followingequattonto whichon the
assumptionof (13)and (11!)very substantialaccuracyis attached:

M

‘,[

1
–.eo+euo
f g ‘2f2‘ & a4f4 + —f? (blf + Uo’f)

:.. 1
‘[()1 .2

+ e a2f~Uuo ~ +& apf2(b1f)2
o J

(12a)

Eqwtion (12a)may be’writtenin the form,

M

[

1 4 ~-ft (blf+ uulfj-—.eo+e ~a2f2 + ~ ab.f+ 6
f UO 6 1

~e
[

1 1 4 I ‘ft (blf+uo’f)‘2 UUO za2f2+Ga4-f ‘6 ‘1

2

[(1+ e
2.,2 1

‘Uo G
a2f ~ a2f2a4f4

-~

The develo-pnentof .9 was restrictedto teti of the second.
,,

derivativeat themost,whichis amplefor the smallvelocity
differences, h thelast equationthe firstthreetams can equally
be regardedas developmentfor the mlue

.

.
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uo’+’au=uo+~ f2 + *oahd-+~fqlqf +U ‘f)6%2 o

at point u = uO, hencemite the equationin the form

M=

The
The
The

(15)

●1 (12b)

bracketsfor e containthe value of the functionargnment.
secondsumnand containsonly the termsrelatedto the throat.
principaltermis the firstone, as seenfr~ (1).

Since 19uuoj-sin~~riablynegative:the lest termrepresente

a smallnegativequantity,whichis easilyesthnated.}.t ff” = 0.20
it correspondsto a 1:5 ratio of half tinenozzlehei@t to curvature
radiusat the nozzleed~e of the throat;a firstqproxim~tion

euu,
by (llb)@ves a2f2 = 0.08; -~ is less then 17. The cecond.

swmana of (12b)is in this instance,not quite0.001pert of tile
first. A lateraccumztecalcti~ti~n @ves it at 0.5 percentof the first.

I

If
The throughflowvolwne is nothingelsebut 8 dy at the throat,

Uo
but beingnear the maxinnmof function ~, the valueof the
integralof fem~ is but very littledifferent, Consequently,

the throughflow volwneof a Lavalnozzlesho~d.epproach,as a
rule,&he valuefrom flow fil.cmenttheoryvery.,closely.,“SO,if the
portionof thetti~u~hflmvolme.by whichthis is mnallerthanby
the simpleflow filamenttheoryis desi~ted es volumecorr~ction dll,
equation(12b)can be writtenwith the aid of (10)as

esf+aM=

[-
(2f)

22 1
fe(uO+ duj + feuuo -& a . .—

72C

The principalternshere are the firstterm
the left-hml side. Sincethe last term iS veiny

‘4a2f%Jf -!-. , .1(12C)

tit the right-and
small, its

variationwithprogressing x near tinethroctis very- small,
hencea solutionby equatingthe two principalterms. Fram

too,

,gS= e@o+ au)
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the equalityof the argumentscan,of course,not be deduced,since
the reversefunctionof O is ambiguous.However}it iS obvious
th~t to,a subsonic u~ a subsonicvalue UO + du met coru’w%mnd
end the sameholdsfor supersonicvalue,eleethe diffcwenco
of us and Uo+du wouldcontinueto ihcreasewith increasing

distancefrom x = O, whereaethe two valuesare certainlynear
eachother, Henceby (15) .

11-2 4~ft(b1f+ UO’f‘s .uo+~ .a2f + & aqf )]

.Therelativevolumecorrectionie then

(16)

(17)

the valuesat the throatto be ineertedat the ri@t-h~nd side. It
is of insi@ficant influencewhen the followingapproxiuwtion
Yormnlais used:

eUuo eUus (E + lj2,—— ~
e

- .—. .:.. , ,
e+”” ”=t’blmax max

Equation(16) has a specialcharacteridic. Selecte place
at the,no~~le~;~ereft = 0. It neednot be the narrowestplace
of the nozzle:and av~ragethe u componentof the velocityover
the crosssection. This werage may evenbe equctedto the
averagevelocity v. Although v ?.sin no mys equalto zmro
withinthe limfteof accuracyfor f? n (), v Btillis small
enoughthat it playsno -partfor th”eformationof w, whereit
entoresquared. Hence,for f? = O

.- 1. 1
W=K=ucj+-af2+———

62
Eqf~~

120

On consideringequation(16) it,isseenthatat the throat
or any otherplacewithy~rallelwallsthe velocityaveregefi.ovor
the sectionie equalto the flowfilementvelocity ue.

For the derivationof (16) the assumptionhad beenmade that
the relation

.

