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NATIONAL ADVISORY COMMITTEE FOR AEROFAUTICS

METHOD FOR THE DETERMiNATION OF THE SPANWISE
LIFT DISTRIBUTION

By A. Lippisch

SUMMARY

There are now several methods by means of which the
1ift distribution of a wing can be determined; but when
attempting to apply these methods in practice, it is found
| that they involve, besides considerable loss of time, ex-
! pert knowledge such as a practical engineer may not always
be presumed to know. So in order to remedy this fauvlt, a
new method has been developed which even in first and sec~-
ond approximations yields results adequate for practical
purposes.

As in the majority of the other methods, this method
is likewise based on the Fourier series for the represen-
tation of the 1ift distribution. The 1ift distribution,
as well as the angle of attack, is split up in four ele-
mentary distrivbutions. The insertion of the angle-of-
attack distribution in the Fourier series for the 1ift
distribution gives a compound third series which is of
particular advantage for the determination of the 1ift
distribution. For, employing the Fourier series itself
with a view of representing the 1ift distribution, involves
the calculation of a greater number of coefficients neces-
sary for compensating the ensuning oscillations. The fune—-
tion formulated from the Fourier series and the angle~of-
attack distribution removes this fault. 3y including the
angle-of-attack distribution, the effect of the higlher
terms of the Fourier series on the shape of the 1lift dis-
tribution is so small that only a few coefficients afford
an adequate approach. The method is illustrated in an ex-
ample and supplemented by a graphical method. Lastly, the
results of several comparative calculations-with other
methods are reported.

) 1"
*"Verfahren zur Bestimmung der Auftriebsverteilung langs
Spannweite." Luftfahrtforschung, June 17, 1935, pp. 89-
10s.
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I. INTRODUCTION

_ The chief aim in airplane development is greater
flight performance, as evidenced by the efforts of the
modern airplane designers to minimize the residuvual drag as
much as possible, This brings the useful wing drag always
more and more to the fore. Vherseas, in the past, this wing
drag was, on the whole estimated, it now is common prac-
tice to define the effect of every single wing element in
order to make the determination of the best shape of the
wing for the given design problem possible. Aside from
the flight performances, there are yet a number of other
factors vitally affecting the design of the wing shape,
namely, the desired flying qualities on the one hand,
through which the pitch, yaw, as well as the roll stabili-~
ty are influenced; while, on the other hand, the designer
will strive to bring the fundamental principles for the
aerodynamically best wing shape. into accord with the stat-
ic requirements. As the 1ift distribution simultaneously
supplies the basis for the load distribution in the vari-
ous operating conditions, both problems may be directly
connected. Lastly, there are the conditions of manufac-
ture and service, with a view to simplicity and the spe-
cial service qualities for a particular purpose.

All these factors affeect the design, and it is the
problem of the aerodynamic calculation of the wing to de-
fine these effects of such neasures and to reconcile the
different antagonistic requirements.

This is being illustrated in several examples. The
best 1ift distribution for finite span is, as is known,
the elliptical. When other limiting conditions, such as
optimum moment distribution, for example, are demanded,
they may be found from Prandtl's derivations (reference 1).
It further may be presumed, as known, that a minor diver-
gence from the pure elliptical 1ift distribution, as oc-
curs on the conventional wings, has no substantial effect
on the induced drag. The effect of change of 1ift distri-
bution on the induced drag has been pretty well explored,

But it is.important to establish whether the used
wing form in extreme positions would reveal vitiating
flight characteristics as a result of the applied 1ift
distribution., Such a study is essential on tapered wings,
for instance. The tapered wing in figure 1, with constant
profile and angle of attack, has dashed 1ift dlstrlbutlon.
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Defining therefrom the specific loading of the separate
wing elements, l1e.ee., the 1ift coefficient Cy o it is’

~foun¢§thattthe curve of ¢, along the span reveals a dis-

tinét,maximum_toward the tips. In operating conditions
with high total 1ift the breéakdown of the flow then starts
in the vicinity of thisg maximum. As even the least unsym-—

" metry in the air flow or in the design would - induce a oiie~

sided breakdown of the flow at a wing, such a wing would
be laterally and directionally unstadle at stalling..  Thus,
the 1lift distribution must bPe modified so as to shift the

maximum c, toward the center of the wing. This is ac~ |

complished by twisting the wing tips, and figure 1 shows .
that -the intended effect has been actually obtained. The
result on the 1ift digstribution is small and practically
zero as far as the flight performances are concerned,

As previously pointed out, knowledge of the 1ift dig~
tribution under the various operating coanditions is an
absolutely necessary basis for the stregss analysis. It
was conmmon practice heretofore to employ empirical load
assumptions and to stipulate that they agree with the ac-
tual loads. With certain limitation, this empiricism may
prove true for the straight, nontwisted wing, but for
twisted wings it leads to erroneous conclusions which may
end in too small dimensions of the structural parts of the
wing. The 1ift distribution for various flight attitudes,
expressed in 1ift coefficient of the total wing Caiotal’

is shown in figure 2 for the wing of figure 1l. In the
various flight attitudes the steady dynamic pressure now
changes in suchk a way that a drop in ¢, 1is accompanied
by a marked rise in dynamic pressure. Thus when plotting
the load-distribution curves -~ the course of c¢g t g ~- it
is readily seen that the load distributions undergo conside
erable changes in the different operating conditiomns. Onc
striking fact is that the bending moments in diving and
inverted flight induce cnormous stresses at the tips, with
the result that spar dimensions based on an empirical load
assumption, would not be safe.

It would lead too far afield to toueh upon the aileron
effect and torgque. Suffice it to say that the seemingly
statically favorable wing tip modified according to aero-
dynamic viewpoints, would lose a large portion of these
advantages.

In many cases the smooth contour of the wing is in-
terrupted by cutaway sections or superstructures. Such
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local changes in chord distribution must be reconciled
with a stipulated 1ift distribution in order to avoid sud-
den lift interferences in the range of normal operating
conditions. Muttray's (reference 2) explanation on this
subject is that the local chord change must be compensated
by.an opposite angle of attack change, or change of camber.
The middle piece of the wing with cutaway, in figure 3,
must obtain higher angles of attack, or profiles with
greater mean camber.,

The inverse process is applicable to wing-body fil-
lets or cowlings. The amount of this angle of attack and
profile change can be implicitly deduced from the lift-
distribution calculation, and the designer is in position
to effectuate the desired wing changes.,

The few instances cited, already attest to the neces-
sity of lift-distribution calculations. When, in spite
of this fact, the application of this knowledge derived
from airfcil theory is not common practice with the pro-
ductively engaged airplane builder, the main reason for
this lack is attributable perhaps to the enormous paper
work involved with the conventional methods and in most
cases also to the lack of personnel adequately trained to
do svch work.

The practical airplane designer needs a method which
on first approach affords serviceable results and which,
without the use of complicated equations, conforms to ac~
tual practice.

