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FROMLIl!E~~

SOTJ!U)FIELD

IionelV. Balduin

The pocesses of fuel-dr preparation, conibustbn}and exhaust-gas
mixingin jet-engineconibustorsdependto a largedegreeon aerodynamic
mixing. Sinceconibustorscommonlyhave intensesoundfields,it Is of
Interestto investigatethe effectof soundon the fundament~m~ng
process. This reportdescribesa theoreticaland qer~ntal investi-
gationof the a~ c mixingby a standingsoundwave *tmeam
from a continuousline sourceof heat.

By a kinematicanalysisof the @ton of the nmleculer-diffusion
wah, eqpationsare derivedfa the time ~lation of temperatureand the
time-=an tempertiures% pointsthroughoutthe mixingregion. The
-Is ~~s -t fim s- ==s Mabe the Mf’fusionmike in
amanner s~tothedisplachs ofaflsg wavinginahsxnmnic
mode. The ~ion-wake dlsplacemnthas nodalpointsdownstreamfrom
the line sourceat distanceswhichare Integermultiplesof the ratio
(streamvelocity)[(sound-wavefrequency).Il?hemaxllwmwake dlsplacelmrt
occursat the smtinodaldistancesand is equslto (@ x rms transverse
veloclty fluctuation)/(X x sound-wavefre ncy)●

analysisconsiderstwo generalcases: (a~ti an%m@~~~i~&trlcal
defamationsof the d5ffusionwake by tha transversesoundwaves. The
-M ~~s “~t the w~tim me hacterized by stietcblngof
thewake and bytherelative magnitudesOfthewake radlusofcmvature
and thlckless. l?hestretchingis gretierfor high soundintensities.
The curvatureIs greaterfor high soundIntensitiesand high sound
frequencies.When the wake suM%rs negligibledeformation,the sound
fieldcontributesto the mixingIn the time-meansense;but the instan-
taneous,or localspatial,structureof the lxqerature field is unaf-
fected. For the case of spprecidblewake deformation,the temperature
field Is substmxktdlychangedin both the time-~an and instantaneous
senses.

.-. . . . . . — — — — —— -.— .—. —.
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case
were

E2Qerhsntalm asurems?rbconfmd the thetiiC81 Stld@SiSfor thS
of negligibledefamation of the diffusionWalce,but no meamrelKds ‘~”
made for the case of appreciabledeformation.The exper-rrt was

carriedout in a I.ow-turbulenceairstresmwith superlnqosedtransverse
velocityfluctuationsassoc~ed tith a standingsoundwav=. The mixing
regiondomatresm fromthellnesource ofheatwas stapresmme node of
the stanwlg soundWam so thatpressurefluctuationswere Zlegliglble.
The amplltudeof the transversev&locityfluctuationscorresptmdedto a
soundpressme levelof 147 decibels,and the wam frequencywas 104
cyclesper second. Time-man temperahn?eswere measuredwith a thermpile
probe. Instantaneoustemperatureswere neaamed by two differentmthods:

try and m-wire amKme&y.resistancethermme The velocityfluctuations
in the soundfieldwere -asmed by hot-wireanmmMmy.

In =der to facilitateqp~cation of
problems,a specialsectionis includedIn
are mmuaarised.

Il!q?R~ON

the resultsto practical
uhlchequationsand nethods

AerodynamicndxingisEm@prtant factorin fuel-b P=X=’t-$ 8
Ccmibustion,and e%haust-gasmixingin set-engineColibustms● Because of “

its importance,it is of tnterestto lnmstigate aer~c mixingunder
flm? Conaltionsc~ found in Canibustors● AMhou@l jet-enginec~-
bustorsoftenhave extrmly intensesoundfields,littleatientionhas
been @van to the effectof sound-wave&Lstmbanceson aero@xamic mixing.
The resesrchdescribedin thisrepcmtcoversa ~al inmsmtlgation
of aerodynamicmnddngIn a low-~bulmce airstremuhavinga single-
fiegpency,@lane,transverse,standingsoundwave.

