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WMMARY

The structural=“aiysisof arbitrarysolidcantileverwingsby
small-deflectionthin-platethee@ is reducedto the solutionof linear
ordinarydifferentialequationsby theassaptionthatthe chordwise
deflectionsat any spanwi.sestationmaybe expressedin theformof a -
powerseriesinwhichthecoefficientsarefunctionsof the spanwise
coordinate.If the seriesis limltedto thefirsttwoandthreeterms. (thatis,if linearandparabolicchordwisedeflections,respectively,
areassumed),thedifferentialequationsfor thecoefficientsaresolved
exactlyfor.un-iformlyloadedsoliddeltawingsof constantthicknessand
of diamondchordwisecrosssectionwithconstantthicknessratio. For
casesforwhichexactsolutionsto thedifferentialequationscannothe
obtained,a numericalprocedureis derived.Experimentaldeflection
and stressdatafor constant-thicknessdelta-platespecimensof 45°
and600sweeparepresentedandarefoundto comparefavorablywiththe
presenttheory.

INTRODUCTION

Oneof thepresenttrendsin thedevelopmentof high-speedair-
planesandmissilesis towardtheuseof thinlow-aspect-ratiowings.
The structuralanalysisof thesewingsoftencannotbe basedon beam
theorysincethestructuraldeformationsmay varyconsiderablyfrom
thoseof a beamand,indeed,&y morecloselyapproachthoseof a plate.
In casesWherethe-wingconstructionis solidor nearlysolidtheuseof
platetheoryin theanalysisisparticularlyvalid,andit.isthistype .-
of wingwhichis consideredin thepresentpaper.

& Exactsolutionsto thepartial-differential.equationof.plate.
theoryarenotreadilyobtained,especiallyforplatesof arbitrary

---- shapeandloading;however,a numberof approximatesolutionsto
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specificproblemson canti-leverplateshaveappearedin theliterature
(see,forexample,references1 to 7). Of theapproachesusedin these ““ ‘:2
references,onlytheonein references6 and7 is readilyexplicableto s-
platesof arbitraryplanform,thicknessdi~tribution,andloaddistri-

-.

bution;thusit is-themostusefulonefor.theanalysisof actualwings. .-

In reference6 the cantilever-plat~l~b.lerniq-simplifiedby the
assumptionthatthedeformationsof theplatein thechordwise&l.recti@h“ ,
(paralleltotheroot)arelinear.By minimizingthepotentialenergy
of theplate,thepartial-differentialequationof platetheoryis
replacedby two simultaneousordinarydifferentialequationsforthe-----
spanwisevariationsof thebendingdeflectibriarid-twist.In reference7
the sameordin~ differentialequations”are”obtainedin a different
manner.Refinementof theanalysisby inclusionof theeffectof
parabolic,cubic,or higher-orderchordwisecambertermsis indicated
in-reference6, andas theorderof refinementis increaseda corre-
spondingincrease-inthenumberof ordinarydiffe-tial.equationsis
obtained. ..

——

In the-presentpaper,whichisan e@ensiono<.reference6, a general
aetof-ordinarydifferentialequationsis.presented~hichfiybe usedto -
obtainanydesireddegreeotiapproximetionto thedeflectionof theplate.-
Theseequationsaresolvedexactlyforseveralcasesof deltaplatestier ‘“
uniformloadfirstby consideringlinearchordwise”deformat-iononlyand
secondby includingtheeffectof parabolicchordw~secamber.Comparisons
aredrawnbetweenthe stressesanddeflectionscomputedfromtheequations
of%ach approximationandalsowithsomeexperimentalresults.

The differentialequationspresentedcontaincoefficientsthat
dependon theplanformand stiffnessdistributionof theplateandon “
theloading.In.the-.present.paper,theplateacontiideyedin detailhave ““
coefficientssuchthatthedifferentialequationscanbe solvedexactly;
however,in cases-forwhichexactsolutimscannotbe obtaineda numeri-
calproced~emustbe used...Onesuchprocedureis.derivedandits
accuracyis demonstrated.

......-
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lengthof plate-measuredperpendicul=to root ..—.

rootchordof plate

lateralloadperunltiarea,positivein z-direction
a
—-.:----
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+LC2(X)

ax,17y

‘ Txy

u,

?!.

-,
localthicknessof plate

averagethicknessof plate

localflexuralstiffness

()

Et3

~
.

()

3
flexuralstiffnessbasedon averagethickness av

+ - P2

modulusof elasticityof inaterial

Poissonfsratio

deflectionof plate,positivein z-direction

c’oordiriatesdefinedin figure1

functionof x, coefficientin powerseriesfordeflection

w=
%5

~(x)yn
n-

functionsdefiningplanform(seefig.1)

variableobtainedby transformationxl = 1 - ~

.
nozmil.stresses

shearstress

msximumprincipalstress

aspect-ratioparameter(.l~j))

RESULTS

The derivationof thegeneralsetof ordinarydifferentialequa-
tionsis givenin appendixA. The generalprocedureoutlinedin refer-. ence6 is followed;thatis,thedeflectionof theplate w is
expandedintoa powerseriesin y thechordwisecoordinate,with..

-.

/



coefficientswhichare.f~ct!ionsof x the
fig.1)

w= Qo(x)+ ql(x)Y+ q2(x)Y2+

NACA
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(1)
--

Equation(1).is..suhstitu.t4.in_@_t~...ewressionforthePotent~ energy
of theplate-load”dotiinat.ionwhichis in turnminimizedby thecalculus

_._”

of vari&&s withrespecttg eachof thecoeffici@ts~~ The results
of thevariationalproced~..appearas N.+ 1 sim~tanecnmdiffere-ntial
equationswiththecoefficients& as unknowns.