.



,*

●

.

NACA TM No. 1215
$

15

[

22 I
a4=fe& &(a#) -— af2a4# +.,.

720 2 1i.ssatisfied.;%ut this is compliedwith ewctly aly a= the throat
wherethe correctnessof the equationwas simplydemanded..

To ascertainthe extentto whichthe fact that this equ~tion
doesnot hold at dheilpointsof the nozzle may affectthe e~ua-
ticms (1.6), w put .

U. + du iS thennot exactlyequalto ~ and Rlffers,say

by d%, from thi.squantity.

‘o
+& = us i-dus

Introductionof cf in (12c)fozlowedby developmentgives
.“

es+c= e (U5 + ausj= es + emau~ + *eulzs(auJ2;

that is a quadreticequationfor a% with the result

But the praotical
the rout is small
unity. Therefore

Tor a nozzle

calculationshowsthat the seoondsummandtider ‘
evenvery closeto the throatvtthrespectto
the developmentgives

c
ff+o; aK:--

Us

withthe value ff~? . CI.20at the throatthe
followingrelationshipbetweenthe error d% and the vslue ft
was ascertained:The bracketedexpressionconteinsa fewmcre
terms that were @tte& in the equationof cf. Besities,the
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valuewas ccmputedalsowithina regionof f’ whichno longer
satisfies(13). Figure2 ihdicatesthat the erroris entirely

●

in~ignificant.It amountsto less than0.5 yercentof the velocity.
So, withinthe limitsof errorof the theory,equation(16) can
be regardedas exactsolutionof (12)and (12a).

(d)FirstApproximationof U-O and of the TolvmeCorrection,

Range of Velocityof the FirstApproximation

As in the’foregoinga firstapproximationfor U. is secured

by the insertionof the firstepprox?.mstionof

and blf in equation(16). Quantity UO’ is,

by ~’

[( us‘f
‘-+3 lffT?+p._.. —=Lls 1-—

6 )1$1-:”Um

a2f2, abl+j
of coumie, replaced

. . . (16a)

Thus the velocitydistributionin a nozzleca~be ccanputedby(1.1.a)
and (16a)when its principalflow directionis @ven by the velocity
component x; us and us‘f are obtainedby (10),(lOa),and (lOb).
Equations and (16a)are significantby themselves.In many
casesthe pressuredistributionis measuredin the nozzleaxis,
To conpareit with the theoreticalresultsquantity UO can be

ccmqx.ztedby (16) or (16a)depentingupon the de~ee of accwacy
roqtiredand the pressureat the axisreadilyobtained..If
satisfiedwith a firste.yproximatio~adirectrelationbetween
the pressureat the exisand the pressureof the flowfilament
theoryis simplyderivedaccordinGto (16EI).

Equation(16a)re~embles(he) verymuch. Forming,for
example,the average velocityin firstap~oxinmtion,~7ecan,
becausethe expression

(
\1 ~2 us ‘f

.—ffrT+—

)

f;
2 f2 % .
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srcal.1relativeto unity,mite by (IJ-e)

17

where, of course, us =-V= V for ff = Ot on the other h~a it
is seenthat this equationis not ~dia for f; # O sincethe term
with f! in (16a) containsthe factor2, but the qualitative
statementsregardingcurvatureand incli~tion effectremain
applicableas bef,ore.While in the supersonicrange UO must

alwaysbe smallerthan us, U. can be > cr<us.

Equation(16a)also ~ffordsa mecna for the ren~e of validity

of the firstapproximation,In the coefficientsega aniiplf the

q,usmtityuo cm be repleced-with more justificationby us
es the slope f! of the nozzleand the ~imensionless
curvature fffl becomeless. Formingwith (lb) the firstapproxi-
mationof uO’f gives

+2ustff*2+ 2US’? faft)+...

From this equationthe questionof substitutionuo’f by u~tf
is seento be ‘muchmere difficultto answer. At euy rate i% nmY
be statea
throatof
ati us,

‘o ‘=

that this can%e donewith lem justificationat the -
nozzlessymmetricalaboutthe y-axh than for UO
forby (18)

ys ):ffrt + . . ●✛ Uo’f = Us’f )f-Jt!
● ● .

where ~ufi‘f)2 also entersin the formationof a2f2, ami in it
the main reasonfor a persistentfailme of the firstapproximation
is to %e found. It must be reckonedwiiththat for fft? small
with respectto unitythe errorof the firstapproximation
near f? = O is of the orderof ma~ituae of fftt itselY,which
is, that the first appro-tion differstoo much from the flow
filamenttheory. Therefore,the applicabilityof the first
approximationis predicatedon the assumptionthat in the development



of 1 + ff?t with respect
afterthe firstterm,

Equation(17)affc%is
that 1s, the differenceof
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to fj?~t‘theseriescan be brokenoff

the relativevolume~rrection fsctor,
actualthrough Now volume from that

computedby flowfilamenttheory. Puttingin the equationthe
firstapprox~tion resultsin

