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NATIONAL ADVISORY COMMITTEE FOR AERONWAUTICS

TECENICAL MEMORANDUM XNO. 796

CONTRIBUTION TO THE PROBLEM OF AIRFOILS
SPANNING A FREE JET*

By J. Stlper
SUMMARY

After a brief discussion of the work done up to now
on an unwarped wing of constant chord spanning a free jet,
the computation of the circulation and 1ift distribution
for different forms of warped wings spanning rectangular
and circular jets was carried out. The computed values
are compared with test values and the agreement is found to
be goods, The effect of placing the wing eccentrically is
slight and may be applied as a correction factor to the
data obtained for wing placed in middle of jet.

INTRODUCTION

1. The prodlem of the airfoil spanning a free Jjet
has in recent times assumed great practical importance for
the following reasons:

In the investigation of very large models in the wind
tunnel, the wings project beyond the boundary of the free
jet and it is desirable to know the effect of this arrange-
ment on the measurements. Up to the present time such in-
vestigations were conducted on models only at zero or very
small 1ift since the jet effect could not guantitatively
be determined,

2« With the present-day mode of side arrangement of
the engincs in multiengined aircraft, it is of practical
interest to know the effect of the propeller slipstream on
the part of the wing that intercepts it. The problem is
of particular importance in connection with the investiga-

*UBeitrag zum Problem des durch einen Freistrahl hindurch-
gesteckten Tragflugels." Tuftfahrtforschung, vol. 12,
no. 8, pp. 267-281, December 25, 1935,
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tions for longitudinal stability. Our present treatment,
however, does not attack the complete problem of propel-
ler wash, since we have assumed the air outside the jet
boundary to be still air whereas in fact the air outside
the propeller slipstream has velocity.

3« The free-jet type of turbines use vanes that cut
across a free jet. Several investigators have considered
this problem, The tests have been limited to rectangular
wings without warping. For practical application, how-
ever, the case of a warped wing spanning a free jet is of
particular importance. The solution will also throw light
on the c¢ffect of spiral motion of the jet, which effect is
of grcatest significance in connection with the relation
between propeller slipstream and mode of engine mounting.

I. PREVIOUS WORK ON THIS SUBJECT

In his second contribution to wing theory (reférence
2), Prandtl indicates a method for obtaining gquantitative
relations in the case of a wing spanning a circular jet.
For the circulation around any section of the airfoil, he
2 2
proposcs a series of odd powers of “mz———7 where R 1is

the radius of the jet and =x the ordinate across the span

' a3

2 2 2 2 2 2

- R - =®\ (R - X )

[ + a /._....._....__._.._. ] + a e s e s st + v o s o

]

(x) = 2,

o |d

This series satigfied the "image" condition for the circu-
lar jet: = f (Re/x) = £ (x) and vanishes at the boundary.
K. Pohlhausen (see reference 2, p. 56) has worked through
the computations using the first two members of the series
and determined the coefficients for the case of minimum
drag at given 1lift,

In a previous paper (reference 3) the author has com-

puted the circulation and drag distribution for the case

of an uawarped wing of constant chord, spanning the middle
of a jet of rectangular or circular section. The solution
was obtained by the method of images. The congtant geomet-
ric incidence angle was represented by a Fourier series,
and the distribution of the circulation by a similar series
whose coefficients werc, for the present, undetermined.

The downward induced velocity at any section of the wing
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could similarly be represented by a Fourier series. By
comparing corresponding terms of the several series the
unknown coefficients could then be determined.. - In the
case of rectangular jet sections the sums of the series
could be determined exactly, and in the case of a circular
section a sufficient number of coefficients could be com-
puted. These computations could be tested by experiment.

Pistolesi (reference 4) in his work, considers the
problem of a wing spanning a circular jet. He starts with
the Prandtl function, setting :

<
=2 = sind

and develops
(0]
' =7V T ap sin n d
1

He considers the case of an unwarped wing of constant
chord as well as the problem of minimum drag.

Glauvert (reference 5) determines the distribution of
the circulation for a wing placed in a circular Jjet by the
application of the trigonometric methods of Glauert—-Munk-
Lotz. He carries out the computations for a cylindrical
wing. Glauert's investigations, although published in
1934, appear to have been conducted in 1932, since he is
unacquainted with the work of Pistolesi and the author.