By takinga sufficientnumberof termsin theexpansionof w? the
resultingdifferentialequationsCM be usedtb ob&in anydesired -
degreeof accuracyin the‘solutionforthedeflections-ofanygiven _
cantileverplatesubjected.@ararbitraryl.ateral.load.Of mosti
interest,perhaps,are theparticular“ca~esfo-rN ~=1 m“d N = 2,
whichare.obtainedfromthegeneralseto-fequation-sm“&Laresimplified
in.appendixA. ~hecase.far..N= I. (also”deri~d~jnrefgregc~~6..Wd._7).
includeslinearchordwisedeflections,andbe ca&&-for“N”=2 takes
introaccountparabolicChori!wisec~t.~e... ....Althoughfor~st practical
problemsthe solutionby theparabolictheoryshouldbe”&de@&tejcaties
mightexistinwh$chcubic,quartic,or evenhighe&o”rderchordwi.se
termsshouldbe included,dependti”gon the”converge~nceof theseriesfor
the-configurationconsidered.

-.
.-

.

.+
. .—.,

-. .-
.. ,-..
.-——

—..-

. .=.-

Theparticularequationsfor N.= 1 and N =...2areused@
dbterminethedeflectionsand stressesof thefo”llfiingcantilever

, -?.-..

platessubjectedto uniformlateral~oad: ‘ .
:-

(1)A 45°deltaplateof fiiform.-”thiclmess
..-

.---

(2)A 600deltaplateof unif’onnthickness
*

(3) A45°deltaN=teof diamondchordwisecrosssectionwith ●

constantthichessratio . ...-.--.—

Fortunately,fortheseconfQurations,thesolutioncambe carried
outexactlyby boththelinearandparabolictheories,andthe&tails
of theseexactsolutionsare includedin appendixB. In general,how-
ever,exactsolutionscannotbe obtainedandsomenumericalmethodmustr
be used. On~uch method,basedon replacingQeri,,tivesby their
first-order-approximationdifferenceforms,is derivedin appebdfiC. ‘“ “

A summaryof theresultsforthethreeparticularproblemsis shownin
figures2t0 Il. Deflectionsobtainedby thelineartheoryandthepara-
bolictheoryforthe-threeconfigurationsarecomparedin figures2, 3, and4.

——-.

-.
.—

*. –-.
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Stressesobtained‘bythelineartheoryandtheparabolictheoryforthe
threeconfigurationsarecomparedin figures5, 6, and7. Whereavail-

. able,experimentaldeflectionsand stressesarealsoshownin these
figures.The detailsof the-rocedureusedto obtaintheexperimental

%deflections-csfthe 45°and60 uniform-thicknessplatesad theexperi- ,
mentalst’ressesin the45°uniform-thicknessplatearecontainedin
appendixD; whereastheexperimentalrootstressesforthe600uniform-

. thickness-platewereobtainedfromreference8. Figures8 to 11pres”ent
thecomparisonbetweendeflectionsand stressescomputedfromtheexact
solutionsof thedifferentialequation5andthosecomputedfromthe
numericalsolutionof the sameequations.

DISCUSSION

The resultsshownin figures2 and3“ind-icatet&t, withreg~d to
deflections,eitherthelineartheo~ or theparqbolictheoryis
adequateforthecaseof a constant-thicknessdeltaplatesubjectedto. a uniformload,thecomparisonb.e~gsomewhatbetterforthe600plate
thanforthe45°plate. If.accurateslopesin thechordwisedirection
(angleof.attack)-aredesired,however,theparabolictheorymustbe

b
.

usedbecausetheerrbrin theangleof attackas computedby thelinear
theoryis as muchas 30 percent(seefigs.2 and3). The appreciable
anticlasticcqrvature,evidencedby theexperimentalres@ts of figures2
and3,‘maybe importantae~-d@m-ica~”and is,Of couxse,not taken
intoaccountby thelineartheory.

The apparentconvergenceof theaforementionedseriesin thecase
of thediamond-cross-sectionplate(seefig.4) impliesthatthelinear
theoryis adequate.for”thiscase. The lackof chordwisecurvaturein
theresultobtainedby theparabolictheoryis attributableto thefact
thatthenaturaltendencyof theplateto haveahticlasticcurvatureis
canceledby theoppositetendencyof thethinedgesto benddotiunder
theload. Unfortfiat&ly,no experimentalresultsareavailableforthis
configuration. -

In figure4 theplatestiffness~ in thenondimensionalparam-

/eter W5 pZ4 is the10CEQvalueof D at a pointwherethethicknessis
equalto theaveragethicknessof theplateas a whole. Thusthe
resultsof figure”karecomparablewiththeresultsof figure2 on an
equal-weightbasis. It canbe seenthatthedeflectionsof thedismond-
cross-section,constant-thiclmess-ratioplateareeverywherelessthan
thoseof theuniform-thicknessplatealthoughtheyincreaserapidlynear.

● thetip..Thiscurling-upor si~gultirityin slopeat thetipis a result.
of usinga small-deflectiontheoryandprobablywouldnotbe somarked
in an actualcase..
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The stressresultsforthe45°and60°uniform-thicknessdelta
*

platesindicatethatboththelinearandtheparabolictheoriesare.
adequateandthattheparabglictheoryisbetterthanthelineartheory L
onlyneartheroot. It shouldbe.notedthat,altho-iighthemaximum
principal.stressovera largepartof the.45°plate-isplottedin fig-
ure5, onlythestressesnormalto the.raolialongtheline ~ = 0.0087

of the600platearepiotted.in fi~e 6 sinceonlythesestressesare
givenin reference8. (me Wimw Principalstressandthe stress —
normalto theroot-e theoreticallyequalat therootsincetheroot
shearstressis zero.)

Experimentaldataarelackingforthediamopd-cross-~ectiondelta
plateand,.therefo-re,onlytheoreticalstressesare shownin figure7.

--

As in thecaseof deflections,theresultsobtainedfromthelinear . ,“.Z”
theoryandthoseobtainedfromtheparabolictheoryarealmostcoinci-
dent,thedifferencebeinggreatestneartheroot..Figure7 hasalso
beenplotttiso thattheresultsaredirectlycomparablewiththosefor

-.

the45°Unifoti-thickne%splati--in”fi~e5 on an equal-weight–basis.
-.

As canbe expected,thediagond-cross-section,constant-thicbess-ratio .’
plateis a betterdes3@.s@uc.tur@lly;thestressesin thedismond-
cross-sectionplateareeverywheresmallerandarealmostconstantin
thespanwisedirection.

m.

