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SUMMARY

Perturbationoftheflowovera two-dimensionalflatplateatfinite
anglesof attackisusedto obtaina first-orderevaluationofthedsmping
inroll,theliftandmomentdueto an incrementinangleof attack,and
theMft andmomentdueto a steadypitchingvelocityfora rectang~
wingof infiniteaspectratioat supersonicspeeds.Approximateexpres-
sionsarederivedfortheliftandmomentdueto a constsntvertical
acceleration.

TheresultssrevalidfortherangesofMachnu@er andangleof
attackforwhichtheflowbehindtheshockis supersonic.Theanalysis
isbasedontheequationsforrotationalflow}sothatthechangeof
entropyistakenintoaccount.

Designchartsarepresentedwhichpermitrapidestimationstobe
madeoftheaerodynamicderivativesfora givenMachnumberanda given
angleof attack.

Theresultsfortheinfinite-aspect-ratiowingareusedtomake
estimatesof a nmber oftheaerodynamicderivativesforrectangularwings
at finiteanglesof attack.

INTRODUCTION

Thedevelopmentof thelinearizedtheoryof supersonicflowhas
permitteda first-orderevaluationof a m.mberofaerodynamicstability
derivativesfora varietyofplsnformsat anangleofattackofOo.
Second-ordertheoriessimilsrto theoneintroducedbyBusemann(ref.1)
andextendedbyVanDyke(refs.2 and3)havebeenusedto obtainsecond-
orderevaluationsof a numberoftheaerodynamicderivativesfora few
simpleairfoils(refs.4 to 6) at supersonicspeeds.Thesecond-order
theoriespredictnovariationintheaerodynamicderivativeswithsingle
of attack.Thereisa need,however,forvaluesof aerodynamicderivatives
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atanglesofattackbeyondthevalidityofthesecond-ordertheories
.

developedinreferences4 to 6. Atthepresenttime,littlepublished
informationcanbe“foundontheaerodynamicderivativesat finiteangles
of attackandsupersonicspeeds.

.

Theonlypublishedpapersassociatedwiththeseaerodynamicderiva-
tivesthathavecometotheauthors’attentionaretheanalysesof Ivey
(ref.7),Carrier(refs.8 and9), andChu(ref.10). Theanalysesby
CarrierandChumakeuseofthelinearperturbationtheoryforrotational
flow(refs.U_to 13) whichallowsfirst-orderestimatestobe madeof
theflowvariablesbehinda strongshockattachedtotheleadingedgeof
a two-dimensionalwedgeorwithintheregionboundedby thelowersurface
ofan airfoilatfiniteanglesof attackandthestrongshockfromthe
leadingedgeoftheairfoil.

—

Thepresentpapercontainsa first-orderevaluationof a numberof
aerodynamicderivativesfora rectangularwingof infiniteaspectratio
atfiniteanglesof attack,baseduponthelinearperturbationtheoryfor
rotationalflow.Thisanalysis,includingthedevelopmentofthe13.ne-
arizedrotational-flowequations,wasperformedindependentlyofprevious
analyses,anattemptbeingmadetopresenta .gompletelyunifiedtreatment -
leadingdirectlytotheevaluationof aerodynamicstabilityderivatives.
Whereverpossible,similarityofresultsfromthepresentandp“revious
analysessrenoted. .

TheresultsarevalidfortherangesofMachnfiber”andangleof
attackforwhichtheflowbehindtheshockfromtheleadingedgeis

—

supersonic.A first-orderevaluationofthefollowingaerodynamicderiva- - -
tivesismade: thelift-curveslopeC!%,therateof changeofpitching

momentwith

to constant

pitch
%“

Simple

angleof attack~, thedampinginroll Czp,,theliftdue

pitchingC , andthemomentproducedby a constantrateof
k

approximaterelationsfor ~> c~> C2PI) c%) ~ ~ –
arederived.Theseapproximaterelatlonsyieldresultswhichareingood
agreementwiththeexactfirst-ordervalues,exceptatanglesofattack
neartheanglewheretheflowbehindtheshockissonic.In addition,
approximateexpression.aredeterminedfor ~ and ~, theliftand

pitchingmomentdueto a constantverticalacceleration.It shouldbe
—expansiontheo~ canbe usedto calculatenotedthat,al.thoug&theshock

c% and ~ (seeref.7) withrelativelylittleeffort,theuseof
thistheorytoevaluatetheremainingderivativesbecomesdifficult,if
notimpossible.Themethodsusedhereinyieldthefirst-orderevaluation

. ..

oftheaerodynamicderivativesfortheairfoilconsideredwithrelatively
littleeffort. m
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A seriesof designchsxtspresentedhereinpermitsrapidestimations
oftheaerodynamicderivativestobemadefora givenMachnumberanda
givenangleof attack.

Theresultsforthewingof infiniteaspectratioareUEedtomake
estimatesof a numberoftheaerodynamicderivativesforrectangulsxwings
at finite.anglesof attack.

SYMBOLS

A sspect

Kn
a= 1+

M127(7- 1)

‘l=@=

ratio

4B2= %2-1

wingspanb

bl?b2jb3~b4

c

c1

C2

CT

G(x,y,z)= o
I

E!

glsI!32
.

constants

chord

velocityof soundbehindshock

velocityof soundinflowoveruppersurfaceof airfoil

specificheatat constantvolune

equationofperturbedshocksurface

accelerationdueto gravity

srbitrsryfunctionsof (x- Blz)and(x+ Blz),respectively
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ho

hl

i,j,k

J

K

K1

‘II

KIII

M

%

Ml

m

P

pP‘

pq

F’

P

P’

Po

enthalpyinfreestream

enthalpyinflowbehindshockfromleadingedge

unit vectorsinx-, y-,andz-direction,respectively

mechanicalequivalentofheat

constant

parameterdefinedby equation(47)

parameterdefinedbyequation(52)

psrsmeterdefinedby equation(92)

Machnumber

free-streamMachnumber —

Machnumberbehindshock

Machnuniberofflowoveruppersurface

slopeof shock(seefig.~)

pressurecoefficient

pressurecoefficientduetoa constantrateofroll

pressurecoefficientdueto a constantrateofpitch

pressurecoefficientdueto an incrementinangleofattack . _

pressurecoefficientdueto a constantverticalacceleration

pressure

rateofroll

free-stresmpressure
#

pressurebehindshockinunperturbedflow

.
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P2

~Pl

q

s

ESl

s

T

t

U,v,w

6 =iu+jv+

V.

vOn

vo~

VI

V2

VI‘

vln’

Vlt‘

uVot ~
()Et’ x-y

!5

pressureinunperturbedflowoveruppersurfaceofairfoil

first-orderperturbationinpressureof flowbehindshock

rateofpitch

entropy

first-orderperturbationinentropy

distancealongshockfromleadingedgeofairfoilin
xz-plaue

temperature

time

perturbationvelocitycomponentsinx-,y-,andz-direction,
respectively

kw

free-streamvelocity

componentof free-streamvelocitythatisnormaltothe
shock

componentoffree-stresmvelocitythatistangentialto
theshock

velocityof unperturbedflow

velocityofunperturbedflow

velocityvectorofperturbed

normalcomponentofvelocity

behindshock

overuppersurfaceofairfoil

flowbehindshock

Inperturbedflowbehindshock

tangentialcomponentofvelocityinperturbedflowbehind
shock

componentof V% inxy-plsne

componentof Vhf inxy-plane
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w- msximumvalueof w

ti=(Vl+u)i+vj+wk

Wa “ vertical
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A

+
velocityofairfoilassociatedwith h

Xcg distancefromleqdingedgeofairfoil
location

X>y,z rectsmgulsrcoordinates

a angleof attack

% fixedvalueof a

?L=* motionofthewingcorrespondingto aat acceleration;sometimes

7 ratioof specificheatat
heatat constantvolume

Q anglebetweenfree-stream

referredto

to center-of-gravity

aonstantvertical.
asa plungingmotion

constantpressureto specific
(1.400forallcalculations)

directionandunperturbedshock
profile(seefig.5)