There is still to be mentioned the experimental work
of Blenk and Fuchs (reference 6) which, however, is of a
gualitative nature only. A comparison of the three meth-
ods of Glauert, Pistolesi, and Stuper is shown in figure 1,
representing the circulation of a wing spanning a jet of
circular section, the ratio R/t (where t is the chord)
being 3.125. Glauert used four terms of his series, Pisto-
lesi three terms, while the author carried through the com-
putations to eleven terms. A fundamental difficulty in
the series development used should here be pointed out.
The singularity at the boundary of the jet requires that

RN ES) I
dx | x=Rr
R® - x°

Yow in the Prandtl development 4 - - L for x
o dx R™ + x R

i
=)




4 ' N.A.C.A., Technical Memorandum No, 796"

so that to obtain the above condition a large number of -
terms is necessary so that sufficient accuracy may be as-
sured, A similar difficulty came up in the choice of the
variables by Pistolesi and the author. This fact made it
necessary in our previous work to use as many as 1l terms
in spite of the vary laborious computations "involved. -In
the series employed by Glauert, the first.term represents
elliptical distribution of circulation, so that the normal
rate of decrease at the jet boundary is already comtained
in the development. ©For comparison, the circulation dis-
tribution for a square jet (length of edge 2R) is also
shown, It is seen that there is very little deviation
from the circular jet distribution obtained by Glauert.

It will be shown farther on, however, that the circulation
depends to a certain extent on the form of cross section
of the jet. It is probable that the unevenness in the
distribution curve of Pistolesi would be smoothed out by
the addition of more terms. :

A comparison of the theoretical results with test
data is shown in figures 2 and 3. TFigure 2 shows the 1ift
distribution obtained from pressure~distribution measure-
ments, along the wing span across the circular jet (R/2 =
2) (indicated by small circles), while the dotted and con-—
tinuous curves give the computed values of Glauert and the
author, respectively (reference 3).. . Pistolesi's work
could not be included here since his computations were car-
ried out for one aspect ratio only, TFigure 3 shows the
theoretical and experimental variation of decp/da, . de-

scribed in the second part of this paper.
- 11. THEORY

Up to the present time calculations were performed
only on rectangular wings that were not twisted or warped,
In order to make the theory applicable in practice, it is
necessary to extend it to more general wing shapes, Of
particular interest is the application to. the casc of a
warped wing spanning a free jet. The solution of this
problem also throws light on the effect of angular decflce-
tion of the Jjct (spiral flow) on the wing, such as occurs
in the case of propeller slipstream. This motion affects
the wing chiefly through a change in the relative velocity,
so that the problem could be treated as if the Jet were
frce from rotation and the wing were warped corresponding-
ly. The amount of the warping could be determined from
the jet deflection and velocity.
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1. Warped Airfoil of Constant Chord Spanning

" a Free Jet 0f Redtangular Cross Section

When a warped wing is projected across a rectangular
free jet (height h, width 1), the condition of the free
boundary could be determined as usual by the method of im-
ages. The condition reguires that no additional velocity
components be created at the jet boundary by the wing.
This condition is generally fulfilled by assuming the flu-
id to be infinite in extent and making the velocity compo-
nents created by the wing at the free boundary, vanish by
combining them with properly chosen additional velocity
components. The effect of these additional velocity com~
ponents on the wing is the effect of the free boundary.

If the angle of attack of a wing is periodically var-
ied in such a manner that

a(x) = ~(H21—X) (fig. 4)

it is casily seen that the condition is fulfilled at the
planes

X = O, :!:-L, '.'E2.L’ ﬂ-lls th.‘

The angle of attack may be given by a Fourier series:
b x
d.( x) = CI.O %} bn sin n T T

0y 1s the value of o for x = 0, the coefficients by

are determined by harmonic analysis of the given warping.
If we now construct a wing grating so that wings of the
form described are placed at

z =0, =h, =*2h, &£3h, .....(fig. 5)

there will be no induced velocities in the stream direction
in the planes )

z = h/2,. £3n/2, +£B5n/2, .....
For each wimg element there is a corresponding element

giving an equal but oppositely directed induced velocity,
so that the resultant vanishes. In this manner the jet
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condition is fulfilled. The downward veloclty at the wing
induced by this system is (see reference 3, Pe 341):

o ar
Wigy = MW.-N —lxy) coth

T
- (x - x dx
- dx, h ( HV 1

e now set
[» <] x
ﬁAHv = T, m ap sin nm ¢

where the coefficients are as yet undetermined with

O.<.A..Q‘O
[o = =5~
de
(¢ = MMWN , V = blower velocity, t = chord).
Then
@ ® g, nT m z
= et S — - -
V(%) 138 w :% inl coth 5 (x X,) cos n T T dx,