I

-t

. GENERAL PRINCIPLES FROM AIRFOIL THEORY

Notation

r, cirpulatioﬁ

ca; iift coefficient

cmq, rolling-mnoment coefficient
Cm vawing-moment coefficient
F, wing area (m®)

b, span (m)
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t, wing chord (m)

e ¥y abscissa along tﬁé,span
v, flow velocity at infinity (m/s) (fiight speed)
z oW, induced downwash at wing (m/é)
a, ang}e.of attack referred to original flow direction

oy, induced angle of attack at wing

ug acg . . . . '
i 21m= ﬁ&j = 1ift increase .in 2-dimensional flow
‘ ‘ A0 1 A .

2 éw
. ) =~ g
P> air density _igw]

o, angle abscissa of span defined with:

J
cCs Q = = 575

The 1ift of the individual wving element is a function
of I', +that is,

A=p v ?TD
is the 1ift per unit leangth.

Accordingl;,

because

is the 1ift per unit length.

The circulation distribution is a function of the
span

R | I =r(y)

The rate of dowawash at point Ip due to I' is:

T N Ry
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+bv/2 %E'
! _-b/z yp o

Owing to the induced rate of downwash the angle of
attack at the point of the wing decreases by «a3. It is:

w
tan as = —
i v

where, since the angle is small, the tangent is replaced
by the angle itself (tan a3 = 03).

The above term substituted for I' gives

D (cg t)
L +b/ 3y
0y = g S 5y ay (1)
-v/2 “p

and the 1ift distribution in place of the circulation dis~-
tribution gives '

cg t = £(y)

The 1ift coefficient c¢5 1tself is a function of the
effective angle of attack. It is

Ca 2T M Qgrfeetive |

(2)
=2mm (a~ ay)

whence the integral equation for the 1ift distribution

cgt=2mmt ja=- == [ o dy (3)

or

Ry S o

*See footnote, page 7.
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III. ORDER OF LIFT AKD ANGLE-OF-ATTACK DISTRIBUTION

The 1ift grading given through c, © may be visual-
ized as the sum of elementary distributions, so that each
clementary grading may be treated separately and any total
grading may be obtained for the desired operating condi-
tions. These elementary distributions are (sec fig. 4):

1. The normal distribution ¢, t that 1is,

2 “normal’

that 1ift distribution for which angle a is the same at

any point of the wing; that is, a = constant. This dis-
tribution is contingent upon the plan form of the wing and
changes with @, and/or the total 1ift.

2. The zero distribution cu tp, which is produced
through an equilateral - partly positive, partly negative -
angle~of~attack curve. The induced positive and negative
partial lifts cancel, so that the total 1ift of the zero
distribution of a semi-wing is always egual to zero. The
angle-~of-attack curve therefore corresponds to an eguilat
eral twist. The aspect of the zero distribution is gov~-
erned by plan form and twist, although unaffected by
changes in total 1ift, and total angle of attack of the
wWinge.

!

3. The normal roll distridbution c, tQ: This quota

of the 1ift distribution is due to a rolling motion and
may be visualized as being duve to a straight, twisting
curve. The pertinment a is directly proportional to the
distance of the particular wing element from the axis of

Q
roll, that is, ?% = constant. The curve of normal roll

distribution is dependent on the plan form of the wing

and varies as the rolling moment, or %%.

4,  The roll-zero distribution cgz tp.: This portion

of the 1ift distribution arises from a steady roll of thae
wing about its longitudinal axis with corresponding aile-
ron deflection. The rolling moment duvue to aileron deflec~
tion is compensated as a result of tihe induced rolling mo-
tion, so that the 1ift distribution produced by it sets. up

*(From P. 6.) The treatment of the problem throungh fur-
ther reduction of thig integral equation is reserved for a
future report.
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no rolling moment. The roll-zero distribution -is depend-
ent on plan form and ailerons, ard changes with the aile-
ron settlng.A

These four clementary dlstrlbutlons uonstltute the
total distribubfion of an opcrating condition. If the
flight attitude is one without aileron deflection the roll
distribution does not take placei the normal distribution

and zero distribution in twist make it possible to deter-
nine any and all operating conditions within the range of
straight 1ift increase. For flight attitudes in- stalling
rangeé, thne data from the straight 1ift increase are appli-
cable but only with certain restrictions, although such
flight attituwdes 1lend themselves also to mathematlcal
treatment, as siown: elgewhere. If an aileron deflection
is present it results, for the time, in an additional 1if%
distribution which crcates the particular aileron rolling
moment. The amount of this rolling moment governs the
magnitude of the nornal roll distridbution. If the roll~-
zero distribution bccomes additive to the particular aile-
ron defleetion, it yields the additional aileron 1ift dis-
tribution at the inception of roll. During thc subscgquent
roll a moment 00ﬂpensat10n takes place which renders the
rolling moment zero in the final attitude; that 1is, the
normal roll distribution likewise becomes zero, To this
the roll-zcro distribution, conformably to the aileron de-
flection 1s thea simply audcd.

. These four elemeatary distributions have four equiva-
lent angle-of-attack proportions. They are:

l. The mean angle of attack Qg equal at any point
of the wing and directly proportional to the total 1lift.
If dp =0, the total 1ift = 0 also.

2 Angle of twist A, Whlch corresponds to an equi~
lateral wing twist producing, for instance, p031m1ve A
in the center section and negative A at the wing tips.
The curve of this angle being the result of constructional
measures (modified profile or jncidence), it cannot be
changed during flight unless flaps fitted on the wing can
be deflected equally (landing flaps, trimming flaps, dif-
ferential ailerons).* '

*The aileron setting with differéntial operation corre-
sponds to the deflection without differential for egual up-
wvard pull of both ailerons. |
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3s The mean angle of roll «,, waich, as previously
stated, 1s directly proportional %d the distance from mid

" center, or in other words, aq 4is always a straight line

- o .
through the origin, aand 3% has the same value at any

point of the wing.

4, Angle of twist in roll Aq, produced as differ-

ence between the additional angle of attack due to aileron
deflection and that mean angle of roll which would create
equal rolling moment. Consequently, A produces an ad-
ditional 1ift distribution without rolling moment.

IVv. DEVELOPMENT OF METHOD

1. General Derivation

The variouns 1ift distributions were computed with the
well-known Fourier series. Since this distribution changes
with the scale of the wing as well as the dynamic pressure,
the semispan 1s chosen as unit scale and the dynamic pres-
sure is put g = 1. The conversion of the obtained results
to the actual dimensgions and speeds is effected through ex-
pansion with b/2 and gq. Thus,

g=1; =2=1

and all length dimensions are reduced to unit scale by di-
viding with 'b/2. The span coordinate y .then, is from
-1 (left wing tip) over zero (wing center) toward +1 (right
wing tip). The integral for determining a3 1is then taken
within the -1 to +1 range.

Expanded in Fourier series, the 1lift distribution is:

t = A; sin @ + Az sin 29Q + As sin 39 + ...

