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THE GAS KINETICS OF VERY HIGH FLIGHT SPEEDS*

By Eugen Sanger
ABSTRACT

In ordinary gas dynamics we use assumptions which also agree with
kinetic theory of geses for small mean free paths of the air molecules.
The air forces thus calculated have to be re—exsmined, if the mean free
path 1s comparable with the dimenisions of the moving body or ever with
i1ts boundary layer. This case is very dilfficult to calculate. The con—
ditions, however, are more simple, if the mean free path is large com—
pared to the body length, so that the collisions of molecules with each
other can be neglected compared to the collislions with the body surfacs.

In order to study the influence of the large mean free path, calcu~—
lations are first carried out for the cese of extreme rarefaction.
Furthermore, the calculations on thls "completely ideal" gas will be
carried out under consideration of -Maxwell's veloclty distribution and
under the assumptlon of certaln experimentally established reflection
laws for ‘the translatlonal and nontranslational molecular degrees of
freedom. .

The results thus obtained allow us to find, besides the alr pressure
forces perpendicular to the surface, also the friction stresses pa.ra.llel
to the surfa.ce.

Thelr general results are calculated out for two practicelly
importent cases: <for the thin smooth plate and for a projectile—shaped

body moving axlially.

The mathematical part of the investigation was carried out primarily
by Dr. Irene Bredt. .

*"Gagkinetik sehr hcher Fluggeschwindigkeiten. Forschungsbericht
Nr. 972, Msy 31, 1938. . - :
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I. INTRODUCTION

IT. ATR FORCES ON THE FRONT SIDE OF A FLAT PLATE OBLIQUE TO THE
ATR STREAM : .

ITTI. ATR FORCES ON THE FRONT SIDE OF A FIAT PLATE VERTICAT TO THE
ATR STREAM

IV. ATR FORCES ON THE BACK SIDE OF A FLAT PLATE

V. APPITCATTON EXAMPLES

il

VI. SUMMARY
¥. INTRODUCTTON

With the motlon of bodles at very great atmospheric heights, the -
air can no longer be consldered a continuous medium, in the sense of
flow theory.

At over 50 kilometers altlitude, the mean free path of the. air
molecules will be of the magnitude of boundary leyer thickness and,
at over 100 kilometers asltitude, of the magnitude of the moving body
itself.

The mean free path at greater heights will be definitely greater .
then the body dimensions of the moving body, and the especially simple
conditions of very rarefied "completely ldesl" gases are velid where
the effect of the collislons of the molecules with each other disappears
compared to the effect of the collisions with the moving body.:

The alr molecules collide then agalnst the moving body ae individual
‘particles, independent of each other, and are reflected with a mechanism
whish deviates more or less from the known Newtonian principle of air.
drag, as shown by the results of the kinetics of very rarefied gases.

The velocity of the body will be denoted By v (meters per second)
In the following discussion. -

If we lmagine as usual that for the consideration of_the flow
process the body stends stlll and the medlium moves, then v equels the
uniform undlisturbed flow veloclty of all the air molecules.
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The alr molecules have also their ideal random thermal motion.

The individual molecular thermal velocities are distributed com—
pletely at random In all directions and sre of complstely arbltrary
magnitudes, where. the various ebsolute veloclty magnitudes group around.
a most probable value, ¢ (meters per second), according to Maxwell's
distribution, which has the ratlo \[5: ﬁ to the most applied gas
kinetic value of "average molecular speed T" (square root of the average
of the squares of all the velocities present).

According to the known Maxwell speed dilstribution law, letting

p(kg 52/113"‘) equal the total molecular mass per unit volums, the
mass dp of those molecules having velocltles between oy
and cy + dcy is:

2
Cx
2 T2
o _ & S, °© '
0 ﬁc3 (=] dcx (l)

ITf we comnslder only this mass dp of an otherwise motion— .
less (v = 0) gas, the molecules of which are moving with the particular
speed cy; in random directions, then the quantity dp of molecules

striking per second on a unit surface of a motlionless plane wall can
be calculated, imaging that all veloclties c, are plotted from the

center of a sphere with radius cx. The conditions of figure 1 are the
result of an inclination angle ¢ between the well normsl and the
veloclity direction under consideration, and of the moleculer quan—

tity dp L—-d-g—— which passes through the striped area JdF of the splhere
C— T
x

surface. Then:
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If, with the aid of Maxwell's equation, we include in our calcu—
lation all molecules with the various posaible speeds cy between~ O

- and .o, the total mass § of the molecules colliding per second will-_
be: S )

[} o«©
3 ‘T
C
de = .ﬁ— & g de pG (2)

X
IR 37 x
6420 Ve o | 2\["

ol
1

Cx=

as one can find in any textbook of gas kinetics. The pressure of the
motionless gas against the statlonary wall can be calculated similarly

X The i1mpulse dip .perpendicular to “the wall with which molecules of
particuler speed oy are striking the wall at an angle ¢ will be:

/2

If we double this Impulse value because of the elastic rebound
alweys assumed for motlonless gases, then we obtaln the gas rest pressure

The value of the totael impulse is also interesting, i.e., the sum
of all single molecular impulees which strike per second on the unit-
area.

Al

[
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The total impu.'l_se of the molecular mass d.p corres_pond.ing to a
particular Cx will be: '

- — d
=d_pcx=-)+£cx2

It is thus 1.5 times greater than the effectlve impulse d_iP

agalnst the plate. The totel Impulse 1 1is also greater 1n the same
ratio.

II. ATR FORCES ON THE FRONT SIDE OF A FLAT PLATE

OBLIQUE TO THE ATR STREAM

If we consider again the mass dp of molecules with speeds
between cx and cy + dey (elmost equal) and if we examine ite action
on a flat plate in an alr stream with an angle of attack a, then this

process can be illustrated by figure 2, if we further assume
that v sin a < cy.

