LY%S8

NACA TN 2121

NATIONAL ADVISORY COMMITTEE
FOR AERONAUTICS

TECHNICAL NOTE 2121

STUDY OF EFFECTS OF SWEEP ON THE
FLUTTER OF CANTILEVER WINGS

By J. G. Barmby, H. J. Cunningham,
and I. E. Garrick

Langley Aeronautical Laboratory
Langley Air Force Base, Va.

_/

anq T

95E5900

"G4V AUVHEIT HOZL

IR

e ——

ol

L mwn




TECH LIBRARY KAFB, NM

(GO

-00L5358

NATTIONAT, ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL NOTE 2121 -

STUDY OF EFFECTS OF SWEEP ON THE
FIUTTER OF CANTILEVER WINGS

By J. G. Barmby, H. J. Cunningham,
and IT. E. Garrick

SUMMARY

An experlmsntel and analytical investigation of the flutter of .
gweptback cantllever wings 1s reported. The experlments employed groups
of wings swept back by rotating and by shearing. The angle of sweep
ranged from 0° to 60° and Mach mumbers extended to approximately 0.85.
A theoretical analysis of the air forces on an oscillating swept wing
of high length—to—chord ratio 1s developed, and the approximations
inherent in the agsumptions are dlscussed. Comparison with experiment
indicates that the analysis developed in the present paper 1s satis—
factory for glving the maln effects of sweep, at least for nearly
uniform cantilever wings of high and moderate length—to—chord ratios.

A geparation of the effects of finite span and compressibility in their
relation to sweep hag not been made experimentally but some combined
effects are glven. A discussion of soms of the experimental and theor—
etlcal trends 1s glven wlth the ald of several tables and figures.

'INTRODUCTION

The present paper ls an outgrowth of the trend toward the use of
swept wings for high-gpeed flight and reports the results of an analysis
end of an accompenying exploratory program of research in the Langley:

4 ,5~foot flutter research tunnel on swept cantilever wings. The
material was assembled in a memorandum form with a similar title in 1948,
The chief purposes of the present paper are to provide a more detalled
exposition of the analysis and to make the maln material more generally
avallable,

Mention of some previous experimental and analytical work on swept
wings follows. A preliminary experimental Investigation of the effect
of sweep on flutter has been made (reference 1) with a single, simple
rigld wing mounted flexlbly at one end of a base which could be rotated
to various desired sweep angles. Thils investigation was made at low
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Mach numbers for two bending—torslon frequency ratios and at several
angles of sweepback. Another investigation (data unpublished) in which
the denslty of the test medium was a varlable was conducted by D. Benun
on the same type of rigid, flexlibly mounted wing at higher Mach numbers
and at sweep angles of 0° and 45°, Other unpublished work on swept wings
exists, but a search of the avallable Information Indicates a need for
further systematic study. .

The experlmental work reported hereln dealt with models mounted as
cantllevers at their roots. These cantilever models differed from the
rigid, flexibly mounted wings, which had all bending and torsion flexi~
bility concentrated at the root, and thus were subJect to different root
effects. In order to facllitate enalysis the cantllever models were
uniform and untapered. The intent of the experimental program was to
egtabligh trends and to indicate orders of magnitude of the various
effects of sweep on flutter, rather than to isolate precisely the
geparate effects.

The models were swept back in two baslc manners — shearing and
rotating. For the case in which the wings which were swept back by
shearing the cross sectlons parallel to the alr stream, the span and
aspect ratlo remalned constant., For the other case, a series of
rectangular—plan—form wings were mounted on a special base which could
be rotated to provide any desired angle of sweepback. Thls rotatory
basgse was also used to examine the critical speed of sweptforward wings.

Tests were conducted also on special models that were of the
"yrotated" type (sections normal to the leading edge were the same at
all sweep angles) with the difference that the bases were alined
parallel to the alr stream, Two series of such rotated models having
different lengths were tested.

Inmasmuch as the location of the center of gravity, the mass—density
ratio, and the Mach number have lmportant effects on the flutter charac—
teristics of umswept wings, these paramesters were varled for swept wings.
In order to Ilnvestigate possible chenges in flutter characteristics
which might be due to different flow over the tips, verious tip shapes
were included in the experlments.

In an analysis of flutter, vibrational characteristics are very
significant; accordingly, vibratlon tests were made on each model., A
speclal study of the change in frequency and mode shape with angle of
sweep was made for a simple aluminum-alloy beam and 1s reported in
aeppendix A.

Theoretical analyses of the effect of sweep on flutter exist only
in brief or preliminary forms. In England in 1942 W. J. Duncan estimated
by certain dimensional considerations the effect of sweep on the flutter
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gpeed of certain specialized wing types. Among other British workers
whose nsmes are mentioned in connection with problems of flutter
involving sweep are R, McKinnon Wood, A. R, Collar, and I. T. Minhinnick,
An account of Minhinnick'!s work was given by Broadbent in reference 2.
In reference 3 a preliminary analysis for the flutter of swept wings in
incompressible flow 1s developed on the basis of a "strip theory" (with
the strips taken in the stream direction) and is applied to the experi—
montal results of reference 1, Examination of the limiting case of .
infinite span discloses that the aerodynamic assumptions employed in
reference 3 are not well—grounded. Reference 4 adapts this "strip
theory" to flexible wings and also presents an alternative 'velocity
component" treatment employling other asrodynsmic assumptions which in
thelr end result appear more akin to those employed in the analysis of
the present paper. No definlte choice is made in reference 4 between
the two methods although the “strip theory" method is favored.

Tn the present paper a theoretlcal analysls 1s developed anew and
given a general presentation, Application of the analysls has been
limited at this time chilefly to those calculatlons needed for camparison
wlth experimental results, A wider exemination of the effect of various
parameters and of addlitional degrees of freedom on the flutter character—
istics is desirable.

SYMBOLS
b half-chord of wing measured perpendicular to elastic
axls, feet
b,. half-chord perpendicular to elastic axls at reference
gtation, feet
1! effective length of wing, measured along elastic axils,
feet
c wing chord meagured perpendicular to elastic axls, lnches
1 length of wing meagured along midchord line, inches
A angle of sweep, positive for sweepback, degrees
2
Ag geometrlc aspect ratio <FL—E§EL197>
c
x! coordinate perpendicular to elastic axis in plane of

wing, feet
y! _ coordinate along elastic axls, feet
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coordinate in direction perpendicular to x'y! plane,
feet

coordinate of wing surface in z' directlon, feet
nondimenslonal coordinate along elastlc axls (y'/Z')

coordinate In wind-stream dlrection

" bending deflection of elastic axls, positive downward

torslonal deflection of elastic axls, positive with
leading edge up

local bending slope of elastic exls (&hJ
oy

6 -
local rate o? change of twlst <g§€> ‘
deflection function of wing in bending
deflectlion function of wing 1n torsion

time
angular frequency of vibration, radians per second

engular uncoupled bending frequency, redlans per second *

angular uncoupled torsional frequency about elastic axls,
radians per second

first bending natural frequency, cycles per second
gecond bending natural frequenby, cycles per second

first torslon natural frequency, cycles per second
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uncoupled first torslon frequency relative to elastic
1

r C“)E

axls, cycles per second £ 1 -

experimental flutter frequency, cycles per second

reference flutter frequency, cycles per second

flutter frequency determined by analysis of present
report, cycles per second

free—stream veloclty, feet per second

experimental flutter speed, feet per second

component of alr-stream veloclty perpendicular to elasgtic
axis, feet per second (v cos A)

experimental flutter speed taken parallel to air stream,
miles per hour

reference flutter speed, miles per hour

reference flutter speed based on wing elastic axis,
miles per hour (defined in appendix B)

flutter speed determined by theory of present report,
miles per hour

theoretical divergence speed, miles per hour

reduced frequency employing velocity component

perpendicular to elastic axis (?)