After a brief computation, we obtain

o g nTr
“.J I e
fikomi

o)
it e
-

In the well=known equation from airfoil theory

c V ¢t w
HJ N = e %”Q. - .thV;l:*
(x) 2 (x) v
we substitute the Fourier series for ﬁANV. % %) and W(x) e

Comparing coefficients, we obtain:
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As an eXamplé, the distribution of circulation was computed
for a wing spanning a rectangular free jet. The warping
for this wing is shown in figure 6, ‘with . .
- 2
bn = 70

Pigure 7 shows the circulation for different aspect ratios,
figure 8 gives the circulation as a function of A, while
table I gives the computed values.

TABLE I

A x/1=

0.08625 0.125 0.25 0.375
1 0.182 0,216 0.190 0.108
2 295 o« 341 .280 . 150
3 L3771 423 . 329 174
4 + 435 LA74 . 364 .188
5 . 483 .Dl4 .389 .197
6 .518 « D45 .406 .205
7 « 549 + 569 . 420 «209
8 « D756 . 589 « 429 213
9 « D97 « 506 .438 e2l6
1o «875 750 « D00 .250

2. Warped Wing with Variable Chord Spanning

a Rectangular Free Jet

If the wing, in addition to being warped, has variable
chord, it is necessary to have the chord vary periodically
as well as the angle of attack and in such a manner that
t, = t(zl—x)' as indicated in figure 9. The chord t(x)

is developed into a Fourier scries:

o
b(x) = PO % pm coslm“ﬂ

Calta]
oF
o
1l
ct
H>
Qo
H
"
i
(&)

Furthermore, we have:

= g = . x
Al g) = Qg % Bp sin p m 3
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Setting _ N N
—_ < . x e VO b [o :
'txy = 1o ? ap sin nm ¥ _("-7§g__g:= R3>
we obtain:
n'nlil-
__PooanAnTTe 4+ 1 in o x
e [ 1

The coefficients D, and Bp are known from the harmonice
analysis of the angle of attack and chord.

If we substitute the above relations in the equation

e V o w
I(x) = 5~ ¥(x) | X=) - “%El]

we obtain:

% an'sinnm =3 X b B cos m T = sin p 1 ¥
n=i1 n. T m=o0 le mp 1 1
and
o o +
%}E S ap by n g sinnm 2cosmm £
t n=1 =0 n & m 1 1
e 1 -1
81 . % + 1
and putting -—— = A and n ° H = Yp
t nom o
e [ 2

(o]
5 ay sin n T %
n=1 o o
::% mEo pél by Bp [}in (p + m) %-+ sin (p - m) %}
oo (o]
-2 % A% apy4 ba lsin(n 4+ m)nw £+ sin(n - m)w E:]
2\ m=0 n=1 1 ) 12



If we compare the coefficients of corresponding terms, the following set of equatlons for
the unknown coéfficients are obtained, solved by the method of "iteration."

Y1by Y1b 1 |
ay (14 -—%\—-— -1 &) =3 l:slbo‘l' Sl(bo"bB) + Bz(brbz) + Bz(bz-b4) + _l

2A :
- 51_7\ l: ag¥2(b1-bz) ¢ az¥z(ba-by) + ag¥s(bz-bs) ... ]
¥ob ) 1 ] _
2 274\ _ _ - -b by-b ceee
as (1 4 ——5\2 - -EX‘) =3 [82b0+ sl(bl b3)+ Bg(bo 4) + 83( 1 5)+ |
- él;\ alyl (bl—bz) - + a3Y3 (bl—b5) + a4'Y4('b2-b6)‘. e .]
b ' i
Ygby  Yzb 1 )
ag 1+ -52- ‘%‘Xé) = 5 | 8% + B1(b2-ba) + 82(01-05) + 85(2, bg) + - ]

- él"x 871 (bo-bg) + ag¥o(by-bg) ‘ +a4v4(‘§1-b7)_....]