P

Po

a

#

P’

density

free-streamdensity

densityinunperturbedflowbehindshock

densityinunperturbedflowoveruppersurfaceof airfoil

first-orderperturbationindensitybehindshock

scalarpotentialfunctiondefinedby equation(97)

scalar potentialfunction

scalarpotentialfunctionassociatedwithrolling

u
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$@

da

#&

scalarpotentialfunction
Velocity

scalarpotentialfunction
ina

scalarpotentialfunction
verticalacceleration

Lj ~+k~
‘= ‘ax by

~= XB12&+j~+k&

CN normal-forcecoefficient,

pitching-moment

7

associatedwitha steadypitching

associat~withperturbation

associatedwitha constant

Force

~ V 2x Plan-form”area*Q3o

Pitch@?momentcoefficient,
~poVo2cx Plan-formarea

rolling-momentcoefficientaboutstabilityaxis,

Rollklngmoment

*poVo2cX Plan-formarea

~ %:[(q’G:o.%]

[) ]aqf
c%= — Cos ~

&g-
0 a=q-J
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Notethat ~, Cw, and CLq asdefinedhereinarethecomponentderiv-

ativesnormaltothefreestream.

Whereverthe
a differentiation

vsriablesx, y, Z,andt
processwithrespecttothese

areusedas stiscripts,
variablesis indicated. —

Theairfoilconsideredinthispaperisa rectangularwingof
infiniteaspectratioatfiniteangles-ofattack(fig:1). Theairfoil
istakentobe thinsothatthethicknesseffectscanbe neglectedin
thefirst-orderevaluationoftheaerodynamicderivativesformulated
herein.Theaerodynamicderivatiwsareobtainedbyfindingthefirst-
orderperturbationintheflowovera two-dimensionalflatplateat a
finiteangleof attack(fig.l(a)).Thereaderisassmedtobe familiar ‘
withtheshock-expansiontheoryoftwo-dimensionalsupersonicflows.The
stabilityaxesusedintheanalysissxeshowninfigurel(b). .
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.

E

The ~ and (& derivativesme determinedby consideringthe

effectof an infiniteshalincrementin a. The Czpl derivativeis

determinedby analyzingtheeffectof an infinitesimalconstantrateof
rollaboutthex stabilityaxis.

The ~q and ~ derivativesaredeterminedby consideringa con-

stantinfinitesimalrateofpitchaboutthey stabilityaxis. Sincethe
typeofmotionanalyzedinfindingcLq ‘d %

isoftenmisunderstood,

thismotionisdiscussedindetail.A constantrateofpitchisassociated
witha constsntrateofrotationabouttheaxisofpitchwhiletheangle
of attackwithrespectto thefreestreamremainsconstant.Viewedfrom
a pointfixedwithreferencetotheundisturbedair,thewingisfQchg
in a cticleofradiusVQ/q witha const~t~ ve~city q ~ with
a constsntangleof attack(fig.2). Note’thattheflowassociatedwith
thismotionissteady.Sincetheratesofpitchconsideredareverysmall,
theradiusofthecircleisverylsrgeandthebasicflowfortheairfoil
consideredhereincanbe takentobe thesteadyflowovera two-dimensional
flatplate.

Theapproximateexpressionsforthe C& and ~ derivativessre

determinedby assuninga constantinfinitesimalaccelerationinthe
z-directionofthestshilitysxes.

Ingeneral,theboundsryconditionsontheairfoilsurfacesrecom-
plicatedby thepresenceoftheshocksndexpansionfsnfromtheleading
edgeofthewing. As anexsmple,tskethecaseof a smallincrementin
theangleof attack,whichcsnbe consideredastheresultof a small
constantverticalvelocityl?asuperimposedontheoriginalflow. In
thestability-axessystem(whichisfixedrelativetotheairfoil),the
free-streamdirectionhaschsngedbytheangle ~ (f=” 3)” ~~ce the
shocksmdtheexpansionfsmattheleadingedgechangethedirectionof
theflowsothatitbecomespsrallelto theairfoilsurface,thenormal
componentoftheperturbationvelocityonthesurfacemustbe directly
proportionalto Aa timestheunperturbedflowp=allelto thesurface.
Thenormalcomponentoftheperturbationvelocitiesisrelatedto the
angleofattackonlythroughtheunperturbedflowparallelto thesurface.
Theboundaryconditionsonthesurfacedueto othertypesofmotionscan
be determinedina similarmanner.

PERTURBEDFLQWOVERUPPERSURFACE

.—

Thebasicunperturbedflowovertheuppersurfaceisuniformand
irrotational.Theflowbeginswiththeterminationoftheexpansionfan
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arcnmdthe leading edgeoftheairfoil.Inasmuchastheflowis irrota-
A

tionalandthesmalldisturbancesproducedOritheuppersurfacewillnot
interactwithshockwavesupstresmofthetrailingedgeofthewing,these .
disturbancescanbe calculatedby theuseof a potentialfunction.

Thecoordinateaxesusedintheanalysisoftheflowovertheupper
surfaceareindicatedinfigure4. Thepotentialfunctionmustsatisfy
thefollowingpartialclifferentialequations:

Forsteadyflows,

-%.2k+$$~+$..=o (la)

Forunsteadyflows,

-22LCX+@y-y+#z=-~&_ .:2k = o
C2

(lb)

Thes~script 2 referstotheconditionsontheuppersurfaceofthe
airfoil.

Theboundaryconditionsassociatedwiththevariousmotionssre:

Upstreamoftheendoftheexpansionfanfromtheleadingedgeofthe
airfoil,

Foran incrementin a,

(()z 2=0= -AZV2

Fora constsntrateofpitch,

Fora constantrateofroll,

()#:’no=-P’Y

.
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Fora constantverticalacceleration,

(P).
z ZO = -&v@

Thepotentialfunctionsassociatedwiththevsriousmotionsme:

Foran incrementin a,

&= ~v2(x -B2Z)

Fora constant

wheretheaxis

of thewing.

Fora constsnt

Fora constant

r

rateofpitch,

d=‘(x-‘2Zy
2B2

%?

B2

ofpitchislocateda distanceXcg fromtheleadingedge

rateofroll,

dp’= P’Y(’- B2z)
r

B2

verticalacceleration,

+ vat(x - B2z)

Thepressurecoefficientbasedonthefree-streamconditionsis
givenby

(2a)
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.

(2b)

It followsthattheperturbationpressureontheuppersurfaceofthe
airfoilresultingfromthevariousmotionsis:

Foran incrementin a,

&l &l?2
Pa=-

*+.

