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THE LIFT DISTRIBUTION OF liINGS WITH END PLATES*

By IV. Mangler

SUMMARY

This report describes ‘the lift distribution on wings
with end plates for the case of minimum induced drag .(in-
duced downwash constant over the span). The moments on
the end plates are also determined. -

It is found that moving an end plate of certain< “
length up from the symmetrical position, is followed by a
slight increase of the total lift. As a marked. increase
in the moments of the end plate about its attachment also
results, tile symmetrical end plates are most advantageous
if a higher circulation on the.wing only is contemplated+
But , if the end plates,are to serve for producing hori-
zontal control forces, a pronounced unsymmetrical arrange-
ment will be preferred.

The magnitude of the ensuing side force for end plates
of any length and position is illustrated in figure 13.
The ratio of coefficieni$s of side force and oflift can %e
interpolated from figure 14. For the application of the
side force, an empirical formula (22) is given.

The writer wishes to express his appreciation tO Miss

I. Lotz, for the many suggestions in the preparation of
the study.

NOTATION

b, wing span.

h, height of end plate.

k0? ratio of”height of the upper part of the end plate “to
semispan.

—.—__ __________ ____ ______________________

*“Die Auftri.ebsverteilung am Tragfl{gel mit Endschei%en. “
Luftfahrtforschung, vol. 14, no. 11, November 20, 1937,
pp. 564-569.
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“NOTATION (Cont. )

ku , ratio of height of the lower part of the end plate
to b/2.

k = :2, ratio of height of upper to height of lower part
u of the end plate (k = 1 for symmetrical cnd

plates).

h ]<o + ku——..—-.
z= 2’

ratio of lheight of end plate to span.

~ ~~ r9
~coordinate (referred to z = 1) along the span.

,,I.} ~fj
T,

&coordinate (referred to z = 1) along the end plate.

: ?;”” t= f+ill, coordinates in a plane through the vortex sur-
face shed by the wing (referred to 1)/2 = 1).

r,

A,

P,

1? =-b

circulation.

lift.

lift coefficient.

incluced drag.

drag coefficient.

rate of downwaslj induced by the vortices leaving the
ving.

17 rate of downmash induced by the vortices at great
distance ~ehind the wing.

air speed.

air density.

V2, dynamic pressure.

t, wing area.

‘o (or ‘u), side force on upper (or lower) part of the
end plate. .
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L.4:,; NOTATION (Cont. )

J

!1(
j ‘ ‘-

, ..

F. (or Tu),i area of upper (or lower) part of end plate.
‘t,,,

Ii ~~o’””(or c~u), side force coefficient referred to I?. (or
‘j,
~; I?u). “
,)

M. (03? Mu), moment exerted by So (or Su) about the

point of attachment of the plate.

I. INTRODUCTION

wings with end plates (fig. 1) are used on sailplanes
and lately, also, on the tails of airplanes.

The object of the pyesent report is to ascertain the
relationship of the circulation distribution over the
wing and of the lift to the height and position of the end
plate. The side forces and moments on the end plates tvere
also determined.

The investigation ”hereinafter treats the case of min-
imum induced drag, i.e., the case where’ the rate of down-
wash ~i induced at the wing by the shedding vortices is
constant over the span, and where the sk.edding vortex sur-
face moves downward at a constant rate 2wi = w like a
solid body (references 1 and 2).

The case of symmetrical end plates (k = 1) was
treated according to l?. Nagel (reference 3). For small,
one-sided end plates (k = m). I also had access to the
unpublished calculations by F. Keune.

II. LIFT AND MOME3JTS

Assume a plane placed at right angles to the stream
6> direction through the shedding vortex surface at -a great

distance behind the wing. Provided that the downward ve-
locity of the vortex surface (which has the value of w =
2Wi if Wi is the downward velocity created by the vor-
tices at the wing) is small,- that is, no rolling up of the
vortex surface takes place - this section has the form in-
dicated in figure 2. Our problem can then be solved if we

d,,,”

-- .—.
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treat the plane problem of the flow around the section of
figure 2, through the vortex layer. To make the j?ro%le~
stc~.dy, it may be ~.ssume?L thia,t the section which is at
rust is .o.pproo,chedfrom below at the constant speed w =
2Wi .

