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ON TKE THEORY OF T31N EWLLOW SEEIU*

By A. A. Nazarov

In the work of V. Z. VUsov (ref. 1), equations of the equilibrium
of shallow shells are given, with account taken of the torsional stress
state. These results are of great importsace for practical computations.

Vlasov employed a coordinate system that coincided with the lines of
curvature of the fiddle surface of the shell. The survey article by
A. L. Goldenveizer, and A. I. Lurye (ref. 2, p. 579) shows that this cir-
cumstsmce does not always assure the applicability of the equations of
shallow shells. A sphere referred to the geo~aphic system of coordi-
nates may be used as en example. The coefficients of the first quadratic
form, in this case, are A.R and B=RsineO

The expression in the preceding case of the tangential forces in
terms of the stress function given by Vlasov will approximately satisfy
the first two equtions of the momentless theory of shallow shells. The
error, as can easily be verified, will be of the order of sin 6 cam-
pared with unity and, therefore, depends on the choice of the coordinate
system. The error is found to be less the farther the pole of the geo-
graphical system of cmrdinates is removed from the part of the shell
under consideration. This circumstance may sometimes be met in
computations.

The present report does not employ the lines of curvature as the
coordinate system, but employs “almost carteshn coordinates” (the coor~-
nates obtained by cutting the surface into two mutually orthogonal systems
of parallel planes). This choice of coordinates will, in certain cases,
be more natural for the problem under consideration, and will also be
free from the previously mentioned fault.

1. Let the middle surface of the shell be givenby

z =xf(xl,xJ (1.1)

where X is a certain nondimensional parameter, and f(xljx2) is a func-
tion having partial derivatives with respect to the argments xl and

*“K teorii tonkikh pologikh obolochek.r’ Prik. Mat. i M&h., Vol.
XIII, 1949, pp. 547-550.
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X2 up to and including the third order. In deriving the general rela-

tions of the theory of shallow shells, we shall neglect, by canparison
with unity, terms containing the products of a certqin nondimensional
factor by the square and hi@er powers of the parameter k.

The camponentsof the tensor of the first differential form are .

6$11 = 1+ (blzp glz = alzazz gz~=l+(azz)z (1.2)

where, as shown in the following paragraphs, the index of ~ denotes
differentiation @~h respect to the variable of the corresponding index.
Rejecti~ terms containing squares of the parameter .X in expressions
(1.2), we obtain

With the same accuracy, the relations are obtained for the covarismt,
contravariant, and mixed components of the sane tensor, so that

gll
=g22=l 13f=g12=o “g~=g$=l (i.4)

The decomposition along the axes of the vector normal to the middle
surface has the form

n=- ib~z -Jazz+k _ (1.5)
.

The components of the tensor of the second differential form of the
middle surfa;e of the shell are

—. —.- .—

--
(1.6)

Therefore,”consideringthe assumed de~ee o~.@ccuracY~=w~ have

(1.7)
-.—

n.

.

-.-.

---
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For the covariant, contravariant,

3

of this

.

and mixed components

=As
2 ~zz

b2= =

r
apm are connected

“4” tensor we have

bll .b~=~r

The christof~el symbols
relations

2
bl = b12

r~~ and

At (1.8)

by the

(1.9)El
N
d+

On the basis of equations (1.3),

r~P . ram=o (1.10)

Hence, the covariant and contravariant derivatives of the vector will,
with the assumed degree of accuracy, coincide with the usual derivatives

Vxra s aFa (1.11)

d
t<

g
The second equation of equations (1.3) justifies the conclusion that

with the assumed degree of’accuracy, the lines xl = constant and X2 =

constant on the shallow shell will be orthogonal; however, in the general
case, they do not coincide with the lines of curvature. Hence, it is not
possible here to directly apply the known .formulasof the theory of
shells and the coordinate method of deriving the required formulas, and
formulas similar to them become unsuitable. For this reason, following
the findings of A. 1. Lurye and A. L. Goldenveizer, we shall apply the
more general mthemtical ayparatus of the theory of shells based on the
methods of tensor analysis.

2. The position of
the radius vector

an arbitrary point of the shell is

r =p+nz

determinedly

(2.1)

where p is the radius
the point to the tiddle

r+

vector of the foot of the normal drawn through
surface. On the surfaces bounding the shell,

=y++hn r-. p-+hn (2.2)
G

the form

r3 =n

The principal vectors of the surface have

rk=~ - zb&=

.

.

(2.3)
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The components of’the fundamental metric tensor of the shell are s.

au = gfi - 2zbik + bmib:z2 (2.4) L

In our case, with the degree of accuracy assumed, we have
--

all = 1 - 2Azr alz = - 2?czs a22 = 1 - 2kz+ (2.5)

a= 1- 2zk(r +t) (2.6)
IP
E

all a22 a22 =-1”+ ;12% -
4

= 1 + 2kzr = 21ZS (2.7)
.

-..
3. Let V1, w, and V2 be the components of the vector of small .dis-

placement, v of the points of the middle surface alcxigthe lines xl .

constant and x2 = constant, and n along the normal. Then
— —

v= J% +Wn (3.1) ,

The radius vector of the deformed surface is .- .— .-

1P .p+v%k+wn (3.2) -1
.—

The principal vectors on the deformed surface are ‘-”
—

-.