Ca
(6]

= Y Ap sin n @ (4)
1

wherein the angle of abscissa @ is tied to the span ab-
scissa through ’ ’

cos @ = - ¥y

sin @ =,/1 - y=
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'fﬁhg induced angle .of attack is:

CI.i = 8—-—-—'8-"1"‘— [.A.1 31n CP + qu sin 29 + 3A3 s;,n 39 + . -..J
1 %
— — s i st S o it i 3
= ey 1 n .A.n sin 1n (P (5)

'Then the angle of attack is defined as:

@ = A, sing r£+%-}+A2 sm?q} [&4——]

sin @ | sin
+ A, EiB o £+ v .
T sin @
2 sin n @ nl '
= % An O3 Hj{ [% + f] (6)
i . = ...?.i'..l}_._@.__
with 4 5 tom

that is, a variable dependént on the chord distribution
and the 1ift efficiency of the individval sections of the
wing.

As Apn sin ngz appears in the series for the 1ift
distribution as well as in that for the angle-of-attack
distribution, the former may equally well be expressed
with the latter. Eliminating the last term of the serxies,
affords

_ sin @ m=-_1 sin @ . 2 sin 29 -
ca b E + % [% T T A i Q 8 42 Sin o
m - 3 sin 39
+ 00
T T A Sin g ]
sin @ aTn m - n sin n Qj
- Ei;wg [%.+ nél g 4n $in® J (7

The subsequent calculations of the 1if% distribution
are effected with special forms of this generalized series.
The advantage in 51m111f1ed calculation acecruing from this
remodeling rests mnot oanly in the fact that for a finite
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arrangement of terms, only m *~ 1 coefficlients needto be
defined, but also that the fewhess of coefficients in an
‘approximate solution itself insures a high degzree of accu-
racy, in the approachi

The coefficients A; and A, are known through the
choice of the operating condition; that is, A, ‘defines
the total 1ift and A,;, the rolling moment.. That is,

+1
c = cg t d
Btotal T - J Cat ¥
+1
S cg t 4y =% Ay
-1 -
- F
A L (8
i &total m )
Further, ' 2
. MQ +1
- = f Cq t v ay
a -1 '
+1
= I
_1f cyg bt ¥y dy = - Ag-Z
M
S
-A-z - = ,]1 (9)
z 4
wherewith, other than «a, the terms of the series consti-
tuting the major proportion of the bracketed term, are
known. Interrupting the series at m =3 or m= 4 for

the first approach of the 1ift distribution, it affords a
correction for cat tal and the rolling moment, which in
. ota , .

turn gives the correction for oy and oy, thus neutral-

izing in part the error introduced through breaking off
the series. ' '

When defining the four elementary distributions, the
series for the total distribution is split up into four
parts and each is computed separately., The series for the
normal distribution contains, for reasons of symmetry, only
uneven termsy thatfis,‘ Ay Ay Ag, Ay, etc. - and so does
that for a zero distribution. In addition, it is 4, = O,
because the total 1ift of a.zero distribution was assumed
equal to zero. The series for the normal roll distridbusion
contains only even terms; that is, A,, A;, Ag, etc., be-
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cause the ordinates of the roll distribution for the left
and right wings are inversely equivalent. The zero dis-
tributiom in roll contains the even terms 4A,, Ag, etc.,
because according to definition the rolling moment and con-
sequently Aa = 0.

The total distribution is formed as the sum of the
four  elements: :

= c_ b (10)

Ca Ytotal a ‘normal a

+ e, tA tocy tQ + ey tQA
whence the series for the total distribution is the sum of
the series of the elementary distributions; that is, the
coefficients of equal sin n@ terms are additive. The
total 1ift coefficients are hereinafter written with capi~
tal letters, namely: 4,, Az, Agz...Ay, those of the nor-
mal distribution with small letters a,;, ag, ag to agnti.
or a,, a,, ag t0 ayy, whereas those of the zero distri-

bution, and zero distribution in roll are designated with

a prime, thus: ag', ag'...al and ag', ag'...al

2n+1 2n°

2. Yormal Distridbution

The determination of the series is explained in de-
tail as follows. It is:

£ _ sin @
Ca Ynormal ~ : “2m + 1
D=0 (2m 4+ 1) - (2n + 1) gin (2n + 1)9
S 7 .
[u'm + n-:‘EJO 8 'a &ntl ) sin cp ?
i.e.s for m= 3, for exanple,
i sind
Ca tnormal = Ty
£+ 3 |
| 3 2 ,.8in39 1, sinb9
‘[}m taer e Tire T E% Tsin g j'

Since the total 1ift in normal distridution and con-
sequently a; " 1is nerely a scale factor, it .is:
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s Ynormal _ sin @ Oy + m, B- 1 ay sin 3 @
T T pafrE BT ET AT E EE

We first approximate

+1 4 t

m - 2 ag sin 5 @
4 a,; singQ

2]

*

am/al, because

J -a_-mormal ..

-1

Integration of the
gives as first integral:

o m
= |-
5, - |22

he next integral is:

m - 1
J3 —

and the other iategrals:

G-t Y

a9 _.—2

right side of the above equation

! sin @ ’
g/ [TERA 1Y
-+ 3
a sin 9
;1 :Q £+ %Ejg_i il

sin (2n + 1) @

(11)

Jontr = 4 a;  _3 £+ §§;§~l iy
Bearing in mind that £ + §E4§_l differs only slight-

ly from a mean value and that,

srall, it is found that

B~ B asnt1 3
4 ay

besides,

are almost equal to zero, because

+1
J sin (2n + 1) @ ay

the integrals from Jz to J 41
i

=/ sin (2n + 1) ¥ sin @ 49 = O.
0

Accordingly, a close approach of am/arﬂ is:

A R
s =R 2 P (12)
a1 +1 MFT - y2 . H?
S -2m'; 1 dy
-1 E 3 <h
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The integral is best evaluated by graphical method,
the numerical calculation being in most cases gquite diffi-
cults Computing this integral for the first three steps
m=1, 2, and 3, the ocm/a:L values are found to vary only

a few percent, so that the mean value of these three steps
is sufficiently accurate.

Even a mean value for £ itself affords a satisfactory
first approach. Then,

e

1
2z rcan t &
From the determination of op/a, follows the first

approximation of the normal distribution, by breaking off
the series expansion at-the third term. Then,

ca *normal * V- - 32 [3 + EJ (13)
3 aq 4
2, £+ 5
This first :proabh already affords information about

the characterlsUlc behavior of the normal distribution and
ig perfectly satisfactory for design calculations, the er-—
rors for smootlh wing contours ranging between 3 and 5 per—
cente . '

To determine the higher coefficilents, we merely com—
pute that portion of the 1ift distribution formed as Aif-
ference between the normal distribution and a pure ellip-
tical distribution for eqgual total 1ift: Forcing a pure
elliptical distribution on the wing by changing the angle
of attack over the span, that is, writing

g t = a; sin @ = a3 /1 - y?

the angle-of-attack distribution is given through:

= 1N
a’elliptic Bl (i + 8/

The difference between the constant op and the el-
liptical angle of attack represents the twist pertaining
to the difference in 1ift distribution between normal and
pure elliptical distribution. The differential grading is
a zero distribution which changes with the total 1ift. It
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is called elliptical-zero distribution. It is:

s Pnormal = €2 Yel1iptic T Ca ¥ Beliiptic

likewise
_ 1 “
O = 2y (5 + g) + Belliptic

To define the elliptical-zero distribution from the
elliptical twist, we form:

Beliiptic . %m _ [p 4 Y (14)
a;y : a4 8
Cq © Aelliptic - sin @ Aelliptic + m -1 agy EEE_E~?
#1 2m + 1 ay 4 a,; sin @
g4 2mt L

1 a . sin (BGm - 1) @
+ - 24Tl , (15)
- 4 a, sin @
In first approach, we have:
- / - 2
I?g v Aelliptic} o ! y* [éellipti%] (1)
2y o) 3 2,
: , £ + 5

'

Tow, to what extent does this appreach conform to ac—
tunality? Subitracting £ + % from the series for Cly » leaves

. Belliptic _ 2s 832 % ¢ [g + E] TR PO _SJ .o

a, a; sin @ 8 ay sin O 8

\
:
§

4+ Zemta sin (2nm +_1)v M {:4_ ilf_t_]_':]
.sin @

o
™

-

T .

which reduces to

-

?-F}}?” s e

o
Fy

A
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—T - -~ . . .ot . . : o . :
AellipticL'SIn ® -ag -7 0 - ag L g
a J 7= a7 in 3 9 + - sin 5 @ = =z
.1 _ <] 1 ) ‘ 1 Lo 3
g * 8" : : £+ 8
. B
ik AR —S] L,
a, in 7 @ E + ':7)-
n 8
~, . 2m +
Somt1 ¢+ ﬁ—_g—l
+ === sin (2m + 1) @ j————r 5
1 ) £+ &

The first approach differs from the true series for
elliptical zero distribution only in the added quotient

em + 1
i + —‘—_—_“8.__—_— - o - a‘s as
EE—— I Therefore the first coefficients -=, —=,
Z, + g aj aq
A . . sin ¢
etec., may be closely approached from elilptlc 3 when
. B 1 E 4 =

: 8
defining the first Fourier series terms of this approach

with the aid of harmonic analysis. That is, we write:

A st sa SIn Y
elliptic
- P = ¢ sin 39 +cg sin 59+ .... +cy sin n®
ay £+g- ~ .

o 2m k1
£+ =55
3,
£+8 |
a mean value with Yespect to coordinate @, the desired
coefficients of the series may be approximated at

The guotients differing dbut little from

a3
ay = Cga
P 3]
%5 > . tre
a - =]
1 E + g..
- -T=mean
— M
3
Ay £ + 8
a;, = Cv £+ 7
L 8~mean

e v e ¢ o s 8 s ¢ 0 £ Fr 4 s e e s o e
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t Agi1iptic
ay ‘
tdined when inserting the thus-established coefficients
into (15) such as:

Ea t Ae1iiptic] _ sin

&y

Ca

A higher approach for is then ob-

Ber1iptic , L a5 sin 3 Q
ay 2 a; sin @

[ssIRViE o

To ascertain the degree of accuracy of this approxi-
mation, we effect various reductions, so that:

sin @ [Aelli-ptic 1 agsin 39 1 ag EEE_EEL] -

+

£+ 7 aq 2 ay, sin @ 4 a, sin ¢
8
9
£ + g
= -2 5in 3 9 + -2 gin 5 Q + ~% sin 7 ¢ + -2 |—=F +
a1 1 1 ST %
a £ + 11
11 8
+ oo osin 11 @ | —1 + ...
1 + L
8
- E + '?ln_.__g_;:_
+ __z_g__;_ sin (2u + 1) @ T
1 £ + g

Again evaluating this approximation by means of har-
monic analysis, yields the improved Fourier series coeffi-
clents dg, dg, dv, etc., After forming the mean values

2m + 1
£+ 2mt L

for 3 the calculation gives the improved approach
8

£ +

of the desired coefficients of the ellipticél zero distri-
bution at: : :
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9
-2 = g [————b
a,
1 IF > %
mean
7
211 E i
R P
£+ g8
mean

This method may be continued until the desired degree of
accuracy 1s obtained.

It is seen that for engineering purposes in which accu-
racy need not exceed that of other aerodynamic principles,
the coefficients may be interrupted with a,/a,. In many
cases even lower approaches are sufficient, when the wing
coantour differs only slightly from the elliptical.

3. Zero Distribution

That is, the distribution produced by equilateral
twist. The angle-of-attack curve is given and wmust be
separated into mean angle of attack and pure twist. In
other words, the true angle of twist must be referred to
the direction given through the zero-1ift axis of the
whole wing in place of the arbitrarily assumed body fixed
reference plane., This separation is effected by bearing
in mind that the desired zero distribution must comply
with

1
J cg tp dy =0
)

The first approach is:
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[ca tA] - N1 =32 A (18)

O

In view of A + ¢ being given rather than A,
whereby € is the angle of zero 1lift direction and refer-
ence plane, we determine € from the integral

+1 — +1
w91 - w2 J1 - y2
J (A + €y __i_m_é_ ay = € [ ——l——~%— dy
o + = 0 E + =
8 8

From the first approximation of the desired zero dis-
tribution, we subsequently determine in similar fashion as

of tlie Fourier series through harmonic analysis.

With the zero digstribution as:

Cqp YA = ag! sin 3 @ + ag! sin 5 @ + ...
+ a5m+1 sin (2m + 1)@
it is
_, .sin3e [, 3 , sin 59 f ?_] N
A &3 P osin @ ? * 8 T as sin @ ; 8 T
sin (2m + 1) @ 2m + 1
+ a'ém+:l. sin @ E + 8

so that the first approach of the zero distribution corre-
sponds to the term:

sin @ ¢ + g
A P azg' sin 3 @ + ag! sin 5 9@ P + ...
€+ 2 E+ 2
8 8
¢+ 2m + 1
t 3 L _.._._____.__8._.___
+ a, ., sin (2 + 1)@ 3
£+
8
g 3 2«&_'48:._1‘.
With the use of the mean values of z we
£+ &

for the elliptical zero distribution, the first coefficients




20 ¥.A.C.A. Technical Memorandum No. 778

approximate the first coefficients and then form a higher
approximation which nay be improved as desired through
further analysis. The calculation process being in prin-
ciple the same as for the elliptical zero distribution, it
needs no further explanation. In the closer approxima-
tions, € must eveniunally be improved through control of
the zero lift.
4, Normal Roll Distridbution
Normal roll distribution produced, according to our
definition, through straight, contrary wing twist; with -
aQ as angle of roll, it is:
m
a, = nu 19
Qm y ( )

The normal roll distribution is expressed in Fourier
series with even terms:

Cy tQ = a, sin 2 @ + a, sin 4 O
+ ag sin 6 ¢ + ... + ag, sin (2m) @

The angle-of~attack curve is:

- sin 2 ¢ < sin ¢ ¢ 4
Gq. = %2 T3in G [£+ ]+a4 ST G [_E,Jr:}

b o, Sin (2m) @ [&+ %?i] ,

az

= sin @
whence:
_ sin @ m - 1 sin 2 @
ca tQ T ¢+ I [%Qm + 177 % T5in
4
- 2 sin 4 ¢
+ ﬂ —T G, T + oo v
4 sin @
m - n sin (2n) © . o
+ 4 azn 311_1 cp ] . » - - - (“O)
As the normal roll distribution changes with as, we
determine ~———Q giving for the rolling moment:
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+1 +
c a Q; T
e o et s st d - — —
;{ S P y‘ 7 4

Integration of the rolling moment from the above term
for c¢g tq sives:

The nexzt integral is:

. +1
n - 2 % sin 4 @
I, = o “fl : ;o dy
z
:u and the other intesgresls are:
+1
5 m - 0 a,, s sin (2n) © )
= e T =3 y ———————— 4y
o 4 Qg -1 g + m
4
+1
Taen, J ¥y sia (2n) ® a¢ =0 for n > 1.