(IM Ki-1”
—.=.
MS

-m— (ff?f)a+ ● , s (17a)

Considerableinaccuracy?.uuetbe,prem.msdfor.~eater ff’:, because

the same statementmade
2

about the calctflationof ~oj “fiere a2f

was employed.,ayyllesin a conaidera%lycye~termeasurehere,where

this quantityappearssquaredand a4f4 appears,“Subsequent

exampleswill show thatthisformulaexhibitsvery substantial
errors,wherethe othertirstapproximationstillgivevery good
service. But it Is practicalas estimationfcnnmd.a.The volume
correctionfor nozzlesto whichthe yrese~ttheoryis ayy.lied,is
un~ortant,

(e)Solutionof

,What”isthe best solution

the Equationfor VI

of (16)? since ~2f2, b~f,

and a4f4 are in the fintilanalysi~dopend~ntupon UO ~d its

derivatives,an ordinarydifferentialequationfor uo is inv~lved~
By (8a)and (8b)

=u-‘0 s

af 4
4 has

functione

ftmctions

and..us,

bracketed

104 l~o ‘+uffft e
.~af

2

120 4 “Fy”o’f o
‘0 f: (uo~f)] (16b)

- ‘oFo- .

been left,for the rest the equationcontainsonly
euo

of Uo, suchas G~ and ~—-~ derivativesof UO and.
u’

of x, suches f. and u~, The ~eateat termsare U.
.

while -& a~kf4representsthe smallcmtterm, whim,the
120

e~reseion is reg~rdedas one term.
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Bearingin mind that ~a~# isodyone-fitih of the value
1.20

whichthe last temn in the developmentof u (equation (1)) can
assume,‘it is clearthat the quantity u1, givenby

1U1 = uo+~ a4f4

&iffersvery lfttlefrom Uo. Quantity U1

bettersolutionof U. than whatwas called

(19)

is naturallya much

“firstapproximation”

of Uo. rThe,derivati~esof uo are thereforevery closely

reprotiucedby the tlerivitivesof U1 ~and for the talc-al-ation

of a2f2 and blf, whichthemselvesrepresentcml.yportions
of Uo, quantityul is certainlysufficient.So if this

quantityis used.for computingthosetwo coefficientsequ~tion(I-6)
can be writtenas follows:

(16c}

It is a differentialequationof the seconddegreeand second
orderfor ul with very charactoriatical_proyertics,as tillbe

shown. Quantity LZ~ can now be determinedby an iterationprocess,

appro-te valuesfor U1 aniiits derivativesbeing enteredat
the ri~t-hand.side of the equationand a new Ul(x) calculated,

This methodhoweverdoesnot alw.ysgivea very qtickresult. It “
is less disturbingto make a dou%legra~hicaldifferentiation
of u~ becauseof the lastterm. Inviowof the smallnessof the
particulartermnear sonicvelocitythe errorintroilucmlhere is,
in general,unimportant.Much mere di.stwbingis the fact thst
the errorin ~’f may substantiallyexceedth8t in Ul, Na~urslly

the iterationis best startedwith the ineertionof the eppro.xi-
mationby (16a)and (1.8),whichcan be justas wellro~araedas
firstapproximationsfor U. and uo’f as for. U1 ma ~’f.

.-

I?i.gure3 showsthe convergenceof this.?nethodfor the nozzlo a = 0.20
$~;cribed in sectionIVc).Its valueat the throat x= O is

= O.m.
.,

The x-ads re~resentsthe resultof tho flow fiiemonttheory,
a subscriptaddedfcr U1 indicatesthe numberof iterations;
u? is the firstappro~tion, obtained.directfrom the formulas.
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The secondapproximation‘is
even so it liesin vicinity
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not as yet quitesatisfactory,but
of the throat x = O very clo6eto

the solidcurvewhichrepresentsthe fi.nelsolution,This was
obtainedby means of a methodwhichyieldedseveralsol-utionsin
the subsonicrange x< O. The solutionTlottedherehas the
propertyof hawinga commonintersectionpointaboutequalto -1.2
withall approximationsfor x, Threeto four stepsare necessary
to reacha resultcorrespondin~to the accuracyof the method..The
convergenceof this iterationis likelyto be larGelydependent
uyon the nozzloshape. I~many caseswherethe firstapproximation
is etilla littleuncertain~the ~econdshouldgiveampleservice.