Fora constantrateofpitch,

r

qc % %42 x - xegpq=
2V0w POPO c

Fora constantrateofroll,

--’rp’y4% P2P2pP’=-_ —
2V0B~o POPO

Fora constantverticalacceleration,

(34

(m)

(3@

.

(3C)
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STEADYTWO-DIMENSIONALPERTURBED

BEBIXDAN INCLINEDSHOCK

Theperturbedflowoverthelowers~faceof
steadypitchingsada smallincrementin u isa
first-order,steady,two-dimensionalperturbation

FLow

theairfoildueto
speciRlcaseofthe
oftheflowbehinda

two-dimensionalinclinedshock.Thisflowmaynotbe irrotational;
therefore,theanalysisisbasedontheequationsforrotationalflow.
As statedintheintroduction,expressionsfortheevaluationof first-
orderperturbationsof flowvsriablesbehinda strongshockhavebeen
derivedina numberofpapers.Thedevelopmentandapplicationherein
ofthelinearizedequationsofrotationalflowsreanefforttopresent
a completeunifiedtreatmentappropriatefortheevaluationof aerodynamic
derivatives.Thecoordinateaxessxdsomeotherdatausedintheanalysis
are

The

The

indicatedinfigure~.

Theequationsforrotationalfloware(p.202of ref.14):

Eulerequationsofmotion,

~2
v~ +(vxw)xw =-&P

equationof continuity,

V.pw= o

Theentropyequation,

_= eslcvP
pY

Theequationforconservationofenthalpy,

Y W2 $E+ —=Jy
Y- lp 2

(4)

(5)

(6)

(7)

Theprecedingequationssrepresentedintheirthree-dimensionalforms
becausethesesreneededintheanalysisoftherollingmotion.Equa-
tions(4)to (7)representsixequationsforfivevsriables(p, p, and
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thethreecomponentsof W) sincetheentropyS isdeterminedfromthe ,*
boundaryconditions.Itfollowsthattheresreonlyfiveindependent
relationscontainedintheseequations.Thesixequationsme retained,
however,becausethesixthequationisusedto shortenthesmalysis.

.-

Theflowbehindtheshockcanbeexpressedas:

w= i(vl+u)+Jv+kM (8a)

(&)

s =s1+5s1 (8d)

where u, V,andw sxeperturbationsinthevelocityand 8P1) ~Pl)
and 5S1 me thefirst-orderperturbationsindensity,inpressure,
andinentropy,respectively.Thesubscript.1 refersto conditions
on thelowersurfaceoftheairfoil.

substitutingequations(8)intoequations(4)to (7)andretaining
onlythefirst-ordertermsyields(theseoperationssregiveninthe
appendix):

(9)

(lo) -

(SL)
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Inasmuchastheentropyisconstantalongstreamlines,thechangeof
entropy?3S1isa functionof z only.Theinitialvaluesof 5S1

attheshocksrepartoftheboundaryconditionsontheshock.

Whentheperturbationflowistwo-dimensional,v andall.quantities
aoperatedonby —
&

we zero,andequations(9)and(10)reduceto

()~u+k~ th . ‘5P1-—ax az VIP1

Thepartialdifferentialequationsfor u
asfollows: Since 551 isnota functionof
of equations(U) and(X2)withrespectto x

and

(13)

(14)

and w canbe obtained
x, thepartialderivatives
axe

(15)

(16)
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BY e~ting ~~pll~ and a@l/& fromeqyations(14)to (16) and
by usingtherelation

???1c12. —
PI

thefollowingequatioucanbe obtained:

Zau=awB~
ax z

Equation(17)isonerelationbetweenu and w.
be obtainedasfollows:Theperturbationpressure
fromthez-componentofequations(IL)and(13)to

(17)

A secondrelation
canbe eliminated
yield

.

can

(18)

Theperturbationpressurecm alsobe eliminatedfromequations(U)
and(U?)to give

~Pl VIP1~ &S~
—=- —.
PI 7P1 (7- l)c~

Eqpations(18)and(19)canbe combinedtoyield

(19)

&=&Q+ ‘~
ax az vlplc~(7- 1)

Equation(20)isthesecondrelationbetween

(20)

.?

.

.

.
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Thefollowingpartialdifferentialequtionsfor u and w can
be obtainedfromequations(17)and(20):

2 a2u a2u P1 a%l
B1 —-—=

axzazzVlplCV(Y- 1) azz

Thegeneralsolutionsof

u=-

Fromequations
tO U by

Alsofromequations
touby

Equations(23)
functionsg~,
ditionsonthe

(21)

(22)
axzaid
equations(21)and(22)canbe writtenas

,

+ g2(X+BIZ) P1 =1(z)
(23)

B1 VIP1(7- 1)%

w = q (x-BIz) + K2(x+BIZ) (24)

(XL)and(12),theperturbationpressureisrelated

(25)

(U_)and(12),theperturbationdensityisrelated

to (26)arethesolutionsofequations
K2)@ 8S1 mustbe determinedfrom
surfaceofthebodysadon theshock.

(26)

(U.) to (14).The
theboundarycon-
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Theboundsryconditiononthesurfaceisgivenby .

(w)2s)= v~f(x) (27) “

where t(x) isa knownfunctionof x determinedby thetypeofdis-
turbancebeinginvestigated.

It shouldbe notedthatalthoughtheshocksurfaceisfreetomove
anddeform,theboundaryconditionssrenotsatisfiedontheactualsur.
facebutalongtheshockprofileoftheunperturbedflow.Thisapproxi-
mationisvalidwithintheboundsofthe3Anesrizationprocessused
herein.

Theboundaryconditionsontheshockmustbe determinedfromthe
basicshockequations.Theseequationsare(frompp.97and98 of
ref.14): .— .—

Povo~= Plv&’ (28) .

2
a+po‘OvOn ()

= plvln’ + q

~+ $ V%2=J-lq+ ()$ Vln‘ 2

~om equations(28) and(30)itfollowsthat

Since(fromp.99ofref.14)

(29) -

(n)

(3Q

(32)
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and

PI
Jhp~—

Y -lgp~

equation(31)canbe expressedas

Thenormal
(seefig.6):

--L%%on2=22+Lv ‘2
7- lP~ 2 Y ()-Ipl 2 In

andtangential

Von=

Vot=

Substitutingthese
and(33)yields

V. sin0

V. Cose

(33)

fourrelations

povosine =

19

velocitycomponentscanbe writtenas

Vln‘s vl’8in(e - G)

v~t‘s vl’c08(e - ~)

intoequations(28), (2g), (32),

p,v,‘Sin(e- CL) (34)
. .

() 2
poVo2sin2e+ PO= plV1’ Sina(e- a)+ pl (35)

Vo C06e = V1’cos(e - a) (36)

Y 3?0+ Vo2sin2e—. ~ PI+ fV~j2sin2(e- a) ,37)

Y- 1 PO 2’7 -lP1 2

Thefirst-ordervariationsacrosstheshockwavecanbe determined
by takingthetotalderivativeoftheprecedingequationswhileconsidering
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Po) Po>=d Vo = COmtmt8.
and dV1‘ canbe consideredas

Theclifferentid.sdpl,

first-ordervariationsof
Thus,fromthefourprecedingequations,
by thefollowingequations:

povoCOSe de - V1’sin(e- a,)dpl

plvl’c06(e- ~)(de- @ = o

() 2
2poVo2sinf3cose de - VI’ sin2(e- ~)

*l@l’)2sMe- ct)c06(e -~)(de- @ -

NACATN3421

01, de, da, =
thevariables.