If the complex potential [1] = @ + i$ of this flow
is knorril, the circulation strength at a point ~ of the
wing or point 11 of the end plate (fig. 1), is equal to
the junv suffered by the potential uhen changing at point

5, ‘“corresponding to point ~ or point 1 + in, corre-
sponding to 7> respectively, from one side of the vortex
layer to the other (figs. 1 and 2). The section being a
streamline (reference 4), V is constant.

Thus , we have:

where o~ and OS are the potential values for point
~ or 1+ iv),

Then the lift becomes:

-1

With this

+1

-1

or, making r dimensionless with v?;:

+1

Iv b2
J

‘ r(y) d~—— —— ——.
Ca ‘ 2V I’.

w;
-1

(2)

The induced angle of attack ai tecomes:
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w 0; CQi
T.L c c.

c,
Wi Ivi Cwiai- k tan ai” = —— = -m— = ~- = ‘—-—
v 2V ‘a

which with

gives the drag coefficient
-.

; 2 _y_ _I_
cTVi ‘ a

. ca2 —?= K

IT112 2J l-r-b

5

(3)

(4)

(5)

In this form the factor K = ~ gives at once the

departure of the drag coefficient from that of the ellip-
tical wing. l?or equal lift and dynamic pressure a wing
of span b with end plates has the same induced drag as

———a“ing“f A- span without end plates.

For the determination of the” side forces and moments
at the end plate, the sense of rotation of the bound. and
free vortices is given in figure 3. Seen from above, the
bound vortices of the right-hand end plate turn in the up-
per part in positive direction; in the lower part, in neg-
ative direction; so that the air speed V causes. a force
perpendicular to V and to the end plate. In the upper
part this force is inwardly, in the lower part outwardly,
directe”d. The forces created by the right and left end
platens” cancel each other, but exert a moment about the
point of attachment of the end plates.

l?or the side force So, in the upper part of the end
plate , we have:

k.
1’

(6)

where o

?7e ~7rite:
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(7)

and find from equr.tions (2”)and (6) in conjunction -mith
equation (4), the ratio of side force to lift at:

So Jo
——
A = 27

and correspondingly for the lower part:

where

and

“J:Q _ _u
A-2J

(8)

(9)

The side force coefficient. %0 is introduced through the
relation

so = ~ V2 3’0Cso 2

uhere 3’0 denotes the area of the upper part of the end
~late.

Assuming the wing to Ye rectangular (F = b t) with
elliptical end plates

Cso Jo F Jo~Z
—— = ———.-— = .-— — ——
Ca 2J 30 2J n k.

(8a)

and
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N.A. C.A. !Technical 1

cSu Ju F “Ju 8 1
-—-= —-— =—. —,,.
Ca 2J Fu 2Jmku

The moment M. of the side force So, “is given by
,.

k.
a

M. = p,v~4-
J

r(~) Ij d~ (io)
. ..
0

TTi.thequati’on~ (3) and (5) the moment about the upper
part of the end plate lecomes:

J*
?L=L
~$ 2J

and about the lower part:

Mu JU*-
—— = ——
Q 2J

if we put:

and
o

.,

(11)

(12)

(13)

Finally, equations (lb), (8), and (11) “yield for t.h.elever
arm at the upper part of the.plate,, “the formula:

. . . .
‘M’ “ ‘M. A

‘QO = ~ Q-– = --- ‘– = ;~:

7)

(1”4)

2
so +sO 0,,.

and at the lower part: ‘

.
..

*

VU=*-” (15)

.,
c’-. .—
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III, TRAITSFORMATIOIT

The flow potential QI (() in the (~, ‘f”) plane is
determined by so transforming the (~, ~) plane thr~:gh
an analytical function L = f(z) into the z plane

(~ > O) is tra=s-x + iy) that the right ( half ,plane
forned into the upper z-half plane (y> O) at the same
time as the right-hand part of the section a,nd the imagina-
ry ~-axis changes into the real z-axis (fig. 4). Then
the flo17 potential Cll (z) and coilsequently, .21s0, Cll (C)
can tie readily established.