Anothermethodof solving(16c)@vea quickerresults. As
mentionedin the fore~oin~itis seenthat solutions~re lost in
the Stlbsoniczonewiththe iterationmethod. We shalldealwith
thesecaeeswherethe flow in vicin~ty”ofthe throatrisesto
supersonicspeds. Afterreachingsonicvelocity ‘e~fl= O the

last termpleysa subordinatepart h the neir@bcrhoodof the
throat, It is ad~~is~bleto firstedmb]-ishthe firste~rcxi-
mationof U1 and ul’f whichare nothingelsebut the first
approximationof U. and uo’f, bymecns of (].6a)and (18).
The magnitudeof the last term can thenbe easilyestimatedby a

(3
seconddifferentiation,sincethe functions G and u -~

Q
are

tabulated. In the nei~borhoodin whichthe lasttmrmis only
about10 percentof the righthand of the equationthe equation
is bestregardedas differentialequationof the firstorderin U1
and then solvedwith respectto U1’$.

r

I

1[‘L31=1,6(% - Ul) +f&&.1’f)uly-J+ff2
Ulff = ~- . -

G.
(~.6e)

-L

The characteristicsof this equationare best seen~en the smal~
. @fi

terms ft. and ul — fs-’ ()dx %’f
are re~ardod~.snonexistent.

‘1
If u~ is chosentoo small.:the valuefor ul~ willbe tOohio@,

Hence in a progressiveintegrationin positive x direction,that
is, in flow direction,all inte~al curvesin throetvicinitylead
asymptoticallyto the sameend curve,independentof the initial
value. If the sizeof the stepsis not chosensmellenou~ a
stronglydamyedoscillationof tho valuoarestiltinntmd of a one-
sidedapproachto the asymptote.Thereforoa solutionof (16e)is



.

●

.

r
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secured.by insertingcloseayproximdxionvalues
and then definingUl by progressiveinte~ation

21

underthe root
in flow direction.

While for ~ onlyan initialvaluemust be ,essumed, ()
& U1’f

must be takenfrom the firstapproximationuntilthe ‘curveo? Urlf

is so steadythat this curvecan alsobe differentiated..Of course:
the differentialquotientof ~ ‘f camneverbe conputedat the

exactplacewhere U1’f itselfis lookedfor, but this is unimportant

at the smallnessof the particularterm. It is ~racticalto plot
the,departurefrom the streamfilementvelocity ~ - U1 and ul’f

against x in the interpretationof (%6e)and to plot the curves
of the streemfilamenttheory,and of the firstzrpprotimationbefore
stertingthe calculation.In the firstcasethe flow filamenttheory
naturallygivesthe x-afis.

Hthe initialvalueof U1 ,ischosenincorrectly,whichis
evidencedhy considerablefluctuationof U1’f auringmany steps,

.it is betterto startd.1.over again,in orderto obtaina smooth
curvebeforethe throatas soonas possible, Equation(16e)is
very appropriateevenin the entiresupersonicran~e.

tie .describetlbehaviorof (16e)thus indicatesthat yalues
of ~ ‘and ul:f are obtained.at the throatwhichare practically

iniiepend,entof the choseninitialconditions.Physicallyit means
that thereis alwaysa tendencytowarda well definedflow attitude
at the throat.

fi the range in whichthe,lestterm of (16e)abeady playsan
essentialpart,that is, exceedsabout10 percentof the right-hand
side;itis betterto Rpplya fozmnikobtatneiiby integretin~the
Sust citedequation.

1‘lX1 81
Ul$f . .—

[
()*G1”ulff.2

f eflttl
+ f%l’f -

IJx
%-!ijh+ &’f).o(,@

o

Havingiiefinedby (16e)the piece of thecurve of UIY and ul
near the throat:the whole curveti the subsonic.andsupersonic
ran~e can be computedby (16cI); X. is tho pointat whichthe last
calculationis started..Approximatevaluesof U1’f therefore
substitutefor x in the integral,as obtainedby extr~polating
the Ulff curve. The determinationof ulff proceedsin the
subsonicrange in the directiontowardthe floorand.it is found
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that the integralcurvesin this directionspread.out and after
severalste~slead to perceptiblydifferentresults. It results
in deviationsfromthe curvesobtainedby iteration,in tiothdirec-
tions,whilein the supersonicrangeand in the tra~itiona.1zone
all t??eccquted curvesare coincident(fig.8). The next yrobably
surpri~ingfact of spreadingof the inte~al curvesin the subsonic
rangehas a very good sensephysically.Flows$whichin the sub-
soniczone exhibitmarkeddifferences,still.givethe smneflow in
the narrowestsectionof the nozzle, Tnis agreeswith the expert-
montallyknownfactthat the flow in supersonicnozzlesis alzuost
independentof the shapeof the nozzleentry. It _probablyalways
tendstowardtho stateof flow for mximum throu~ flowvolume.