1

Yoreover, as £ + % differs very little from the

mean value, the integrals J to J, are almost equal to
zero. Thus, a serviceable approximation for the angle of
roll obtains from:

s
E@E{z ~ 8 | + B2 (21)
a - +1 T 2 Y
2 1 - zg
VAR w4y
o €+ i
e The integral of the denominator is defined graphical-~
{ el
3 ly. The mean value of ——E;~ obtained for different m ig

is within mathematical accuracy.

In first approximation the integral is-determined by
introducing a mean value for £. Then

5
i
71

o I
|
i
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a -
a. ‘mean 4
“am/ ¥
Having determined — the first approximation of
2

the normal roll distridbution obtaing at:

ca %Q [aq,/v {] y/1 - g2
EQEJC)z[“%T-i m“mgm“ (22)

£ +

The other coefficients must be determined if the
higher approaches are derivated., We sgain separate the
elliptical roll distribution, given through

c, ¢t
& "Qelliptic = gin 2 @
R

from the rest, a zero distribution in roll, which changes
as ag. It is:

(cgy tg) A _ca bg

a = sin 2 @ (23)

The angle-of-attack distribution pertinent to

(ca tQ)A, is:

dg g sin 2 @ 1
Q- o ¢+ 41.

as ans sin @

Ayl ¥
or, when using ~ng for forming the other approxinations:
2

6o/7 _ %@mﬁi + 2 [% + %]_ o (24)

- - -

On the other hand, it must:

ag sin 6 @ 3
~2 g smzy Bt

- 2 LY sin‘(22) v £+ m
as sin 2 @ : 4

L
-
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THhe first approximation of the zero distridbution in
roll being defined as

l?ii_EEZé] -=lé3£i] Zﬁ{i%;“il (25)
aa @ L a2 £+§

tihe coefficients are computed from:

bofs v AT

a
~% sin 4 @

aq E’*‘%" ag
3
Cag . £+ z
+'-— Slnscp ***** + * 0o s 0
az £+l_-
2
m
a £+ 2
+ 2B gsin (2n) @ |———o 4
agp g_;.l-.
2
£+
by again averaging Ew“ﬂm and then correcting the coef~
+

ficients obtained from harmonic analysis. The higher ap-
proach for the desired elliptical zero distribution in
roll, then, is:

gi%ﬂiillg] R [%Q/Y
&z . G@ £+ 2 =)

4

- (m~-2) 2 sin 4 @

2 ay sin 2 @
(m - n) a,, sia (2n) ¢
- - (28)
2 ay sin 2 @

and the coefficients in mf? approach are determined
through:
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NAVAR —.&2 [?Q/y _ (m - 2) a, sin 4 9

m ag 2 a, sin 2 @
£+ 3
_(m - m) a,, sin (2n) 9
2 as sin 2 @ .
n
a=m g n=e £+ =
= ¥ -2 5in (2n) ¢ + I 2R g5in (2n) ¢ [——-2
a=2 23 n=mt+1 22 £+ %
To illustrate, for m = 4, it is:

¥/l -”yz AQ/y 2 a, sin 4@ 1 ag sin GEP B
a T Za -

e, 4 2 a, sin 29 - sin 2@
£ g
I SR . %6 in g ¢ %8 .
= a, sin 4 @ + a, sin 6 @ + a, sin 8 @
r—. -1
a £+ 5_3.[
10 . 4
+ g7~ sin 10 @ o Z
2 . E + Z
— —
£+ 20
8,5 4
+ === sin 12 ¢ |[——-—=
az rgv + é:_
4
’—— -
2314 ¢+ 2
+ ;""—' Sin 14 cp —"—"—""'Z + o o 0
2 g + Z

The process is continued until the desired accuracy is ob-
tained,

5. Zero Distribution in Roll

The roll distribution due to aileron deflection is
computed on the basis of a distribution composed of a nor-
mal roll and zZero distribution in roll. A4s a result, the
additional angle~of-attack curve duve to aileron deflection
must be separated into the normal proportion and a twist
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proportion (fig. 5). As the additive zero angle of attack
- .dde to aileron deflection is proportional to the angle of
aileron deflection, we plot the ratio of both angles, that

iss-
o .
._?..Q. = €
wiereas : e = O + A | (27)
oo Ad .
€ Qm Q .
or == == 4+ = 27a
N J N ( )
Thus the problem reduces to finding the constant
Q,
€
guota m%g for a given 7° This separation is effected

on the basis that the rolling moment due to € equals the
rolling moment duwe to an.

In first approach, we have:
< a v/ 1 - '
( C'd. t ) = [——— - —-g_.‘l Y ( 2 8)
2 1
< y _i ﬁ + 5

with a rolling moment:

+1 +1 [ T
. . 2 JUR—-]
S (e, t) yay=J SIN I

y &y = J - &0 dy
-1 a - y 1 e
Q 1 £+ 3
R
WA AR
-1 L
£+ 5

) Contrariwise, as
o +1 o

é ~¥. (ca t)Q y dy = - aa'z
%‘ a, 1is defined with v

X +1 ]
ﬁ; € y3 1 - y°
! 2/ = 3 dy
4 o ¥ b+ %

i = - 29
3| B2 +1 ¥/ 1 - y= T (29)

S e e dy — —

\ 4

i
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) Having, for computing the normal roll distribution,
defined the mean angle of roll referred to a,, it af-
fords -aqm/y; so that the twist follows from the differen-

tiation of angle roll AQ/y

Formed as before, the first approach of the desired
zero distribution in roll then is:

A ] - 2
[(ca t)QJ = -—-Q ZA_C‘];._]T__Z_ (30)
s Tt

from vhich the higher coefficients are obtained by harmon-
ic analysis; a, being determined as first approach, the
zero rolling moment condition must be coantrolled for higher
approaches and further corrections effected on an/y aud

Aq/y-

V. GRAPHICAL ANALOGY

The mathematical 1ift distribution may alsoc be re-
placed by a graphical method having the advantage of clear- -
ness as well as lucidity of the mathematical treatment of
the problem. The principle is, briefly, as follows:

Plotting cat/al against angle of attack a/a, af-

fords for such 1ift distributions as formed from the first
two terms al/a1 and aa/a1 the relationship portraycd

in figure 6. The cat/a1 values pertaining to certain
points on the span lie on straight lines passing through