‘Pa= pa i-(Vavk - wb~) ~ + (Wa + bkay’k)n (3.3)
-. ——

where V is the symbol of covariant dlffere,ritiation,~n our case, v = &
Then, the six magnitudes 6ik~ik determining the changes of the coeffi-

cients of the first and second differential forms of the middle surface
of a shallow shell, on the basis of formulas (2.1.5), and (2.1.11) given
by.A.

Sll =

1. Lurye (ref. 4), are yresented in the form

@ik= akv%ia+aikw+aiv%ka+v%~%a (3.4)

In the problems under consideration, amd with the bending of the
shell, an essential part is also played by the deformation of elongation>
the first being comparable in magnitude with the second. On the basis of
this assumption, it is possible, in the last three equations of equations *
(3.4) characterizing
the terms containing
ison with aikW. We

B~~ =

the changes in curvature of the surface to neglect
the displacement components VI and v$ in compar-
then have

allw %2 = a12w P22 = a22w (3.5)

_
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4. The expressions connecting the forces and moments
~tions of the middle surface are reduced to the form

t

TI = B(ell +vc~z) T2 = B(c22 +VC~) S=B(l.

Gl=- D(1311+v~22) G2=- D(~22 +V~ll) H= - D(l

where

B
Eh

D=
~3

=—
1- V,2 12(1 - V2)

5

with the defor-

V )C{2

-}

(4.1)
v)P12

The static equations of an element of the shell, as derived by A. I.
Lurye (ref. 3) can, fOr our case, be written in the form

.
a1Tl+a2S - NIXr - N2XS +E1= O

blS +a2T2 - N2kt - N~ks +E2 = O .
I

alN1+ a2N2 +TIAr +T2M

a1H+a2G2-N2+M1=0

~Gl+a2H-Nl+M2=0

+2SAS+E3=0

I

(4.2)

In the following paragraphs we shall, in the first two eqqations of
equations (4.2), neglect the terms NIXr, N2Ls, N2h, and NIXS by COIIl-

parison with the others (this is the usual hypothesis which is assumed
even in the theory of large deflections). The equations (4.2) will then
become

@ +b2T2 +E2 = O
I

alH+@2-N2+Ml=0
I

(4.3)

.
In eqmtions (4.3) as in eqpations (4.2), El, E2, E3, Ml, and M2,

the components of the principal vector and principal moment of the ex-
.0 ternal forces are applied to a point of the surface of an element of the

shell along its principal directions.
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In the third equation of this system, we substitue the values of
the fcmces Ill and N2 found from the last two equations of the system, :

and making use of equations (4.1) easily transform the remaining equa-
T

tions (4.3) into three equations in the components of the variables, so
that

—
V2V2W +3 A2w(r2 + 2vrt + t2 + S2) - ~ h[r(~l~ +ua2v2) + I

t(a2#+Valvl)

Further; it is easy

~3
+ S(l - V)(a1v2 + a2vl)l - ~ = o J

v
to show that the ~&tic” equations of the-shell

(eqs. (4.3))j can be reduced to two differential equations for the two v.
functions. For simplicity of computation, we shall consider the case of
the equilibrium of a shallow shell where, in equations (4.3), the magni-
tudes El- = E2 =Ml =M2 = 0. We shall choose the function 1? so that

T1 = hb2.# S = -ha12F IC2= hallF (4.5) -

Then, the two first equations of the system (4.3) willbe identically
satisfied. We shall call the function F (by analogy with the Airy func-
tion Zn the plane problem of the theory of elasticity), the force func-
tion● Further$ on the basis of formulas (4.1) and (3.4), we find .——

T1 =B[bl+- +va2# -Aw(r +vt)]

T2 s B[b2v2 +walvl-~w(t+ vr)]

s = ?+@v2 + a@ - 2ASW]
1

(4.6)

Whence, the following relations are easi3y obtained:

‘1 . VT2 = Eh(~l# - hrw)

T2 - VT1 = @2v2 - Xtw)

2(1 +V)s = (alvz + b2vl -

—

1 .
(4.7)

.
2Asw@h .

. . . ..
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Differentiating the first equation of equations (4.7) twice, with respect

e
to
to

we

x2, the second twice with respect to xl, and the third with respect

xl and X2, and subtracting the third frcm the sum of the first two,

obtain

~22(~1-vT2)@ll(T2 -vT1)-2(l+v)b12S = -u(rb22w-25b12w+@11w)

(4.8)

Substituting the forces Tl, T2, and S in place of their values from

equations (4.5), we obtain an equation connecting the functions F and
w:

The second
forces N1

v (4.3), and
F and w
form

d

1.

2.

3.

Vlasov,

equation of these functions is obtained by eliminating the
and N2 with the aid of the last three equations of equations

successively replacing the forces and moments by the functions
in the first of these three equations. This equation has the

V2~2w

[ 1.~E3 + Xh(ra22F - 2sa& + tbUF) [4*1O)

RExEm.Ncm
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