The theoreticalresultsin figures2 to 7 havebeen obtainedfrom
exactsolutionsoflthedifferentialequationsof tk-”linear“aid
parabolictheories.--Inorderto testthereliabilityof thenumerical
methodderivedin appendixC, thedifferentialeqtitionswere.also- ““

-

solvednumerically.Theresultsshownin figures.&and9 indicatethat
—

theagreementis goodbetweenthenumericalsolution”inwhichfiveequal
intervalswere.usedand--theexactsolution”of thediffereritialequations

.-.----

forthecaseof the45°uniform-thicknessplate. The samego~dagree-
ment-Can be expectedin othercaseswhereth~thic~ess ~d load~s-

—.

tributionsarenottooerraticandwheretheplatestiffnessdoesnot
go to zeroatthe tip;thatis,whenno signularitlesappearat thetip,

Sincetheefficacyof thenumericalmethoddependson howwell
parabolicarcsfitthe.variousfunctionsbetweenstations,serious

..

errorcanresultfromblindapplication.An example”ofthe seriousness
of theseerrorsando&the mannerinwhichtheycanbe remediedis .-
shownin figures10 smd11. In thesefiguresa com@risonismade
betweenexactandnumericalresultsobtainedon the45°diamond-cross- -—
section,constant-thickness-ratioplate. As canbe expected,thefi.ve-
stationnumericalsolutionfailsto followtheexactsolutionin the
neighborhoodof.thesingularityat ~he tip. Sincetheregionof trouble

—

is localizedat thetip,”a reasonableremedywouldbe to decreasethe
.->

spacingof thestationpoi.n.ts.m?arthe.tip. Thisdecreasein spacing
maybe acco~lishedeitherby usinga greaternumber:ofequallyspaced _,“-.

b
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stationsor by usingunequallyspacedstationscrowdednearthetip.
The increasein accuracyobtainedby increasingthenumberof equally
spacedstationpointsto tenis shownin figures10 and1.1.

CONCLUDINGREMARKS

The generalmethodpresentedhereinforfindingdeflectionsand
stressesof solidor nearlysolid“wingsis,inprinciple,capableof
yieldingarbitrari~accurateresultsforany configuration.It iS
seenthat,fortheexamplesconsidered,onlythefirsttwoor three
termsin the seriesexpansionneedbe consideredto obtainadequate
accuracy.In addition,formostpracticalplate-likewingswithclamped
rootsthefirsttwoor threetermswillprobablybe adequate,although
problemsmay existwhereinmoretermsareneeded.

Then~rical”procedure,derivedforapplicationin caseswhere
exactsolutionsc-et be obtained,givesgoodagreementwhen compared. withexactsolutions’ifenoughstationsaretakenalongthe spti. The “
necessarynumberof stationsis dependenton thetypeof thicknessand
loadingdistributionconsidered,fiveequallyspacedstations,being.
enoughforthefii$orm-thicknessdeltawingsubjectedto uniformloading,
andtenbeingnecessaYyforthediemond-cross-section,constant-thic?mess-
ratiodeltawingsubjectedto uniformloading.

LangleyAeronauticalLaboratory
NationalAdvisoryConunitteeforAeronautics

LangleyField,Vs.,November30,1951
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APPENDIXA

DERIVATIONOF DIFFERENTIALEQUATIONS
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The structureconsideredhereinis a thin,elastic,isotropic,
cantileverplateofarbitrsyyplsnformandslowlyvaryingthickness
subjectedtc.distributedlateralload(seefig.1)..Byassumingthat
thedeflectionof..theplate.canbe representedby a powerseriesin the
chordwise,coordinateandby applyingtheminimum-potential-energy
principle,a setof ordinq,rgdifferentialequationsin the spanwise
coordinateis obtainedfromwhichthecoefficientsof thepowerseries
maybe determined.Firstthe-generalsetof equationsis derived;then
theparticularequationsforthecasesof linearchordwisedeflection
andparabolicchordwisedeflectionsarededucedfromthegeneralset
and simplified.....

Generalequations.-Thepotentialenergyof the systemunder
considerationis

Potential’ener~

.=, .

. .—. —
——

-- .F._

inwhich

3

-+

E~(x, y)
D(x,y) =

12(1 - 1.12

(Al)

-- —

and p(x,y) is thedistribut-lateralload.

The assumptionismadethatthedeflectionw,.canbe represented.. ._..__,
by thepowerseries .-...m-

(A2)

Substitutionof this.expressionfor w intoequation(Al)gived ~.7.
—.

h
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Potentialener~
‘l”~z

.

.

mn(m- l)(n-

Na%+n-f-l%n’’~n”+
n-

9

1)%+n-s%%+ *n(n - l)~+n.lQm”Qn+

inwhich ,

f

C2(X)
4?= D(x,y)y‘-ldy (r =1,2, . . .

1

m+l)
:@

“fC2(X)
Pr =

r-1p(x,y)y dy (r=l,2, . .. N+l)
cl(x) J

(A3)

(Ah)

.

andtheprimesdenotedifferentiationwithrespectto x.

Minimizationof thepotentialenergyby meansof the calculusof ~
variationsgives

8(Potentialener~) = O

mn(m-.l)(n- l)~+n-3(% % + % 5%) ‘+

2un(n- l)~+n.1(~’’59n+ & b%”) +

.
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Integratingby

o=&g
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.
parts.md.col~cting~ew~.!es~ts h ., ..-.....=---

[s[

N
s% (%+n+l%” )” + Pm(m-.1)(~+n-l~)” -

m– —
L

2(1- ~)w(%n+n-l’%’)‘ + ~n(n- 1)~+n-1~” +

mn(m- l)(n- l)~+n-3%] - pn+~+{~ ‘%’ ~~+n+l%” +

L

Vm(m- 1]1,~+n-l~m-
1)(%+n-lqm;(1Vm(m - -21- 11‘)~%+n-lqm’ (A5)

o

-grnzi[%+.+,%’’)’+
-1

Everywherein theregionof theph.te,except.at theboyndaryx =
thevariationof w is arbitrary.At X = O the-csatileverboundary
conditions

Tn(o) =C#n’(o) = o

and thereforethevariation.in these
atx=O.