.
thedifferentialsarerelated .—

- pl sin(e- a)dvl’-

dp~- 2p1v1’8in2(e- lx)dV1’- ~

dpl= O (39)
a

-v. SiIIe de - C08(e- a)dV1t+ Vl%in(e- a)(de- da)= O (40) .

Y dpl+ 7 P1 @lvo2sitie cose de . ———— —— - V1’sin2(e- a)dV1’-
Y- lP1 7.1 PIP1

()
VI‘

2sin((3- a)c06(e- a)(de- b) = o (41)

Mom figure6 itcanbe seenthat

dV1’= u
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Bymakinguseoftheserelations- equations(34) to (37), equations (38)
to (41)canbe expressedas

(’”-p’)vocosed’-w”si”’+y”-
Vo’o—Sil.ledpl=o
‘1

2’.%02 2V02
u sin%‘lV1 -—powstiecOse+

VI

2

()

‘o— V02sin2f3dpl + dpl= O
‘1

(42)

(43)

P1 - ‘o To
vosinede+—uc0se+3 ‘Qwstie=O

P1 V1 ‘~v~ (44)

() 2
1

()

V02 V2-Q2V02sin ecOse de-.@ usin%+poows tie cOse -‘~
‘1 ~ ‘Ivl

7 dpl
—.-+ _Z_Q?Q=o
Y- lP1 ~-~ @

()
(45)

Equations(42)to (45)we Unesr withrespecttothedifferentiala
and,sincetherearefivedifferentialsandfourequations,

linesrrela-tionshipscanbe obtainedbetweensnytwoof the differenti~.Forthe
boundaryconditionsontheshock,a relationbetweenu and w will be
used. Thisrelationis

.

‘U)=X=(KI)~m (46)
.
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where

K1. .

Notethatforzeroangleof attack
—

()K1 1
+=o =-g

Valuesof K1 aregivenin
Machnmbers.

tale I forvariousanglesof attackand

Equation(47)isoneoftheboundaryconditionsontheshock.It
remainstodeterminethevsluesof Ml intheflowbehindtheshock.
Since bS1 is constantalongstres.mlines(andhenceisa functionof z
only)thevaluesof W~ aredeterminedby theconditionsonthedown-
streamsideoftheshocksurface.

I
Theexpressionfor S1 cv is (fromp.202ofref.14)

s~
—= loge
‘v

Takingthetotaldifferentialof

PI - Y ~ge PI

equation(48)yields

‘v ‘v PI

Thisequationistrueforpointslocated
forpointsonthedownstreamsideofthe

‘ P1

directlybehind
shock,equation

[48)

.

.

.

.

(49)

theshock;thus
(49)becomes

.

.
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Expressingdpl and dpl intermsof u by theuseofequa-
tions(42)to (45) givesforequation(50):

where

(50)

(51)

(52)

Valuesof K1 arepresentedintableI forvsriousanglesof attackand
Machnumbers.Equation(51)concludestheexpressionsfortheboundary
conditions.Theotherexpressionsfortheboundsryconditionsme equa-
tiOns (27) w (46).

Theboundaryconditiononthelowersurfaceof anairfoildueto a
smallincrementintheangleof attackis (inthecoordinatesshowmin
fig.7)

(W)z=o=Luvl= 61(X) +-62(X) (53)

Itfollowsfromequation(53)that
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andfromequation(46)that

NACATN 3421

u= K1 & VI

Theperturbationpressureis (fromeqs.(26)and(~))

Since(fromeqs.(91)and(54))

5s1
—= K1lK1ACv

equation(55) canbe writtenas

‘pi=-p1v’2K’&

(5’4)

(5!5)

(56)

Thisexpressionforthepressurehaspreviouslybeenderivedby Chu

(ref.Xl).
[

KII
ThequantityKS 1 + “

1

equals-tanA inequa-
M2Y(7- 1)

tion(43) of
basedonthe

—

~uts paper.~; incrementin%e pressurecoefficient
free-streamconditionsis

P 2Mf—=-
AZ

— K1

%2

Figure8 presentsthevariation
/

of & h withangleof attackforvarious

.

.

.

.

.

.



NACATN 3421 25

Machnmbers. Thevaluesof M
P1 PI

~J~~ and e weretakenfromref-

erence15 andfromunpublishedcalculations.

Theeffectofthechangein entropyintheperturbedflowcanbe
evaluatedby settingK1l equalto zeroinequation(57). Thechange

in entropyisretainedintheboundaryconditionontheshockwhich
relatesthevelocitycomponentsu and w. Figure9 presentsa com-
parisonofvaluesof &/,& withandwithoutthechangein entropy
includedintheperturbedflow.

An approximationtothepressuredueto an incrementin m canbe
obtainedby assumingthatthepresenceoftheshockintheperturbedflow
canbe neglectedandby assumingthattheperturbed-flowvelocitycom-
ponentscanbe expressedby derivativesof a potentialfunction.This
potentialfunctionis similsrtothefunctionassociatedwiththeflow
overtheuppersurfaceandisbasedon thevelocityVI. Underthese

assumptions,thevelocitycomponentu canbe expressedas

(58)

Thepressurecoefficientassociatedwithequation(58)andbasedonthe
free-streamconditionsis

P %2P1
—= (59)
&

wo~o

Figure10presentsa
theincrementinthe

comparisonbetweenexactad a~roximatevaluesof
pressurecoefficienton thelowersurfaceof anair-

foilforsn increment-inm atvariousMachnmbers. In viewofthe
assumptionsinvolvedintheapproxtiation~fi~e lo indicatesthatequa-
tion(59) isa verygoodapproximationtothepressurecoefficientexcept
ina verysmall.angle-of-attackrsngeneartheangleof attackforwhich
Ml = 1.

PERI!URBEDFIOWOVERIOWERSURFACEIXIETO STEADYPITCEZNG

Theboundaryconditiononthelower.surfaceofa pitchingairfoil
is (inthecoordinatesystemshowninfig.7)
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(w)@ = q(x- Xcg)= gl(x)+ gz(x) (60) -

If gl(x-Blz)and g2(x+Blz)for z ~ O areassumedtobe oftheform “

61(=12) = qbl(x- Blz) +bz

62(X+B1Z)= qb3(x+Blz)+bu

where bly b2~ ba>Z@ bl me constants,then u and w aregiven

by (fromeqs.(23),(24),md (51))

u= q(bl+b3)x- q(bl- b3)Blz+b2 +b4 (61)

q(bl+ b2 - b4
u=- x+q(bl+b3)z-— -

B1 B1

~om equation(60),

Km 1u (62)
M~27(7- 1)
. Z=mx

q~ - Xcg)= q(b~+ b,)x+-W + M+

Equatingpowersof x yields

b2 +b4’= -qx%

bl+ba=l

On theshock(fromeqs.(46),(61), and(62)),

(63)

(64)
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where

27

K~
a =1+

M127(7 - 1)

Equatingpowersof z inequation(65) yields

1 + KIBla 1 - KIBla
b2 + b4=0

Bla Bla
(66)

~ + KIBla
(Bla m -

1
Bl)bl- ‘Br(m + ~)b3 = O

(66),and(67)arefour~uations(63),(64), .
thefourunknownconstantsbl, b2, “bs;and b4.

unknownconstantsyields

Thevelocity

bl =

b2 .

b4 =

componentsw

. + Bl)(1- KIB1a)
(2m- )

K1B12a

W2g ~-—
( )

- KIBla
2

m-
)(

B1 1 + KIB1a

(
2m - K1~2a

)

Wcg
( )

- — 1 + KIBla
2

and u are

(67)

equationscontaining
Solvingforthe
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r . 1

.

w= q
~
m

m- KIB12a
- K1B12.).-~ - K1ma)B~z]-qxcg

u=-
l-n-

~1B12a&-KprE)x-(m-K-@.2a).]-cixc~p+

(68)

(69)

.