n

phase difference between wing bending and wing torsion
straing, degrees

density of testing medium at flutter, slugs per cubic
foot
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dynamic pressure at flutter, pounds per square foot
Mach number at flutter

critical Mach number

distance of cembter of gravity behlnd leading edge taken
perpendiculer to elastlic axls, percent chord

distance of elastic center of wing cross section behind
leading edge taken perpendicular to elastic axis,
percent chord

distance of elastic axls of wing behind leading edge
taken perpendicular to elastic axis, percent chord

nondimensional elastlic—axls position SXon - )
‘ 00
nondimensional center—of—gravity position —66—-—

mass of wing per unlt length, slugs per foot

2
wing mass—density ratio at flutter (E*L>
m

mass moment of inertia of wing per unit length about
elastlc axls, slug—feet2 per foot

nondimengional radius of gyration of wlng about elastic

axls .i
\’nbE

bending stiffness, pound—inches? in tables, poun.d—--feet2
in analysls

torsional stiffness, poun.d.—-in.ches2 in tables, pound—
foet? in analysis

structural damping coefflcient for bending vibration
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g, structural demping coefficient for torsional vibration

{:} a special bracket used to identify terms which are due
golely to inclusion of the last term in equation (S5a)

NWote: In order to preserve contlnulty and to facllitate comparison with
previous work on the unswept wing, the subscript a rather than 6 is
retalned wilth certaln quantitles to refer to the torsional degree of
freedan,

EXPERTMENTAT, INVESTIGATION

Apparatus

Wind tunnel.— The tests were conducted in the Langley 4.5—foot

flutter research tunnel which is of the closed—throat, single—return type
employing either alr or Freon—l12 ag a testing medium at pressures
'vaerying from 4 inches of mercury to 30 inches of mercury. In Freon—l2,
the speed of sound is 324 miles per hour and the density is 0.0106 slug
per cubic foot at standard pressure and temperature. The meximum choking
Mach number for these tests was approximately 0.92. The Reynolds number

rangs was from 0.26 x 10° to 2.6 x 108 with most of the tests at Reynolds
numbers of the order of 1.0 X 106.

Modelg.— In order to obtain structural parameters required for the
flutter studles, different types of construction were used for the models,
Same models were solid spruce, others were solid balsa, and many were
combinations of balsa with various aluminum-elloy inserts. Seven series

of models were investigated, for which the cross sections and plan forms
are shown in flgure 1.

Figure 1(a) shows the series of models which were swept back by
shearing the cross sectlons parallel to the alr stream., In order to
obtalin flutter with these low-aspect—ratlo models, thin sections and
relatively light and weak wood comstruction were employed.

The serles of rectangular—plen—form models shown in figure 1(Db) were
swept back by using a base mount that could be rotated to glve the desired
sweep angle, The same base mount was used for testing models at forward
sweep angles. It 1s known that for forward sweep angles divergence 1s
critical., TIn an attempt to separate the dlvergence and flutter speeds
in the sweepforward tests, a D-spar cross—sgectlonal construction was
used to get the elastic axis relatively far forward (fig. 1(c)).
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Two series of wings (figs. 1(d) and 1(e)) were swept back with the
length—to—chord ratios kept constant. In these serles of models, the
chord perpendicular to the leading edge was kept constant and the bases :
were allned parallel to the alr stream. The wings of length—to—chord
ratio 8.5 (fig. 1(d)) were cut down to get the wings of length—to—chord
ratio 6.5 (fig. 1(e)).

Another series of models obtalined by using this sams manner of
sweep (fig. 1(f)) was used for investlgating some effects of tip shape.

Spenwise strips of lead were fastened to the models shown Iin fig—
ure l(e) and a series of tests were conducted with these weighted models
to determline the effect of center—of—gravity shlft omn the flutter speed
of swept wings. The msthod of varying the center of gravity is shown in
figure 1(g). In order to obtain data at zero sweep angle it was neces—
sary, because of the proximity of flutter speed to wlng—divergence speed,
to use three different wings. These zero—sweep—engle wings, of 8—inch
chord and 48-inch length, had an internal welght system.

The models were mounted from the top of the tunnel as cantlilever
beams with rigld bases (fig. 2). WNear the root of each model two sets
of straln gages were fastened, one set for recording principally bending
deformations and the other set for recording principally torsional
deflectlons.

Methods
Determination of model parameters.— Pertinent geometric and struc—

tural propertlies of the model are given 1in tables I to VII. Soms
parameters of interest are discussed in the followlng paragraphs.

As an indication of the nearmess to sonic—Flow conditions, the
critical Mach number is listed. This Mach number 1s determined by the
Kérmén-Tsien method for a wing sectlon normal to the leading edge at
Zero 1lift.

The geometrlc aspect ratio of a wing is here deflned as

A = Sevm:lts:pgn2 = (1 cos A)2 =Lcosn =&
(2] c 2

>~ Plan—form area lc

The geometric aspect ratilo Ag is used in place of the conventional

aspect ratio A Dbecause the models were only semispan wings. For
sheared swept wings, obtained from a given unswept wing, the geometric
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agpect ratio 1s constant, whereas for the wings of constant length~to—

chord ratio the geometric aspect ratio decreases with oos%x ag the
angle of sweep 1s lncreased.

The welight, cenber—of—gravity poslition, and polar moment of inertla
of the models were determined by usual means. The mddels were stati—
cally loaded at the tip to obtain the rigidities iIn torsion and bending,
GJ and EI.

A paramster occurring in the methods of analysls of this paper is
the position of the elastic axis. A "section" elastic axias located
at x,, was obtained for wings from each series of models as follows:

The wings were clamped at the root normal to the leading edge and at a
chosen spanwlise station were loaded at points lylng in the chordwise

direction. The point for which pure bending deflection occurred, with
no twlst in the plane normal to the leading edge, was determined. The
game procedure was used for those wings which were clemped at the root,
not normal, but at an angle to the leading edge. A different elastic

axls designated the "wing" elastic axis and located at Xog'! Was thus

determined.

For these uniform, swept wings with falrly large length—to—chord
ratios, the "wing" elastic axis was reasonably straight end remained
essentially parallel to the "section" elastic axis, although it was
found to move farther behind the "section" elastic axis as the angle of
sweep was lncreased. It 1s reallzed that in genersl for nonuniform
wings, for example, wings wlth cut—outs or skewed clamping, a certaln
degree of cross stiffness exlsts and the concept of an elastic axis is
an overslmplification. More general concepts such'as those involving
influence coefflclents may be required. These more strict considera—
tlons, however, are not required here since the elastic-axls paramster
is of fairly secondary importance.

The wing mass—density ratio k 1s the ratio of the mass of a
cylinder of testing medium, of a diameter equal to the chord of the
wing, to the mass of the wing, both taken for unit length along tue
wing. The density of the testing medium when flutter occurred was used
- in the evaluation of k.

Determination of the reference flutter speed.— It 1s convenlent in

presenting and comparing date of swept and unswept wings to employ a
certain reference flutter speed. This reference flutter speed will
serve to reduce verlations 1n flutter characteristics which arise from
changes in-the various model parameters such as denslty and section .
properties not pertinent to the investigation. It thus alds 'n system—
atizing the data and emphasizing the desired effects of sweep including
effects of aspbct ratlio and Mach nmumber,
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This reference flutter speed Vg may be obtained in the followlng
way. Suppose the wing to be rotated about the intersection of the
elastlc axls with the root to a position of zero sweep. In this posi-—
tilon the reference flutter speed 1s calculated by the method of refer—
ence 5, which assumes an ldealized, uniform, infinite wing mounted on
springs in an incampressible medium. For nonuniform wings, a reference
section taken at a representatlve spanwise positiori, or some Integrated
value, may be used. Since the wings used were uniform, any reference
gection will serve. The reference flutter apeed may thus be considered
a "gection" reference flutter speed and parameters of a section normal
to the leading edge are used in its calculation, This calculation
also employs the uncoupled flrst bending and torsion freguencles of the
wing (obtalned from the measured frequencies) and the measured density
of the testing medium at time of flutter. The calculation ylelds a
corresponding reference flutter frequency which 1s useful in comparing
the frequency data. For the sake of completeness a further dlscussion
of the reference flutter speed is given 1in appendix B.