The desired transformation could be easily expressed
-with the Schwarz-Christoffel transformation formula, which
170uld ~ive an elliptical integral vhose parameters - the
points of the z-plane for the corners of the ~-pla.ne,
would have to be determined through the geometrical quan-
tities of the t-plane. But as this rrould entail the so-
lution of a system offive transcendent equations uith
five unknown quantities, a different may, an approximate
method, is preferable. The desired transformation is
built up in three stages:

(16)

The half plane f>o, to which we can confine our-
selves for reasons of synmetry, goes into the z’-plane
(fi~s. 5 cmd 6).

The straight pieces BC an d 13D become the para30l-
ic arcs ~lc! and ~!~!o It is permissible to assume
th~.t the ratio k of the distances BC and ED is ~ l:k=
koal

In addition,
G; “

since we treat only the cases where

kogl (i.e., the upper end plate piece is less than half
the span), the parabolic arc CtBfE!Dl may be substituted
by a circle.

This circle is to be so chosen that its center lies on
the real axis and passes through d? and C1. Its equa-
tion. reads:

2 2’x? - 2ax1 + y! l-2a

whereby the center lies at the point a = - (1 + ~ ko’).
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It also intersects the real axis in the point G~ = Lt =

‘,(? +koa )., (fig.’ 6). . . ..: ,. ,. , . .

Now every point Qf the parabola is projected parallel
to axis y~ on the circle. (Any other projection would
serve as well; we chose the most convenient one.) This ;
means that the investigation tends toward end plates with
smr.11 outward curvature rather than flat ones. This curva~
ture , vhich depends on h/b, is negligibly small in our
case.

I?oint D1 = ~l-kua) - 2i ku,

is replaced %y

‘J)S1 = (1 -~’) 1+$ (koa -k<)

(3 + koa) 21’
2d stage: ~t = —————.——._——-—_____ _

(4 + koa) - ~1~
(17)

A linear transformation transforms the point L? into
point m; the circle thereforo becomes a str:-.ight Ii.ne.
Point Hr = m becomes point H“ = 4+ko=, and the cnd

points C? and Dr become the points

D 11 1 i
ku (3+1#”—-.—-———-— --—— ——

The treatment thus reduces to the flow of a source
and sink at point H11 about the surfaces, illustrated in
figure 7. Up to terms of higher order and a real factor,
the potential in the vicinity’ of point H 11= a611 has the

form 1-———___ This is easily treated with the Schvarz-
Jz” ‘“- agt’

Christoffel formula. .,---

3d st~g~:———— The outsido of polygon A“ B’) C!! Dtl El! Ffl
Gll Ell L!l is transformed into the upper z-half plane
(y > O). (fig. 8). The effect of the approximate method
is that the polygon nom contains only tl~o angles of magni-.

,k%ik.
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tudc n/ 2“, and three angles of magnitude 2Tr. The inte -
gral following the application of the Schwarz-Christoffel
formula therefore lends itself to evaluation without el-
liptical integrals:

z

z“ = & J (z - a2) (z-a3) (z-a6) dz
—————————————————————

.
J(Z- a,) (z - a4) (z - a5)2

ao

WI denotes a scale. factor so cho’sen that point z“ = 1
corresponds to point al. Owing to the condition that the
integral should be real for real z >a~ = o (fig. 8),

and the further condition that the integral from al to

a.4 must le zero, it can even le expressed by an algebraic
function:

al
.% a.

Here :

The prefix of the square root is to be so chosen that
the upyer half plane (y > 0) is transformed into the
z“-plzme; real z and Z -$al are to carry the negative

prefix, z 2 a4 the positive sign, while for alszsad:

Five conditions exist for the parameters a., al, a2t
a3, a4 (a. =0, a~ =1)0 Two of these follow from the pre-

viously cited deme,iids that. the transforma~ function for
positive real z must be real, and that the length (~11l)lr)

must be equal to the sum of B“ C“ and D’f E“:

— L
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a2+a3+a.6= * (al + a4)

From these equations al am d a~ can be compute d..

A further deduction is that the function (18) in the points

a2 s a=., ae has the desired characteristics, namely, that

Q&:
dz

‘oecomes zero at these “points. For this reason, there

is no linear term at these moints in th,e,pomer series dc-

i~ the ~m~~~ p~~~t-o~i”) ‘s ‘rOPOrtional to (2- ai)20

v~lopmc?ilt for
(sill . .

ai ; i=2, 3,6.)