The-pressureonthesurfaceis (fromeqs.(25)and(69)) —

*

m - KIa
bp~= p~vlq X+ XcgKIa (70)

1- KIB1% .

Thisexpressionforthepressurecanalsobe readilyextractedfrom
Chu’sanalysis(ref.10)by substitutinginequation(72)ofthatpaper-
qx/vl for f’(x),theconditionrequiringtheflowtobe tangentialto
theairfoilsurface.

Thepressurecoefficientonthelowersurfaceoftheatifoilis

rqc 4M1 plpl m - K1a
P

Xcg=—— — ~-l-KIa—
2v~MO P~P~1 - KIBl%ac c (71)

Figure11presentsthechordwisepressuredistribtiion
faceof snairfoilforvariousanglesof attackat ~
theaxisofpitchislocatedatthemidchordpoint.

Theeffectofneglectingthechangeinentropyin
canbe obtainedfromequation(71)by replacinga by
inentropyisretainedintheboundaryconditionontheshockwhichrelates
thevelocitycomponentsu and w. Thus,thepressurecoefficienton
thelowersurfaceof a pitchingairfoilwiththechangeinentropyneg-
lectedis

onthelowersur-
= 2.00 where

theperturbedflow
unity.Thechange
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P qc=—
2V0

Figure12presentsthechordwisevariations

)Xcg~+K1—
c c

(72)

ofthepressurecoefficient
includingandneglectingthechangeinentropyfor & = 2.00,fortwo
anglesof attackwiththeaxisofpitchlocatedatthemidchordpoint.
Thisfigureindicatesthatthechangeinentropyhasa strongeffecton
thepressureforthehighersinglesof attack.

An approximationtothepressureduetopitchingcanbe obtained
by makingthesamesssurhptionsaswere.madefortheapproximationto
thepressuredueto an incrementin a. Thisprocedurewilllead.to the
followingrelationfor u:

(73)

Thepressurecoefficientassociatedwithequation(73)andbasedon the
free-streamconditionsis

pu (74)

Notethatequation(74)canalsobe obtainedby replacingK1 by - lf~
inequation(72).Figure13presentsexact(fYomeq.(71))andapproxi-
mate(fromeq.(74))valuesofthechordwisepressureonthelowersurface
of a pitchingairfoilfortwoanglesof attackat ~ = 2.00 withthe
axisofpitchlocatedatthemidchord
equation(74)is a goodapproximation
for ~ = 9.70 and 20.70.

PERTURBEDFIOwOm mm

point.Thisfigureindicatesthat
to thepressuredistribution

SURFACEDUETOROZ.lXNG

Theperturbedflowoverthelowersurfaceof an airfoilduetorolling
canbe determinedfromequations(9)to (X2).Thecoordinatesxesused
sxeshowninfigure~ wherethey-axisisdirectedintotheplaneofthe
page.
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Theboundaryconditiononthesurfaceis

Theboundaryconditionsontheshocksredeterminedfromtheequa-
tionsexpressingtheconservationofmass,momentum,andenergy.The
centinuityofmassflowrequiresthat(eq.(28))

PovOn= plvln‘ (76)

It canbe seeninfigure14that

vOn= V. Sine cos(d~)

Vln‘= V1’sin(e- a) cos(dA)

To thefirstorderin &l theprecedingequationsbecome

Von= Vo sin e

Vln‘= V1’sin(e- m)

(77a)

(7P)

.

Thus,tothefirstorderin dA equation(76}.becomes

poVosine = plvl*Sin(e- a) (78) —
.

Thisequationisthesameasthecorrespondiry_re3.ationforthetwo-
dimensionalcase.

Theconservationofmomentwninthedirectionnormalto theshock
requiresthat(eq.(2g))

,2
()

Povon2+ Po= PIVln + pl (79) ●

.
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l!komequations(77), theprecedimgequationcanbe written(tothefirst
orderin dX)as

povo2sin% + PO= PI(V1’)2sin2(e

Thisisthesameasthecorrespondingrelation
case.

forthetwo-dtiensional

Theconservationofthetangentialmomentunrequiresthat(eq.(30))

Povonvot= plvh’vk’ (81)

It followsfromequation(76)that

Vot= Vlt’ (82)

Figurelk(a)showsthatthetangentialcomponentsinthexz-planesre

()w ~z= V. Cose

()Vlt’~z = V1’cos(e - CL)

Thus(eq.(36)),

V. Cos 0 = vl’.20s(e - a)

Thisisthessmeasthecorrespondingrelationforthe
case.

3Yomtheprecedingresults,theenergylawcanbe
(eq=(37)) -

Y Po Vo2sin2e
+ Y—— =—

Y- 1 Po 2 7-1

Thisisthessmeasthecorresponding

(83a)

(83b)

(84)

two-dimensional

expressedas

Pl+ VI’~sin2(e- a)
(83)

PI 2

relationfortwo-dimensionalflows.
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TheeqUationfortheconservationofmassflow,theequationfor .
theconservationofmomentuminthedirectionnormaltotheshock,the
energyequation,ad theequationofthetangentialvelocitycomponents
inthexz-planewe thessmeasthecorrespondingequationsforthetwo- .

dimensionalcase.ItfoUowsfromthesnalysisof theserelationsgiven
forthetwo-dhensionalcasethattwooftheboundaryconditionsonthe
shockaregivenbyequations(46)and(51).

Figure14(b)showsthatthetangentialvelocitycomponentsinthe
y-directionwe (tothefirstorderin d~)

()Voty =VosinOdh

()v~t ‘ = V1 sin(6- a)d~ - v
Y

Thus,fromequation(82),

V. sin0 dh=Vlsin(O-a)dA-v

or

v=
[ 1-V. sine -Vl sin(e- a)d-l

(85a)

(%b)

(87)

Theslopeoftheshocksurfaceinthey-directiondA isgivenby

MdX=— (88)
by

where G(x,y,z)= O istheequationofthepzcturbedshocksurface.
ThissurfaceG canbeexpressedas

.

f

s
G= de ds

o
(89)
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where s isthedistancealongtheshocksurfaceinthexz-planemeasured
fromtheleadingedgeoftheairfoil.Wornequations(87),(88),and(89),
thevelocitycomponentv canbe expressedas

[ M’sv= -vo sine- v~ Sin(e- a)1
by ~

d9 ds (w)

Fromequations(k2)to (45),thevelocitycomponentu and de are
relatedby

(9U

where

( )[(5p2,],,2)

2Po~o fipe 1+
1-% ~~s

K-r-r-r=

[

PI
l+—- %

( )]

2~sin2e l-k
Po P1 P1

ALL

()PI1 -—cOte
PO

Valuesof K1ll aregivenin
Machnumbers.

v=

tableI forvariousanglesof attackand
Substitutingequation(91)intoequation(~) yields

L

Equations(46), (51),and(93)sre
surface.