Tegt procedure and records.— Since flutter is often a sudden and
destructive phenaomenon, coordinated test procedures were required.
During each test, the tunnel speed was slowly ralsed until a speed was
reached for which the amplitudes of oscilllatlion of the model 1n bending
and torsion increased rapidly while the frequencles in bending and tor—
sion, as observed on the screen of the recording oscillograph, merged
to the same value. At this instant, the tumnel conditions were recorded
and an oscillograph record of the model deflections was teken. The tun—
nel speed was immediately reduced 1in an effort to prevent destruction
of the model.

From the tunnel data, the experimental flutter speed Vg, the den—
sity of the testing medium p, and the Mach number M were determined.
TNo blocking or wake correctlions ta the measured tumnel veloclity were
applied.

From the oscillogram the experlmental flutter frequency fg and
the phase difference ¢ (or the phase difference *180°) between the
bending and torslon deflections near the root were read. A reproduction
of a typical oscillograph flubter record, which -indicated the flutter to
be & coupling of the wing bending and torslon degrees of freedom, 1s
shown as figure 3. Slnce semispan wings mounted rigidly at the base
were used, the flutter mode may be consldered to correspond to the flut—
ter of a complete wing having a very heavy fuselage at midspen, that is,
to the symmetrical type.

The natural frequencles of the models i1n bending and torsion at
zero airspeed were recorded before and after each test in order to
ascertain possible changes in gtructural characteristics. In most cases
there were no -appreciable changes in frequencles but there were some
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reductions In stiffnesses for models which had been wegkened by flut—
tering violently. Ansaslysis of the decay records of the natural fre—
guencies indicated that the wing damping coefficients gy and gy

(reference 5) were about 0.02 in the first bending mode and 0.03 in the
torsion mode.

ANATYTTICAL INVESTIGATION

General

Agsumptions.— An attempt 1s first made to point out the main
agsumptions which seem to be applicable for swept wilngs of moderate
taper and of high or moderate length~to—chord ratlos.

(2) The assumptions, such as small disturbances and potential flow,
camonly employed in linearized treatment of unswept wings in an ideal
incompressible fluld are made.

(p) The structural behavior is such that over the main part of the
wing the elastlc axls mey be considered straight. The wing 1s also con—
gldered sufficiently stiff at the root so that it behaves as if it were
clamped normal to the elastic axis. An effective length 1! mneeded
for integration reasons may be defined (for example, as in fig. 4). The
angle of sweepback is mpasured 1n the plane of the wing from the direc~
tion normal to the alr stream to the elastic axis. All section pareme—
ters such as semichord, locations of elagtic axls and center of gravity,
radius of gyration, and so forth, are based on sectlons normal to the
elastlc axis. ‘

(c) The aesrodynamic behavior 1s such that any section d4y' of the
wing normal to the elastic axlis, taken 1n the directlon of the compo-
nent v cos A of the maln-stream veloclty, generates a velocity poten—
tial agsociated with a uniform Infinite swept wing having the same
instentansous distributlion over the chord of velocity normal to the
wilng surface as does the actual section.

Additionael remerks on thege assumptions are appropriate. With
regerd to assumption (), in accordance with linearization of the prob—
lem, the boundary conditions are stated and treated with respect to a
reference surface, in this case a plane, containing the mean equilibrium
position of the wing and the main—stream velocity. Furthermore, incom-—
pressible flow 1s assumed in order to avold caomplexity of the analysis,
although modifications due to Mach number effects can be added. Such
modifications may be based, for example, for wings havipg large length—
to—chord ratios, on existing theoretical calculations of aerodynamic
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coefficients for subsonic or supersonic two—dimensional flow appropriate
to the component v cos A. On the other hand the modifications may be
partly empirical, especially for "transonic" conditions and for small
length—~to—chord ratios. The transonic conditions and the general aero—
dynamic behavior of swept wlngs may depend, for large length—~to—chord
ratios, on the component v cos A, but the dependence may shift to the
stream veloclty v for small lengbth—to—chord ratios.

With respect to assumption (b), results of analyses of and experi—
went on unswept wings having low ratios of bending frequency to torslon
frequency show that small varlations of position of the elastic axls
are not lmportent. The assumption of a gstralght elagtic axls over the
mein part of & swept wing, slmilarly, 1s not critical for many cases.
This assumptlion 1s made for convenlence, however, and modifications for
a curved elastic axls can be made when necessary, for example, for
plate—like wings. Small differences in the angle of sweepback of the
leading edge, quarter—chord line, elastic axls, and so forth, are neg—
lected. The anelysis could be further modified to take into account
variation of the angle of sweepback along the length of the wing.

Agsumption (c) Implies that associated with the action of the wing
in pushing alir dowoward there 1s a nonclirculatory potential—type flaow
gimilar to that around sections of an infinite flat—plate wing.
Furthermore, as 1n the case of the unswept airfoil, a clrculatory
potential-type flow ls generated 1In which for the swept airfoll the
camponent v cos A 1s decisive in fixing the circulation. (This
assumpbion differs from that made in the "strip theory" of references 3
and b which employs the main-stresm velocity together with sections of
the wings parallel to the stream direction.) Effects of the floating
of the wake in the stream direction rather than in the direction
of v cos A and induced effecte of variation of the strength of the
wake In the wilng—length dlirection are neglected, as are three—
dimensional tip effects. For large values of the reduced frequency ky,
a glven segment of the wing might be influenced chiefly by the nearby
wake and the correction would be small., On the other hand, for small
values of k, a given segment might be influenced by a more widespread
portion of the wake; corrections for thlis condition may possibly be
based on knowledge of the static case (for example, slope of the 1lift
curve). As the angle of sweep approaches 90?, obviously the mechanism
for the gemeration of 1ift 1s different from the one postulated here;
for example, a tip conditlon may replace the trailling-edge condition,
and conslderations of very small aspect ratio arise. ]

Basgic considerations.— Consider the configuration shown in figure U4
where the verticael coordinate of the wing surface 1s denoted by
z' = Z(x',y',t) (positive downward). The effect of the position and
motion of the wing may be glven by the disturbance—velocity distribution
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to be superposed on the uniform stream in order to ;‘epresent the condi—
tion of tangential flow at the wing surface, This veloclty distribution
normal to the surface (positive upward) is, for small disturbances,

w(x',y',t) = — ry g_g (1)

where & 18 the coordinate in the wind—stream direction. With the- use
of the rqla.tion

¥ _ % x, ¢ ¥
SE = ST 5t 5T SC

BZ cog A+ — oz gin A

X ¥t

“the vertical veloclty at any polnt 1is

w(x‘,y',t)=-§E+v-g—’zgcosA+vg%sinA (1a)

Let the wing be bending so that a segment dy' (see fig. 4) is
displaced from its equilibrium position by an Incremental disteance h
(positive down) and also let the wing segment be twisting about the
elastic axis through an incremental angle 6 (positive leading edge up).
The position of each point of the segment may be defined, for small
deflections, by

Z =h + x'6 (2)

The velocity distribution normal to the surface, squation (1a), conse—
quently becomes

w=h+ x'0 + v0 cos A+ v(o + x'T)sin A (3)

where o F is the local bending slope of the elastic axis, and is
thus analogous to dihedral, and where T 537 1s the local change of
twlst of the elastlc axls,

In accordance with assumption (c) the noncirculatory—flow velocity
potentials associated with the vertical—velocity distribution are first
needed. In equation (3) the terms involwrins h, 6, end o are constant
acrogs the chord, whereas those involving and T vary in a linear
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manner. The noncirculatory velocity potentials as in reference 6 and
the new potentlals associated with o and T are

¢ﬁ = flb\‘l — x2

o = vnob\L — x°
By = Vo tan A b\L — 22 r (1)
g5 = éb2(§ - a.)\[ZI.Tx—2

@ = v, T tan A be(g - a.) — x2

i

~

where v = v cos A and x 1s the nondimensional chordwise coordinsate
measured from the midchord as in reference 6, related to the coordinate
x' in the manner

x=%1 8
)