Mixingin fluidstreamsproceedslocallyby umlecularumtlon ‘
(umleculardiffusion)and on a largerscaleby the turbulentvelocity
fluctuatIons,which transportfluidvolumescomposedof msnymolecules.
It is reasonableto expectthat the velocityfluctuationsarisingfrom
thepassageof soundpressurewaves contributeto the mixingprocessin
a mannersoumihatsimllsr to that of turbulence.The data In reference1
show that the approachstreamin a smoth-burningram-jetconibustorcon-
tainedsoundand turbulencevelocityfluctuationsof the sameorderof
eitu~; the ~ta of refere~e 2 shm that screechingconibustorshave
velocityfluctuationsdue to soundthatmay be severalordersof mgnltude
l.srgerthan the turbulentvelocityfluctuations..

Sincethe velocityflucthtionsresponsiblefor aerodynamicmixing
are usuallyslowcomparadwith the flow velocitythroughthe conbustor, c
ths concentrationof heat or mass in mixingregionsfluctuateswith time
and vsriesirregularlyfrompointto point In space. In turbulentmixing, .,

.

—— ——— —---- -— —-..- -.—.
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concentrationfluctudions in t- and spacemxy alsobe a= to the finite
rangeof turbulenteddy sizes,sincethe smallestturbulenteddiesare of
a much largerscalethanmoleculermean freepath. Experimentsin turbu-
lentmixing (refs.3 and 4) have shownthat concentrationfluctuations
can be of nearlyas greata magnitudeas the mean concentrationat points
throughoutthe mktng region. For thesereasons,it is evidentthat
mixingshouldbe co~idered in the instantaneoussenseas well as In the
time-meansense. MixingIn the Instantaneoussensecan be describedby
the timehistoryof concentrationfluctuationsat a point in space,and
mixingin the time-meansensecan be describedby the long-timeaverage
of concentrationat a point in space.

In orderto lnves@gatethe ~ UF the aerodynamicmnln
a=t08~,=~timti ths~etica6hdYwas-OfthS
mtilngdownstreamfrom a line sourceof heat in an intensesoundfield.
The tibulence in the alrstreamwas kept d a negMgibls levelso that
the ndxlngprocesswas dne onlyto the soundfieldand mlecular diffu-
sion. To premmt vurtexshedding,the eLmtrlcalQ heeteawire that
f-a tha llne sourcehad a small&hnmeter. Thecezrberplane at’the
two-~nsional mlxlngregionwas placedti the velocityantinodeand
pressurenodeofa@anestanMng soundwavesothd thesoundpresaure
fluctuationswere negligibleend the sounddisturbancevelocitieswere
transverseto the streamdlrectlonea shownh the followlngsketch:

Stream

Veloclti-”

Trenam3rse velocityfluctuetions iliposeaby StenalngSolmawave

The magnitudeof the transversenlocity fluctuationscorrespondedto a
soundfieldhavinga soundpressurelevelof 147 declbeh. The trans-
versevelocityflue-ion was nemly sinusoidaland had a frequencyof
lo4 cyclesper second. The instantaneoustemperaturewas ==~a by a
resistance~ and a hot-wireammmter, end the transverse
velocityfluctuetionswere measuredby hot-wire~. The t3me-
man temper-es were meaewed with a thermqpileprobe.

.

. .. . . ...- ---- .-— — .— —— —— -—. —-—
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By a Mnematic descriptionof the mixingregion,equationsswe de- ,.
.rivedfor the time variE&iOnof teqertie and for the time-meantem-
peratureet pointsthroughoutthe _ region. This theoreticalanaQsis
is made for two casesof interest: (a)~g~ble ge*ickl aef~-
tionsof the diffusionwakeby the souudfie~ and (b)~ecldbls
W-ions of the aiffusionwake. For the case of negllglbk def~.
tion of the diffusionwake,the thecnxrticalanalysisis comperedwith
~=~a VT31W3 of the ~ and mean teqpertxtwes at various
pointsMwnstremn tiomthe Ilne sourceof heti. By meansof the theo-
retical analysis,a coqerison is madebetweenthe casesof negligible
ana ~eciable wake aeformetion.