EquAtion(A5)is thensatisfied

=0

o, -

.

—
-.

(n=O, l,...N) (A6) “–

quantities must

if,in.ad@itig.n

1!

alsobe zero -.—

to equation(A6),

N lr .m%n+n+l~m”) +~m(m - l)(%+n-l~m) ‘2(1 - V)~(am&-~~’)’ +
m=

Vn(n- ~)%+n-lqm“ + mn(m- l)(n- l)a 1.m+n-39m= ‘n+l

(n= 0,1, . ..N)

Q 1mo%+n+l%” ‘Vm(m - l)%+n-lgm~=Z= 0 (n = 0’ 1’ “ “ “‘)=

(A7)

z

(A8) ,
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and

11

<~

1

%+n+l%” ) + ~m(m- 1,(%+n-l~m 1)’-2(1-Vlm~+n_~Qm=0
m– x=z

(n= 0,1, . ..N) (A9)

Equations(A7)forma setof N +-1 simultaneousordinarydiffer-
entialequationsforthefunctions~(x). The functionsqn are,com-
pletelydeterminedby thesedifferentialequationsandtheboundary
conditions(A6),(A8),and (A9).

Particularcaseof linesrchordwisedeflections.-If N = 1, the
deflectionfunctionbecomes

W=ql+y(p
o 1 (A1O)

a linearfunctionin thechordwise
deflectionand T1 is thetwist.

(’)
tt

al~o” +

~,d” + (=&P;’)’

di=tion~ where CPOiS thebending
Equations(A7)become

()

tl
y~~:’ = PI (All)

() t
2(1 - k) alpl’ . p2 (A12)

The rootboundaryconditions,givenby equation(A6),become

@ =qo’(o) =

The tipbo~~ry conditions,given

+) =ql’(o) =0 (A13)

by equations(A8)and (A9),become

(al~o )“ + 8,2Q1° =O
x=1

(A14)

(A15)

(A16)
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(A17)

Equeitions(All) to (A17)arethedifferentialequationsandcorresponding
boundaryconditionspresentedin reference6 (ifonlydistributedload
is considered)wherethe symbols“W m-d e areusedinsteadof ~ ,-

—~d ~1~respectively.

If%quatfon (All) is integrated twice andthe boundarycondi-
tions(A14)and (A16)areused,

lz
Qo“.+ql” +L H%x-x pl Cb# (A18)

Substitutionof go” intoequations(A12),(A15),and (A17)gives

(%’(’)”-q -.)(yo” =p2 - (:Jz&l*) ‘A19)

()blql” = O
x=1

[) f —.
1bl~l” - 2(1 - ~)aq ‘ = ()

11
x=z

-.

.

(A20)

—

(A21)

inwhich . . .. . —.-. , —-. -.—.--—

a22=abl 3-~

—.
-.

If eqtition(A19)is integratedonce@d theboundarycondition(A@ -.~:
is used, -..

The di~erentialequation(A22)is a second-orderdifferentialequation
in cpl. The.twist:-qlandthenthebendingdeflection~ are
obtainedby solvingequations(A22)and (A18), respectively,by
applyingtheboundaryconditions(A13)and (A20).
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Particularcaseof parabolicchordwisedeflections.-The effectof
parabolicchordwisecsmbermaybe includedby lettingN = 2 in the
generalpowerseries(equation(A2)). If N-= 2 th~deflection
functionbecomes

w .q)o + ycp~ + Y2V2

Here q@ representsthe spa~isedistributionof parabolicchordwise -
camber.For thiscasethedifferentialequations(A7)become

(A23) “

.

(%%’’)”+(@’)”+ (q.!%’’)”+2!+292)”- -

(A24)

withthe

.

.

boundaryconditions

(A25)

qlo(o) =qlor(o) =q)l(o) =((o) =q2(o) sq)2’(o) =0 (A26)

(
al~o“ + a2q1“ + a3p2

)_
“ + 2~a1q2~_Z = O (A27)

(aa~o“ + a3Cp1’r+ a@2 )“ + 2P<92 = o
x=2

(a3Po”+ a4T1“ + a5~2°
)

-+2pa3rp2 = O
x=1

(A28)

(A29)
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~r%”)’ +-(%%”)’+ (a,~z”)’+ 2qap2)’lx , = o bum, “ ●

=

[W%”)’+(@’)’+(a@”)’+2+292)1-
2(1-

(V) alql 1‘+29!42’) ~=z = 0 (A31)

[a3qO”)’+ (a4ql”)’‘-(%92”)’+ 2V~3p2)’-

4(1- v)(a291 I_ (A32)‘ +2a3~2’)~_z = 0

.

If equation(A23)is integratedtwiceandtheboundarycondi-
tions(A27)and (A30)areused,

.

(A33)

Substitutionof (po”intotheremainingdifferentialequationsand
boundaryconditionsresultsin

(A34)

(b2Q0° + (b392”)” - [
4(1-jJ) (~ql’)’ +2(a3Q2’j j+4(l-v2)al~= -..

(blql!t+ b2q2°
)

=0
x=’

(J335)

.

(A36)



(A38)

inwhich

%2 “bl=a3-—
al

9a3b2=a4-— al

If equation(A34)is integratedand
used,

theboundarycondition(A37)is

.

(b191’’)’+(b2q2’’2(12w)(alcplc+2a2cp2c)=’)=- ‘p2dx-
1x

(A41)

Thus 91 ~d Q
$

areobtainedby solvingequations(A35)and (A41)
withtheboundarycon itions(A36),(A38),(A39),and (A40). Sub-
sequently,

‘!?
canbe obtainedby solvingequation(A33)withthe

boundarycondtions qO(0)= cpO’(0)= O.



.

Stresses.- Aftertheapproximatedeflectionof the.plateis ~ ~. ‘.:~~
determinedfromequations(A18)and (A22)or fromequations(A33),
(A35),and (A41),theextreme-fiberstressesmaybe calculatedfrom .w.-

thewell-hewnequationsof thin-platetheory,whicha~–(see,for
example,reference9): .

i

6D b2W .,:;
)ax=——

t2 3X2

‘Y = (6D ?%——
t2 hy2

+ “y

.w=EIL@&y “: ‘- ““
t2-.