The velocity potential for the circulatory flow assoclated with the
wake may be developed on the basis of assumption (c) and the concepts
for the infinite umswept wing introduced in reference 6. (Thus the
circulatory—flow pattern for a section dy' of the finite swept wing.
1s to be obtained from the corresponding flow pattern for an infinite
uniform yawed wing. This infinite wing is assumsd to have undergone
harmonic oscillations for a long time; the full wake 1s established,
remains where formed, and consequently is harmoniceally distributed in
space. For the infinite uniform yawed wing results for the circulatory
flow are like those of reference 6 with v replaced by the component
vn and with the addition of terms to take care of ¢ and T.) In
particular, the strength of the wake actling on each section is deter—
mined by the condition of smooth flow (the velocity remaining finite)
at the tralling edge. This condition 1s utllized in the form

8?;(9251.. + PN) 1s equal to a finite quantity at the trailing edge; (where

@r 1is the velocity potential due to the vorticity in the wake, and
is the total noncirculatory velacity potential) and leads to a relation
analogous to equation (VII) of reference 6 involving the basic quantity

Q=h+ v + Vo tan A + b%— a.)(é + VT tan A) which occurs in the

terms associgted with the wake. The net result of these considerations
is that the circulatory—flow velocity potential may be regarded as
determined.
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The pressure difference between upper and lower surfaces of the
wing at a polnt x 1is

P=—2°@é’é+v%) 3
=_2F;(¥.+v%cosj\+v%:siﬁh) (5)

where ¢ is in general the total potential, the sum of circulatory— and
noncirculatory—flow potentials. The last term in equation (5) 1s the
product of the component of maln—stream velocity taken along the wing
and the lengthwise change in the veloclty potential, and is often neg—
lected even In steady—flow work., The question of the retention or neg—
lect of thils last term seems partly dependent on the order in which the
approximations are Introduced; specifically, whether velocity potentials
for the whole flow pattern are found and then the Integrated forces are
determined or whether sectlon forces are first determined and then inte—
grated. It seems appropriate to retain at least the noncirculatory part
Gy of @ 1in the last term of equation (5). In view, however, of the
nature of the approximate treatment of the circulatory potential and of
the inherent shortcamlings of a strip analysis, in particular the mneglect
of lengthwise variations in wake vortex strength, camplicating the
results by also including ¢p in this term does not appear worth while,
(This neglect of @r and retention of @y 1s realized to involve some
inconsistencies in that account mey not be taken of other higher order
terms associated with lengthwlse variation of the wilng wake, which may
be of the same order as terms retained.) Thus equation (5) becomes

p=-2p(¥+v%cosA+va—yTsinA) (5a)
For harmonic motion in each degree of freedam, relatlons for the
pregsure may be lntegrated over the chord to yleld expressions for the

alr forces and moments. For the sake of separating and identifying the
terms in force and moment expressions which are due solely to the inclu—

slon of the last term in equation (5a) a special bracket -l: }is

employed. Thus these terms may be readily omitted., Numsrical checks
among the calculstlons made for the present paper showed the effect of
inclusion of the last term in (Sa) on the calculated results to be quite
emall, even for 600 of sweepback within the range of other parameters
investigated.
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The expressions for the aerodynamic. 1ift (positive down) and for
the moment about the elastic axis (positive leading edge up), each per
unit length of the wing, are: - N

P = -21tpvanE1 + Vpf + vpo tan A + b(él- - a)(é + VpT tan AX] -

ﬂpbzﬁi + vné + Vo0 tan A + -En& tan A + v, o tan A +

]

v.2 9 tanzlgzl + Tl'pb38.l§. + vt ten A + {vn"r tan A + v,° -g%- tan® A:I-:l

D 3yt
(6)

Mg = 2npvnb2(%- + a.) CEI + V0 + Vo tan A + b(-]2= - a.)(é + v, T tan ):I -
J‘.tpvnb3[( -;:- - )é + %- VT ten A:'+ n:pb3a.|:ﬂ + v tan A +
{vnc'r tan A + vn21- tan A + vn2 %% ta.nejglj - ﬁpbh(% + az)[é. +

Vot ten A + -Ern—'r ten A + V2 -g%- ta.an‘g-:l (7
where
¢ = i) = Flky) + 16(ky)
1s the function assoclated with the wake developed by: Theodorsen in
reference 6; the reduced frequency paramester k, 1is defined by
by =L 2 (8)
As has already been stated, the foregoing expressions we;:'e dei)bioped

and apply for steady sinusoldal.oscillations,

h = b (3)e

(9)

D
]

9]_(3:").61[‘(15b
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The amplitude, velocity, and acceleration in each degree of freedam are
related as in the h degree of freedam; that i1s,

-~ h = igh
E:—mgh \

Expressions for force and momsnt.— With the us-e of such relations

equations (6) and (7) may be put into the form

- a1, + 0B (10)
Mo = —npbo’(bBy, + 6B_,) (11)
where
B,y = %Ach + %tanA(-i -;L:X{—l]- + Ach> + %%" tm@\(@
Bog = Ao + 3 b tan A(Agy) + Pé— %tanzA - é)
B _ 1 g b BO' 2 _ a
ah—g'Aa_h-l- tan A[-1 n({& +A.a_h>+ i-?ta.n E
Bag = Apg, + g b tan A(A,.) +-[b9 g%,- t 2,\(%4, aE)éa_]_

2F
=1 - 1=
Aeh kn kn . ’
_ 2F_ _f1__.\z 1.2 . (1__\er
Accr.—a'+kn2 (2 )kn+iE:cn+kn2+(2 a)kl;l
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-9 -G-98- ¢ 9]

are identical with those used in the case of the unswept wing.
Additionally,

[Pl - sl « (3 - e
e ke D) 2

As was previously stated, the speclal bracket -[ ]— is used to identify
terms originating in the last term of equation (52).

Acr

Tt is of interest to note thet equations (6) and (7) reduce, for
the case of the wing in steady flow (k, = 0), to

P = —ezrpbvn2[9 + o tan A+ Tb tan A({}e-}+ -;- - a>+

{% %,— tan® A — -g- b2 2—;7 tan? A:El (102)
My = 2npb2vn2|39 + o tan A)(% + a)+ Tab tan A([%} - >+
” gb 90 tan2p — L be(l-. + 'ae) I tan? A:‘—:l (11a)
2 oy' 2 8 oy! )

per unit length of wing.
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Introduction of modes.— Equations (10) and (11) give the total
aerodynamic force and moment on a segment of a sweptback wing osclllating
in a simple harmonic mamner. Relations for mechanical equilibrium
applicable to a wing segment may be set up, but it is preferable to bring
in directly the three—dimensional-mode considerations. .(See for example,
reference T.) This end may be readily accomplished by the combined use
of Rayleligh type approximations and the classical mesthods of Lagrange.
The vibrations at flutter are assumed to congist of a combination of
fixed mode shapes, each mods shape representing a degree of freedom
assoclated with a generalized coordinate. The total mechanical energy,
the potential energy, and the work done by applied forces, asrodynamic
and structural, are then obtained by the integration of the section
characteristics over the span. The Rayleligh types approximation enters
in the representation of the potential energy in terms of the uncoupled
frequencies.

Ag 18 customary, the modes are introduced into the problem as
varylng sinusoidally with tilme. For the purpose of simplicity of
analysig, one bending degree of freedom and one torsion degree of
freedam are carried through in the present development. Actually,
any number of degrees of freedom may be added if desired, exactly as
with an unswept wing. Let the mode shapes be represented by

h

[fh(y'ﬂ}l
, (12)
= [zo(s*)] e

@
I

where h = hoej“ljt is the generallzed coordinate 1n the bending degree
of freedom, and 6 = eoeiaIt is the generallzed coordinate in the

torsion degree of freedom. (In a more general treatment the mode
shapes must be solved for, but in this procedure fh(y') and ZfgH(y')
are chosen, ordinarily as real functlons of y'. Complex functlons
may be used to represent twisted modes.) The constants hy and 69
are in general complex and thus signify the phase difference between
the two degrees of freedom.