The analysisof ths teqerature fieldin the mixingregionis based
on a lcbwmaticdescriptionof the displacti of a moleculer-diffusion
wake by a transverse,plane,stanMng soundwave. A ictori.alrepresen-

ttstiond’th ewakedlsplacti isahowninfigwe la). Asshownln
the folkn?’inganalysis,the Msplacelmltof the wake is s~ to the
dlsplacemntof a flag wavingin a blwmmonicmode. Thece?rh2raetlle
walm has a sinusoidalskpe; and the moleculard3ffusionproceedsas
the wake e~s pass dumstreem, as shownby the teqeratme ~OfikS

in figurel(a). I&oanthe ~ti -h, ~ess- ~ aeri~a
for the tlm variationof temperedzreand for the time-nwantemperature
at fba POintS thro@mt the mixing region.

Moleculex-mffusionWkbe

The ndecukr diffusion of heat in a fltiastreamet constant~s-
sure is describedby the Fourier-Poissonequation(ref.5) derivedfrom
the Fourier-Motheat-fluxlaw. The Fourier-Poissonegyetionis

(i= 1,2,3)

where Ilt@t is * tubalderivatt~ of the vohme specificenthelpy
h, which is definedby

(1)

(2)

.

.— .—— ——— .— —...—— ..— — .- . .-— —
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and the coefficientof thermalMffusivlty a is

(Synibols are

Tom the case

equation(1)

k
a=g

definedin appendixA.)

of ndemlsr diffusion of mass, an egpationslmllarto
canbe derivedfromFlcktsmm-flux leM:

(i= 1,2,5)

5

(5)

(4)

where ~ is the moleculsr-diffusioncoefficientand % 18 the concen-

trationof the diffusinggas. Sinceegpxtions(1)and (4)are idetiical
exceptfor the coefficleatsa and ~, theirsolutionsfor specific

pmoblsmsare also identicalexce@ for the coefficients.Becauseof *
closesindle+rityof egpations(1)and.(4),the followingtheoretical
analysissppllesin essenceto the mixingof fluidswith differentheat
contentsor of differentphysicalproperties.

H the coefficlentof thermaldiffusivityis essentiallyconstant,
and M a nmlecularspreadingcoefficietim is definedm

J

t
m. a at (5)

o

then eqpation(1)may be written

(i= 1,2,3) (6)

~ the fwa field is srtrest,or M a coordinate~ystemis used that
rovesalongwith the fiesm, then equation(6)canbe mitten in terms
of a Cartesiancoordinatesystem~, q, c):

(7)

As shownin reference6, the
eousltne somce lytngalong
by

solxrtlonof egyation(7)for an instantan-
the ~-~and emittedat t=O is given

(8)

. . ..— —. —-. —----- . ---- ___ ____ ._ — ——._—
-—
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where Hjz i8
Isuseaintbe
temperatureIn

the heat per untt length
mibseqpentaerlvation&
the mixingregion.

KACA m 3760

emittedat t = O. Equation(8)
an exactntoaelfor Instantaneous

w

n

By assumingthd UfYuston in the streamddrectionIs neglidble,
the foilowing~aximate eqpdion fa diffusionfkom a contl&&s M&2
stice in a streamflowingwith vt310cityU in the x-directionis de-
rived in reference ?:

(9)

me q is the kterd Ustance from the ndecular-wak centerto a
fma point In space,q/Z Is the rate of beetreleaseper unit length
hthelinesource, scd q=@JU. Eglation[9)is Uses in the subsequent “

derivationof an qpmchde nmdelfor instantaneoustemperate In the
mixingregion. The temper* difference&l?= T - T= canbe deter- ●.

minesfrom the volumespecificenthaQy h by -ans of tablesm grqphs
based on eqpatlon(2). -.

.

EtnemsMcs of Moleculem-l)tdhmlonWak ~ TransverseSoundField

A kinematic description of the mtion of the ndecular-dlffcsion

wake is necesssryto mibsegpetiderivationsof the iJm&Xltaneousana
time-meanteqeralmes tn the mixbg region. This sectiondescribesthe
wake IltotionIn termsof the time r assoclateawith tha velocityfluc-
tuationsof thestanding soundwave andofthe alstance x auwnstre-
from the llne sourceal!heat.