Ygby Yab 1 - _
ag (14 47\0 - —423\—8') =3 [S4bo+ B1(bz-b5) + B2{orbg) + Bz(by br) 4 ]

- 2—]}\ 21Y1 (bz-b5) + ag¥o(bp-bg) 4 ag¥z(byj-by) 4 ‘s ]

i

‘V'O'VHN

*ON WNPUBIOWSJ TBOTUYDSJ
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3. Warped Wing of Cohstant Chord Spanning a Free Jet

of Circular Cross Section

The problem of the cylindrical wing spanning a circu-
lar jet was solved in our previous paper by conformal
transformation of the circle into a strip (reference 3),p.344.
The Jjet condition couwld thenm be fulfilled as usual by the
method of images. In the plane of the strip (g—n plane),
the equation to be satisfied is:

Tee) 1 1

5.

T 1+ |sin §] 1+ [sin E| 20, (&)

where the minus sign is to be taken for the interval

(2p - 1) m < ¢ < 2px and the plus sign for the interval
2px < £ < (2p + 1) m. TFor a warped wing the periodically
variable incidence angle may be given in the form

G.( E) = C(.o f(lé) C(,o = for E = 0
We then have:
T 1 f c t c V t a
(&) - &3] - e wy g (e TO =
I'oc 1+ |sin El 1 +Alsin ﬁ] 2T, (& ( 2 ° Po>

We develop

1 pat g
= 2D cos 2m
1+ Isin 5' o =W
and
f fes
(€) = 2 sin n £
1+ |sin ﬁ! 1 Pa
The coefficlents b,, and B, are obtained by analyzing

harmonically the given functions:

#a typographical error should be pointed out; the left side
of the equations on page 347 should read:

6.

n bs); 3«5(2bo+l}g" blo); R

a,(2bg + % ~by); ag(2by +
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L )
. and ——
1+lsin§| 1+ |sin £
We then set
.
EL;L = Y apn sin n §
I 1
so that
w 1 oo
_%El = Z Yan n sin n 4
0 1
and with 8/ct = A, obtain
l o] [eo]
= % X an by, [sin (n + 2m) £ + sin (n - 2m) £ ]

o n .
- nél Bn - 0N an> sin n ¢

11




By comparing the coefficients, the following set of equations for a, are obtained:

a1 ()2—\ + 2by-bp) = 281-[ az(bo-byg) +;5(b4—b6) H e ]
as (% + 2by-by) = 282~[ 34(.132—136) + ag(bg=bg) + .......... .- ]
ag (& + 20y-bg) = 285 [ 27 (bp-Dy) +25(ba-bg) +a7(bgb10) . ]
a4 (% + Pbg-bg) = 284~ [ an(bo-%g) +ag(Do=byg) + ooienin.., ]
a5(1—>? + 2bo-b10)= 285~ [ a1 (ba-g) + az(bp-bg) Lan(batz).. |

ct

*Of WNPUBIOWON TEBOTUYISL "V'O°'V'N
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4, Warped Wing with Variabdble Chord Spanning

~.g Oircular Free Jet . . . .

This case may be solved in a similar manner to the pre-
vious one. The boundary condition in this case too is
satisfied in such a manner that

tgy T Yam-t) @R Oy = 7 G(pn-f)

In the E—n plane, therefore, the egquation to be satisfied,
is
F(g) . %) ° t(g) (k)

To 1+ |sin ] 1+ [sin E| ~ 2T,

(c Va te _ p a=a for £=0Y

T2 T T9 4o=t for £=07/
We develop:
1 (2]
L = b 2m &
TF[sin ¥]° % Pem cos Zm
and
Gig)

[o~]
= 7 i f,
1+ |sin £} %o & Pn sin n

Furthermore,

t(g) = to L d&p cos pé

o
W e wd Iy o
which with ﬁ;él = % ay sin.n ¢
Iy 1
w 1 (=]
becomes —Lél = T Y ap n sin n 4
Iy 1

These relations substituted in the above equation give:

(2] (<] .
% nél mﬁo &n Pam [sin (n + 2m) & + sin (n - 2m) £]

i in'n ¢
= I Bp sin n

- gx péo ngl dpan n [sin (n + p) € + sin (n -~ p) &]




By comparing the coefficients, the following set of equations is obtained for the constants:

a1 (2by-bp + 3(}%\;9—3) = 2B1- I: ap(d-d5)+ag(dp-dy)+ay (d-dg) +ag(dy-dg) + ... ]

1 az(bo-bg) was(ba-bg) +a(bg-bg) + ....]
ag (2by-dg + Eg%;géé) = 2B2- [al(dl—dg) +az(dy-ds)+ag(dp-dg) +ag(dg-dy) +... ]

I | 2, (bo-bg) +35(Dg=bg) + ceriiiiiiiiiins ]
ag (2by-bg + 59%“_39_5_) = 283~ [al(dg-d4)+a2(d1—d5) +a4(dy-dn)+ag(do-dg) + ]

- [al(bg—b4) . +ag(bo~Dg) ran(bg=b10) + ---]
ag (2b,-bg + ?f}g:}_éﬁ@) = 284~ [21(dz-d5)+ag(dg-dg)+ag(dy-d7) +ag(dy-dg) + ...