For each degree of freedom an equation of equllibrium may be
obtained from Lagrange's equation

%E(%)"%+%=Qi (13)
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where gy 1s a generalized coordinate and Q; 1is the corresponding
generalized force. The kinetic émergy of the mechanical system is

. w P
T =%Eejcz m[Ey(3")] “ay* +§-9_i/; Ta[te(y')] Pay* +

1
hd foz mxob [Pn(3*)] [£o(5)] a5 (1)
where
m mass of wing per unit length, slugs per foot
Iy mass moment of inertia of wing about its elastic axis
per unlt length, slug—feet2 per foot
X P dlstance of sectional center of gravity from the elastic

axis, positive rearward, feet

The potential energy of the mechanlcal system may be expressed
in a form not involving bending—torsion cross—stiffness terms:

1! 1!
U =212 wr(228) ayt + 3 62 GJ(dfe o 5)
2 0 0 " )

= dy'2
where
ET bending stiffness, pound—feet?
GJ torslonal stiffness, pound—fee'l:2

If Rayleigh type approximations are used to Iintroduce frequency,
the expression for the potentlal energy may be wrltten 1n a more
convenient form:

1! ' _ 1! ‘
202 j; ney2ay" + 5 0,262 f T2y’ (15)
0

l'\)ll—'
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Another expression for the potentlal energy 1s

L

Zl ‘ Z' .
1 1
v=3 .IEEL/; Cnfn?dy’ + 3 er; CofePdy! (15p)

The effective spring constants Cy, and. Cq correspond to unit length

of wing and thus conform to thelr use in references 5 to 7. The
constants are effectively defined by

f
h_,h
Q

(Dh. 7» 1
0

Z
f Cofo2dy"
2 0

% = 'Ll
L/w Iafeedy'
0]

These effectlve spring constants are related to the frequencies
aggseclated with the chosen modes. For so—called uncoupled modes
the frequencies appropriate to pure modes (obtailned by proper
constraints) are often used. On the other hand, employment of
the normal or natural modes and frequencies appropriate to them,
which might be obtained by proper ground test or by calculation,
mey be preferred. In elther case the convenlence of not having
cross—stiffness terms in the potentlal-energy expression is noted.

Application is now made to obtain the equation of equilibrium in
the bending degree of freedom. Equation (13) becames

i—t@:;)—%’f%ﬂh (16)

The term Q) represents all the bending forces not derivable from the

potentlal-energy function and consists of the aerodynamic forces
together with the structural damping forces. The virtual work ©&W

done on the wing by these forces as the wing moves through the virtual
displacements &h and 86 1s:
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" ,
W = j;z KP—ch%ﬁ>8h+<Mq-ca%é>se]dy'
. .
=J; (_m)h?%fhg>fhdy'59_+
v o & o 2 t -
j;(Mm—Iam@ = £od)fo 480 = @ Bh 4 Qg 82 (17)

_vwhere
8n structural damping coefficient for bending vibration
Za, structural damping coefficlent for torsional vibration

In this expresslion the aerodynamic forces appropriate to sinusoidal
ogclllations are used. The application of the structural demping as *
in equation (17) (proportional to deflection and in phase with velocity)
corresponds to the manner in which 1t is lnbtroduced in reference 5.

For the half-wing

A ) .
Qh‘:f (2 - o2 & 2oy a5
0 w

AR |
—tpb,3a? j(; ( 1_31_); )3 % Agpfy2 + 11_(—1 é)(—[—l} + Ach) (ten A)fy, % +

. :

1 o) )e 82fn afe

B L b(tan®r)fy S=RL+ 8 Tofy + OAcb(ben A) Ty 2 +
kn ~dy! .

n

‘ 2
‘I:Q(—k—a,é)be(tan%/&)fh Z—j%} +hi 1(%3-) gnfn|dy* (18)

where b, 1s the semichord at some reference section. Performance of

the operations indicated in equation (16) and collectlon of terms lead
to the equatlon of equilibrium in the bending degree of freedom
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- @ g @) e - [ @t -
L @Yeen 0 2YE + a0 88 -

b L rpiae] -

8 {f ® )(—-Aca,)fhfe &' - by fL ( )Ac'r(t&n e 2 oyt 4

where

I
11fp'b2

= (o
"

By a parallel develomment the equation of equilibrium for the
torslonal degree of freedom may also be obtained

[ @y [ e
Aa.h)fe —h' dy* +{D f ( ta.neA o2 )fe nylgl dy}} +
8 {[1 - (%)2(1 + 1&1,)] J: (‘E’; * E%_ £52dy" — \/; v (ﬁt)ﬁwf o2ay! —

AN af
br£ (%’;) tan A(Ay1)T, Eﬁl ayt —

it (6 2p :
2 D eafL ; a2\ 1o, 87F0 4ot -
‘,}’r L/; <br> tan @ + a 52 fg pars: d.y}} Tpby w 0 (20)
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where rg = \/Ia/mb2 s> (radius of gyration of wing ebout the elastic
axis).

Determinantal equation for flutter.— Equations (19) and (20) may be

1
rewritten with the use of the nondimensional coordinate 7 = %;- They

then are in the form

(B + EBp)rpby3e? = © | (192)

(kDo + QEe)ﬁpbrl‘wz =0 . " (20ea)

where

A, = [1 — (%>2(1‘ + 1gh):]%_%fo0(%)2 %[Fh(n)] 2(1,, -
2 ﬁ(%)z%h E‘h(n)]2dﬂ . Ll.o(-%)3tm A(i lg'_n)({'“l} N

br Uo

1.0 '
A R e L= }

.,
Bp= | (Y (% - toa) Eutal] [rotal]en -
1.0,
by j; (%) tan A () I:Fh(nﬂ%%dq +

'br2 1.0 N 0 /8 d2F9
B [ el e
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T

L/C;'l.o(blr)”ta.n A(i Fi-)({a} + Agy) @e(nﬂg@ an +

e = 1 [ @) (% - Bota]] o] o

1.0
by /NS, orsm d°Fy
=< R taan<——- F — a

Ep = 1";1 - (%)2(1 + i&z)] Ll.o<%)u E%E@"e(ﬂ)fdn -

1.0 y 1.0 5 ar
! J; (55) Aa[Fo(n)] %an - brj; * (52) ten Aher) Fo(n] 52 an -
.2 1.0 b 6 1 1 deFe
e N R o

in which Fy(n) = f(1'q) and Fy(y) = £4(1'y).

The borderline condition of flutter, separating damped and
undamped oscillations, is determined from the nontrivial solution of
the simultaneous homogensous equations (19a) and (20a). Such a
solution corresponds to the fact that mechanical equilibrium exists
for sinusoldal oscillations at a certain alrspeed and with a certain
frequency. The flutter condition thus is glven by the vanishing of
the determinant of the coefficients

Application to the case of uniform, cantilever, swept wings is
made in the next section.
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Application to Uniform Centilever Swept Wings

The flrst step In the application of the theory is to assume or
develop the deflectlon functions to be used. For the purpose of applylng
the analyeis to the wing models employed in the experiments 1t appeared
reasonzble to use for the deflection functions, Fp(n) and Fg(y),
the uncoupled first bending and first torsion mods shapes of an ldeal
uniform cantilever beam, Although approximations for these mode shapes
could be used, the analysis utilized the exact expressions developed
from equations (120) and (106d), respectively, of reference 8 by appli—
cation of appropriate boundary conditions.

The bending-mode shape can be written

inh By + sin B
=C g 1 AN - -
Fp(n) »1[00811 By + cos By (cos Bin — cosh fin) + sinh Byn — sin ﬁlq:l

0.5969n for first bending. The torsion mode shape can be

where By =
wrltten
Fg(n) = C5 sin Boy
where B, =g for first torsion and C; and C, are constants.