Themaximumprincipal.s<ressc at anypointin theplatecanbe
determinedfimm

●

..

—

?

.
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APPENDIXB

.
EXACTSOLUTIONSOF DIFFERENTIALEQUATIONSFOR

SOMESPECIFICDELTA-PLATEPROBIEl&

The differentialequaticmsof appendixA forlinearandparabolic
chordwisedeflectionsare solvedexactlyforuniformlyloadeddelta
platesof constantthicknessandof dismondchordwise“crosssection
withconstantthicknessratio. The.equationsfordeflectionsobtained
by the linesrtheorysrepresentedin termsof the aspect-ratioparam-
eter X forboth“kindsof deltaplates.The equationsfordeflections

●

obtainedby theparabolictheoryarepresentedfor B“+=land~ with
~=+ forthe constant-thicknessdeltaplateandfor ~ = 1, alsowith

v = ~, forthe deltaplateof diamondchordwisecrosssectionwithcon-
. d

stant thicknessratio.

-, If thex-axisis passedthroughthe edgeperpendicular

andthe stibstitutionxl = 1 - ~ ismade,the differential

areclesrlyof thehomogeneoustypeforwhfchthe solutions
form X17 where 7 is a constant.Forthe-configurations

to the root
equations
are of the
considered,

thefunctionsthatdef$netheplanform(seefig.1) arethen cl(x)= o
and C2(X)= CX1,where”c. is therootchord. In alltheequationsof

thisappendixtheprimesdenotedifferentiationwithrespectto thenew
independentvariable.xl.

DeltaPlateof UniformThicknessunderUniformLoad

Sincethe stiffness-D is a constantforuniform-thiclmessplates,
the coefficientsin the differentialequations(seeequation(Ah))
become

● Dcn
%l=~xln

a22
=a

D=3
bl 3-~=~*13 (Bib)

—.

(Bla)
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a2a3
b2 = a4

DC4 4
.— =.=X1. .

al

=a - — . 4“’5~32
b3 5 al r ’15

pcn “ “–
P~ ‘ y Xln

(Blc)

.

.

(Bid) “=
——

(Ble) “-”-

Bolutionforlinearchordwisedeflections.-If thecoefficients
givenbyequations(Bl)are substitutedintoequations(A22)and (A18)
andtheindependentvariableis changedto xl = 1 - $, thefollowing .-

equationsforline’archordwisedeflectionsresult:

where

#-
Q()”=- : ’191““+5-D-’12

.

(32)
.

(B3)

. —
.-

Theboundaryconditionsto be usedwiththeseequationsareobtained ——
fromequations(A13)and (A20)andare .= -—-.-

(B4)
.—.-

.



.

.

.
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The general

where

solutionof equation(B2)is

~1‘ 7-1+ A2X1-7-1= ‘1%
-&~

19

(B6)

7=-

and Al and A2 arearbitraryconstants.Since X2 is inherently
positive,theboundarycondition(B5)requiresthat A2 =0. One
integrationof equation(B6)andthe applicationof the conditions
91(1)= 91’(1) = O yields

“=& ( )4X7-1 ~13-1
p_l
Dc (B7)

7-3

If equation(B3)is solvedfor cpowiththe conditions
~0(1)= Po’(l)= o) theres~t iS

&l [( )q, - 4X2),- x, -’.* -~O=8D~-2X29 ,
●

.

(

1

1-’

7+1
+l-X1 ‘xl-—

7+1

Substitutionof equations(B7)and (B8)intotheequation

(B8)

givestheexpressionforthe deflectionw of the plateunderthe
assumptionof linearchordwisedeflections.

Solutionforparabolicchordwiaedeflections.- If the coefficients
givenby equations(Bl) are substItutedintoequations(A41),(A35),



20

and

the

‘I!he

(A33) andthe independent

NACAm 2621
,.

variableis againcliingedto xl = 1 - $,
followingequationsforparabolicchordwisedeflectionsresult:

4?tft+
()xl91

64.4-1+

fJx15cq2”)”- [. “43
)]

16x2(X12CD~’)’+ ~(Xl C?2’ ‘

‘h dxlc~2 ‘-3 ;(,+-g)gx,s

~2 4X2
,~o”= - ;-WY’ x%’’-”” _-=j-l 2. *“z2p2+ + +

boundaryconditionsto be usedwiththeseequationsare

@) =‘?O’(l) = 91(1) = 61’(1)=@~)=gp’(1) = ()

(Xl%pl” ) .+54W2° =
=0‘1

(X1491”+
. . ..

16x
15 1

5cq2fl
)Xl=o

.... ...—

0

~,4:’’)’+*F15c~2’r)’ - ‘6h2Fl%’ +013cQ21’)

.

+
..—

.-.
(B1O)

(Bll) “‘---

...—

.-
(B12)

(313)
..

,
(B14-)

.- . .— ..—

(Bl!j)

.

.
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.
Thehomogeneoussolutionsof the stiultaneousequations(B9)

and (B1O)areof theform’
.

Ql‘ = Aq
y-1

T2
7-1= Bxl

Substitutionof theseexpressionsintothehomogeneouspartsof equa-
tions(B9)and (B1O)leadsto thefollowingcharacteristicequation
fromwhich y maybe determined:

r

.

76 -
[ ( -,) ~ 1

6(1+ 16A2)74+ 3~04+*A4+ 480A2+ 9 72 .

[ ( %)’4+96’2 ‘ ‘ =0
l+P~6+804+41280 ~
-v 1

andgivesthefollowingrelationshipbetween.A and B:
.

.