The uniform veloclty v of the individual molecule combines with
the 1deal random velocity (which can have any space direction) to give
a resultant, the components of which are:

perpendicular to the plate: . v 8ln o + cx cos ¢
perallel to the plate and to v cos o v cos @ + cx sin @ cos ¥
parellel to the plate and perpendicula.r ’

to v cos as cy 8in ¢ sin ¥

and for which the a.bsolute value 1s 'bherefore

w =Vv2 + 2vey (8in @ cos § + cos « sin @ cos ¥ + c,.°)

From the sphere of all possible directions of ¢ xs & spherlcal sector
with the half opening sngle cosz = v gin or,/cJt is excluded, in which
the speed component v sin o * cy cos § 1s directed awey from the

plate, l.e., the molecules of this ¢ range do not strike the plate.
The integratlion over the veloclty directions of all colliding molecules
ig not from $ =0 +o Jé'f- as with the motionless gas, but from ¢ =

to = =2.
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The molecular mass colliding per second against the unit plate
area wlth the selected speed c, 1is therefore:

ﬂ—)& e - i .
ap = _d.g (v sin o + ¢y cos V)2egon sin ¢ af
he,Sx
? g&o
=d-—pcx+2v sina,+ve———sma'
b Coy -

For v sin a > cy the integration extends over the whole sphere _.

from @ = 0 to = and the molecular mass collid.ing against the plate _
with selected-speed cy 1s ' )

—— dp
clp-lm2

(v sin a + cx cos @)2cx°n sin @ af = dpv sin a

x K %O o B L

nts

RE
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Both equations naturally give the same value for v sin a = Cye

With the aid of Maxwell's distribution equation the total molecular
mass colliding on the unlt area per unit time within the speed
range cy = 0 to o« will be:

o 5 v slna
P = i—'(cx+2vsina.+v—2§-in—c‘>d_p+ v 8ln o dp
x
cx=v s8ln a °x=o
o 2
o
3 2 -2
c ove - c
= 2 -_— X sin o + sin2g)e © dey
T c3 3 c
cx=V 8in o _
2 o | ()
veina 2 _ °x
s i0 —s-sinae " dey
'R o
cx=0
_ vCgin®q v sin a _Sx
= P_¢le c2 +\,—vsincn+2vsinc, 602 doy
VT 2 c c2
Cx=0

Thus the number of the colliding molecules is known, snd for cal—
culation of the forces acting on the plate, we must now determine what
impulse the molecular mass under consideration produces in the direc—
tlons In question. -

The impulse perpendlicular to the plate, ip and the impulse
parallel to 1t 1Ir willl be examined separately.
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We find for the impulse per second perpendicular to the plate

T— o
1. If v sin a <ocy: dip = udpz (v 8in o + cy-cos @)2aF
= %? cx2<? + L gin o)’
Cx
T
2. If v sinoa >ox: dlj = —9112—- | (v sin « + oy cos @)2aF
hey =1 #=0 .
= %? ch(% + 6 Ig;’sinei)
c

This summation of the I1mpulse components over all_poséible direc—
tlons ylelds the total impulse, perpendicular to. the plate, of the air

molecules striking tye unlt ares per second with_s speed cy deter—
mined by dp.

TR

AT
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The further summation of the lmpulses over all speeds Cy Wwlth the

ald of Maxwell's distributlon equation results in the total impulse ip
acting per second perpendiculer to the plate: '
gln o 5 . o
1 = 40 . 2(24+6 T gin2a) + a0 o 2014 T gin o)3
D 6 ox2 6 ox
cy=0 x=v 8in o
v sin o L - ch o
o 1 Cx c2 ( T 2
=%p - =00 2 + 6 —= sin“ajdc
3 VT 3 o2 x
Cx:'-o x
2
) 1 ot ~ 02 v 3
+ —— ——0o °7 |1 + — sin o] dcy
v o3 °x
cx=v 8in a.
= Py ein afl 25312y — L oy sina+l-02>e
Y £ c 3 3 2
c 2
velna — "%" a
c
+ -ng(vesinecx, + %- 02) + (vesineor, + 32= c2> e © —Ci (5)

cx=0

. If we set w = 0 +then equation (5) gives the impulse of the motion—
less gas against the motionless wall, equation (3).

Algso a = 0 gives the impulse of the motionless gas, which will
not be influenced through uniform motion of the gas mass parallel to
the flat plate. We f£ind the impulse parallel to the plate in the direc—
tion of v cos @ in the following manner:

The moleculer beam with a particular speed cy; and with a particu—
lar direction (the latter determined by the inclination angle ¢ between
the velocity c¢x and the perpendilculer to the plate, and by the angle
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between the proJection cy cos § and the direction v cos a) gives the
molecular maess colliding per second according to figure 2.

cyosin @ 4@ av \
h-cxen:

de = dp

(vsina,+cxcos¢)

The velocity component of this beam paralléel to the plate is:
v cos o + ¢y sin @ cos ¥

end the impulse of the beam with a particular cy, @, and ¥ will be

ap ﬁn_g“_dﬁﬁ(v gin o + cx cos ¢)(v cos a + ¢y sin @ cos \Ir)

If one integrates over all V¥ and @, one obtainsg the impulse of
the beam with a particular cy. .

For v sin a < cyt

2n [te—2L .
dir= %Z— (v gin a+ cx cos ¢) (v cos a+cy 8in @ cos ib')sin g ag ay

=0 ¢=O

3
=d—£cx2-3-y-—sin2a.coscz+3z2—sinacosc,+
6 2 cy3 Cy® ' :

Ao} (W]

— CO8 &
c .

L]

ES

end for v sin o >cx: , S

2 e

dig= ¢

h—‘:r- (v gin o + cx cos ¢)(v cos a+cy 8in @ cos ﬂf)sin @ ag ay

0 | ig=0

= dp vesin o cos o

[N
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The integration over all ¢y, with the aid of Maxwell!s dlstribution
equation gives f£inally the total impulss in the required direction
parallel to the plate:

v gln o _ 3
ir = dpve sin « cos « + 9'-69-0:2:2(%1—3- sin®a cos o
c
cx=0 cx=v 8in « *
o .
+3YX _ gin acos o + 2 LI cos a
C 2 2c
x X
[ ]
_vasinecr,
2
= 1 vC CcOS & © c
aymx
2 2
v gin o _Y_.s..’:.g__q.-
c
(l v251nu.c05091+—2— . e doy (6)

We can start out from the impulse of the gas stream, given by
equations (5) and (6), (perpendicular and parallel to the plate) in
order to calculate the forces produced by the alr on the front side of
the plate oblique to the alr stream, including the force perpendicular
to the plate (normal pressure p) and the force parallel (friction
stress T ).