The integrals appearing in the determinant elements A,, By, Do,
and E, are

1.0
F,2dg = 1.855kc,2
0
10
. Fgodn = 0.5000C5°
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= 0. 318302

1.5926C; 2

~1.2337C5°

1.0

—1.40%0C;3Co

~2,0669C1Co

]

2.2782C,C5

—1.4722C,Cp




The flutter determinant becomes

1.09540,2 2 4 3.1110012(1 %)({—JJ- + Agpltan A — -[l.f»geﬁcle ﬁ“_}f%"‘ E}é]. ~0.92330101"B — {~1.h0KOC)Cy}B ks £81 A 4 %-?T&WJ.UE %“}éﬁ' =

a0

-0.9233610, ;r—-'- D- 2.0659.‘-10.2(1 %‘;X{a} * Bay) 4 {-LbTERO ) ‘:‘% "—:5} 0.50000021" — 03183052 A, tan A — {-4..333-;022 %@. + uﬂ)i_él

4

or more convenlently, when columms and rows of the determinent aere divided by eppropriate
teorma

-

I A+emﬁ=§l¢(1é—)(‘l§i"+%h) tﬂjﬂa're#ﬁ} J- B-l.m%%,_%,wﬁ_n_

| 0.5185D + 2.057TL %2(1 t)({u} + Aa) + _Emﬂ(_:f_:ﬁ)a ?} X - 0.63660 % Aat + {a usn(%g §+ ¢ tn“}

where
A:.'J_-_[-'I_/_ah;\gf'l.-ln\-l;l
Y T A V] B
= I _
B_n Agq,
D =22 — gn
ra?|, _ (o
L= "‘,, ()(1figml—

12Tz NI VOVH
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It is interesting to note that the parameters A and Z'/br appear only

in the combination tan A in the immediately preceding determinent.
l'?br :

The solution of the determinant results in the\flutter condition.

RESULTS AND DISCUSSION

Experimental Investigation

Presentation of experimental data.— Results of the experimental
investigation are listed in detail in tables I to VII, and some
slgnificant experimental trends are illustrated in figures 5 to 10.
As a basis for presenting and comparing the test results, the ratio
of experimental tunnel stream conditions to the reference flutter
conditions is employed so that the data indicate more clearly combined
effects of aspect ratio, sweep, and Mach number. As previously
mentioned, use of the reference flutter speed VR serves to reduce
variations in flutter characteristics which arise from changes in
other parameters, such as density and section properties, which are
not pertinent to this investigation. (See appendix B.)

-Some effects on flutter speed.- A typical plot showing the effect
of compressibility on the flutter speed of wings at various angles of
sweepback is shown In figure 5. These data are from tests of the
rectangular—plan—form models (type 30) that were swept back by use of
the rotating mount, for which arrangement the reference flutter speed
does not vary with either Mach number or sweep angle, Observe the
large increase in speed ratio at the high sweep angles.

The data of reference 1 from tests of a rigid, flexibly mounted
rectangular model having a rotating base are also plotted in figure 5.
It can be seen that the data from the cantilever models of the present
paper which had a similar method of sweep are in conformity with the

data from the flexibly mounted model. This indicates that, for uniform

wings having the range of parameters  involved in these tests, the
differences due to mode shape are not very great.

Figure 6 is a cross plot of the data from figure 5 plotted
against A at a Mach number spproximately equal to 0.65. The data
of the swept wings of constant length—to-chord ratio and of the
sheared swept wings are also included for comparison. The velocity
ratio Ve/VR is relatively constant at small sweep angles but rises

noticeably at the large sweep angles. It is pointed out that the
reference flutter speed VR may be considered to correspond to a




30 NACA TN 2121

. v
horizontal line at VE = 1 for the rotated and constant—length—
chord—ratio wings, but for the sheared wings this reference speed
corresponds t0 a curve decreasing somewhat less rapidly than \/cos A as
A increases. (See appendix B.) '

The order of magnitude of some three-dimensional effects may
be noted from the fact that the shorter wings (é-= 6.5, fig. 6,

series V) have highe;'velocity ratios than the longer wingsg < L 8.5,
c

serles IV). This increese may be due partly to differences in flutter
modes as well as aerodynamic effects.

Some effects on flutter frequency.— Figure T 1s a representative
plot of the flutter—frequency data given in table II. The figure shows
the verlation in flutter—frequency ratio with Mach number for different
values of sweep angle for the models rotated back on the special mount.
The ordinate is the ratio of the experimental flutter frequency to the
reference flutter frequency fe/fR. It appears that there is a reduc—
tion In flutter frequency with increase in Mach number and also an

increase in flutter frequency with increase in sweep. The data from
reference 1 show the same trend with increase in sweep. Considerably

more scatter may be noted in the frequency data than In the speed date
(fig. 5) from the same tests.

The results of the tests for rotated wings with chordwise lemi-
nations (models 40A, B, C, D) are given in table II. At sweep angles
up to 30° the values of the speed ratio Ve/VR for wings of this
construction were low (in the neighborhood of 0.9), and the flutter
frequency ratios fe/fR were high (of the order of 1.4). As these
results indicate and as visual observation showed, these models
fluttered In a mode that apparently Iinvolved an apprecieble propor—
tion of the second bending mode. The models with spanwise laminations
(models 304, B, C, D) also showed indications of this higher flutter
mode at low sweep angles; however, these models were gble to pass
through the small speed range of higher mode flutter without suffi-
ciently violent oscillations to cause failure. At a still higher
speed these models with spanwise laminations fluttered in a lower
mode resembling & coupling of the torsion and first bending modes.
This lower mode type of flutter characterized the flutter of both
the sheared— and constant—length—chord—ratio models.

For those wing models having the sheared type of balsa construction
(models 227, 23, 24, and 25), the results are more difficult to compare
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with those of the other models. This difficulty arises chiefly because
the lightness of the wood produced relatively high mass-density ratios &
and partly because of the nonhomogeneity of the mixed wood construction.
For high values of K the flutter—speed coefficient changes rather
abruptly even for the umswept models (reference 5). The data are never—
theless Included in table I.

Effect of shift in center—of-—gravity position on the flutter speed
of swept wings.— Results of the investigation of the effects of center—
of—gravity shift on the flutter speed of swept wings are illustrated in
figure 8. This figure is a cross plot of the experimental indicated air
speeds as a function of sweep angle for various center—of—gravity posi-—

tions. The ordinate is the experimental indicated air speed Ve\fo 08238’

which serves to reduce the scatter resulting from flutiter tests at
different densities of testing medium. The data were taken in the Mach -
nunber range between 0.1l and 0.4k, so that compressibility effects are
presumably negligible. As in the case of unswept wings, forward movement
of the center of gravity increases the flutter speed. Again, the flutter
speed Increases with increase In the angle of sweep.

The models tested at zero sweep angle (models 91-1, 912, 91-3) were
of different construction from and of larger size than the models tested
at the higher sweep angles. Because of the manner of plotting the
results, namely as experimental indicated airspeed (fig. 8), & compar-
ison of the results of tests at A = 0° with the results of the tests
of swept models is not particularly significant. The points at zero
sweep angle are included, however, to show that the increase in flutter
speed due to a shift in the center—of—gravity position for the swept
models 1s of the same order of megnitude as for the umswept models. TFor
the unswept models, the divergence speed Vp and the reference flutter

speed Vi are fairly near each other, and although the models appeared

to flutter, the proximity of the flutter speed to the divergence speed
may have influenced the value of the critical speed.

The method used to vary the center of gravity (see fig. 1(g))
produced two bumps on the airfoil surface. At the low Mach numbers of
these tests, however, the effect of this roughness on the flutter speed
is considered negligible. For proper interpretation of figure 8 the
fact must be kept In mind that the method of verying the location of
the center of gravity changed the radius of gyration r, end the

torsional frequency fq.

The effect of sweepforward on the critical speed.— An attempt was
made to determine the variation in flutter speed with angle of sweep—
forward by testing wings on the mount that could be rotated both back—
ward and forward. As expected, however, the model tended to diverge at




32 . NACA TN 2121

forward sweep angles in spite of the relatively forward position of the
elastic axis in this D-spar wing.