A=
[

-(7- I) ‘7 ‘7;)(7+ 1) - 16A2~B
-1- 16A2 1

Theparticularsolutionsforuniformloadingaregivenby

4@2 2A2

1 -.p( 1)+1+4X2
% = --1

4

~81+~2A2
(l-y -

1)X4-’(8.2- 1)(4.2- ,) 5

(B16) ,
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Thegeneralsolutionis the sumof thehomogeneoussolutionsand
theparticularintegral

m’=f%x17”-l+f-&l’‘:
n=l

f-
Bnxl

yn-l+~ a
n=l

wherethevalues 7n “arethesixrootsof
tion(B16)and the coefficients An and Bn arethecoefficients
correspondingto eachof theseroots. Aftertitegration(plbecomes

B~12 (B17)

thecharacteristic-equs-

(318)

Thegeneralsolutionfor ~ fromequation(Bll)is foundt-obe

?
cnx~

7n+1
Po = (B19)+ C@lk + cqx~+ Cr

n=l

where,for n=l, 2, . .“.6; ““”” ‘“”““”-”

and

The
the

{
[

qA21]Cn=-m%7n~’An+-:(’n-’~(’n-2

●

✎ ✎ ✎✎✎✎✎✝

�
✎�

✎

✎

✌

✎�

��

—
.:”..

CP=”4P++WB+I
.

coefficientsAl to..A6, Aq) Cq>and Cr mustbe dete~~~edbY
boundaryconditions(B12)to (B15). .— .

-...
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..

A completesetof coefficientsis givenin thefollowingtablefor

deltaplateswithPoisson’sratio v equalto 1/3andwith L = ~ = 1

and Ho Deflectioncurvesplotte.frorntheseresu.ltsare8h%in
3

figures2 and3 inwhichthe 45°platecorrespondsto ~ = 1 andthe

2/3600platecorrespondsto ~ = ~ .

Im1:.456Pqr 7m

Al=

2.7034
4.9437
8.3816
-2.7034
.4.9437
-8.3816
.------
.------
.------

1.3671
3.6347
4.7258

-1.5671
-3.6347
-4.7258
-------
----- --
----- --

).=1

0.7378
.02411
.03827

0
0
0
-.8000
-.01557
------ -

k=qi

0.09632
.3707

-.1766
0
0
0
-.2903
-.02924
-------

-0.3133
- ● 03039
-.006293
0
0
0
.3500

---------
---------

k= !?
-0.1022
-.4313

● 07379
0
0
0
.4597

------ --
------ --

-0.02931
.003074
.000486

0
0
0
.04167

-.07152
.05668

-o.oo322~
,01347
.002311
0
0
0
.004032
-.08354
.06692

Substitutionof equations(B17),(B18),and (B19)intotheequation

w=~+yqYl+Y2q12

givestheexpressionforthe deflectionw of theplateunderthe
assumptionof parabolicchordwisedeflection.

DeltaPlateof DiamondChordwiseCrossSectionwith

ConstantThichessRatiounderUniformLoad

Fora deltaplateof diamondchordwisecrosssectionwitha constant
thicknessratiothethicknessis a functionof x and y andis given
by thefollowingequations:

t . 6tav$

t = 6tav(x1 - $)
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where tav is theaveragethickness-Fromtfi~eexpressionsforthe.
thicknessthestiffnesscanbe foundandthecoefficientsin thedif- :.
ferentialequationsbecome

- 27DCxl4
al 4

95=3
a3 = ~ x16

81~c4~17”a4=—

“,=& xl80

95C3bl = ~ X16

b2.- 95C4
80 ’17

b3 = 2613~c~ 8
22400 ‘1

pcxl
Pn = ~ xln

(B20)

Solutionforlinearchordwise”deflections.-By useof thecoeffi-
cientsgivenby equations(B20),equations(A22)snd (A18)forlinear
chordwisedeflectionsmaybe solved“for(pl and ““~. The stepsin the .“.
solution–arethe samein formas thosefortheUiform-thicknessPlate .-
andtheresultingequationsare: .---

(B2L)

.,.
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where

25

(B22)

Solutionforparabolicchordwisedeflections.-By useof the coef-
ficientsgivenby equations(B20),equations(A41),(A35),and (A33)for
parabolicchordwisedeflectionsmaybe solvedfor ~, cp2,and ~.
The stepsin the solutionareagainthesamein formas thoseforthe
uniform-thicknessplateandtheresultinggeneralewressionsfor
T2~and ~ are:

Tl)

.

f

1
7n-T,. Qo = Cnxl + Cpxllogexl + cqxl + Cr

n=l

(B23)

(B24)

(B25)



WheretheexponentsYn aretherode of the characteristicequation

k’2-$3-’42 ‘0
FOT

For
and

n=l,2, . . . 69 %> ‘n> ‘d Cn ‘e ‘,elated by

.

nnifofi load the coefficients in the particular integrals of equatipm (B23), (B2k)
(B@ zxm

%
I

,,
I ,.

I

. .
-.

I
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The coefficientsAl to A6, ‘i’ Cq’ and C= areagaindeterminedby
theboundarycondit~ons(A26),(A36),(A38),and (A39)inwhichthe coef-
ficientsgivenby equations(520)are substituted.

ForPoisson’sratio v equalto l/3and L =<,= 1, the solution
of thecharacteristicequation(B26)leadsto tworealvaluesandtwo
pairsof.complexconjugatevaluesfor y. The identity

aiibxl s xlacos(blogexl)+ tilasin(blogexl)

was thereforeusedto transformthetermsinvolvingthe complexconjugate

valuesintorealform. If ~ = 1 and v = ~, the solutionis .
L J

[
=4 o.oo4070xl3.947- 8.0750.004363x1
DC2 ( l-)cos2.825bgex +

..

8.075o.oo@93x1 (
1

sin2.825bgex~ + o.0002gh~
‘1

[ “-

4.947 9.075d -o.oo3896xl + 0.00213hx1
( )

cos 2.825bgexl -
Ec

1.

0.006381X1
1

9“075sin(2.825logexl)+ 0.01794logexl+ 0.001763

[

5.947 10.075-
(

d o.0007715x~ - 0.0000708x1
5 dcos 2.825hgex +

o.oo1234x110”075sin(2.825logexl)+ 0.03331X1logexl- o.oh.096x1+

1o.oho26
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APPENDIXC
. ..

NUMERICALPROCEDUREFOR SOLVINGDIFFERENTIALXQUATIOI?S

.