Attemptsto startthe integrationin flow directionfor
arbitrarilyspecifiedinitialVBIUSS U1 “and u~-f in the subsonic
rangedo not leadto the desiredresult. Even a sli@t variation
of u~. at greaterdistancefrom the throatfor constant ul!f
produces.profounddeviationsbeforethe throat, Fi~e k illustrates
two examples(thesamenozzleis in fig. 3).

The solidcurveis the solutionfor generalpassa~ethrov.gh
the sonicvelocitynearthe thro~t.

i
The choiceof a sli@tly too

high valueof ul (dashedcurve)at x= -1.5”res~iltsina climb
of ~’f”beyond all litits. The flow cannotbe continuedat all
throu@ the,narrowestcrosssection. The “choiceof a littletoo
smella valueof U1 (desh-dot~)leadsto solutionsat wh?.chthe

velocityof soundis not reachedat all; Near the throat ~ ‘f= O

and is ultimatelynegative.

The previouslycitedas~totic tivcmmntof the valuesto one
and the same end curvethereforerefersonlyto a very nmrow range
near f: = O.

It is see.nthat it is now possibleto define U1 and ul’f

as functionof x. The coefficientsC2, a}~,bl, and b- can

be computedby (8) where ul is utilizedinsteadof U. ‘tiJth
sufficientaccuracy.Equation(19) thenyeilds UO ~nd eqwa.
tion (1) the velocitycomponentsu and v,
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III.DERIVA!I?XONOF THE FIRSTAPPROXIM4!ITON FOR TBX

CASEOF AXIKCY SYMMETRICALFLOW

In &m.eralthe slopeand curvatureof the walls in e~ally
symmetricalnozzlesis not as greatas for the two-dimensional
problom,hencethe firstepproxlmation,ishere of greaterinterest.

Ratherthan repeatthe previcymtleriwtions,a nev method.is
employed.With x denotingthe nozzleaxl.sjy the radlel
coordinateand f the nozzleradiusthe equationof continuityis
writtenin the form

(20)
.

where u and v are
tion;and, as lefore,

Now, in orderto

the velocitycomponentsin x and y direc-
~2 2 +T2*=U

obtaj.nan approxhnatelvaluefor v it must
sufficein the aboveequationto ‘~sertan approximatevaluefor pu,
since v is to he mall onlyrelativeto u. Restricted.to the
valueof the stbeamfilament;designatedby psu~, its equation
of continuityis

(20/2)

AS before f is made nondimension by the ratiusat the throat
of the Lmel nozzle, P by the chamberdensitfiP. end u by the
nlmdnnins:~eed.:so that M is a,throu@ flow volumewhichis metie
nondimensionalin exactlythe ~~e ~~y as in (12).

By logarithmicdifferentiationof (20a)

(20b)

It shouldbe notedthat (10a)ana (lOb)are valid onl.~when f is
proportionalto the crossSOCtiOIl, If the cross sectionis
proportionalto tilequantity f2 as in the exiellysymmetricalcase
the factor2 is additiveto fr in (lOd)ma to ft~z in (lOb),
as equation(20b)also indicates.
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By means of the last equation
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!&YiY)=2yP~u& +.,.

Thisis,of CO’.WSO,m .a~proximateeqration,becausethe relation-
ship of product PU and y is not consideredat a~~ but en
approximatevalueintroducedfor it. The right-handsideof the
equationmerelyconta~asfunctionsof x, asidefrom y, hence
integrationwith due regma to the boundarycontitionyields

Y.=o: V=o; -Q-=~~Y

with ~= 1 on the right-hand side
Ps

= Usfty.+. . . (21a)
f

accord3nGto the earlier

omissions.With observanceof the freedomfrom rotetionwe
immediatelyget

~ay2=uo++ ( .?2Usff” + Us’ff’ - Llsl,)
~+ (21b)

‘=UO+2 2 f2”””

The formulafor u and v a~ees in firstapproximationwith the
formulasfor the velocitycomponentsin the two.dhneneionalcase.
Quantity U. id againcoquted by the continuityequationin the
form

(22)

.

●

‘1

For e(u,V2
2

the samedevelopmentas beforeis used (1.7b),but
the resulta ter integrationis slightlyclifferent,namely,
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. . . .