The transversevelocityfluctuat ton associate with the roundwave
is assuwd.to have a sinusoidalform givenby

where
is the

A
by the

J= is the root-mmn-sqcarevalueal?the velocitywave
sound-wavefrequency,and 7 Is tinwo

fluid lineelementinthestremn hasatransverse nmtlon

m

form,f

causeil
vdocity flnctustlon v and a resultingtransversedtsplacenwmt

ag Thetlme histomycf the displacementa ofalineelemntln the
centerof the molecular—aitYusIon waks is givenby the Integralof
equation(lo):

.

b

. ..- . ..- —. —.. ... ..— —— —. -. —---- - ..-
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(Jl)

4-

wherethe constantof irrtegmrtbnhas been evaluskedby setting v = O
at’c=o.

The positionof the wake centers% x for successiveinstantsof
the time % mq be derivedfrom considerationof the followlngdiaplace-
Ent sketch:

Alineelenmrt relsasedfhnuthe Idnesourcest

sxlalststion x aftera residencetk X/U.
y fromthe flow-axisplane is givenby

()y=d T+: - d(%)

time T reachestha
The Mix?raldisplacement

(Ii?)

where d(%) is d evahmxted% th
% + (x/U)..By canibiningequation(1.1)
@Lstoryof the positionof the center& the &lecuL&&Yusion wake d

‘c and d(%+
?1
U iS d ht-

wlth equation 12 , the time

any axialstation x Is

y=* {p - Cos (*fi + @;)] - D - Cos w)]} (m

-. -- -..—— .—— —— — —- - —-—-— ---—- -— ——
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-%=”(*)’’+’+*)
Figurel(b) showsthe positionof the molecular—aiffusIon-wake

centerat varioustimesthroughone cycleof transversevelocityfluc-
tuation. T& wake‘positionsare shownonlythroughtwo nodalpoitis,
but theoretical they continueon downstreamIn the s- cyclicfashion.
An interest

2
featureof figurel(b) is the existenceof definitenodal

pointsat U= 1,2,... The reasonfcm thesenodalpointsis shown
by the sketchIn the precedingparagr@h. A fluidline elementleating
the llne sourceat any time % has serolateraltisplacemmtfrom the
flaw -S if its restdencetime @ is q multipleof l//. Also of
lnterestisthe~ Vallleofillewak centeraisplacelmltat the
altinoaalplane

(d

@J= 0.5,1.5, ● . ● This~vaJ.ue ls equalto

Y-= @ @/(tiso-t- maximmulateralexcursionsof the wake

centersre dependentonly on the intensityand fregyencyof the trans-
versesoundwswe.

-)1,,

(14)

Instmtzmmus Wqerature in Mbd.ngRegion

The descrimion of the instantaneoust~erat- at pointsin the
mixhg region
?a~e’

obtainedb a
Tf-e l(b .

is of interest both as an Iqortant factor‘% aerodynmnlc
a pmeMminary stepIn the evaluationof the time--an
A physicalpictnreof the instantaneoustemperaturemay be
studyof the Htolecular-wake-positionalagrsnlshownIn
As the mlecular wake qproaches a fixedpoint,say Pl,

the temperatnmed the point rises becauseof the _atme profilsof
the wake as IllustrtiedIn figurel(a). Uhen the walm centerreaches
the point,the teqeratme is at the peak valueof the wake ~ofile.
Then,as the w#e passeson _ fkom the polmt,the teqeratme decreases
to a minimmnwhich is reachedWhen the mike ts at Its farthestposttion
from the point. Becausetbe lateralnmtiond the wake is cycllc,the
t- historyof the instantaneoustemper* will alsobe qclic with a
periodequalto that of the latcn-alvelncityfluctustionaassociatedwith
the StealingSounawave.