As the position of points cl!, Dll, and HI1 is defined
by the position of C, D, and H in the ~-p’lane, the still
free parameters a~ , aa , and a. must be SO chosen that

point cII corresponds to point <329 point D “ to point

a3 , and--point H!! to point ae = 1. For =2 and as

(which alono occur in the first two conditions), wc can
restrict ourselves to the range of

The case of the wing without end plates (elliptical
lift distribution) is obtained when putting

al = a2 = a3 = a4 = - ae = - 1 (k. = ‘ku = o)

~hile a2 a3 . al a4 = aF2 = 1 gives the wings with sym-

metrical end plates (k. = ku) as Computed by l?. Nagel

(reference 3) by a different method.

. .

IV. THE POTIINTIAL

Since our aim in the ~-plane at a great distance from
“the sect-ion isa flov Farallel to the ~-axis with a speed
w (fig. 5), the development
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is valid for the potentinl ClZ(L) in the vicinity of
~=al. -

The transfor”nal fllilctioilin the vicinity. of = m,c
that is, - can be represented from equations (16),
(1’7), and ?l~)a?n the following form:

(20)

1 (3+k2)(4+ k’)
M . –—–––Q––E––––––Q––

and

a6 cl
–––:~~ :~–~–~~ –––-–––––—-
a - a. al - a.
4 1-1-

a2 a3 a6-———————

ao al q

with

(a4 - al)’
cl=-

a2 a3——————————————___—._ — ———— —-.+
8 (2.6 - al)2 (a6 - a4)2 al aq a62

[

a2a3 + (a -al)’ 2ae (a .+aA)———— ——–%–y––––––z -1-–—–-–=–––~—––––- 1 (a6=l)
ala4 8(a6-al) (a6-a4) 2a6(a6-al) (a6-aq

~:

Then the potential ~lz(z) has, according to equations
(19) and (20) , the value:

(21)

~o~ real Z, $= 0, i.e., a doublet with the real
axis as a streamline. This result is anticipated (figs.
5 to 8). No further terms occur in the development of

Since equations (16), (17), rind (l?) afforded no sim-
ple expression for z as function of several mathe-
matical examples were computed. First tie parameters ai

were determined.. Then the correlated image points 1 in
the C - plane were computed for z values from the inter-
val a. ~ z ~ ,aAs (point aa~ corresponds to point F)



with the aid of equations ‘(16), (17)j and (18). The per~
tinent potential CIXZ) = Q(z) was obtain-cd from caukfi
tion (20)3 after which the circulation r(~) and r~),
respectively”, follows from equation (1).

Note.- The circulation on wings with plates (tail
surfaces) of the form of figure 9 can be computed in ex-
actly the same manner. The numerical results are to be’
published at a Future date.

II
;. V. NUMERICAL RESULTS

Fi.:ure 10 illustrates various circulation distribu-
tions I’(t) over the wing and 17(fi) over the end pl~te
as obtc,ined with equation (l). It discloses tha,t r(~)
is substantially dependent on the hei~ht of the end plates;
ioe., on the ratio h/b, and that shifting the point of
attr.chment of the end plate has no material effect on the
total circulation. But near to the end plate itself,
r(~) is dqpend~nt upon the type of the plate attachment.
According to equation (l), 17 is th’e difference of two
potentials. They always proceed at the wing tip with ver-
tiCal tangqilt, if the end plate does not protrude on the
particular side of the wing; otherwise, the tangent is
horizontal, In the first case the-flow velocity from pres-
sure toward suction side is infinite at the plate attachm-
ent point; in the second case, it is zero. TQu S, for an
end plate at one tip (k. = O or ~ =“0), 17(~) has at

—
point ~ = 1 a vertical tangent; otherwise, the tangent
is horizontal.

In figure 11 the vo,lue K = ~ (equation 5), that is,

Cwi
the ratio ——._. _

1 is shown against ko, for different
I
‘r Ca? –Zz

Trb

1 values of h/b. The total circulation is smallest in the
I symmetrical case” (k. = ku, k = 1), (equation 4), but
IJ shifting of the ~oint of attachment of the end plate re-”-.
i suits in no ap~reclable change of 2J = ~
~

(as anticipat.
77 K.

ed from figure 10),

The point of application ‘f10 of the side force So

at the end plate as well as ‘~u was determined from equa-

. ..‘i+ . —
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tions (14) and (15). It vas found that ’110 was approxi-’

matcly i~roportion<al to Ii. and ‘flu to ku.