Figure 9 shows a plot of the ratio of critical speed to the refer—
ence flutter speed VR against sweep angle A. Note the different
curves for the sweptback and for the sweptforward conditions and the
sharp reduction in critical speed as the angle of sweepforward is
increased. The different curves result from two different phenomena.
When the wing was swept back it fluttered, whereas at forward sweep
angles it diverged before the flutter .speed was reached. Superposed
on this plot for the negative values of sweep are the results of
calculations based on an analytical study of divergence (reference 9).
Reasonable agreement exists between theory and experiment at forward
sweep angles. The small difference between the theoretical and experi-
mental resulis may perhaps be due to an insccuracy in determining either
the position of the elastic axis of the model or the required slope of
the 1lift curve or both. '

The divergence speed Vp <for the wing at zero sweep angle, as

calculated by the simplified theory of reference 5, is also plotted in
figure 9. This calculation is based on the assumption of a two—
dimensional unswept wing in an incompressible medium. The values of
the uncoupled torsion frequency and the density of the testing medium
at time of flutter or divergence are employed. Reference G shows that
a relatively small amount of sweepback raises the divergence speed
sharply. For convenience, however, the numerical quantity Vp (based

on the wing at zero sweep) is listed in table I for all the tests.

Effect of tip modifications.— Tests to investigate some of the
over—all effects of tip shape were conducted and some results are
shown in figure 10. Two sweep angles and two length-~to—chord ratios
were used in the experiments conducted at two Mach numbers. It is
seen that, of the three tip shapes used, namely, tips perpendicular
to the air stream, perpendicular to the wing leading edge, and parallel
to the air stream, the wings with tips parallel to the air stream gave
the highest flutter speeds.

Discussion and Comparison.of Analytical
and Experimental Results

Correlation of analytical and experimental results has been made
for wings swept back in the two different manners; that is, (1) sheared
back with a constant value of Ag, and.-(2) rotated back. The two types
of sheared wings (series I) and two rotated wings (models 30B and 30D)
have been analyzed.
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Results of some solutions of the flutter determinant for a wing
(model 30B) on a rotating base at several angles of sweepback are shown
in figures 11 and 12. Figure 11 shows the flutter—-speed coefficient as
a function of the bending—to—torsion frequency ratio, and figure 12
shows the flutter frequency ratio as a function of the bending—to—torsion
frequency ratio.

The calculated results (for those wings investigated analytically)
are included in tables I and II. The ratios of experimental to analy-—
tical flutter speeds and flutter frequencies have been plotted against
the angle of sweep in figures 13 to 16. If an experimental value
coincides with the corresponding analytically predicted value, the
ratio will fall at a value of 1.0 on the figures. Deviations of
experimental results above or below the analytical results appear on
the figures as ratios respectively greater thamn or less than 1.0.

The flutter—speed ratios plotted in figure 13 for the two rotated

wings show very good agreement between analysis and experiment over

the range of sweep angle, 0° to 60°. Such good agreement in both the
trends and in the numerical quantities is gratifying but probably
should not be expected in general. In view of the discussion of the
last term in equation (5&) it mey be of interest to mention that
failure to include the terms arising from the last term of equation (5a)
in the calculations for model 30B would decrease the ratio Ve/Va

corresponding to A = 60° by sbout 3 percent. The flutter frequency
ratios of figure 14 obtained from the same two rotated wings are in
good agreement.

The flutter—speed ratios plotted in figure 15 for the two types
of sheared wings do not show such good conformity at the low angles
of sweep, whereas for sweep angles beyond 45° the ratios are consider—
gbly nearer to 1.0, The sheared wings are again observed to have a
constant value of Ag of 2.0 (aspect ratio for the whole wing would

be 4.0). For this small value of aspect ratio the finite—span correction
is ‘apprecigble at zero angle of sweep and, if made, would bring better
sgreement at that point. Analysis of the corrections for finite-span
effects on swept wings requires further consideration.

Figures 13 and 15 also afford a comparison of the behavior of
wings swept back in two manners: (1) rotated back with constant length—
to—chord ratio but decreasing aspect ratio (fig. 13), and (2) sheared
back with constant aspect ratio and Increasing length—to—chord ratio
(fig. 15). A study of these two figures suggests that the length—to-—

Span2
ea
parameter in determining corrections for finite swept wings. (Admittedly,

effects.of tip shape and root condition are also involved and have not
been precisely separated.)

chord ratio rather than the aspect ratio ( ) may be the relevant
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Figure 16, which refers to the seme sheared wings as figure 15,
shows the ratios of experimental to predicted flutter frequencies.
The trend is for the ratio to decrease as the angle of sweep Increases.
Table I shows that the flutter frequency £y obtained with Vg

and used as a reference in a previous section of the paper is not
significantly different from the frequency fj, predicted by the present

analysis.

A few remarks can be made on estimates of over—all trends of the
flutter speed of swept wings. As a first conslideration the conclusion
mey be made that if a riglid infinite yawed wing were mounted on springs
which permitted it to move vertically as a unit and to rotate gbout an

elastic axis, the flutter speed would be proportional to Ea%jx. A

finite yawed wing mounted on similar springs would be expected to have
a flutter speed lying aebove the curve of because of finite~

cos A

span effects. For a finite sweptback wing clamped at its root, however,
the greater degree of coupling between bending and torsion adversely
affects the flutter speed so as to bring the speed below the curve

for an infinite wing. This statement is illustrated in

cos
figure 17 which refers to a wing (model 30B) on a rotating base. The
ordinate is the ratio of flutter speed at a given angle of sweep to

the flutter speed calculated at zero angle of sweep., A theoretical
curve is shown, together with experimentally determined points. Curves

1 and are shown for convenienceé of comparison. The

1

cos A Veos A
curve for model 30D (not shown in fig. 17) also followed this trend
quite closely. The foregoing remarks should prove useful for making
estimates and discussing trends but are not intended to replace more
complete calculation. In particular, mention may be made, for example,
that a far-Porward location of section center of gravity would lead to
an entirely different trend. Moreover, as is apparent from the analysis,
the bending stiffness can play an increasingly significant role with
increase in the angle of sweep.

The experiments and calculations deal in generel with wings
having low ratios of natural first hending to first torsion frequencies.
At high values of the ratio of bending frequency to torsion frequency,
the position of the elastic axis becomes relatively more significant.
Additional calculations to develop the theoretical trends are desirsble.
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CONCILUSIONS

In a discussion and comparison of the results of an investigation
of the flutter of a group of swept wings, the manner of sweep is
significant. This paper deals with two main groups of uniform, swept
wings: rotated wings and sheared wings. In presenting the aata,
employment of & certain reference flutter speed was found convenient.
The following conclusions seem to apply:

1. Comparison with experiment indicates that the analysis presented
is satisfactory for giving the main effects of sweep, at least for nearly
wmiform cantilever wings of moderate length—to—chord ratios. Additional
calculations are desirable to investigate various theoretical trends.

2. The coupling between bending snd torsion adversely affects the
flutter speed. The fact, however, that only a part of the forward
velocity is aerodynamically effective increases the flutter speed.
Certain approximate relations can be used to estimate some of the
trends.

3. Although a precise separation of the effects of Mach number,
aspect ratio, tip shape, and center—of—gravity position has not been
accomplished, the order of magnitude of some of these combined effects
has been experimentally determined. Experimental results indicated
are

(a) The location of the section center of gravity is an
important parameter and produces effects for swept wings similar
to those for unswept wings over the range (30 percent to 70 per-
cent chord) of locations tested.

(b) Apprecisble differences in flutter speed have been found
to be due to tip shape.

(c) The length—to-chord ratio of swept wings is a more
relevant finite-span parameter than is the aspect ratio.

(d) Compressibility effects attributaeble to Mach number are
fairly small, at least up to & Mach number of 0.8.

(e) The sweptforward wings could not be made to flutter but
diverged before the flutter speed was reached.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Air Force Base, Va., September 9, 1948
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APPENDIX A
THE EFFECT OF SWEEP ON THE FREQUENCIES OF A CANTILEVER BEAM

Early in the investigation it was decided to make an experimental
vibration study of a simple beam at various sweep angles. The uniform,
plate—like aluminum—ealloy beam shown in figure 18 was used to make the
study amensble to analysis. Length—to—chord ratios of 6, 3, and 1.5
were tested, the length 1 Dbeing defined as the length along the mid—
chord. A single 60—inch beam was used throughout the investigation,
the desired length and sweep angle being obtained by clamping the beam

in the proper position with a 1%”' by l%"' by 1lh-inch aluminum-alloy

crossbar.