For this calculation, we have to maske some assumptions on the trans—
fer of this impulse to the plate and on the change of the kinetic trans—
lational emergy of the molecules Into other energy forms for which pre—
sent gas kinetics furnish only a partlal basis.

If we first assume monatomic gases, so that lmmer degrees of free—
dom for energy absorbance do not exist, and further assume that the
struck molecules of the wall are in such a temperature condition that
they also cannot teke over eny energy from the colliding molecules,
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then the molecules have to leave the wall agaln wlth the same speed with

which they arrived. The collision is thus completely elastic and we have

only to derlve the dilrectlion of reflectiom.
Gaes kinetice distingulshes two dlfferent possibilities for this:

Mirror Reflecticn where the assumption is made (following Newhon)

that the angle of Incldence and the engle of reflection are equal end
both beams are in the sams perpendiculer plane.

DifPuge Reflection where it is assumed (following Knudsenl) that
the reflection direction is not at all dependent on the direction of
the impinging beam and is completely diffuse, i.e., that the colliding
molecules first submerge in the wall surfaces, then after a finite time
of "adherence" leave again, In a completely arbltrary direction.

This last hypoth®sis is generally accepted in flow theory, where
the adherence of the frictionsl boundsry layer on the surface 1ig
explalined by diffuse recoll of the molecules.

In the case of a motionless gas (v = 0) both assumptions lead to
the same distribution of rebound molecules and thus to the same forces
on the wall, as the striking molecules are in completely random direc—
tions and this then 1s also true for the rebound molecules under both
agpumptions.

In the case of & gas Iin motion, the two assumptions lead to very
different air forces. .

With elastic "mirror" reflections, the impulse ir of the gas

flow parallel to the wall stays unchanged. Shesr streasges on the front
side of the plate T, are not transferred to the wall. The friction

forces arae zero.
v =0 (7)

The impulse 1p of the impinging molecules normal to the wall 1s
destroyed completely and an equal but opposite impulse 1s produced by

l¢mudsen, M.: Annalen der Physik, Vol. 28, p. 75, (1909); Vol. 28,
p. 11k, (19095 VoJ.. 28, . 999 (19093 ; Vol, 31. pp. 205, 633, (1910),
Vol. 35, p. 389, (1911); Vol. 34, p. 593, (1911); Vol. y- i3,
(1915); Vol. 50, p. 472, (1916); and Vol. 83, p. 797, (1927 .
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the completely elastic recoill. The pressure on the wall caused by this
process thus equals twlce the lmpulse iP:

Py = 2i, (8)

With diffuse—elastic reflection, the lmpulse 1, of the gas stream

parallel to the well will be given up entirely to the wall and the fric—
tlon stress equals i.:

= 1 (9)

The wall normal Impuise ip of the arriving molecules is destroyed
again, whereby 1s created a partial pressure py = :Lp

The second part of the pressure, due to the diffuse—elastic recoil,
has to be investlgated more closely. To imltate the real process, an
impulse velus of the magnitude of -the complete impulse 1 of the beam
striking per unit plate area is distributed evenly on a hemisphere as
1f all gas particles started from the center of this hemlsphere, and
finally the resultant of this impulse distrlbution perpendicular to the
plate 1s ascertained.

The total impulse 1 of the arriving beam is derived, according
to the preceeding impulse calculations, in the following menner:

The molecular mass striking per wmlt time on the known area
section df = ¢42 sin @ 4@ d¥ selected for a certain oy, $, and ¥ is:

dp = dp (°x2 sin ¢ ag d.\lr/’-l-cxg :t) (v sin a + cy cos ¢)

The effectlive speed of this ray is

w=\/\72 + 2vcx(sinoccos $ + cos o sin § cos ¥) + cx°
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and the impulge per second thus:

dpw = dp gin hxd dw(v gin o

+ CxCO8 ¢) vvz + 2vcx(éin o cos @ + cos a sin @ cos W) + e 2

This impulse integrated over all cg, §, and V¥ will give finally the
totael Impulse of the beam. The actual carrying out of this integration
i1s so difficult that the impulse will evaluate by successive approxi-—
mation. Tt 1s started with the vector sum of the Impulse resultants ip

and . 1y, perpendicular and parellel to the plate.

l

W

-0 o P i . -

1%= 5%+ 1,

This impulse resultent 1s smaller than the total impulse. It is
found in conmection with equation (3) that the total impulse of = gas
at rest (v = 0) 1s 1.5 times the impulse resultant. Total impulse and
resultant are equal for uniformity flowing ges without heat

motion (Cx = 0). For conditions lying I1n between, we assume & congbent

relationshlip for the factor with which the impulse resultent has to be

miltipllied to obtain the total impulse 1i. For instance: 2 "

15+ Esina+ 1.5(292 o -
—1+§s1na,+1.5(§)

"This total impulse, according to ocur assumption, ig now .congldered as
the completely uniform impulse radiation per area unit In all dlrections
. outward from the surface.

2Inter:pola‘bion by Prof. Busemsnmn, Braunschwelg.

c . -
o ) R
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The beam pressure pp perpendiculaer to the surface is then equal
to 1/2, as shown by & simple integration over all normel components.

Thus, the pressure vertical to the wall in the case of diffuse~
elestic reflection 1s:

Py = 1+ 1/2 (10)

In order to get a filrst vliew on the numerous. conditions of the air
Porces Just found, figure 3 shows the relatlonshlip between the pres~—

sure p or the shear force T and the dynamic pressure q = g-ve for

a hypothetical atmosphere of monatomic hydrogen with +t = 0° C tempera—
ture (c = 2124k m/s) and for £light speeds up to v = 8000 m/s, for
either mirrorlike or diffuse recoil.

It is seen how dilfferent the air forces can be according to the
assumptions made: mirrorlike or diffuse.

In gas kinetics an attempt is made to approach the real conditions
by assuming thet the reflectlion for a fraction £ of all striking
molecules 1s diffuse, while the remainder (1 — f) wlll be repelled
mirrorlike. The fractlon of diffuse reflections depende on the kind
of striking molecules and particularly on the material, surface conditions,
and temperature of the struck wall.