Typicalt- historiesat instantaneoustenperednmesare shownin
figure2. The threetimehlstcmiesrwesemt the teqeratme fluctua-
tionsd ppints Pl, P2, and P3 in figurel(b),and were calculated

from a theoreticalequationderlnd lder in this section. Consideration -
of figuresl(a)and (b)showsthsrtthetemperbe atthenodalllnes
willbe steadyIn tinm. !lkmperdmresat otherpointsin the nodalplanes ~’

#
—.. . .—— — —--— _— _.. _ ----
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(forInstance,poizrtP4 in figme l(b)) till have slightperiodic
ChBnget3with time,sincethe pivotingnmtionof the wike at the nodal
Hue will act to changethe perpendiculardi*e frcuuthe pointto the
wake cetier. The reminder of this sectionIs devwtedto mathenwrticel
stitbs of the ~ical pict- *scribed in thisperagrE@.

EKect mael for instantaneoustemperebure. - The exactSolutionfor
inshmtaneouat~eretme employsa methoddescribedin reference7. The

N

$

J.

moleculerwake downatreemfrom a carM.nuouely emlttlngline sourceis
consideredto be a sheetC~OBed of an tnflnitenrmberof instantaneous
Ilne sources. Each of these Instantaneousllne somces was originally
Introducedat the continmus line s-cc (theheatedwire),and the
degJ?eeto which It has diffusedinto Its Burromdlngsis a functiononly
of Its residencetim In the stream,as shownby equation(8). The
geomrtryal?thedheetal?instantaneousline sowces expressedby equation
(14)is showndlagrmmaticellyin f-e l(b)and is shownfor a pertic-
ularve&le of theparsRQek % i?l~ fO~ BketCh:

An
or

.OO
●

● pt

f T t
● n ● Y

[0 ,
source. P

+

●

9 Y
●

●

●

●

● ●

● ✎ ●

●

● ✍

Importantfeatureshownin the precedingsketchIs thd
pr-&lmLty, of nelglibmlngInsteirtaneoue-lina sourcesIs

the Sheetis distorted.This effectis of consequencein later

x

the density,
decreasedwhen

discussions.

The concenti+ionof had at the f*a point P(X,Y)at time ~ is
the summationof contributionsof heat from all the instantaneousIlne
somces P t(Ut,y)in the entiresheet. The ccxrtributionof heat to
P(X,Y)by one ~oue line sourceat P~(Ut,y)Is

(M)

. . ..— ___ —-- .. . — -.— -.-—.
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The tutalconcenlmt-tion

P-

J&h=ti

0

at P(X,Y)is the Sullmlationof all contributions: .

_ e- & [(W- X)2 + (Y - Y)2]dt1
m (M)

dencetfme t

dI1.e,egpatlon

By eqloying the fmctional relationebetween m and y and the r&i-

[
eqs. (5)and (14))and by dwmging the independetivarl-
16) may be writtenas: Ew

tJo

where y= =

(17)

An analyticsolutionto egpation(17)has not been found;therefae,
resortmst be made to a numericalsolutionfor the exactinstatrtaneoue .?
t~erature. As 6hownin followlngsections,a varietyof simplealge-
braic solutionsmy be used for Instantaneousand t--mean temperatures
undercertainsound-fieldand flaw conditions.

An E@proxbrta xic sohtion of equation(17)has been made for
pointsin the - raglanunderthe followingconditions:

~:= 4.5, 5.5, 6.5. . ●

)
yao I

~?c= 0.25,0.75,1.25. . .
/

(M3)

*~++c) J
As - by the cmditiona dbove,the soltiionis for ths maximmuinstan-
taneous-erature, at the azrtinodalstations. The solutionis derived
in~B, andits finalform Is

where * is evahurtedat the time X@.

(forconditions(M) ) (1$1) r

*.

— . ..— —. .—— —.——- --- ——— .
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~oxlmate modelfor smalldefcmmatlonaF Mffusion waks; - ~
the aefarmationof the Iwlecular-ddffllsion-wakecenteris small,m
W*te -ic soltiioncan be obtainedfiOIUthe COntfiUO&-MP.
sourcemodeld.eflnedby equstlon(9). Two conditionsare necessaryfor
theuseaFthts model: (a)stretching& the nmlecularwdce mustbe
small,and ~) tiheradius& cuvdure of the dafommedmleculer-wake
centermustbe largewith respectto the nmlecular-Wakathickness. The
followingsketchIllustrdesthe necessityfor these conditions:

I
Y

●

●

Idllem
B~

●

●
●

oP5

.0.
● ●

● ●

oP6 .P’(x#y)

● ●

● ●

● ●

● ●

D x
.