1-1o~ - Vu——
k. ku

= 0.40 (22)

Thq value 0.4 is an average value strictly applicable
to symmetrical end plates (k = 1) only. But the discrep-

Small (0.79)ancy for all other values, even k=m, is so
., that 0.40 applies to all k Vnl?l.es.

l?i~ure 13 shows the So/A ratio against k. rith

k and h/b ~s parameters. The connection betvecn so/A

and k. is the same as for Su/A and ku, if l~k is

substituted for k in figure 13. In agreement with the”
f~.ct th~.t wings l.-~itb.end ml?.tes at one tip h2.Ve a tOta~.
circulation greater than wings with symmetrical end plates,
the side force (per unit of length) with end plates at one
tip exceeds that of tho~e ~~ith symmetric~.1 cnd plates.
Even the quotient S/A (for equal ko) for end plates at
one tip is greater than for symmetrical ones.

T!hc use of unsymmetrical end plates therefore affords
an increr.se in circulation or. the ring (and consequently,
a lift increase for a certain angle of attack) but only at
the expense of considerr.bly gre,ater side forces at the end
plate .

To illustrate: For k . 0=3
‘b

9 ta shift of the end

plate from symmetrical to one-sided attachment, results in
a 2-percent increase in circulation, but the side force on
the upper pmrt of the end plate increases almost three
times, the r.rm at vhich it applies tvice, resulting iil a
moment approximately 500 percent greater.

To simplify the interpolation, we have plotted in fig-
ure 14, the ratio cs /ca against k. with k as param-

0
eter. As uith 1<., loth S6 and F. approach zero; the

ratio cso/ca itself yields finite limiting values for

k. = O. The relation between csu/ca and ku is the same

as hetveen cso/c3< and ko, if k is replaced by l/k

in figure 14-. It will be seen th?.t cso/ca can be appro:c-
.
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imately represented as linear function of k. for all
values o-f k : ‘cso/ca =A+Bko. !l?he A and B con-

stants, being dependent on k, can be defined from fig-
ure 14.

According to the foregoing, it is advisable for
structural reasons to employ symmetrical end plates. If ,
o.f course, the end plates are to serve as controls, then
greater horizontal forces are desired. In this case ku
would ‘oe chosen as small as possi%le.

Re~arding figures 11 and 13, it should be noted that
only the shown points have been computed, after which the
curves k = constant and h/h = constant, were oltained
%y interpolation. This method is well justified in viev
Of the smoothness of the cur.~es.

A comparison of the theory With measurements %y O.
Schrenk (to be published in the near future),, on a wing
uith ~i~d plate at one tip (k = ~; k. = 0.092), is seen

in figure 15. The recorded Ca and Cs values are plot-’
ted against angle of attack u; c~ Has o’btained from
pressure records (curve D). It also shows the measured
v~.lues for the moment coefficient of the side ‘force

MO.——— -cD_IYJ= against a, rrhere F. is the area of the
qFoh

end plate and M. the moment of the side force So allout
the end plate.

The theoretical cs vnlues (curve !Ch.) were computed
from the me,asured

Ca values hy means of the relation
cs/ca = 0.446 from figure 14. The theoretical curve “is
in very C1OSC agreement mith ‘the experimental curve - at
least, for ~ositive a“.\ The theoretical moment coefficient

I cmE 0f the side force can be obtained fromequation (22):

‘no
cm

E=~:cs=0”4cs

:.
vhich, for the case in point, gives:

cmm = 0.4 X 0.446 Ca (curve Th. )

These vr.lues are also in very good 4ccord with the values
cm~ (curve D) obtained from pressure records.
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No better agreement letween theory and experiment can
kc expected, particularly for .Ca.= o, because the rela-

tion Cs =0 following from the theory”of infinitely thin

flat plate is not fulfilled for Ca = O. This is.probably

due, to the fact that owing to the finite thickness of the
profile and of the end plate and the profile camber, even
at zero total lift, suction forces occur at certain poiilts
which occasion an inwardly directed force at the end plate.

Translation by J. Vanier,
l~ational Advisory Committee
for Aeronautics.
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