M

(

Vl&lf:+. . ,1
;..,

=e +%uo ~ ~2f2 +
:Lb2# .:._

7% ,6 4uo.~ 8,u0
“)

The cmlttedtermsplay no part in the firstapproSmation. In the
last equirtionthe tiracketsfor e contain the argmned; thts is
no product? The solutionis foundthe sameas before

u 1-u=-

(

; ~bpfa+
s e

a2f +
4’ 1 )&-uo’fblf .+ . ● ●

‘o 0 ,)

1

(

3.= -
4 )

u8ff*f-:-—u !fff + , . .
2s

This equationthereforedtffersin severalfactorsfrom (16a),the
correspondingfirstapproximationof the two-dimensionalproblem,
The firstappro-tlon for the relativevolumecorrectionfollow~
as

?=-
* (fytq2 .+ .

Its differencefrom

xv.

(17a) is very little.

KPPLLCATIONSAND MODEL

*9 (24),.

IR03LEM$

(a}The Two.?lhaenaionalSourcefor Compressible3’1ow

The formulasof the firstapproximationfor two.d.inensional
flow are checkedagainstan exactsolulxlon.Chosenis the exugple
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of compressiblesouroeflow:by
slopeda.tangle 2cz is Given.
when assumingthat an@e a is

NACA ~NO. 3.22.5

whicha flow betweentwo flatwalls
The problcnncan be solvedEenorally:
small. Considerthe flowat point

of the “nozzle”of’crosssection f, The point of intersectionof
this cross~ectionwith the x-axisis distant X. from the o~’igin.

In addition rp = f2 +x2 (fig.5)*

Thereforeft= tan

in radians,so thatthe
is givenby

fa=—; ff’~ =(). The anp~e a is measured
Xo

streamfila.?.rientvelocityat the yointof f

.()fe US ()=Ctlxeu
00

Thisequationcanbe developed,Puttinga = ixnm - ~ 3tan a gives

~s+‘us (%- .s)](&l.

With observanceof (lOa.)and cdsaion

-:%3 f,2=u
‘o-us 3~ o“

J

‘)1 tan%--
3

= tan’ils
/,,

of temnsof hi@er order

1
‘S+wft: =0

or exactlythe equation,(16a)for ff” = o

The velocity Wf in the pointwith the coordinatesX..x
o

d y. f can be expressedin simplemanner. Nirst, It m.gt bo
equalto the velocityon the x-axisat distance r from tho
origin,developeait gl.ves

‘f=%+uo ‘k-xQ)

Second, Wf can be eqmessed b,ythe x componontcf tilevelocity

imthls point ~ and the cos?.neof the angle,
.

.

‘f =’-%:
o
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Developmentof r gives

r
—=1+
x~

;f?aad r-xo= :ff!

whichwrittenin the lasttwo equationsgives,aftereliminatingwf

% o’-*usf’2’*%’ff’-u

The sameresulthatibeen obteinedfor fftf = o by (1.1.b)and (l},

(b)Comparisonof TheoryenilExper”rneriton en

AxiallySymmetricalNozzle

T. E. Stanton(referencek) meo.suzzeathe velocitydistribution
on the atis ana alonga line perdlel to the axiswh2seL$.stance
from the wall at the -pointof mi.a.immsectionmbvrrtedto about
2.5 millimeters,where fftt . 0.21C, As explainedin the tnm-
dimensionalcaseat such a hii~ valueof fft? no completeagree-
ment of the firstapproximationwith the ectualflow Is to he
e~ecteil. Our theoreticalvalueson the axim are a littletoo low
and on the wall a littlotoo hi~. Stantonneasured et various
chamberpressures(fig.6, c* is the velocityof soundat M = 1).
fi the firstthree casesA, B, and C the chembcw(ortank)pressure
i.sso low that the matimumvelocityIs not attztnedat the throat
of the nozzle,with increasingsectionthe velocitydroysaa-in.
In pro~ty of the RZ1l the velocityof soundin casoC is even
OnpeaOa in S03U0areas, Thus the problemhere Xvolvus a solut~on
whichis symznetricalto the minimumsectionof th.~nozzle. This
Oylmletryis, of course,somewhattist”~bwiby 3oundary-layer
effects. Tho symmetricalsolutionsare predicetoduyon scm~
quantityin orderto be able to dcdxmudnotho tkoorvticalcwmcs,
In the presentinstancethe axialvelocityat throatwms tekcn
as apecifiod,in conaoquonceof whichtheoryant tasfifiim~ rmarly
in completeaccordon the ads. The compuhd wloclty ~mproxbdty
of the %nll is, as in cascE-F, gaerally too 10WJbut this.mkd
@3vtati0nis et a~r event,attributableto tha methoaof moamromcitit.