According to numerous meas_urements3 » Tthe plate can be consgidered as
campletely rough under condltions usually prevelling in flight technique,
i.e., the mirror reflected part (1 — £) is negligibly emall, so the
reflection will be almost completely diffuse.

An experlimentally obtalned dependence of f on the angle of attack,
such that the reflection will be more mirrorlike with smaller angle of
attack, is according to previous measurements of flight relations, too
Inslgnificant to be consldered.

Kneuer and Sternl assume from optical analogies that the angle of
attack at which mirror reflection begins is such that the surface roughness

3For example, Kerl Jellinek, Lehrbuch der physikalischen Chemie,
Vol. 1, p. 270, 1928.

( );Knauer, F., and Stern, O.: Zs. f. Phys. Vol. 50, pp. 766, T99
1929).
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helght, projected on the beam, mist be smaller than De Béoglie's -
wavelength A of the molecular besam.,

With a wave length of 108 cm and = roughness height of 1072 to 10_6,

one obtaing for the angle of attack which is of interest sin o = k/h = 10—3,
i.e., an angle range of s few minutes, which is insignificant in flight
technique. '

With regerd to the reflectlon directiomn, we assume in the following
analysis that £ = 1, 1.e., completely diffuse recoll. .

So far, for the reflection speed, rerfect elasticity of the recoil
was assunmed, which meens individual recoll speed is equal to the
colliding speed.

The struck wall will, in fact, be mich colder than the gas molecule
temperature after its submergence in the wall surfeace {(end so after its
complete braking on the plate to the velocity v), so that we have to
assume heat bransmission to the well molecules from the colliding
molecule which remains a finite time in the plate surface.

Figures 4 and 5 show the intermal energles U for molecular
nitrogen or hydrogen and their combinstlon from the individunal degrees
of freedom of the molecular motions as a function of the tempereturs,
sterting from an internal energy U, of the gas at rest corresponding

to a temperasture of 0°C, with the other internal energy values egual
to the kinetlc energy corresponding to v. : — :

For this, the relation between U eand v 18 stated ..
as U= U, + AvZ/2g. The graph goes up to a U = 8000 kcal/kg, corres—

ponding to a flight speed range up to v = 8000 m/é."The specific heat
at constent volume c, was calculated under the usual assumptions on

energy absorption by translation, rotation, and oscillation of the
molecules (the latter according to Planck's formula) after the collision.

We see from both flgures that, especielly for the Né, very high

temperatures correspond to the high f£light speeds. A complete tempera—
ture equalization of the colliding molecule to the wall temperature
would be equal to a totael ennihilation of the recoil speed, or an
almost completely inelastic collisian. It should be observed that the
wall accommodates ltself in s short time to the tempersbure of the
colliding molecules, because of the very smell heat capacity of the
thin metal walls of the moving body. '

The molecule mass, colliding on the oblligue unit surface per second
at very high flight speeds is, Tor example, about equal to ' pv sin a,
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and thus the arriving energy E = Uppv sln a. With pp =7 = 10—6 kg/m3,
@ =T° and v = 8000 m/s +the value of the energy brought in is

E = 7.8 keal/m® sec, almost independent of the- composition of the atmos—
phere. If the accommodatlion coefficlent of the arriving ges molecules

is one, then the wall would obtaln this energy in the form of heat and
this heat quantity should be given away by radiation, where a temperature
Increase AT of approximately 5800 1s necessery for black body radia—
tion, i.e., the plate stays in fact pretty cold compared to the colliding
molecules, and a very intensive, lesting energy delivery by the colliding
molecules is out of the question. According to existing measurementsd,
this temperature equalization 1s not 100 percent, however, an accommodation
coefficient of 30 percent was found under certain conditions; i.e., the
roflected gas mass contains stlll TO percent of its intermal energy U
which it possessed at the moment of collision.

The reflection velocity for a monatomic atmosphere is established
this way.

The remaining intermal energy of a moleculsr atmosphere will dis—
tribute 1ltself quite differently over the existing degrees of freedom of
the reflected molecule thaen assumed for the colliding energy, which con— |
sisted primerily of kinetic energy 1/2 Av=/g, snd only in small measure
of the intermal energy U, of the gas at rest, which latter was distri—

buted evenly over all degrees of freedom.

For a diatomic molecule with three translational and two rotational
degrees of freedom, the individual shares of Uy, for an "average"
velocity T, are for each kilogram of gas 3/6 AS2/g for the three

translational degrees snd 2 /6 Az2 /g for the two rotational degrees of
freedom of the molecules.

On collislion, all degrees of freedom will take paxrt in the energy
distribution change, and 1t cen be assumed for further estimation of -
the dlatomic molecule between the perfectly elastic and the perfectly
inelastic collision conditlons, for instance, that the total energy

A/g(% v 4 -;z T2 4+ % 52) = A/g(;—' v 2— 62) distributes itself on the.
average evenly over all these five degrees of freedom.

It can be taken from figures 4 and 5 that very high temperatures
are agsoclated with the high colliding molecular speeds at which another
motional degree of freedom is excited, that of mutual molecular osclllation.

Wien-Harms, Handbuch der Experimsntalphysik, Vol. VITI/2, p. 638,
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The known Boltzmenn®s equilization rule on the energles 1s not of
value for these osclillatlonal degrees of freedom.,

While the three tremslational and the two rotational degrees of -
fresdom of a dlatomic molecule have each the same eneirgy admission

Uy = = ART = -:6L AT? /g (kcal/xg)

2

that 1s together

\J1

.5 4.2
U = = ART = = AC
(trens. + rot) 2 6 /e

the energy admission of the oscillational degree of freedom Uy at low

temperatures is practlcelly zero and increases at hlgher temperatures
eccording to Planck's eguation: . -

approasching the limiting value, valld for high temperstures, of full
exltation of the oscillational degree of freedom,

2 2 A =2
Uy = = ART' = = . B .
87 o - : -

In the last equatlon:

A = the mechanical equivalent of heat, 1/427 kcal/kg

R = the individusl gas constant m/°

T = the absolute temperature C°K
® = a temperature characteristic for each materisl, which is, for
example, for nitrogen Np = 3350°K, for hydrogen Hy = 6100°K.