[-Vo sine- V1 Sin(e-
“%[JS(*]=W* (93)

theboundsryconditionsontheshock

Thefollowingrelationcanbe
usedinderivingequation(21):

2 au-B~ — +
ax

obtsinedin a mannersimilarto that

.

%;*=o
(94)

ay 32
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Thecomponentsof

EliminatiW”5P1 frOm

Theseequationscanbe

equation(9)are

au= 1 a5Pl.— —
ax v~p~ ax

~= 1 a5Pl.——
ax v~Pl aY

*= 1 %-— —ax v~p~ az

equations(95)yields

b2u _ a2v
axay~

a2u_a2w
axaz ax2

a2v a2w—= —
&az axb

expressedby thevectorequation

vx~=oax

NACATN 3421

.

(95a)

(95C)
—

—

.

.

—

(96)
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Sincethe vectorZl@x is irrotationsl,itcanbe describedinterms
of a scalsxpotentialfunctionwhere

xv#=—
ax

Fromequation(94), itfollowsthat

Ehibstitutingequation(97)intoequation(98)@elds thefol.loting
partialdifferentialequationfor @:

(97)

Thus,thescalsrpotentialfunctiono
waveequation.

(98)

Theboundsryconditiononthesurface

(O.)=O= o

@ o
Zz = (99)

mustsatisfy thethree-dWnsional

for 0 is (fromeq.(75))

(100)

Theboundaryconditionsontheshocksurfacewe expressedintermsof u,
v, snd w andsrenoteasil.yexpressedasconditionson 4.

A soltiionof equation(99)whichsatisfiestheconditiongivenby
equation(100)is

o =Ky

where K is.a constsnt.Iftheconditionsontheshockcanbe satisfied,
thepsrtialderivativesofthevelocitycomponentswithrespectto x
me givenby

24= bu=o
ax ax
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y=&=K
by ax

&=&=o

az ax

Thus,thevelocitycomponentsu and w we independentof x andCan
be writtenas

U(x,y,z)= U(mz,y,z) (lOla) -

w(x,y,z)= w(mz,y,z) (lOlb)

Theboundsryconditiononthesurfacerequiresthat

(W)=o= P’Y

Thus,thevelocitycomponentw mustbe oftheform

w= p’y+ cl(z) (102)

where Q(z) isanunknownfunctionof z whichis zerowhen z iszero.
Thevelocitycomponentu isgiven(fromeqs,
by

u=
[ 1K1 p’y+ Q(Z)

Since

av K—=
ax

(46), (lOla), and (102))

(103)

.

.

thenby integration

V= (V)Kmz+K(x “~z)

. .-.

B
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Fromequations(93),(10lb), and(103),

r

1(V)x=mz= VO sine . vl Sin(e- a! KIITKI@ + 1 “z

Thus,

v=
[
V. sine - VI Sin(e-

“IK:KIP’’Z+K(X ‘m’)-L

Substitutingequations(102),(103),snd(104)intoequation
therelation

aw m(z) o—=— =

aZ dz

Thus,

Q(Z)= o

becauseQ(O)= O.

Thevelocitycomponentsu and w sre

u= KIP‘Y

w= “Y

Thechangein entropyisgiven(fromeqs.(51)and(105))by

5s1 K@lP ‘Y—=
‘% ‘1

(104)

(94) yields

(105)

(m6)

(107)

Thepressureis (fromeqs.(25),(105)j and (107))
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apl=
PIK1lKIP‘Y.VlplK1p‘y - (~- 1)V1

ltromequations(~), (1.04),and(108)andtheretition

&=K
ax

theconstantK isfoundtobe givenby

Thus,equation

v= [V. Bin

K= K1ap’

(104)becomes

e- 1v~ Sin(e - a) ‘~f=”z +Wp’(x - U)

(108)

.

.

.

.

J-

(109)
Thepressurecoefficientbasedonthefree-streamconditionsisgivsnby

(110)

Figure15presentsthevariationof
P— withangleofattackfor

PtY/2’vo
variousMachnmbers.

Theeffectofthechangeinentropyintheperturbedflowcanbe
evaluatedby settingK1l equalto zeroinequation(U.0). Thechange

inentropyisretainedintheboundaryconditionontheshockwhich —
relatesthevelocitycomponentsu and w. An examinationofequa-
tions(77)and(UO) indicatesthatthepercentagechangesinthepres- a-
surecoefficientswhichresultfromneglectingthechangeinentropyare
thesamefora smallincrementin a andfor-a smallrateofroll.

c
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Thus,theeffecton p ofneglectingthechangeinentropycanbe
~’

obtainedfromtheval~”sof AE/2u giveninfigure9.

An ,approximationto thepressureduetorollingcm be obtainedby
neglectingthepresenceoftheshockandassumingthattheperturbed-
flowvelocitycomponentscaube expressedby derivativesof a potential
function.ThispotentialfunctionisbasedonthevelocityVI andis

similarto thepotentialfunctionassociatedwiththeflowovertheupper
surface.TJndertheseassumptions,thevelocitycomponentu canbe
expressedas

(m)

The
the

pressurecoefficientassociatedwithequation(ill)andbasedon
free-streamconditionsis

(U2)

Figure16presentsa comparisonbetweenexactandapproximatevaluesof
thepressurecoefficientonthelowersurfaceof a rolXngairfoilfor—
vsriousMachnunibers.
goodapproximationto
angle-of-attackrange

Thisfigureindicatesthatequation(11.2)isa
thepressurecoefficient,exceptina verysmall
neartheangleof attackwhereMl = 1.

AERODYNAMICDERIVATIVESFORRECTANGULARWINGOF

lXFINl?TEASPECTRATIO

Theexpressionsforthepressurecoefficientsontheuppersndlower
surfacesof an airfoildueto thevsriousmotionsconsideredpermitthe
calculationoftheaerodynamicderivativesassociatedwiththesemotions.

Thederivative~ foran airfoilat an arbitrsryangleof attack

~ willbedefinedas
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r “1

It followsfromequations

r
(3a)@ (57)that % ‘s@Venb~

[

2
PQ1+ KH

II

‘2 P2-—— cos~ (113)
PO M127(7- 1) ~ Po

Notethatthecenterofpressureremainsatthemidchordpoint.
presentsthevsriationof ~

Figure17

numbers.

Thederivatives~ and
q

‘d (71))

L

%
=-

Figures18

withangle
locatedat

r

withangleofattackforvariousMach

%
foranatifoilsre(fromeqso(3b)

1

J (114)

r

.

.

—

(115)

and19presentthevariationsof ~q and ~, res??ectin~,

of attackforvariousMachnumberswhenthesxisofpitchis
themidchordpoint.

-,

,
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ThederivativeC!
?P’

of an airfoilis (fromeqs.(3c)snd(U.0))

FigureEQpresentsthevsriationof Clp, withangleof attackfor

vsriousMachnumbers.

APPROXIMATIONS

s

TOAERODYNAMICDERIVATIVESFORWINGOF

INTINITEASPECTRATIO

Theapproximateexpressionsforthepressurecoefficientsonthe
lowersurfaceof an airfoilpermitthederivationof simpleapproximate
expressionsfoxtheaerodynamiccoefficientsassociatedwiththemotions
consideredpreviously.