The cotilnuous-llne-sourcemdel was derivedfor a perfectlystmafght
moleclllsr-walwcenterplane,so thattha density,cm spacing,of lnstm-
taneousIlne Smces alongthe wake was constant,or Ul13form.As Shuwn
by the precedingsketch,stretchingof the wak causesa dqartme from
constantSince density. The criterionfor condltlon(a)is thst the

ratio
w

nuzstbe ne~~ zero,wheme S is the da-etchedlsmgth

betysenm%k!l-poltisand (U//)is the &lrectdistance
points. ThlsrcrtloIs derivedin ~endix B, and Its

where # is the elJ3ptlcIrrtegrsland is definedas

}

I@ul?&ions(20 and

the ratio ~’~.
(21)showthatthe stretcblnglsa

m functionalrelationIs shown

betweennoaal
finalform is

flmctlononly

(20)

(21)

of

In figure3(a).

-— . . . ---. -.—..— — _ ..- —— ——-— ———.
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0

Considerationof the previoussketch* thatthe PO-S P5 ma
P6 rec(?i- contr~~i- of -er~t X-6 fi~ p t d -t *
total. COdZibUbiOIISZY2CeiVedby p6 me mater - ~se recei~d by

P5. Thereftne,to ~oximate the continuous-line-scxmcemodel,condi-

tion (b)Is necessary.The ~ radiusof curmtme ‘Cpin for any

time-inthe C@.e iS derivedin appenddxB and has the fo~ value:

(22)

This VallleOcclrswhen 2Y& + tifi= tiJk> 3X} . ● ● Conaition(’b)is

satisfiedwhen rc,tin>> @Em The mi~ rtiw ~ ~=~e is phd

in figure3(’b)for a range of valuesof the psr-ters
f

~2/u ~ U//.
The effectof distancedownstre~ on w r+io rc,~ m b - in

figme 3(c)for a particularvalueof the coefficientof thermal
Uffusivity a.

~ conditions(a)and (b)are stilsfied,then an expressionfor in-
. stamtaneoustempera-e canbe derivedfrom eqzatton(9). Figure4 is a

diagramof the molecular-walmpositionwithrespectto a fIxedpoint,
wherethe distancefrom the wake centerto the f-a point is q. Since
the radiusof curvatme is large,the distance q is

‘+-Y4=CC+)
whichmEWbe mitten

“- J%l

. Wbstitutingfor the lateraldistmce q In egpstion
equation(14)for y resultin

(24)

(9)ana using

e (25)

.. ,

. . . . ----- ----
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whichmq be reducedto

~
.-

21c?iy\

If
a?.lathe

.

h

the ratio @/U
solutionbecmes

13

10 very mB811,then ayfti Is negligible,
.

4

For caseswhere p% is nearlycon8tantoverthe temperaturerenge

of interest,equation(2]maybe replacedby h = p%

(26)and (27)mEY be written,respective=,

AP.,and eqwstions

—
~2

-—
2ti2f2%

Al!= Al?oe (28)

M!-dro.e
-+l+4@”+~++)-?ik12,2,,

latedfrom eqpation(29).

AnotherVersion
In this msion, the
anaQtically.

.

.