- [ a2 (bo-bg) +ag(bo-byg) + cevireiiii s

The system is solved by iteration.

71

YTTOTVN
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5. Wing Spanning Rectangular Free Jet and

o ““Pléced”EcCentricaily~~

The wing is placed across a free jet of rectangular
cross section normal to the side edges (fig. 10). Let
the distance from the upper boundary of the jet be s; we
then define E = 1 - 2s/h as a measure of the eccentric-
ity. The Jjet boundary conditions may be satisfied as fol-
lows: Assuming the fluid to extend indefinitely, let the
wing lie along the X axis, and let the angle of attack
change periodically from +a to =-0a; the period is equal
to 21 and the places where the change occurs are at
x =0, =+, #*1, 31, ,.., In this manner the jet con-
dition is satisfied at the free side boundaries. The con-
dition for the sides parallel to the X axis may be gatis-
fied by applying the image method. By forming a wing
grating such that a wing with periodic change of angle of
attack is placed at each position

z =0, 2s, =*£2h, *h+2s, £4h, +4h+2s, ...

it is easy to see that by this arrangement the required
conditions are satisfied (fig. 10).

For purposes of computation, we split this grating up

into a symmetrical part, consisting of the wings at 2z = 0,
+2h, #4h, ... (0, *1, *2 in fig. 10) and an unsymmet-
rical part, consisting of the wings at z = 28, x2h+2s,

40428, o.e (FI, *II, ... in fig. 10). The unsymmetrical
rart gives the effect of the eccentricity. According to
wing theory:

1 o o dI.l(xl) (x-x,) dx,
WWx)y T T J Z 2 2
AT~ W= dx; (x-x3)° + (2mh)
1 © o al (x-x.) dx
¥ = /3 (x4) T2

—co =~ o dxl. (X“Xl)e + [m + l_é_&) Zh]

Now (reference 3, p. 341):
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1 ® = dP(x Yy (xz-x,) dx
g 5 1 1 1
2 z
AT - e dxl (x=x1) +(2nh)
1= Tixy ey
8h %,  dx; 2h 1
and
1 f°° ° (x,) (x-x,) dx,
Py ' 3 Z 2
AT e me-o Xy (x-x,) * [(m-!- lghl)zh]
x-X
9 o o dP(Xl) ._é_il__l_ dx,
“&m L 2 3
— . m=0 X1 ____\ <m + ___>
- X
. 1 oo o dP(K ) -Eﬁfh dx,
E L wle am (EEY(EEY
2 )+ (m+ T35
2h

The periodically changing angle of attack we develop
into a Fourier series:

*4: S
Qrg) = O = % —————-——= (1 unequal)

and a similar series for the circulation wilith coefficients
as yet undetermined
< X
T =T T ap sinmw =
(X) © ) n 1
Substituting in the above equations, we obtain with

X - X
SN S .
2h ¢:

2nﬂ1
22 2T e + 1 sin nm =
fomtit 47, 2n1‘rh 'L

e -

. X,
To ;3 ; ; a, n T £ cos nmm ydx,
8mh —» n=1 m=o t 22 + (m 4+ 1-E y




Now

and
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Ecos nm T1
an nm 1

o <V (m w_:\

e
Temm L E

— D=1

oo
Z
m=

We consider the integral

o E cos nT
7=
~o £% 4 (m +

Xy

T
5 dxy

l:.E_

w £ cos %g (x-2h £)

2

= 2h cos n o = J L = 4§
1L : .