An approximateexpressionfor C& is (fromeqs.(3a)and(59))

(117)

Figure21 presentsa comparisonbetweenexactandapproximatevalues
of CLG forvariousMachnumbers.Thisfigureindicatesthatequa-

tion(117)yieldsa goodapproximationto theexactlinearizedvalue
of C& givenbyequation(113),exceptina verysmall.angle-of-attack

rangenew theangleof attackforwhich Ml = 1.

Approximateexpressionsfor ~q and ~ are(fromeqs.(3b)

and(74))



42 NACATN 3421

Note
when

(u8)

thattheapproximationfor c~

theaxisofpitchislocatedat

Figure22 presentsa comparison

(eq.(118))yieldsa v~ue of zero

themidchordpoint.

betweenexactandapproximateValues
of

%
overa rangeof anglesof attackforan axisofpitchlocated +

atthemidchordpoint.‘T&isfigureindicatesthatequation(119)isa
goodapproximationto equation(115),exceptneartheangleofattack_ _.
forwhichMl = 1, whentheaxisofpitchis.locatedatthemidchord _. ... “.
point.

An approximateexpressionfor C2P, is (fromeqs.(3c)and(lZ?))

(120)

Figure23presentsa comparisonbetweenexactandapproximatevalues
of Clp, foranglesof attackuptothepointwhereMl = 1,forvarious.
Machnurtibers.Thisfigureindicatesthatequation(120) is a goodapproxi-
mationto equation(116),exceptnesrtheangleof attackwhereMl = 1.

Theresultsoftheapproximateexpressionsforthepressuresand
aerodynsmi.ccoefficientsindicatethattheseexpressionsareingood
agreementwiththeexactvaluesexceptforanglesof attackina smald.
rangenew theangleof attackwhereMl= 1. An approximateexpression
forthepressureonthelowersurfaceof anairfoil=whichhasa constant _ -
verticalaccelerationcanbe obtainedby neglectingthepresence-ofthe

.
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shockandby usinga potentialfunctionbasedonthevelocityVI. “
Thispotentialfunctionisgivenby

r -1

(En)

Theapproximatepressure
is,for t = 0,

~i23312 2 4/
J

coefficientbasedonthefree-stresmconditions

(122)

Approximateexpressionsfor ~ snd ~ are(fromeqs.(~)

and(122))

““-:bf~+aacos
Figure24presentsthevariationof %

2.
theapproximatevaluesof —

Cos~

or % withangleof attackforvariousMachnumbers.
1 Xcg--—
3 2C

Thesunoftheaerodynamiccoefficients% - %l& Pwtly

determinesthedsmpingof longitudinaloscillationsofaircraftandis
directlyproportionaltotheaerodynamicdampingof slowlyoscillating
airfoils(seeappendixB ofref.6);forthesereasonsthesm ~+~
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isconsideredsepm?ately.Figures25to 28presentthevariation
.

of ~+~ (calculatedfromtheapproximaterelations,eqs.(119)

and(124))withangleofattackforvariousMachnumbersandcenter-of-
.

gravitylocations.Thesefiguresindicatethat,foranaxisofrotation
locatedbetweenzeroandthemidchordpoint,q+Cm& ispositive

(destabilizing)forsomepart,or all.,oftheangle-of-attackrangefor
whichtheresultsapply.~gure 28 indicatesthat,foran axisofrota-
tionlocatedatthethree-qusrter-chordpoint,~+% isnegative

(stabilizing)forallanglesof attackforwhichtheresultsap@y.

ESTIMATESOFAERODYNAMICDERIVATIVESFORKEC?l?ANGULtAR

WINGSOFl?INTTEASPECTRATIO

Thedevelopmentofexactandapproximateexpressionsfortheaero-
_ic derivativesofthewingwithinfiniteaspectratiopermits
estimationsoftheaerodynamicderivativesforrectangularwings.These .
estimationscanbebasedoneithertheexactortheapproximateexpres-
sionsfortheinfinite-aspect-ratiowing. Theapproximateexpressions

—

willhe usedbecausetheyaremuchsimplerandtheyyieldresultswhich
.

arewithina fewpercentoftheexactvalues@ mostoftheangle-of-
attackrangeforwhichtheexpressionswillbe used.

Thepressurewithinthetipregionscanbe approximatedby assuming
thatthechordwiseandspanwisevwiationofthepressureinthisregion
isthessmeasthepressurevariationdeterminedby linesrtheoryfor
smallanglesof surfacedeviation.TheMachnmher associatedwiththe
valuesfromthelinesrtheoryistakentobe theMachnumberoftheflow
overthesurfaceintheregionwhichisunaffectedby thetips. Thus,
theMachnumberassociatedwiththelinesr-theoryvaluesfortheflow
overtheuppersurfaceis M2,andtheMachnumberassociatedwiththe
flowoverthelowersurfaceis Ml. Withtheseassumptions,thefollowing
approximateexpressionsfortheaerodynamicderivativesbasedonthe
approximateexpressionsforthewingof infi@teaspectratioa@ the
exactlinear-theoryexpressions(fromref.16)canbe writtenas



NACATN 3421

<

45

.

Xcg( =’%)]1 .
1+2— -—1

c
(L26)

iv__~2+*(.8--.$pJ2(k)]k)]M2p#2~3-
~ POPO=2 3*

(1.28)

[ nMl )1P12 1+ 1 + 1 +
Cap,”-——--.——— —

ml% P~Po3 A% 3A2B~2 Y2A%13

M2

U?

2P221+1+1—-- —

)]

Cos~ (Mg)
=#o Popo ‘2 3A2B22 12A~3
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.

r (M2 P2P2 1 4—— --
iJ/ pop. B233

2 + B22‘W .2
+ x~g4 + =22

)

(131) ‘-
c 2AB2 T 3AB2

.

Theexpressionsfortheaerodynamicderivativesbasedonthelti-
esrizedtheorywhichwereusedinequations(127)to (131)arelimited --

to caseswherethepsmmeter AB isequalto orgreaterthan1. Thus,
equation.(125)to (131)arelimitedto anglesof attackandMachnum-
berswhere ABl isequalto orgreaterthan1. Foranglesof attack
smdMachnumbersthatcauseAB~ to liebetween1 and2, the tipsaffect

overone-halfthewingareaonthelowersurface;thustheval”uescal-
culatedfromequations(125)to (131)maydifferconsiderablyfromthe
truevalues.Figures29to 39presentt~ v~iation.oftheestimated
aerodynamiccoefficientsofrectangularwingswithangleofattackfor
aspectratiosof 2 and4. Inthesefiguresthedashedportionsofthe
curvesindicatetheregionwherethepsmmeter ABl liesbetween1 and2.

DISC~SIONOFRESULTS

Xfthechsngeinentropyintheperturbedflowisneglectedandthe
chsmgeinentropyintheboundsryconditionson theperturbationvelocity
componentsontheshocksurfaceisretained,a largeerrorresultsfor
Machnumbersof3 and4. Theresultsalsoindicatethattheaerodynamic
derivativesforthewingof infiniteaspectratiocanbe approximated
verywellby simpleexpressionsoverm~stoftheangle-of-attackrange L.

forwhichthetheoryisvalid.
.-

●
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Theresultsfortheaerodynamicderivativesseemto indicatethat
thereisa roughanalogybetweenincreasingtheangleof attackat a
givenMachnumbersnddecreasingtheMachnumberat zeroangleof attack.