In caseswheretheequationsof thepresentitheorycaqno=be
solvedexactly, a numerical method must ,beused. In this appendix,
equations (A19) andequations (A34) and (A35) are setiup in difference
formfor num&ricalsolution. Initially the assumptionis madethat the
functions involved in the differential “equationstire ”coritinuous”andnon-
singular. In this. case, first andsecondderivatives canbe expressed - ~:
by thestandarddifference forms —

.-5()ddx’ =n

Yn+l ‘. 2yn‘Yn-l
~2

Yn+~- Y ~ — —.

()AiY=2 ‘-7s , _“ ,

n 6

where G is thedistancebetweenequallyspacedstationpoints.

In thefollowingdevelopmentfim.equallyspacedspanwisestations
areused;however;theextensionto a differentnumberofitationscan
be readilymade.

..-

First,considerequation(A19)resultingfromthelineartheory

11

(M )

If
11() ()

1 a2
blcpl” - 2(1 - w) alql’ .p2-T PJx) ~2 = ql

lxx

Becauseof the
equation,it canbe

where

natureof thetipbowdary conditionsforthis
convenientlyput in theform

T’ = ql (cl) .
-- .L..-.-----

.
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,
In findingthedifferenceequationequivalentitcaquation(Cl),the
quantity,(blql”) is foundinmatrixform;fromthisexpressionis
subtractedthematrixequivalentof 2(1 - K)aq)l’;theresulting

*expressionfor T ismultipliedby a differeniatingmatrti;andthe
productis equatedto theright-handside.

The quantity(blcpl”)’at thehalf-stat”ionscanbe expressedin
\&L/

matrixformas follows:

—
L -2 1“

1 -2... 1

1 -2 1.

‘TI-l

910

’11

%
%3

914

K5

(C2)

wherethe secondsubscriptdenotesthe stationpoint,the subscriptat
therootstation,being.Oandat thetip5. The rootboundsryconditions
arenowapplied;namely,

. .

Thus,afterthevalues

equation(C2)becomes
,

91’(0)=Cl SP1l-.R-1 *2G



30 NACA~ 2621

Therefore,

1

Thus,

—

blo

%1

,.

i

2.1

1 -2 1

1 -2

1

b12

%3

b

-.

2

2

1

.—

1 .

-2 1

1

-2 1

1 -2

]f thetipboumdaryconditionsis

() ()
bl~l”~=Z= O = bl~l”5

(%vJ,2
()‘DI~I”;/2
(%%’’);,2
() I

bl%” 7/2

()bl~l”;/2

1 1

-1 .1

-1 1

-1

$’11

‘i2

913

k4

h5

1

1 -2

.—.—

(C3)

.

-.-. —

(C4)



The matrti equivalent for the second term of T is

2(1 - w)

p% ‘)@

()al~lt 3/2

( )/W1’ 52

()
~Tj’ 7,2

()W1’ y2

Therefore T becomes

1 ~!
%, 1/2 1

al,3/2 -1 1

=2(1 - p)
G ?,5/2 -1 1

%,7/2 -1 1 Tj!

?,9/2 -1 ~15

T1/2

‘3/2
T5/2 =

T7/2

‘9/2
[

-1 “1
-1 1

$ ‘1

L-

L ral, 1/2

%,3/2

%5/2

al,7/2

%.,9/2

–2 7
-2 1

1 -2 1

1 -2 1

1 -2 1
— I

——

[i

1 ‘m
-1 1 ‘?~

-1 1 $’13
-1 1 ‘?~4

-1
~15

(C5)

UJ
P

.
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The right=handsideof equation(Cl)camnowbe equatedto the
derivative of equation (C5); thus,

%

[

-1

qw
1=-
G

%3

%4

1

-1 1

-1 1

-1 11
In orderto obtain ql~,theboundaiycondition

T=O

%12

‘3/2

‘5/2

‘7/2

I‘9/2

.

at x =-Z mustbe used. In otherwords, T @es from T9i2 at”sta-
1

-.

tion~ to O at-station5. A straightlinedrawnbetweenthesetwo

pointswouldhave

to be thisslope;

*. TQe value of q15”’isconsideredthe slope- ~

therefore,

1

--1 1’

-1 1

-1 1..‘1/2

‘3/2

‘5/2

1 ‘7/2

‘1 ‘9/2

.... ..
—.

. .

. .... .



>

i-2 I

1[ .1[ 1

%0 2

1-21 %1 -2 1

1-21 b~ 1-21 -

.1-2 bU 1-2 1

1 %4. , 1-21

[1[ .’-
-1 1

, 1/2

-1 1
%,3/2

2(1 -p)
-1 1

62 ?,5/2

-1 1
al, 7/2

-1
t9A

i

11

-1 1

-1 1..1,-11

If’ the matiix multiplicationis carriedout, the differenceequivalentof equation (Cl)
finally becomefi

(c6)

u
w



where

[

2blo+ 4b11+ bw -Z!bll- Z?bw b12

-2b11- 2bE %1 + 4bU + b13 -2bE - 2b13 b13

[1
cl = b12 -2bu - 2b13 +4%

%2 13+ b14 -%3 - 2b14 b14

b13 -2b13- 2b14 %3 + Lbl~ -2blL

“b14
I -2b14 %4,-

[

-al) 1/2 - al, 3/2 al,3/2

al, 3/2 ‘%,3/2 - ?,5/2 ?,;/2

[1Dl.
%,5/2 “%,5/2 - %-,7’/2: %,7/2

1’ al, 7/2 ; ‘%,7/2 - ?,9/2
1

1

a1,9/2

al,9/2 ‘%>9/2

In order to determine To from i$)l, use II&t be made of eqyatlon (A18)

11

H
%nqo”.$ Pl~2-@Jl” ‘ I

lxx

or, by use of the buundary condition PO(0) = TJo’(0) = O,

vo=[~x:~’JzP,dx4 -~x~x;,; dxp (C7)
x’
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In matrix form equation

I1[
1 1/2

11 1/2 1

4=6 111 1/21 1

1111 1/211

111111/211

[

l–

’11

111

1111

11111
—

(C7)becomes

1[

I/y.

l/~

1

11 ,,

[1
1/2

1/2 1

1/2’1 1

1/2111

1/21111

1111

111

11

1

Thus, if the values of ql

(/)%a12

(/43%?a

(Wwi

1
1111

1111

111

11

1

5

21

1-2 1

%1

%2

~13

P14

/
P2
15

1-2” 1

1“-2 :

(which can be determined numerically or analytically according,
.-L

b preference and feasibility) are known, the values of ~ canbe fotidby solving equa-
tion (c6]andthevaluesof ~ inturnbymeansof equation(c8).