The temperatures of the colliding molecules at high flight speeds
are so high (according to figs. 4 and 5) that the molecular gas here
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already dlssoclates strongly Into ites atoms under normsl equilibrium
conditions.

The transformetion of the gases hydrogen and nitrogen, which are of
importance in the higher atmospheric layers, into their monatomic, active
modification belongs to the most energetic endothermic chemical processes
which ars known (Hp = 2H ~ 51300 kcal/kg; Np = 2N — 6050 kcal/kg), and

the dissoclation (1f it actually occurs) would absorb extraordinary smounts
of energy and would make the collision almost completely inelastic.

So far it hes not yet been proven by experiments that these
molecules really dissociste on collision ageinst s fixed wall at the
speeds here considered. '

However the results of known testes wlth electrons colliding
agalnst the molecules of very rarefled H2 or N2 gases let us

guess that the energy of the collision with a moleculer speed up
to v = 8000 m/s is not sufficilent to dlsturb the molecular bond.

With the electrons colllding against No or HQ mol_ecules dis—

soclatlions are observed.5 only when the energy of the colliding electron
was several times the dissoclation energy of the struck moleculs.

This transferred on ocur case would yleld colllding speeds of

over v = 10,000 m/s for a nitrogen atmosphere or over v = 35,000 m/s
- for a hydrogen atmosphere, which lles outslde of the range of our
investigations.

For the celculation of the forces on a plate oblique to the air—
streem, we shall therefore not assume the dissoclation of the colliding
molecules.

The degree of elasticlty of the recoil will only be derilved from
the energy distrlibution of the wall molecules and of the proper rotational
and osclllational degrees of freedom of the colliding molecule.

This degree of elasticity, i.e., the ratio of the molecular
reflection veloclity, when energy divislon occurs, to the reflection
veloclty when ro energy division occurs, is estimated as follows:

6
Wien—Herms; Handbuch der Experimentalphysik, Vol. VIII/1,
pp. TOk, TO6 (1929).
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First, corresponding to the measured accomodation coefficiemt, -
let 30 percent of the colllision energy corresponding to v be cammmunicated
to the wall molecules. The remalning collision energy,

A/g(gé—Z v+ %‘62 + % Gé)=A/g(o—‘é1 2+ % 32)

should be distributed over the three translational degrees, the two _

rotational degrees and the oscillational degree of freedom evenly and _
according to the exitation degree so that each translationel. degree of -
freoedom has the followlng energy:

A/g(o—éz v +2 52)

5 4 20
'I'(edvT - l)

The condltion of motlon. of the diffusely reflected molecules 1s the same
as assumed with equation (3), only 'bhere the energy content of a trans—

lational degree of freedom was A/g z g2. Here the internal emergy . o

belonging to the three translational degrees of freedom is glven
as U = 3Ey and the translational speed is now:

g, = 2e0 _ 6(%_7-#+§62)
A 5+ 20
T(eQ/T-l)

instead of: 51. =\lw_l2 + c2 when no energy distribution takes place
between the well and the trenslational degrees of freedom. (The labtter
value comes fram the energy balance:
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The recoil lmpulses should fall off ap'p:éoxima'bely like speeds
obtalned from energetlc considerations, so that:

6-—1
2

(11)

7 1)

2 Ne. e

5 +m———
T(eq’/T - 1) .

This degree of elasticity is drawn in figure 6 for nitrogen and
hydrogen as a function of the flight speed v, using figure 4 or 5 for
the relation between v and T.

The pressure vertical to the wall on the plate oblique to the
air stream, in the case of dlffuse~inelastic reflection, can be obtained
from equation 11:

i
Pv=ip+€§

Corresponding to figure 3, figure 7 shows the relation between the

pressure p or the sheaxr T and the dynamic pressure ¢ for hydrogen
(o = 1508 m/s) and nitrogen (c = 406 m/s) for air angle of attack a = 4°
and for f£light speeds to v = 8000 m/s.

In Pigure T the two impulse contributions due to collision (ip)
and recoil (éi/2) are separated.
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The collision impulse could be glven wlthout o'b,jection from purely
mechanicael relatilonships.

The reflection impulse 1s estima:bed on the basls of a series of
rather srbltrary assumptions on direction and speed of the reflection.

Further Information, proceeding out of the conjJectures presented
here, on the retention of single alr molecules after collision with  _.
the wall with high speed should be found by experiment. Such teste may
be Joined with the well-known moleculer beam Investligations, where the
ugual beam speeds are to be Increased greatly by correspondingly greater
energy delivery to the molecules under investigation. One can thus
obtain a type of wind tunnel investigation in which single molecules
fly with extremely high velocitles, and the effects of their collision
with a solld body can be observed.

With the help of very rapid molecular beams, a number of questlons
should be cleared up experimentelly: how often a reflection of the
molecules from the struck wall actually occurs, whet factors change the
completely elestic colllslion Into a more or less Inelastic collision
through the trensformation of translaetlonsl energy into other forms of
energy (l.e., rotatiomal, oscillational or dissoclational energy of
the gas molecules or the wall molecules), and what direction law the
finel reflectlon followa, whether mirrorlike.reflec'bion, or prodominantly
diffuse reflsction, or follow:Lng a different law.

These Investigations can use to advantage De Brogliets analogy
between moleculer beams and x—-rays.
IIT. ATR FORCES ON THE FRONT SIDE OF A FLAT PIATE

VERTICAL TO THE ATR STREAM

Vertical flow against the flat plate (a. = g) repreosents the Ilimliting
of oblique flow. :

The relatlions obtalned In section 2 are preferably discussed here
for this speclal case. -
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The total molecule mass, colliding per unit ares per unit time is
glven by equation k:

[~ v
1 72
h(cx + 27 + °x)dp + vap

5=
Cx=V Cx=0
® °x2 v ox®
3 2 —— —
- _p_ Cx N 2vex +.'V2Cx o 02 do L VCy o2
<+ e de,
VES c3 3 o3 3
Cx=V 0x=0
72 o
pc| T3 v v =
= =1{e €% + -t 2 = e © de
% 2 T 3 c2 b4
<=0
<2
pc 162 1x3ct ) v
- 53 L-{t-Sz+m -+ )|e Fragyx (ha)

The camplete integration of equation L(a) (in contrast to equatiom 4)
is possible by serles development, because one can put v/c >>1 for the
high flight speeds under consideration, which was not possible for
v sin af/c in equation k,
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The totel Impulse of this gas mass strlking verbj_..ca.lly egalnst the
plate per unit time and unit area is glven by equation 5:

I
°
%o
+
=
3
0
+
l'O
Tota !
[
3
}
wid

2 2 ) ._‘_72_
..( +c?)ié_—%c—2+3£-:—£-—+...)]e c2 (52)

If, as assumed at the stert o£2the integration v/o>> 1, the terms

of the equation multiplied by e c2 can be neglected compared with
the first two terms ofr the equation.