fi the,cascN-Fthe tank (or chamber)pressureis al.zze@yhi@
enoughso that 0.general.transitionto supersaic speeih~in proximity
of the throatis involved. There the calculattomof tlm sp~ed
necessitatesno furtheraswugption.The thcor~ticalvaluesof the
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speed
first
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at the axisare a littletoo low, exactlyas e~q?ectedin the
approximateon. The exper~entalwallvelocitiesin the

supersonicrangeare peculiarlyhigh. The causeof velocitydrop
in the neighborhood.of x= 0.1.5is und.oabtodlyintroducedhy a
compressibilityshock. Stanton~stest seriesD is not reproduced,
sinceit cannotbe interpreted.withoutincludinGbountirylayer
effects,

(c) Flow

Figure
velocityon

This is the

ThroughH~erbblic Nozzles,!l%o-DimensionalProblem

7 representsthe tmnsttion from subsonicto super~onic
threenozzles. The nozzleed.Gois @vcm by the function

f=-

equationof a hyperbola.The hel.fnozzlehei@t at the
throatis takenas equalto unity, The reciprocalcurvature
radiusfor ft = O is fsr = a. The nozzleformsropresontodby
the abovefunctionworepreferredoyorthosoof G&t3-orand Taylor,
sincethey,likethe nozzlesU.EUIin practico,havethe Troyortyof
decreasingsise curvaturewith increasingdistcnce&cm tho throat.
Besideson thisnozzleforma groatcurvatureof the nozzlecilgo
for small x ‘valuesgoeshand in hand with a strongslopeof the
nozzleedgesfor great x values. Accordinglythe smaller a is
the greaterthe accuracyof tho theory.

In conformitywiththo entiretheorytho resultsaro velocity
profilesratherthan Llnosof constantvelocity. But it is an easy
matterto changeto linesof constantvelocity. They me preferable
for the representation.

The t.hreonozzloshave the followingvaluesof a:

a = 0.10; a = 0,20; ‘a= 0.30

The linesof constantvelocityof the,finalsolution are uhownem
solialinos~thoseof the firstaypko@nationin,dmhoe ma thoso
of the streamfilamentsolution,whicharo strai@t, of course,
in dashesand sots. The relatedvelocities,e~wessed inmulttplos
of the velocityof souna c* at M = 1, aro enteredat tho irdmr-
sectionpointwith the relatealine of constantvelocity.

As is men the first
providesfairlypracti.oal
of the deviationseven in

appro-tlon for ill threonozzlosstill
value,and givcwa fairlyaccumto account
the case of a = 0.30. Tilo errorin tile

.

.

—

.

.
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finalsolutionwithinthe’.bdgion:~ich ~atisfiesthe condition(13)
iff}”< 0.10, is about10 pe~centof the clifferenceof this solution
from the firstapprodmat~o~. The errorof:thefirstapproximation
at the axis is, as alreadyappraisedfor f! = 0, abouta thins
the differencemom the streamfilamentv&ze at thispoint. The
resultin the subsoniczone is not d~finite. Figure7 showsthe
soIutionsobtaineafor U. by iteration.Thi~ alwaysgivesonly
one solution. ,

,,

FiguzWes8(a):@),mui@) indicatethis ambiguityfor the nozzle
-U&- U()

a = 0.20.in the subs~ficzone+ m figore~(a),— is plott6a
US

egainst x; fi~ure8(t)shows the correspo.tiinG curve for uO’f;

figure8(c)represezrtsthe linesof corxtxntvelocityfor the computeii
extremecases. Thus the solitlana the dasheacn’vearoprocenter~c.t
solutionswithinour accuracy.