1 c¢c4q t . .
point -~ = = - —=—— = 0, For in view of
ay - 4 ay
Cg ¥ . as .
as sin ¢ + a2 sin 3Q
o« [, 1 2g sin 39 |, 3
;= |8t ta, smwme St
cg ¢
it is for —2—— =0,
a
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With this a desired 1ift distribution can be grapblc—

ally obtained in first approach, as follows:

Find, for a given chord distribution and anglé of ate
taek, the 1ift distribution giving in first approach a
certain total 1ift. In thq spatial system of coordinates

t - .
& ey rendy (fig. 7)., we plot the 1ift distribution

conformably to pure elliptical distrivution

c, b a 1N\
;...@'...-._. - - 2. ——— —
\ &1 1 -3 S oaT ¢ + g
Then we draw the straight Jg; = -7 and establish an

ares through the elliptical 1ift distribution and this
straight line, in which 211 1ift distributions are con-~
taincd which give the total 1lift

+1

ca b 4. = 4 T
Jooay v =+ g

and can be formed through the first two tcrms of the Fou-
rier series. PFPresuming that the exactly possibdle 1ift
distribution in first approach can ve interpolated between
tiie exact 1ift cdistributions, the problem consists in
finding that curve on the area whose nrOJectlon marks off
the given angle of attack from the a/al to y »nlane, and
whose content ia cat/al to y plane is m. This constyuc—
tion is i1llustrated in figure 7 for a normal distribution
with constant angle of attack. It is readily proved that
this first approach of the 1ift distribution is conforma-
tly to the derived first approach of the 1ift distribution:

ca t _ [a , 1] V/1-35
as - a3, 4 3

Closer approaches can be determined in like mananer in
the 3—~coordinate system by defining, say, coefficient
as/a1 for the second approach (harmonic analysis, first
approach). Then, however, tie track for the area of coor-
dinated 1ift distributions assumes the function:

& RN 1%?. ‘,_J
[ };rack _ L? (4 1

as 1llustrated in figure 8,
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Further approaches may be formed in analogous manner
after the corresponding coefficients have been obtained
from analysis. - Obviously, such a continuation of graph-.
jcal determination is of no practical significance be-
cause, in most cases, the plotting accuracy is insuffi-
cient to present the still possidble improvements of the
solution. The method is, above all, suitable for intelli~-
gibly showing the method and for effectuating graphically
the determination of the first approach.

There 1s still another graphical method which is even
more simple. (See fig. 9.) On three planes intersecting
in a straight line are the functions f(y)., F(y). and
©(y) together with the stipulation that the points of the
three functions pertaining to equal ¥y values, lie on a
straight line. Then, we have, according to figure 9:

_ sin (a + B) £(y) ¢(y)
08 B g(y) + £(y) 322

F(y)

On the other hand, forming the relation for the first ap~
proach of the 1ift distribution affords:

¢y ¥ [;1 N %] 2 n t4 1 - v2
R

ai ai

which for

2mrmn t = £f{y)

1-7y%=09(y)
cos @ - 3
cos B 8
cos B ay 4
. cg ¥ ol
gives vl F(y).

This form affords higher approaches when inserting
the relations between length ordinate y and angles
and B as new variables. This method can be readily de~
veloped so that a mechanical drawing instrument can be
used for defining the 1ift distribution.
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‘The above-cited derivation for the graphical determi-

nation of the 1lift distribution applics only to normal and
e zero distribution, although there is.a similar method for
= the roll distribution. As hereby the rolling moment is
held constant rather than the roll distribution itself,
the rolling-moment distribution is determined through pro-
jec tion. Figure 10 shows the construction for defining
in first approach a normal roll distribution, where it 1is
readily seen that:

é, t ag/y 11 yz«/l - y=2
a9 g = | QL __l _________

aa &

aQ/y
The track is here also a straight line through _gé_ =

2
+ %. Farther approaches are deduced in the same manner as

above, by defining the higher track functions.

For a wing whose chord or angle-~of-attack curve re-
veals corners so that dt/dy or da/dy becomes unsteady
at tixrre points, the mcethod repeated here yields corners in
the 1ift distribution in the lower approaches. Since, in
this case d{cat)/dy also becomes unsteady in these points,
the integral for a3 gives the absolute term owj; that is,
the approximation at such points gives a mathematically
wrong result. FEven so, this has no effect on the accuracy
of the final result.

To avoid such discontinuity points, the corners in
chord or angle-of-attack distribution can be rounded off,
as 1s, in fact, common practice in airplane design.

Vi. EXAMPLE

The wing is a normal wing of conventional design as
seen from the semiwing illustrated in figure 11, The per-

tinent data are appended in table I. The efficiency of the
1ift increase is mn = 0.89, corresponding to a 12 to 14
1 /N o2
percent chord thickness. Integral [ E~—L§£~%~i dy was
' ’ 0 + ==
. 8

gfaphically evaluated for m= 1, 2, and 3 from the fol-
lowing table, after which ap,/a; was defined according to
(12). The compilation appended in the table reveals the
discrepancies so small that the mean angle of attack can
be determined within an accuracy of less than 1 percent,




TABLE I.

F =0.4894 A = 8.173

; b/znlt e |e4l | 2 i’i;fe_Q {—CatAen Eff_e_l; "'yt
" le1n 1 @ La J@|La G a1

0.00 | 0.3200 |0.5534 | 0.6834 |+0.0161 | +0.0173 +0.0121 +0.0145 +0.0156
10 | .3200 | .5553 | .6808 | +.0187 |  +.0200 +.0144 +,0157 +.0161
.20 | .3200 | .5471| .672L | +.0274 | +.0201 +.0216 +.0200 +.0186
.30 | .2975 | .5730 | .6980 | +.0015 |  +.0015 +.0003 -.0001 -.0003
40 | .2750 | .5963 | .7203 | -.0208 -.0196 ~.0161 -.0161 ~.0160
.50 | .2525 | .6129 | .7379 | -.0se4 |  -.0337 -.0269 -.0269 -.0266
.60 | .2300 | .6212 | .7462 | -.0467 | -.0875 -.0295 -.0295 -.0293
70 | L2075 | 6150 | 7400 | -.0205 | -.0292 -.0224 -.0219 -.0216
.80 | .1850 | .5795 | .7045 | -.0080 | -.0031 -.0011 ~.0005 ~.000L
.90 | .1600 | .4869 | .6119 | +.0876 +.0443 +.0359 +.0348 +.0341
.95 | .1285 | .4520 | .5770 | +.1285 | +.0453 +.0368 +.0367 +.0870
.975 | .0910 | .4365 | .5615 | +.1380 | +.0378 +.0299 +.0303 +.,0309
1.00 | .0000 | .4270 | .5520 | +.1475 | §.0000 +.0000 $.0000 +.0000
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. TABLE II
Iﬁ‘ jl ———— _l_._..:_.y_._z_ a - S..“IB.
2n 4+ 1 J ay
6 ¢4 2mtl
8
1 0i8272 046995
2 i 6543 . 7000
3 . 5420 . 6990
[gé} = .6995
1limean

With 0.695, the value of 0y/a; defined as the otk

approach over the mean value of £, is also sufficiently
accurate for rough calculations. A control check for the
1ift increase of the total wing must, of course, give a
flatter rise than that of an elliptical wing with equal A
and m. The following tabulation gives the established
values.