For Instence, the influence of the variety of absolute molecular
velocities (following Mexwell's distribution), which 1s presented by
these higher terms, 1s less then 0.3 percent_of the value of the first
two terms, when v/c is 2 or more. : -=

Therefore, for v/c> 2, the impulse can be calculated as if all
the molecules had the same veloclty c¢; thus, considering only the
first two terms of equation 5(a), -

PN - R R - _
ip =7 + 5 p0% . © (5b)

Under the assumptlon of a completely inelastic collision, this
Impulse 18 equal to the required pressure on the plate:

P=1p=p‘v2+=21-p02' (10a) _

bl
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If 1t is assumed that the alr molecules have not lost thelr velocity
after the collislon wlth the plate, but that they rebound perfectly
elastlically and "mirror—ilike," then the impulse glven to the plate is
simply doubled, and equation 10(a) for elastic mirrorlike collisicn
is written:

p = 21, = 2(ov® + £ %) (200)

The influence of the rendom molecular motlion, represented by the
second term, is at % = 2 approximastely 12.5 percent of the pure

Newtonian air force, which is represented by the first term. However,
the influence decreases, from %-: 5 on, to under 2 percemt of the

| Newtonien value, cantrery to the oblique conditions with smell angles
of attack, where the iInfluence of the molecular veloclby 1s still great
even with high filight speeds.

If 1t 1s assumed that the molecule reflsction is completely elastic
but diffuse, then the pressure on the plate decreases to a value:

l+-2-Istncn+(W—T-)2
1 3¢ c
P=1P+E=:L_pl+o'75 - ; s
v

l+ES:Lnd:+-§(E)

l+-2-—s:!_n.a,+(z)2

3 c

= o(¥? +-]§'-02) 1+ 0.75 (10¢)
: 2
3(V .
l+—Bind.+5('g>
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Tf finally the molecule reflection becomss not only diffuse but also _
partly inelastlc in the semnse of equation 12, then the pressure on the .

plate reduces again to:

- 1, 1 o2
p_ip+e2_p(v2+2c)1+o.75

N

(=]

Pasre

4[\)
+

o Jw
Q

N

1 + _2_ 1 gin o +(1)2 —_. ———
% 3¢ c (102)
2
1+ sina+ 3.(1)
c 2\c

The graphs in figures 8 end 9 show the pressure conditions according
to equations 10(a) to 10(d) versus the dynamlc pressure of nitrogen or
hydrogen.

For the calculation of the pressure of a motionless gas on the walls
of the gas comtainer which has the same temperature as the gas kinetics
sgsumes completely elastlic collisions for the normal range of molecular
speeds, 1.e., the molecule keeps the same tramslational energy, on an
average, as 1t had before the shock. It 1is not importent to know if
the reflection is mirrorlike or diffuse, because both assumptions lead to
the same moleculsr plcture for the gas &t rest. ; -

If the mplecules are polyatomic then the distribution of the total
energy to each possible degree of freedom is already uniform before the
shock; and this uniform distribution need not change after the shock.

In equation 10(a) (for completely inelastic collisioms) for the air
pressure against a plate vertical to the alr stream p = pve + % ce

the first term pv2 corresponds to the dynemic pressure of molecules ha’»;'ing
no random motion against the plate (Newton), while the second term % pc

corresponds exactly to the pressure of the static atmospheric air.
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However, this explanstion of the individual terms is only formelly
correct, since the resting alr pressure is calculated assuming elastic
moleculer colllsions. With the inelastic collisiom, the decrease in
the "stopping" pressure due to loss of the recoil impulse will be off—
set by the mixed term in the square of the sum of the two speeds (v and c) s
in the velocity range under consideration.

This condition can be recognized more clearly from equation 10(b)
for the completely elastic collision p = 2pv2 + pc® vhere after sub—

traction of the static alr pressure %‘- pc':,2 there remsins e pressure
of 2pv2 + % pce, which contelns besldes the Newtonlan term, epve,

also an additional term of é—‘- p02 , which reflects the effect of the

mixed term.

No resulting impulse is given parallel to the verticel plate
because of the symmetry of the total system, i.e., frictlon forces are
transferred In the plate plane, but the sum of these forces outward
1s zero.

Iv. ATR FORCES ON THE BACK SIDE OF A FLAT PLATE

If the mean free path of a molecule is small compared to the
dimensions of an empty space into which the gas is flowlng, then the
flow—in speed can be greater than the most probable molecule speed. In
the flow of dlatomic gases into a camplete vacuum, the dlrected
veloclty, cpgx, of the total flowing mass can surpass the probable

molecule speed c¢ by a factor of about 1.87, according to the laws of
gas dynamlcs.

If, however, the molecular mean free path is comparsble to the
empty space dimensions or even greater than these as assumed here, then
the number of molecule collisions behind the rapidly moving plate during
the flow—in 1s not sufficient to produce the mentlioned acceleration,
and the molecules move wlth thelr usual speed ¢ Into the empty space
behingd the plete. .