..
I’igure9(a)isthe ftrstapproximationfor tho nozzle a = 0.20

for the case of meximhuvelocity at the throatana subsequent
‘decrease.The valuo i aenotestho Mach mmbor at the throct
basea on tho streamfflamontsolution. Thus for 2 = 1.0 it ~vos
solutionswhichare symmetricalto the throatend a~~otrical.
At valuesof i near unitythe Mach number1 is oxceoaodin wall
“pro=ty. ..Fi.~09(b)re~rese~tsthoprecti,c~llyxotsohuyortent
cases of symmetricalsuporconicflow. It attehs its lowest
velocitiesin the lo~stsectf.on.The i VSIUOSarc here so
chosenthat in one case eachfor i < 1.0 end i > 1.G tho smne
velue of ~, that isf tlm s.tunethrou@ flow volwm,puowils. Tha
rasultis that this seriesof fi~os reproscntsf.3sscntidJ.yall
possiblecasesfra the lowostto the hi@st velocities.Tho
figuresare arrangedso that flowswith qual throughflowvohmos
havo correspondinglyequal.places.The casofor i . 0.~8 in tllo
supersoniczono i~ not shown. The linesof cormtxntvelocityin
tinesupersoniczonearo fundamontsllydifforcntfrom thosein tho
subsonicZOIla.fiterOstin~is the facttb~t a% ~o~ ~&L ~d.oc~%bs
the velocitychangois largelytransvorsoto tho flow dirocilon,
and -11 velocityvariationsare &lro@T dcccmpmicd i.)yQpprociablo
changesin a~~ityo .

The samefunctionchoso~for the twn-diuomionalproblom was
mea for tho distancoof the nozzleedge fromth~ ad~ f. Tho
nozzlopiramdmr ms indica.t~aby aR. ,Mor61ythe ftrstapproxi-
lnation,~?hoselinesof oonstantvelocit;~am sham LS soltdlines,
was Computed Fi~e 10 roprcmontsthe throocases
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% = 0.10; a~ . 0,20 and % = 0.30

AS the velocitychangeswith the squareof, f, henceiu much
greaterthan in the.two-dimensionalcase,t}lelinesof.copstant
velocityero closertogether.’A velocitychangein proxl.mj.tyof
the axis doesnot amountto as much as one in wallproximity,
sincethe flowvolumesare sub~tantial.lygreatier,In,accordwith
it,itis seenthat in the axiallysymmetricalcasea de~arturcof
the velocityfrojnthe streamfilaunt valueat the imll is com-
pensatedby a much highervelocityvartntlor~at the axis. For
the rest,thogreatvelocitydiffere~ceson a sectionare lessthan
in the caseof two-dimensionalflow.

(e)Correctionof Volumefor I&perholicNozzlos

With (17) and (17a)tko volumecorr~ctioncan bo computod,in
firstapproximationfrom the hyperbolicnozzl~sdoscribodin

amsectionc. With
L)
-- denoting,thofirstapproxhu.ationtho romlts

‘1are as follows:

(f)The Significanceof theWall Ctrrveturoat Throatin tlnu

Constructj.mof SupersonicNozzle=withParallelJut “

The constructionot supersonicnozzlcwwithparcllolflow for
,, supersonicwindt~mnels-bythe Prandtl-Busomanmmcthod$;o.nor.ally

proceodsfromthe ammnption that in th?.scaso,~~~.~nsuffi~ient
accurticyat the throatof the nozzletho Mach nmnhorovcmtho
ontirosectioncanbe put equalto unity, To .m.alyzcthe error
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introducedby this assumptiontwo constructionsof a supersonic
nozzlewith a paralleljetwith a Mach riumberof abcuteTL~lto 2
were effeoted.,one on the ba.Bis@ w assumedconstant..velocity
bverthe sectionat the’thzzoat,the otheron the basis,ofa
velocitydistributingattainedby.ourtithod. At the thrffltff”
was takenas f’f’”= 0.30. Minimumdirectionalc~es”of Cme .
radianwere invo~ved. The volumecorrectionof the mzzle amounts
to about0.8 percent. The end.sectionsobtatned-wtththe two I
constructionsshouldthere~oredifferby-nomore ~han 0.8 percmt,,
but the differenceof the end secticmsdid mount to 2.4 percent
and for that reasonthis quantitycan bp.regardedas measurefor
the aocuracyof the construction.The @eat66t sectionaldifference
dntlietwo constructionsamountedto 3.3 perceiitso t~t the twcI

.’curvesmay be said to showno differ&me withintileaccuracyof
construction.The justificationqf proceetimgwith the cozi~truc- -
tion of supersonicnozzleswith parallelJet frun the assumption
‘Ma= 1 in the narrowestsectionof the nozzleig therefore

.‘Cotiirpea.”“

. ;. ..

‘TranslationbyJ. Vanier
“Ma%hYLk;& 4.ti.viaoryCcmd.ttee

.

4 for ~?u~raut~ics

8

.“
,,
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Figure 1.- Section of converging-diverging nozzle.
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Figure 2.-

NACA TM No. 1215
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Figure 3.- Convergence of the iteration method.
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Figure 7.- Lines of constant velocity of the stream filament theory,
of the first approximation and the final solution (two-dimensional
problem).
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Figure10.J Lines of constant velocity of the stream filament theory and the
1. approximation (axially symmetrical problem).
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