[Bc, | A
—— = 21‘[ "r] ———————— = 4:.595
0 Je11 A+ 2n
Ocg = T . = 4.588
_aa - eff 2 p =
ay

The plan form of the wing being not much unlike that
of an elliptical contour, the reduction in 1ift increase
is negligible.

Following the determination of the elliptical éL
1 oell

the four stages of approach of the elliptical zero dis~
tribution were calculated. The figures are included in
table I. The determination of the cocfficients from the
harmonic analysis of the individual approaches is readily
seen in tadble III in comparison with the coefficients ob-
tained from the individual stages.

TABLE III
m 8s as 8.
ay a, a;y
1 +0.0069 +0.0312 +0.0022
2 +.0063 +40314 +.0020
3 +,0062 +.0312 +.0025




TABLE IV. YNormal Distribution for cg, . . = 1.00

g cat<:> cat(:> cat<:> cat<:> ca(:) ca(:> Ca(é) ca<i>
0.00 0.3171 0.3155 -0.3164 0.3156 0.9910 0.9860 0.9889 0.9856
.10 .3165 .3147 .3151 .3153 .9890 . 9833 . 9850 .9853
.20 .3146 3122 .3116 L3113 . 9833 . 9759 . 9740 .9730
.30 L2979 2975 . 2974 L2973 1.0010 .9998 . 9992 .9990
.40 L2796 .2808 . 2808 .2808 1.0187 1.0210 1.0210 1.0210
.50 . 2596 .2616 .16 .2h18 1.0292 1.0361 1.0361 1.0367
.60 L2378 . 2403 . 2403 . 2403 1.0340 1.0448 1.0446 1.0446
.70 .2135 .2156 .2159 .2160 1.0=289 1,0394 1.0403 1.0409
.80 .1861 .1867 .1870 . 1870 1.0060 1.0092 1.0094 1.0094
.90 .1498 . 1472 . 1468 .1466 . 9361 . 9200 L9173 .9161..
.95 .1118 .1089 .1088 . 1089 .9052 .8818 .8810 .8818
. 975 . .0811 0786 .0788 L0790 .8911 . 8639 .8660 .8681
1.00 .0000 .0000 .0000 .0000 .8817 .8530 .8572 L_ﬁ .8620

8. °*OIf WOPUBIOWSJ TEOTUYDSJ

[47




TABLE V
el TR L | ) | Pl |
| e2 | 22 | 2 j@ | L 2 1
0.00 1.6168 -0.0244 10.0000 10,0000 10.0000 10.0000
.10 1.6116 -.029 -.0028 +.0008 +.0004 +.199+
.20 1.5942 ~.047C -.n088 ~.0014 -.0011 +,3908
.30 1.6460 +.0048 +.0013 +.0083 +.0083 +.5807
.40 1.6906 +.0494 +.0165 +.0210 +,0211 7543
.50 1.7258 +.0846 +.0329 +.0333 +.0336 +.899
.60 1.7424 +.1012 +.0433 +.0354 +.0398 +.9998
.70 1.7300 +.0888 +.0398 +.0328 +,0326 +1.0324
.80 1.6590 +.0178 +.6079 +.0023 +.0017 +. 9617
.90 1.4738 -.1674 - . 0365 ~.0611 -.0595 +.7251
.95 1.4040 -.2372 ~.0739 -. 0666 ~. 0867 +.5266
,9V5 1.3730 -.2682 ~.0620 ~.0357 -.0566 +.3767
1.00 1.3540 -.2872 %.0000 +.0000 +.0000 *.0000

'V.Q'v.ﬁ{
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TABLE VI |
g . e nly [catQ‘:}A rcat% [cath [catcja
y ® | "G ® ®
0.00 0.000 0.0000 7500 £0.0000 | *0.0000 | +0.0000 | #0.0000
.10 .000 0000 7500 +.0707 +.0597 +.0569 +.0605
.20 .000 .0000 7500 +.1404 +.1180 +.1106 +.1134
.30 .000 0000 7500 +.2000 +.1697 +.1545 +.1501
7500 +.2510 +.2108 +.1882 +.1713
.40 480 1.2000
4500 1506 ~.1162 ~.0876 -.0872
.50 508 1.0160 - 2660 ~.1035 ~.0790 ~.0620 ~. 0555
.60 536 8933 1433 - .0613 ~.0468 -.0416 ~.0449
70 571 8157 0857 ~.0295 ~.0238 -.0275 -.0321
.80 611 7638 .0138 ~.0061 ~.0084 ~.0153 ~.0122
.90 660 7333 .0167 +,0066 ~.0015 ~.0036 -.0011
.95 743 7822 0322 ~.0100 ~.0148 -.0102 ~.0095
975 850 8718 .1218 -.0282 -.0279 ~.0196 -.0195
1.00 1.000 1.0000 . 2500 +.0000 +.0000 +.0000 *.0000

Yo'V i
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The existing discrepancies are within mathematical
.accuracy and the coefficients obtained from averaging

| ———iiE=——, etc. themselves pfo%e éufficiently exact. The

8 . . . o
course - of the essential fpnctions is shown in figure 12,

In order to bring out the accuracy of the calculation
for determining a conventional flight altitude, the four
approaches of the normal distributions were reduced to a
flight condition of cafotal = 1,0 and the 1ift coeffi-

cient defined therefrom. The figures are appended in ta-
ble IV and illustrated in figure 13. It is clearly seen
that even the first approach reproduces the characteristic
form of the 1ift distribution quite implicitly. The im-
provements through stages.of approach are so minute that
graphically it is barely possible to give the fourth ap-
proach, and in the ¢, coefficient itself the discrepan-

cies scarcely exceed the errors involved in the measure-
ment of those coefficients.

The calculation of a zero distribution is omitted be~
cause it is practically identical with the elliptical zero
distribution, and we proceed to the roll distribution due
to aileron deflection. To this end we first establish the
normal roll distribution of the wing. The figures are
compiled in table V. It is seen that the values in third
approach are already sufficiently coanvergent. For simplic-
ity's sake _E_X was merely computed for m = 2, accord-

2
ing to (21) at -1.6412 (fig. 14).

This brings us to the aileron effect itself. The
shape and size of the aileron is seen from figure 11; the
calculation process is given in table VI. The aileron ef-
fect for varying percent of aileron chord was determined
according to the curve shown in figure 15. The curve was
defined from experimental data. The reading gave € =

I for different points of the aileron, while the form-



36 T,A.C.A. Tebhnical Memorandﬁm ﬁo;i778

gave the .value of ‘aa- Which”renderé possible the separa-
tion of the additlve alleron setting angle into normal an-
gle of roll and zero ang le in roll Aq/y. From the latter

the pertlnent zero distribution in roll was them obtained .
in progressive approaches, They are included in tabdle VI,
Figure 16 illustrates the course of the essential func-
tions. As anticipated, the convergence is not as appreci-
able, due chiefly to the unsteady Jjump in angle of attack
at y = 0.40. For this reason it is 1mportant to so com-
bince the mathematical result that the differences in the
approximate detérmination of the aileron 1ift distribution
arce presented with reference to an ordinary ailcron set-
ting angle. Choosing B =+10° affords the figures for
the roll distribution with 10° aileron setting, given for
the first and fourth approach in table VII.