According to figure 10, collisions between the air molecules and
the back slde of the plate cannot teke place, l.e., the pressure against
the "suction silde" of the plate must have becoms zero, as soon as

c
gin o

w
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This border line is, however, strongly blurred becau.sé_ of Maxwell's
distribution. '

The effective forces against the back side of the plate can be
derived by the seme process which led to equations Y} to 12, vhere now
the uniform velocity v 1is directed away from the plate a.t the angle a,
while before it was directed toward the plate (fig. 11). _

It is assumed first that v sin o <Cge

The uniform veloclity v of the individuwel molecule combines with
the 1deal rendom veloclty c, of the molecule (which can have any space

direction) to a resultant whose components are:

perpendiculer to the plate: c, cos §—v sin o

parallel to the plate and to v cos a: Vv cos a + Cy sin @ sin-\!r )
parallel to the plate and perpendiculer to. v cos at oy sin @ sin ¥

From the sphere of all possible direé:'bions of c¢x, & spherlcal sector
with the half engle cos = Vv sin rom is teken, inside of which the’

velocity component v sin o — cx cos ¢ is directed towards the plate, so
that the molecules of this @-range do in fact collide against the plate.
For all @ > ® the resulting molecular velocity is directed away from the
plate. Therefore no collision with the plate tekes place.

¢The Integratlion over all colliding directions is extended from ¢ = 0
to =2t '

The molecular mass wlth the chosen speed cyx coﬂiding per second. . .
against the unit erea of the plate 1s therefore:

.4
d d,
; g (cx cos ¢—vs:mcr,)d.F=-£(cx—-2vsincr.+vzsin2a./cx)
oy T

_ L
$=0

dp =

For v sin o >cy there are no collisions with the plate, so that
this case need not be treated. '
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The total molecule mass colllding on the unlt srea per unit time
is obtained with the aid of Maxwell's distribution equation for the
veloclty range c, =7 sin o -to =3

P = %(cx — 2v sin o + vesina/cy\do
x=v 8ln «
2
. 2 _ %=
3 2 5
c (¢} C
= P (_’.‘_ ~ o in a + sineu.)e doy
= c3 c3 c
Cog=V gin o
c 2
v2gin®a - __x
p C 02 / 02
= —_— =08 — =— v gin afc e de
\[Tt 2 V‘i? x
<=V g8in «
) Tesiny sin @ - 2% -
2 c2 T
=2 ¢ c B S
= 7 2 e + 2v sin afc/ o dey — -5 (13)
cx=0
| el
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Similerly for the impulse vertical to the plate:

P
dip = d.g ,(cx cos § — v sin cr,)‘?dF

Cx

. -
=%Ecx.e(l—3%c-sina,+31-2—sin2a—:x3-—3-sin3d)

- _
1, = lcxel-3l;s;1nca+3Lgsu@oc—"’—3-;3;1:z13onc1p
6 cx -cx Cx3
Cx= Vv sina

vesinea,
P in 1 1 1 P
v sin o P
= —=v2%in o + L ov gin q - &
e > 3 voein o + 3 cv 8in « 5 c“Je
velna -
, > \ily= o2 &,
+(% ¢ + vesinq, s\5 & dex (1k)
c=0 J
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Finally, for the impulse parallel to the plate:

k4
d.i-,-=)+02 (cxcos¢—vsina.)vcosor,d_'ﬁ'
7t
—dpc vcosa.—2v251nc.cosm+£sin2a.cosu.
R NG Cx
i 3
ir = il'—l_(cxvcos c.—2v25:‘l.ncr,coscr,+:—sin2acos cr,)d.p
x
=V 8ln o
vegin2 © 0y
_ ¥ sin%a _x
2 2
P c c v 8in o c=
= — TV cos8 a\x —_—— a
= os a\xs © o e Cx
Cx=v 8in «
B vesinZa : ]
e veina 0.2
] e v sin o X ¥x
B - T °Z Yz T (15)
cx=0
B N

The impulse resulbtant vertical to the wall as a consequence of the
elastic—~diffuse molecular recoll 1s from the total impulss 1 of the
colliding molecules:

1+glsmm+(1)2
3¢ c 2 2
1=1.5 1241y
1+Y-si_na,+3-(1)2
c 2\c
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Equation (10) again holds for the total pressure against the
suction side of the plate with elastic~diffuse recocil., (Tramslator's
note: Formula missing in original German report.) While for the
total shear stress on the suction slde of the plate, equation 9 1s used:

el T

The influence of a certain inelasticity of recoil can be estimated,
particularly for small angles of attack by the same procedure which led
to equation (11), according to which the degree of inelasticity can also
be specified. .

For the total pressure agalnst the suction side, equation (12) is
valid:

Pr=ip+ G'e—

Corresponding to figure T, the graphs in figure 12 show the relation
between the Pressure p or the shear T and the dynamic pressure ¢
for hydrogen end nitrogen at an angle of attack o = 4O and flight
speeds up to v = 8000 m/s.

V. APPITCATION EXAMPLES

With the help of the previously mentioned relations, it 1s possible
to estimate all the alr forces acting on the surfaces of a flylng body
of any shape, which 1s moving at flight altitudes of over 100 km with
speeds between about 2000 m/s emd 8000 m/s, if definite assumptions are
made on the composition of the air at this helght. ~ -

The alr forces were differentiated into those which act perpendicular
to the surface under observation (pressures) and those which act para.llel
to the surface (friction).

The pressure stres'ses as well as the shear stresges were found to
be a function only of the angle of attack and the Flight speed, for a
particular gas.

. In figures 13 and 1k is shown this depend.ence of the air forces on
all possible angles of abttack eand on £light speeds between v = 2000 m/s
end v = 8000 m/s for an atmosphere of molecular hydrogen. _
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It is to bs noted in figuwre 13 that the alr pressure vertical to
the plate strongly increases with increasing velocity, even with an
angle of attack « = 0, 1f the molecular recoil 1s diffuse.

This representation can be used as & basls for the calculation of
alr force coefficlents for certain £light bodies in hydrogen, treating
each flat surface section separately, with i1ts own angle of attack, or,
if the body surface is curved., enalyzing 1t into a great number of
small areas wilith Individual angles of attack (flat areas or symmetrica.l
cone areas), and then investigating these.

. As the slmplest example, the flat, infinitely thin plate will be
treated first. The ususl symbols are

A 1ift
W drag
F wing surface

and the ailr force coefficlents are:

Cyw

I
|=
]
s
B
|
d
|5
o
F
e
,.'.
7~
4
+
l -
S’
Q
(e}
a
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'In flgure 15 are drawn the 1lift coefficients end in figure 16 the
gllide ratios of the flat, thin plate according to the above relatlions.