.-

Forexample,theapproximateexpressionfor ~ givenbyequation(117)

canbe writtenas

Astheangleof attackincreases,thefirst
oftheprecedingequationincreases,an th
handsidedecresses.Inasmuchas (%$ a=o

.u ]~2P2%a——
~ Po 2 B=+

Go

termontheright-handside
secondtermontheright-
approachesinfinityasthe

Machnumberapproaches1,thistypeofvariationwilldominatethevsxia-
tionof equation(117)astheangleof attackapproachestheanglefor
whichMl = 1. An examinationoftheotherapproximateexpressionsfor
theaerodynamicderivativesshowssimilsranalogiesbetweenincreasing
theangleof attackat a givenMachnumberanddecreasingtheMachnum-
berat zeroangleof attack.

Thecalculatedvaluesoftheaerodynamicderivativesshowveryrapid
-es withangleof attacknearthe~le of attackwhereMl= 1. It
isexpectedthat,providedthelowersurfaceoftheairfoilisnotflat,
thethicknessoftheairfoilmaytendtomodifytherapidchangeswith
angleof attackbecausethethicknessoftheairfoilwouldchangethe
localflowoverthelowersurface.

Thevariationsoftheestimatedaerodynamiccoefficientsofrectangular
wingswithangleofattackpresentedinfigures29to 39 indicatethatthe
effectof aspectratioonthevsriationofthesecoefficientswithangle
of attackisquitestrong.Thesevariationscanbe explainedonthebasis
oftheresultsfromthewingof infiniteaspectratioatfiniteanglesof
attackandtheresultsfromrectanguhrwingsat zeroangleof attack
(linearizedtheory). Forexsmple,considerthevariationsoftheesti-
mated C& wi.thangleofattackfor~=4.O asshowninfigure29.

Atthehigheranglesof attack,thechangesinthepressures,theden-
sities,sndthelocalMachnumbersinthebasicflowcausethecontribu-
tiontotheestimatedma ofthelowersurfaceto outweighgreatlythe

contributionto theestimatedC& oftheuppersurface.Theregion
influencedby thetipsonthelowersurfaceincreasesasthesngleof
attackincreases; thus,thetipstendto decreasetheestimated~ at

a
,
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thehigheranglesof attack.Thiseffectcausesthecurvesoftheesti- t
mated C& atthehigheranglesofattackandthehigherMachnumbers

—

to haveslopesconsiderablylowerthanthoseofthecurvesforthewing .
of infiniteaspectratio.

CONCLUDINGREMARKS

Perturbationoftheflowovera two-dimensionalflatplateat finite
anglesof attackisusedto obtaina first-orderevaluationofthedamping
inroll,theliftandpitchingmomentdueto ~ increment intheangleof
attack,and.theliftandpitchingmomentdueto a steadypitchingvelocity
fora rectangularwingof infiniteaspectratioat supersonicspeeds.
Approximationsbasedontheresultsoftheltiearizedtheoryandonthe
flowovera two-dimensionalflatplateat finiteanglesof attackare
derivedandareshowntoyieldresultswhichne ingoodagreementwith
theexactfirst-ordertheory.Approximateexpressionsarealsoderived__
fortheliftandpitching momentdueto a constantverticalacceleration.
Estimationsoftheaerodynamicderivativesforrectangularwingsof finite – ~
aspectratioarederivedby thecombineduseoftheapproximaterelations .
fortheinfinite-aspect-ratiotingatfiniteanglesof attackandthe
resultsofthelinearizedtheoryforvanishingl.ysmallanglesofattack. .

Theseinetypeof analysisusedhereincanbe appliedto theswept-
backwingof infiniteaspectratiowithsupersonicleadingedges.The
resultsfortheaerodynamicderivativesofthiswingcouldalsobe used
tomakeestimationsoftheaerodynamicderivativesfora numberof finite-
aspect-ratiowingsincertainMachnumberrangesina mannersimilarto
themethodusedinthepresentpaperfortherectangularwing.

—
— -.

LangleyAeronauticalLaboratory,
NationalAdvisoryCormnitteeforAeronautics,

LangleyField,Vs.,January25,1955.
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8 APPENDIX

DETERMINATIONOF FIRST-ORDER-PERTURBATIONEQUATIONS

FOR

Considerfirst
(eq.(4)):

FLOWBEHlllDA TWO-DIMENSIONALSEOCK

thevectorformoftheEulerequationsofmotion

~2
VT +( VXW)XW

Thefirsttermoftheprecedingequation
equation(8a),as

:VP=,.—— (Al)

canbe written,by theuseof

(k V1au &+v*+w*—+Uaz az az az)

Whenonlythefirst-ordertermsme retained,thisexpressionbecomes

(A2)
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Thesecondtermofequation(Al)canbe expressed,by theuseof
*

equation(8a),ss
.

( )(vxw)xw =iw$. w~-v:+v?$ +

Whenonlythefirst-ordertermsme retakd, thisexpressionbecomes

(Vxw)xw= ,(0, ,Jvl(p)+wl(ii-%) (A3)

Thelast term ofequation(Al)canbe expressedas

)
+ bpl

).Vbpl
q P1 “

Whenonlythefirst-ordertermsareretained,thisexpressionbecomes

--

.

(A4)

.

.
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4 To thefirst
tions(W), (A3),

.

vu

order,equation
and(A4), as

(Al) cm nowbe expressed,fromequa-

(A5)

This is equation(9) inthebodyofthepaper.

Considernowtheequationof continuity(eq.(5)).Thisequation
canbe expressedas

( )[( )
1

V.PW=V. P1+5P1 iVl+u +Jv+kw =0 (A6)

Whenonlythefirst-ordertermsareretained,theprecu equationcan
be expressedas (eq.(10))

Theentropyequationcanbe expressed

or

~ esl/cv 7-1 %/%
P1 + ~Pl= P1 +7mlPl e

as

(A8)

since (from eq.(6))

—
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Thus,tothefirstorderinpressure,density,andentropy,equation(A8)
b

becomesequation(I-1): .

(A9)

Nowequation(Al)csnbe written,by theuseofequations(8),as

or as

(A20) ●

Whenonlythetermsupto ad includingthefirst-orderareretained,
equation(U) becomes

Since

equation(All)canbe reducedtoe“quation(U?):
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Figure1.-Rectangularwingof infiniteaspectratioata finiteangle
ofattack.
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. Figure2.-A setofaxesfixedto anairfoil
ofpitch.

which hasa constant

Figure3.- Illustration
thestabilityaxes
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(b)Rearviewfromfree-stresmdirection.

Figurek.-Coordinateaxesusedinanalysisofflowoveruppersurface.
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Figure5.- Coordinateaxesusedinanalysisofperturbedflowbehirida
two-dimensionalshock.
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. ‘.

+’hock

Figure6.. Velocitycomponentsassociated@th pertuxbedflowbehinda ,
two-dimensionalshock.

.

Figure7.- Coordinatesusedinanalyzingflowoverlowersurfaceofan
airfoil.
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(a) Sideview.

(b)Viewinplaned-d.

Figure14.- Velocitycomponentsandassociateddatafortwo-dimensional
shocktiththree-dimensionalperturbedflow.
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