17

1
£+<+l:>2

so that

Thus,

-en T E<m+ }_-'.'_E.\
J=2h1e l

we finally obtain:
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P - 2n T %
T .
w = 2 __ am, n & t L ginanmwZ
(x) 117 %, oo 2n m 1—.2- b
e -1
-2n % Cm + 1zE
g L=l ; ; ap n e ‘ sin n 7w =
41 n=1 m=o0 . [
P =3 o -2n % (m + Lg& i
+ == )y Yy apne sin n 1 =
41 n==1 m=o0 1

Substituting in the well=known equation from wing theory

cVt ngl
I'(x) = "3~ @(x) = —§ ~ the Fourier series for IR

5
% k) and W(g): Ve obtain with E%;Q = I'ss, equation
h
: r 2n T =
fo=t @ 1
; (4 ctm e + 1
sin nmm = = =5 . 22l n -
nﬁl #n 1 nél n 81 {fn 2n 1T h
e [ ]

an n

o -2nTT (m-+12E - 201 (}-%li& - ‘
> e 4o }sih nTm =
m=0 A

Setting ﬁ%L = A, there is obtained by comparing coeffi-
ctm

cients,



ap = -
Zn‘l'l’l_-.,l 00 —2nﬂ1—717(\m+1"E) _Znnl_l(m+l+E)
5 nife el - 2 l
fTngl 4 X ————1;———+ }: e + e
en 7§ % m=0
e -1
_ 4
~2:111]‘71 [ 2omBlz® o 01435\ 2 n
’ﬂ'n{l.‘.g l__'.*'_g__..___..'. B 1 2 +e— 1 2 Z e—anr—T
X h m=o
~2n TT=
l1-~c¢ L

It turns out that it is sufficient to consider the first two terms only of the series ob-
tained by the division

= I
1+e-—2nﬁ—z [o's) —an‘ﬂ'lzl
as well as the first two terms of the sum E: €
-enmi m=0
l-~-¢ L

In this way there is obtained:

4
hl-E

_Znﬂl_l. ~en & - & —Enﬂl—ll—‘*—g —ZnTlh
ﬁn{l+%{l+2€' l+ e L2 + € L2 (1+e l)

-

an -

.V.O.V.M
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TABLE II

0.5 0.25 0.125 0.0625

1 - 04442 0.398 0.321 0.235

2 « 620 .B786 «484 . 355

3 717 671 .583 .458

4 773 « 752 . 652 . 528

0.75 5 .808 772 . 701 « 578
6 «.835 .803 . 739 «615

7 «8H66 « 827 770 « 5655

8 .8756 . 844 ,794 . 682

9 . 387 . 860 .815 706

1 0.510 0.454 0.337 0.242

2 e 369 +G1l8 « 505 « 380

3 756 <710 . 5609 « 470

4 . 306 766 « 677 «H3bH

0.5 5 . 841 .804 724 .589
6 « 865 .832 .758 .« 631

7 «881 .8561 .789 e 635

8 .895 887 .210 . 592

9 .206 .580 .828 <715

1 0.524 0.465 0.34%7 0.246

2 «e 095 524 . 510 « 381

3 775 . 725 .B73 « 472

4 <826 . 782 . 679 .H37

0.25 5 «856 .817 .728 +590
' 6 .879 .8343 . 762 « 532
7 .8958 « 862 e 793 « 667
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As an example, the computation was carried out for the

square section jet (%.: i\. The eccentricities chosen
L B ] R L L L PR S . I - / e L e P o ..

were E = 0,25, 0.5, and 0.75. Integral values of A were
used from 1 to 9, which included all aspect ratios of prac-
tical interest. PFigures 11, 12, 13, and 14 show the cir-
culation at different points of the wing as functions of
A..  The computed values are given in table II where, for
comparison, are also given the values for the. wing lying
across the middle of the jet (E = 0). Figure 15 gives

the circulation over the wing at the differeat degrces of
ecccntricity.

From the computed distribution of the circulation the
total 1ift A of a wing at different eccentricities was
determined. The gquotient of these values by Ay, the
value with wing spanned across the middle of the jet,
shows up the effect of the eccentricity (fig. 16). It is
scen from the figure that the cffect of the cceentricity
between B = 0 to E = 0.5, which is the range that is
of practical interest, is only very slight. For compari-
son, the values of A/Ao were determined when the height
of the jet, with the wing spanning its middle, was reduced
from =1 to h=0 (fig. 17). It is easily seen that

his narrowing of the jet does have a strong effect on the
wing 1lift.