TABLE VII

— _— — S
.yl catQ . catQ c, Ch
@ @ @
0,00 +£0.,0C00 7 +0,0000 - £0.000 £0.000
© .10 T4.,0037 +.0053 +.012 +,017
«20 +.0075 +.0116 +.024 +.035
. 30 " +.0107 +.0188 +.036 : +.083
.40 {+w0134- < +.0269 +.049 - +.098
+.0834 +.0685 +.303 +.240
.50 +.0848 C +,0763 +.336 +.302
.60 +.0828 +.0812 +.364 +.353
.70 +.0818 +.0838 +.394 ' +.404
.80 +.0771 +.0788 +.417 +.425
.90 +.08667 © +,0675 +.417 +.422
.95 +.0549 +.0543 4o 445 + ¢ 440
. 975 +.0444 +,0425 +.488 ; +.457
1,000 +.,0000 +.,0000 |

The corresponding 1ift coefficients were determined
therefrom, The course is secen from figure 17. The crrors
in 1ift coefficient are minute. To remain within the 1inm-
its of accuracy of the measured aerodynaiiic coefficients,
the second approach for computing the aileron effect would
have sufficed.

In conclusion, it is pointed out that an arithmetical
scheme for a complete calculation of 1ift distribution
conformable to the depictecd method is being published else-
where.
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VII. COMPARATIVE CALCULATIO'S

In order to prove the practicability of the analyzed
method, we made some comparisons with other known methods.
The normal and zero distribution of a wing, computed by
Lotz's method, was published by S. Hueber (reference 3).
This is the wing of the "Flavag III" performance glider,
the computed data on 1ift distribution hav1ng been kindly
placed at our disposal by the A.V.A., Gottlngen. Pigure
18 compares the mathematical results for a normal digtri-
bution of: the wing; figure 19. the effect of twist. (Ses

figs. 5 and 6 of reference 3.) Admittedly, in this case,

it is not a pure zero distribution because the total 1ift
is negative. But, to make possible the use of the numeri-
cal values, a conversion was forgone., The comparison re-
veals more pronounced discrepancies between Lotz's figures
and our own,* but only negligible differences for the
twisting effect,

In order to explain the difference between the two
calculations, we defined the induced a3 for both 1ift

distributions with our own method. The results are tadu-—
lated in

TABLE VIII

g ‘Lotz 1Lippi_s‘ch
0.C0 - +0.0301 +0.0316

« 30 +.03556 +.0361
.50 +,0404 +.0378
70 +.0395 +.0388

The determination of a3 involves a graphical inte-

gration of the curves obtained from the calculation rather
than an analytical method.

Wext, in order to ascertain the guality of the approach

of the pertinent 1ift distridbutions, the local angle of at-

*This example was carried through according to the model
calculation of the report: Aerodynamic Calculation of Air-
plane Wings (DFS) This model corresponds to the second
approach of our method. -
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tack is determine@ at

- from “cg:t, - a3y and the given chord t.
Inasmuch -as the normal distribution proceeds from an
angle of attack constant for all points of the span, the

compuited o values must agree if the solution is correct.

Table IX shows the results for both methods, while
figure 20 illustrates the inversely determined o distri-
bution for both methods. : '

TABLE IX
y Loty OLLippisch
0.00 +0.24S9 +0.2559
« 30 +.2526 +.25064
.50 + 420500 +.2565
.70 +,2593 +.2546

This table discloses that the discrepancices are due
to the fact that Lotz's method resulted in more inaccurate
figures. Another method of comparison would be to deter-
rmine the chord distribution from the mathematically de-
fined mean angle of attack. The mean angle of attack of
Hueber'!s calculation being unknown, the comparison was ef-
fected on the basis of the mean angle of attack of our own
calculation.

TABLE X
% % .
¥y actual Lotz Lippisch
0.00 0.2337% 0.2269 0.2333
.30 L2333 .2298 .2358
.50 .2185 .2225 .2187
70 .1888 % L1917 L1877

The results are collected in table X and figure 21.

. Summing up, it is seen that the 1ift distribution de~
fined from the second approach of our method already yields
very practical results, whereby the determination of the
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second approach - mathematlcally ~ can be carried through
very qulckly.

Elgure 22 illustrates the results of & comparison
with Glauert's method for the zero distribution of a ta-
pered wing with twist, once, according to Glauert's four-
point method; and then according to the model for deter-
mining the second approach of the previously cited publi-
cation. The accord is within accuracy of calculation.

The check of the calculation method for determining
the aileron effect was made on an example cited in I.
Lotz's report, Part III (reference 4), in which the coef—
ficients of rolling moment, induced yawing moment, etc.,
are determined for a rectangular wing with variable aile-
ron length. According to Lotz, the coefficient of rolling

moment ¢, is defincd as
c
T — Ta
m b
g 1 5 %q
wherein
Y
‘mg T 4P %
5 1 ac%]
an Cl = & - = 7 'r\
& 5(1 b —>co

Lotz's coefficient of induced yawing moment ¢ is:

c
Og

=]
[
C1”
i Qg O

16 q

. . Mg
with Cmg & n F I

(ag = total angle of attack.)

We determined the first épproach of the aileron-1lift
distribution for Lotz's constants at
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and the normal distribution additive for defining the yaW-
ing moment from the first approach a2t

_JSi-yr ey
oo LT 8]

§+. 5

The calcunlation of the distributions conformably to
these relations having been explained elsewnere, requires
no further elucidation.

Our coefficients were obtained through graphical inte~
gration of the particular function. The results of the
comparison are shoéwn in figures 23 and 24 for the rolling
and yawing moments of the wing with 1:5 aspect ratio.

These graphs were taken from Lotz's report (figs. 2
and 3) and our computed points added. Even the first ap-
proach is already seen to be in close agreement with Lotz's
curve, while the dashed curve of the determination accord-~
ing to Wieselsberger-Glauvert, discloszes greater discrepan—
cies.

The local errors of the first anproach of the method
elucidated here, have no effect on the results of calcula-
tions analyzing the effect of the wing as a whole, So
that even the investigation of aileron effect of varying
contours and aileron forms should afford practical results
with the simple relations of the first approach of our
method.

Translation by J. Vanier,
Wational Advisory Committec
for Acronautics.
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Figure 18.~ Oomparison of data
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tions of the Flavag III wing.
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Figure 17.- First and fourth approach

of alleron calculation.
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Figure 19 - Oomparison
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twisting effect for the
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Figure 21.~ Comparison
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Figure 33.- Rolling mo-
. ment coeffi-
clent of rectangular

wing wlth aileron acgord-

ing to Lotz (ZFM 1931).
The small circles are those

. of Lippisch obtained as

first approach.
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Figure 24.~ Induoed yawing

moment coeffi-
cient of rectangular wing
with aileron (Lotz ZFM 1931).
The small circles are those
of Lippisch obtained as o
firast approach.
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