The foregoing development applies ta the case where only linear chordwise d.eformtions are
d.lowed. A similar procedure is followed in expressing the differential equations pertaining
to the parabolic theory in dlfference”formj only the results are shown herein.

w
ul



—

The matrix equivalent to equations (A34) and (A35) is

vhere,

[1
Cn =

.

7

2(1-”’) ~*F1I- ,2 “ [11
4(1- V)~

jP21 -. ,2 [d

I

I
,

,,
,,

~,, ,:, ,
,,,

,?, ,. ,,
,,,, I I



I ,

,[

‘an, 1/2 - an, 3/2

an, 3/2

[1Dn =

an,3/2

‘an, 3/2- an, 5/2

an,5/2

[

%1

*12

[E].

.

an,5/2

‘an,5/2 - ~97/2 an, 7/2

an, 7/2 ‘an,7/2 ‘“ an,9/2

an, 9/2

53

%.4

1,%

J‘an,9/2

and ql and ~ are the right-hand Bides of equations (A3k) and. (A35), respectively; th8t isj

q~=Pp-
(z~’~’p;~$ ~

.
%2 =P3 -2P ~’~zp,&-(~JJ2p,h$’

I



i, I

Wlul qll alla q12 Known>. . . . . .. .—.
q) can be obtained

F

.

- ][

-
1 1/2

11 lf2 1

111 1/2 11

1111 1/2111

11”1111/21111
-, —

by use of equation (A33)

Pl

21’

1-21

1-2 1

1-23

~!
1111

111

11

1

,,

- %E2

.

%!1

‘?22

?23

%!4

‘%5

w
cm

,,
,1

,,

:,
,,

:,

iij
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.

It shouldbe notedthat,as canbe expected,thematrixequa-
tions (c6)and (c8)aremerely special bases of equ@ions (C9)and (C1O),
respectively.In addition,thesquarematrixesin equations(c6)
and (C9)are symmetric,a resultthatis consistentwiththefactthat
thedifferentialequationsunderconsiderationare se~-adjoint.

In thebeginningof thisappendixtheassumptionwasmadethatthe
functionsinvolvedin thedifferentialequationqarecontinuousand
nonsingular.The differencesolution,however,maybe adequatefor some
casesinwhi~hthisassumptionis not strictlycorrect.For instance,
thedeflectionsof a platewitha discontinuousstiffnessdistribution
couldconceivablybe not”verydifferentfromthedeflectionsof a plate
witha continuousstiffnessdistributioncloselyapproximatingthe i
discontinuousdistributionexceptin theneighborhoodofthe discon-
tinuity.The resultsyieldedby thedifferencesolutionin thiscase
wouldbe thoseassociatedwiththecontinuousstiffnessdistribution.
The numberof stationsmayhaveto be increased,however,in orderto
minimizetheinaccuracyintroducedby thediscontinuityor, in other
cases,by a singularity.The caseof thediemond-cross-section,
constant-thickness-ratiodeltaplate,discussedIn thebodyof this
paper,.is an exampleof a treatmentof a singularity.In thiscase,
althoughthe solutionis singular,.,adequate.accuracyh obtained W
thedifferencesolutionif tenequalintervalsareused.

.

.
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APEENDIXD

DEFIJKTIONANDSTRESSEXFYRIMEIJTSON

CANTILEVERPIJLTES

. . ..—

SOMETRIAIWT.JLAR
.. —.>

Testspecimens.- The specimenstestedwere: (1)a 45°right- --‘-
triangularplate_.claJBp@aloti”one leg. &d”. (2)...9@O ~%&j=?r@&Wr .__. ..__ “,-~.
platechnped along thelower leg. Each” s~c~,en~ c~t–f~om
24s-T4aluminum-alloy‘sheetof O.250-inchthickness,hada lengthper-

..—.

pendicularto the cl@mpededgeof 30 incheq.“
-——-_———

.. ...-

Methodof testi~.-Figure12,a photograph.~f thetestsetup,shows
themethodsof-clamping,loading,and”me”isti~nt“o~eflectio~. A ““” --

1,000,000-poundclampingload(heldconst~tduri~‘thetest)wasapplied _-.”’
to therootarea”of eachspec@n andayniforml_@d“of0.204psiwas

--

appliedby 2-inchwashebsgivinga tip deflectionin eachcaseOfiptiox-_“ ‘“.,_..-

imately3/4inch. ~ ..’

The deflectionsweremeasuredby dial-gagesplacedat thepoints ___
indicatedin-figures2 and3. .--

Stresseswereobtainedfromthe45°specimenonly. On thisspeci-
men, L3 resistance-w~erosettestraingageswereplacedat-thepoints
indicatedin.figure5. The platewasloadedwith.2;inchwashersin four

.....

incrementsof 0.0847psiper increment.andthemaximumtipdeflection
was 1.13inches.Readingsofiallthe straingageswer+recordedateach ‘-
incrementof loading.

-,

Analysisanddiscussionof data.-The deflectionw wasp ottedin
figures2 and3 intermsof the nondimensionalPr.wSte! iwD/p2, in _ .—— .
whichtheelasticconstantswer~takenas E=10.6X106p~iand v=:.””- -_
It.wasfoundthatthe dial-gageforcesreducedthetip deflectionofithe
plateby approximately2.percent;however,sincethiserroris of the
sameorderofmagnitudeas thatin thematerialproprtiesandfrom
other.sources,no,correctionsaremadeinthe.resultspresented.

-.

Thereadingsof eachof the 39 individualstraingageswere.plotted . ~,
againstload,andthe slopeof each.oftheresulti~litie.-curves‘was
takenas the averagestrainperunitloadof the individualgage. The .....

prinCipal E@resses were then calculated and plotted in fi~e 5 in t,er’mS
of thenondimensionalparameter&2/pz2. . . .....-
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