6. Wing Spanning a Free Jet of Circular

Cross Section BEccentrically

For a wing spanning a circular jet eccentrically, the
above method of computation is not applicable.s A solu-
tion may be obtained, however, in the following manner.
Considering the relations at an infinite distance behind
the wing, the jet condition for the circular boundary may.
be satisfied by the method of images, using reciprocal
radii (fig. 18). A circulation approximating the actual
distribution is first assumed and from it the induced down-
ward velocities produced by the wing itself and the images
are computed., These velocities together with the assumed
distribution of circulation allow the geometric angles of
incidence to be determined along the span. 3By suitadly
changing the circulation distribution, the angles of inci-
dence thus derived are made to agree with the given values.,
This process is rather complicated and not absolutely reli-
able., It thus appeared desirable to solve thig prodlem
experimentally.
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II. EXPERIMENTAL PART

To supplement the theoretical investigations described
above, certain tests were carried out. The problem was to
determine the effect of eccentric positioning on a wing
spanning a free jet of circular cross section. PFigure 19
shows the test apparatus. The wing, spanning a 40-centi-
meter-diameter jet, is suspended on two scales to deter-
mine its 1ift and drag. Three wings with profile Gottin-
gen 398 and chords of 5, 10, and 20 centimeters, respec-
tively, were tested., The relative velocity was about 30
meters per second., The polars of these models obtained in
the Gottlngen wind tunnel are shown on figure 20, All
wings were 70 centimeters long.

The axis which defines the position of the wing is
shown in figure 21l. The position of this axis practically
coincides with the mean pressure line of the wing, since
it seems reasonable from theoretical considerations that
this position coincides with the position of the vortex
filament. Thec angle of attack of the wing was likewise
taken with respect to this axis.

In all the tests the distance of the wing from the
throat of the tunnel (d) was taken equal to 0.3 R. Be-
yond this position the static pressure in the jet was con-
stant, and the mixing zone at the Jjet boundary of small
extent., In order to study the effect of distance of the
wing from the plane of the tunnel outlet, the drag and
1ift were measured for a wing (R/t = 2) placed at 6° an-
gle of attack at various distances from the throat. The
measured values werc made dimensionless by dividing dby-the
values obtained at the position d = 0.3 R, The results
are shown in figure 22. It may be seen that the 1ift is
almost completely independent of the distance d/R. The
drag, however, increases with distance from tunnel throat.
With increasing distance, the effect of the throat on the
down flow decreases; moreover, the 1lift distribution be-
comes less favorable., As the jet broadens out, larger
portions of the wing surface are exposed to the jet while
the jet velocity decreases. The effect of each factor is
not known separately, but their combined effect brings
about the increased drag mentioned above,

em X 0.3937 = in.  m/s X 3.28083 = ft./sec.



TABLE III

E=0 0.2 0.4 0.6 0.8
«0 Ca, Cy Cq, Cu Cy Cur Cq, Cy Cy Cy -
-18 | -0.353 0.208 |-0.335 0.201 | -0.312 0.196 |-0.297 0.198 | -0.27%6 0.199
-15 | -.330 .165 | -.315 .160 | -.292 .157 | -.275 .152 | --.255 .149
-12 ' -.298 .125 | -.280 .120 | -.261 .116 | -.244 114 | -.225 .110°
-9 | -.230 .083 | -.215 .080 | -.200 .078 | -.182 .075 | -.165 .O72
-6 | -.027 .028 | -.025 .028 | -.023 .028 | -.020 .028 | -.018 .028
-3 .198  .018 .185  .019 170 .020 150 .021 125 .023
R/t=4 O .398  .024 .382  .026 .355  .027 .323  .028 275,029
3 .589  .035 .580  .038 .549  .039 .493  .042 .425  .045,
6 M0 .05 .753  .052 .718 057 .659  .061 .584  .085
9 941  .072 .932  .078 .891  .081 .830 .086 .726  .088:
12 | 1.090 .103 | 1.064 .106 | 1.042 .111 971 117 .87  .122
15 | 1.155 .135 | 1.145 .139 | 1.136 .143 | 1.088 .152 | 1.029 .167
18 | 1.112 .192 | 1.111 .193 | 1.07 .197 | 1.048 .206 .995  ,219.
21 .920  .320 931 .320 .892  ,322 .841  .325 .795 348
-18 |-0.254 0.171 |-0.260 0.168 |-0.264 0.166 |-0.271 0.165 | -0.275 0.165
-15 | -.240 .13 | -.246 .135 | -.252 .135 | -.25% .133 | -.284 .132
-12 | -.195 .0¢8 | -.207 .097 | -.212 .09 | -.217 .094 | -.219 .09l
-9 | -.100 .042 | -.104 .041 | -.108 .039 | -.114 .038 | -.118 .037
-6 .033  .015 .032  .016 .023 .01 .020 ,018 .015  .019
-3 172 .010 .68 012 156 .014 150 .0WY 125 022
Rft=2 O 311 .020 .310  .0R1 305 .024 .280 .025 .245 031
3 .442  .035 .435  .036 422 .037 .396  .039 .360  .044
-6 .580  .052 575  .054 .558  .056 .520  .058 A5 061
9 724 074 711 .076 692 080 650 .084 591 .086
12 .853  .098 .842  .102 .820 .105 762 .109 4 .710 .119
15 .970  .130 .955  .132 933 .134 .870 .14l .815  .154
18 | 1.075 .190 | 1.060 .198 | 1.045 .204 .980 ,208 .895 ,210
2 | 1.082 .230 | 1.072 .232 | 1.057 .236 | 1.004 .244 .930 .64
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TABLE III (Continued)