On account of the extraordinarily great shear forces very bad

glide ratios result, which are epproximstely ¢ = E— = 1.9 at 2000 m/s
a

with the most favorable angle of attack and which got'worse at highsr
speeds, for example, at 8000 m/s, ¢ = about 2.7.

Tﬁe most favorable angles of attack are comparetively great at
emall speeds, i.e., at v = 2000 m/s, = 25° approximately, and decrease
wlth increasing speed to about 7° at v = 8000 m/a.

Similarly to the infinitely thin plaste, high speed profiles of
finite thickness can also be calculated, 1.e., wedge—shaped and
lenticuler airfolls. Thelr alr force coefflclents hardly deviate from
those of the smooth plate, 1f they are of moderate thickness.,

In general, the wings investigated here In the gas kinetlcs flow
range behave worse than in the gas dynamics range, where already the
glide ratios are worse than In the usuel aerodynemical flow region.

The full effect of this unfortunate behsvior will be corrected to
some extent by a flight technigue such that at the high flight velocities
mder conslderation, inertlel forces are developed by the concave down~—
ward filight path, which support the wing. '

Figure 17 treats the question of how great the alr drag is in the
gas kinetics flow renge for & body of rotation (projectile form) moving
axlally, with an oglval nose of three cellbers radius esnd cylindrical
body, end how far the sir drag can be lmproved by & truncated cone bevel
gt the end of the misslle.

These questions cen be easily asnswered wlth .the ai& of figures 13
and 1% 1f the ogive is divided into a large pumber of truncated cones,
each of which represents & surface with a definlite angle of attack.

The extraordinary value of the drag coefficilent is-again striking;
1t can be traced to the very great frictlon forces 1n the extremsly
rarefled alr.

A noticeable lmprovement of the dreg coefflclent could be obtained
by beveling the end of the projectlile; the ilmprovement is about T per—
cent of the orliginal wvaluse.

Somewhat more tedlously but in basicaelly the sems manner, the air
forces on a projectile, airship, etec., at an oblique angle of attack
can be determined, using figures 13 and 1k.
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VI. SUMMARY

The alr forces on bodles of arblirary shape are investigated when
the bodles move with speeds of 2000 to 3000 m/s I1n such thin air that
the mean free path of the ailr molecules 1s grester then the dimsnsions
of the moving body.

The air pressure acting perpendlcular to the body surface, as well
aes the friction forces actling parallel to the surface, are derived with
the aid of the calculstlon procedure of ges kinetlics for surfaces facing
both toward and away from the alr stream at any angle.

The air forces for an atmosphere of definite composition (molecular
hydrogen) are calculated as a function of the flight velocity at all
posslble angles of attack of a surfece snd shown 1n graphs.

Thereby the friction stresses between alr and body suxrface prove
to be of the same magnitude as the dynamlc pressure and as the alr
pressures vertical to the body surface, i.e., 300 times greater than in
the asrodynsmic flow range. -

The application of the general calculation results to particular
technicelly important cases, llke thin airfolls and projectile shapes,
results in extrsordinsrily high alr drag coefficlents and poor glide
retios even for the theoretlicelly best wing sections

Translated by Bureasu of Aeronautics
Technlical Infoxrmation
Navy Department
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Figure 1.- Velocity vectors of the thermal motion of molecules of a motionless
gas and their position relative to a fixed boundary wall. . .
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Flgure 2,~ Velocity vectors of the total molecular motion of & gas flowing obliquely against a flat plate,
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Figure 3.- Alr pressures p and shear stresses T on the front side of a flat
plate at 4° angle of attack In an atmosphere of atomic hydrogen under the
assumption of elastic diffuse or mirror-like recoil of the atoms from the
wall, .
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Figure 4.- Colliding speed and associated internal energy of molecular nitrogen
in relation to the colliiding temperature of the gas.
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Figure 5.- Colliding speed and associated intérnal enérgy of molecular
hydrogen in relation to the colliding temperature of the gas.
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Figure 6.- Degree of elasticity of recoil for nitrogen of hydrogen

molecules from the struck wall,
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Figure 7.~ Air pressure p and shear stress T on the front side of a flat

plate at 4° angle of attack in an atmosphere of molecular hydrogen or
nitrogen under the assumption of diffuse and semielastic molecular

recoil from the wall,
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Figure 8.- Air pressure p on the wall vertical to a stream of molecular
hydrogen, under various assumptions on the collision process. .
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Figure 9.- Air pressure p on the wall vertical to a stream of molecular
nitrogen, under various assumptions on the collision process. '

Figure 10.- Velocity vectors of the molecular motion for collision on the
back side of the flat plate.
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Figure 12.- Air pressures p and shear siress v on the back side of a flat
plate at 40 angle of attack in an atmosphere of molecular hydrogen or
nitrogen, under the assumption of diffuse and semielastic molecular recoil
from the wall.
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Figure 18.- Coefficient p/q of the air pressure vertical to the plate for
all angles of attack and for flight speeds between 2000 m/s and
8000 m/s in atmosphere of molecular hydrogen.
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Figure 14.- Coefficients +/q of the shear stress between air and plate
for all angles of attack and for flight speeds between 2000 and
8000 m/s in an atmosphere of molecular hydrogen.
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Figure 15.- Lift coefficients for the flat infinitely thin plate.



48 " NACA ™ 1270

.6 _
T °
| Q
5 Co/Cw 30° [
20 S~ o .
Ra Q o
L&
3 N \\\ .
N N .
4 < = e -
. A/ ~N—""1-- _—
10° N T~
50° \ \ \
60°N\ \\ \
\ \
2 \ TT~—0
70° \ :
\ \\
\ . ‘\
.\\
‘. 80° \
\\
vim/sl—1——>
0 2000 - 4000 6000 80Q0

Figure 16.- Reciprocals of the glide ratios for the flat infinitely thin plate,
and best values of the glide ratio (dotted line) with corresponding angles
of attack. T
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Figure 17.- Coefficients of the pressure drag, friction drag, and total drag
for a projectile-shaped body of rotation, with different missile bottoms.
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