Figures 18 and 19 show the variation in modes and frequencies with
sweep angle. In most cases, an increase in sweep angle increased the
natural vibration frequencies, As expected, the effect of sweep was
more pronounced at the smaller values of length—to—chord ratio. The
fundemental mode was found by striking the beam and measuring the
frequency with a self—generating vibration pick—ip and paper recorder.
The second end third modes were excited by light-weight electromagnetic
shakers clamped to the beem. These shakers were attached as close to
the root as possible to give a node either predominantly. spanwise or
chordwise. The mode with the spanwise node, designated second mnode,
was primerily torsional vibration, whereas the mode with the chordwise:
node, designated third mode, was primarily a second bending vibration.

The first two bending frequencies and the lowest torsion frequency,
determined analytically for a straight uniform unswept beam, are plotted
in figure 19. Good agreement exists with the experimental results for
the length—to—chord ratios of 6 and 3, but for a ratio of 1.5 (length
equal to 12 inches and chord equal to 8 inches) less favorable agreement
exists. This discrepancy may be attributed to the fact that the beam
at the short length—to—chord ratio of 1.5 resembled more a plate than
a beam and did not meet the theoretical assumptions of a perfectly rigid
base and of simple-beam stress distributions. The data are valid for
use in comparing the experimental frequencles of the beam when swept
wilth the frequencies at zero sweep, which was the purpose of the test.
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APPENDIX B
DISCUSSION OF THE REFERENCE FLUTTER SPEED

For use in comparing data of swept and umswept wings, a reference
flutter speed Vi 1is convenient. This reference flutter speed is the

flutter speed determined from the simplified theory of reference 5.
This theory deals with two—dimensionel unswept wings in incompressible
flow and depends upon a number of wing parameters. The calculations
in this report utillze parameters of sections perpendicular to the
leading edge, first bending frequency, uncoupled torsion frequency,
density of testing medium at time of flutter, and zero damping.
Symbolically, ,

o 'n .
VR = bu,T Ky Xogs Xeas T o

Variation in reference flutter speed with sweep angle for sheared
swept wings.— The reference flutter speed is independent of sweep angle
for a homogeneous rotated wing and for homogeneous wings swept back by
keeping the length—to—chord ratio constant. For a series of homogeneous
wings swept back by the method of shearing, however, a definite variation
in reference flutter speed with sweep angle exists since sweeping a wing
by shearing ceauses a reduction in chord perpendicular to the wing leading
edge and an increase in length along the midchord as the angle of sweep
is increased. The resulting reduction In the mass—density—ratio parameter
"and flrst bending frequency tends to raise the reference flutter speed,
whereas the reduction in semichord tends to lower the reference flutter
speed as the angle of sweep is Increased. The final effect upon the
reference flutter speed depends on the other properites of the wing.

The purpose of this section is to show the effect of these changes on
the magnitude of the reference flutter speed for a series of homogeneous
sheared wings havirg properties similar to those of the sheared swept
models used in this paper.

Let the subscript o refer to properties of the wing at zero

sweep angle. The following parameters are then functions of the sweep
angle:

o’
i

by cos A

7,=ZO
cos A
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Since m is proportional to b,

K = npb2

= kg COS8 A

Similarly, since I is proportional to b

fhl = 9—12—6\/% = (:E’hl)o(cos A)2

Also, because fy 1s independent of A,
- f
ﬂ = <.fﬂ> (COB _A_)2
fo fa o
An estimate of the effect on the flutter speed of these changes in

semichord and mass parameter with sweep angle may be obtained from the
approximate formula given in reference 5.

V: =V
R bwu\/ kK O. 5 + 8 + Xg Roycos

This approximate analysis of the effect on the reference flutter speed
does not depend upon the first bending frequency but assumes fh/f to

be small.

In order to include the effect of changes in bending—torsion
frequency ratio, a more complete analysis must be carried out. Some
results of a numerical analysis are presented in figure 20, based on a
homogeneous wing with the following properties at zero sweep angle:

Xcg = 0 - bo =0.333
=k
Xea 5 (l) - 10
2 k%
ro© = 0.25
th
fq = 100 <}—l) = 0.k
a
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In figure 20 the curve showing the decrease in VR with A 1is slightly
above the \fos A factor indicated by the approximate formula.

Effect of elastic—exis position on reference flutter speed.— As
pointed out in the definition of elastic axis, the measured locus of
elastic centers xXxp5' fell behind the "section" elastic axis for the

svept models with bases parallel to the air stream. In order to get
an idea of the effect of elastic—exis position on the chosen reference
flutter speed, computations were made both of Vg &and a second

reference flutter speed VR' similar to Vg except that x.,' was

used in place of Xeg. The maximum difference between these two values
of reference flutter speed was of the order of T percent. This differ—
ence occurred at a sweep angle of 60° when the ing" elastic axis was
farthest behind the "section" elastic axis. Thus, for wings of this
type, the reference flutter speed is not very sensitive to elastic—
axis position. The reference flutter frequency fi' was found in

conjunction with ‘VR'. The maximum difference between fr eand fR'

was less than 10 percent. Thus, the convenient use of the reference
flutter speed and reference frequency is not altered by these elastic—
axis considerations.

e e e e e T e e e i e = S
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Models 11-15

Sections parallel to the air stream
{a) Sheared swept models with a constant geomstiric aspect ratic ¢f 2, Serles [,
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(b) Models swept back by use of a rotating mount, Series II.

Figure 1.- Continued.
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(c}) Models in which a rotating mount is used to determine the effect of sweepback and sweepforward .
e on the critical velocity, Serles II,

Figure 1.- Continued.
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24ST aluminum alloy slotted 1%
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(d) Swept models having = length-chord ratio of 8,5, Series IV,

Figure 1,- Continued,
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(e) Swaept modeals having a length-chord ratio of 6.5. Series V.

Figure 1.~ Continued,
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(f) Modsels used to investigate the etfect of tip shape on the flutter velocity, Series VI.

Figure 1.- Contlnued,
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Figure 2.- Modsel 12 in the tunnel tast section.
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Figure 3,- Oscillograph record of model at flutter.
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Figure 4.- Nonuniform swept wing treated in the present analysis.
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Figure 5.~ Ratlo of experimental to reference flutter speed as a function of Mach number for various
sweep angles for series II models (fig. 1(b)) on the rotating mount,
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Figure 6.- Cross plot of ratio of experimental to reference flutter velocity
as a function of sweep angle for various wings. Mach number is
approximately 0.65.
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Figure 8.- Cross plot of flutter speed as a function of sweep angle for several
center-of-gravity positions. Series VI models (fig. 1(g)). Length-chord
ratio is approximately 6.
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Figure 12.- Ratio of theoretical flutter ﬂequenq to torsional frequency
as g function of the ratio of bending to torsion frequency for the
rotated model 30B at two angles of sweep and with a constant masa-

density ratio G‘- = 37. 8)
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Figure 13.- Ratio of experimental to theoretically predicted flutter speed as
a function of sweep angle for two rotated models.

1.2

T
o J
o T cl
.S
W24
Lo u
A ||
L T A . Model
. I I —
|| o B
S O 0D _|
.I.MH.
% 10 20 30 ~1o 50 0
A, deg

Figure 14.- Ratio of experimental to theoretically predicted flutter frequency
as a function of sweep angle for two rotated models.
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Figure 15.- Ratio of experimental to theoretically predicted flutter speed as
a function of sweep angle for two types of sheared models.
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Figure 16.- Ratio of experimental to theoretically predicted flutter frequency
as a function of sweep angle for two types of sheared wings.



NACA TN 2121

T Ti
2.0
/ l
\ i ]
|| cos A \>//
i v
} | —<—
[ 4 ©
( I / /
~~_Lu1 . A
A / / ] P
P A ///¥
Flutter- o) ' ,,_,_/_-_:Z;éj—/ =
speed 1.0 === 1
ratio
Theory
O Experiment
0 10 20 30 40 50 60

A, deg

Figure 17.- Flutter-speed ratio as a function of sweep angle for model 30B
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Figure 20.- Variation in reference flutter speed with sweep for sheared wings.
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