E=0 0.2 0.4 0.6 0.8
0

& Cq, Cw C, Cy Cq Cy C, Cy C, Cy
-18 | -0.228 0.133 |[-0.232 0.135 |-0.242 0.140 | -0.25%¢ 0,141 | -0.268 0.144
-15 | -.186 .088 | -.188 .089 | -.200 .089 | -.205 .09l | -.210 .092
~12 | -.125 .045 | -.130 .047 | -.135 .048 | -.144 .049 | -.153 .052
-9 | -.044 .017 | -.055 .019 | -.066 .020 | -.075 .023 | -.086 .026
-6 .035  .004 .030  .005 .015 .008 | -.007 .013 | -.028 .0%20
-3 121 .007 .114  .010 .096  .012 .061  .016 .024  .020
R/t 0 .208 .018 .190  .018 .178  .020 142,023 .094 .o27
3 .294 .032 .283  .033 .263  .033 .222  .035 .189  .037
6 369 .048 .352  .048 L339 .049 .305 .051 .232  .052
9 .454  .071 444 072 428 .073 .394  .076 322 .078
12 .534 .09 .521  .097 .506  .099 .475  .103 403 .106
15 .610 .125 .604 .128 .581  .130 .548  .135 .489  .140
18 .690  .158 .680  .164 .651  .165 613 .169 .560  .178
21 759,192 745 .19 725 .204 .690 .212 .632  .220
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The results of the tests are given in table III. De-
vnotlng the distance of the w1ng from the Jjet axis by =a,’

the eccentricity E = a/R. In the equatlons"ca = %f and

Cy 3;, the area F 1is taken to be the area of the wing
q

intercepted by the jet, so that F = 2R t .1 - E°. The

polars are shown in figures 23, 24, and 25, and the change
of ¢4 with angle of attack in figures 26, 27, and 28,

Due to the choice of reference axis the position of the
leading edge of the wing is changed with change in angle
of attack, the change being greatest, naturally, for the
wing with greatest chord., This explains the peculiar
shape of the 1ift curve at large ncgative angles of attack
(for R/t = 2 and 1), the 1ift coefficients increasing
with incrcasing eccentricity instead of decrcasing as
might be ecxpected,

In order to obtain more general data for the wing
spanning the circular Jet eccentrlcally, the derivative
de g

aa— was obtained from the measurements as a function of

AN (fig. 29). It may be seen that in this case, too, as
in the case of the rectangular jet, the effect of eccen-
tricity is very small. The effect of the eccentricity
even at the highest value usced in the wind tunnel (E =
0.5) could be applied as a correction to the computations
for the wing placed along the middle of the jet.

A few morc tests were carried out, finally, on a free
Jet of square cross section to test the validity of the
thecory given above. The 1ift on two eeccentrically placed
wings (t = 5 and 10 cm) was measured. The 1ift coeffi-
cicnts as functions of the angle of attack are sghown in
figures 30 and 31. In figure 32 the continuous linegs give

v

d
the theoretically computed valucs of d;a’ while the small

circles indicate the test values. TFor aspect ratio 1/t =
6, the agreement is very good; the deviations for 1/t =
3 is explained by the fact that the distribution of the
1ift over the wing chord was neglected, which is not ad-
missible for wings of such small aspect ratios,

Translation by S. Reiss,
National Advisory Committee
for Acronautics.
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