C& the EipprOxlnu3te
distance q shown

mdel Is describedin qpe&x B.
in figure4 M determined

. . .- ._. - ___ _. .._- ------ _____ -—-—- —— ——-— -
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Time-MeanTenpratmme in MtxingRegion
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The tine-man temperate * any PO- in the mixing region maybe
obtainedby aver8gingthe instantaneoustemperatureover one periodof
its C$mllcfluctuation:

‘“’F-=P-) (30)

wherethe bar denotesa long-tlm average. The ana@is eqployBequa-
tionsfrom the precedingsections,tich are titten in termsof the
volme specll?icedhalpy and canbe convertedto the teqerature differ-
ence ~= T-T _ by mans of equation(2). Typical tim-meen tempera-

meprofi.les-titif~ 5fathec8Se 0fSnt811def_ion of
the molecular—almlsIonwdlse.An iqomtant feetureof the tine-mean
temperature~ofiles is thd the mean teqperatme valtzesare bi@er near
the outeredgesof the profiles. Thts is a~ to the lowertransverse
velocityof the wdce centerat its extremeexcursicms.ThlS point Is *

illustr~ in f-e 2 by inspectionof the re~tve s-s of ae=
underthe mature -iations et tba poizrbsPl, P2, and Ps. Another -.
fea-lnmeof figure5 Is the dbsenceof aerodynamicmlzdngat the nodal
points /k/u = 1, 2, . . .

.

Calculationct mmn = * for exactlmdel.- Sincean anaQtic
Soluthl was d fouuafca the instantaneoustemperaturefluctwtions of
the exactIwdel (eq. (17)),a grepblcal.integrat%nmethodmustbe
mqa for evaluationof the mean teqera~. Elgpation(17)~ be
solvedgrsphic~ fcm any f-a point P(X,Y) and far a seriesof
times %. Then throughequation 2), the instantaneoustemperate dlf-

{ferenceet the f-d poti P(X,Y may be pl&ttedas a functionof the
t- ~. The mean ma~e differenceAI can thenbe obtained
s-c-.

.

lean tempersture for smalldefcmmationof diffusionwdse. - &lcn-
lationof time-neantemper* for the case & smallwake deformation
is somwhat siqplertluiifor the exactmodel,sinceqpprodmate analytic
solutionsare =t~a for this case in weceMng aectlons. ~OUS
temperate varlskions,such as thoseof figme 2, maybe Pbttea from
eq&ions (28)or (29),and the tlm-mean tempereiwre~ be evalwbed
WWwu from suchplots●

~oximate analyticsolutionsfor the mean temperate havebeen ,.
obtainedfrom egpetion(29). TM derivationsof thesesolutlonsand the
assuqtions necessaryfor thetivalldityare.detailedIn qpendix B.
- ~~ sol~io~ ‘e f= -- -s h --- ‘e*n w
shownin the fo13.owingdiagram:

.—. . ---- .. --— .— - —-— ----- — ——. ..—. ---- -— - --- -
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where q I lieswithinthe extrem wake positionand zoneII lies along
the extremewake position. The ~oxlmate solutionsfor zonesI and II
are,respectively,

J]
(ZoneI) (51)

(s2)

-e F=”* “ ‘=*
egpation(31)showsthat the time-meemtqa-C@e inspectionof

tme ~ in zoneI is tiected by the soundfi~~ and stream paremters
In the folLowlngmqs ~_ @(l-R) >2: (a)AT inoreaeesas the m-
waw_~quency rises; (b)M! decreases as the sound~enslty riSeSjand
(C)~ decre8Se6* & StreamvelocityfiSeS. Equations(31)and,(32)

,

--- .._. .-. —-—. —. . ----- —.-
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may be used to constmct tlum-man temperatureprofilessuchas * in ~
figure5 ~ fa@~ betweenzonesI and 11._4s polmted- in the
~ ~ DISCUHSIQH,the ~ valueof N OCCUTBbetweenzonesI
and~, whlchahouldbe keptin mtndwhen fairingthe~of’ile.

In many soundfields,particukr~ thoseof ~ly hlgb i*lty,
the Velocttyfluct’udionsmay alqwmtfrom Sinusoidalforlu The analytic
proced=e for this si~ion is i~ical to thd followedpreviouslyIn
the text. E the m&hematical qssion for the variationof veloclty
fluctuationwith t- is knuwn,then analyticqessbns fcm the instan-
taneousand tine-mean-*s _ be found. IY the velocity
fl.tion aoesnot folJ.owa luumnlmthamxttcalrelationwith tilm,
then ~phical, or nuwrical, 13dl.utlonafom the Instantaneousana tlm-
mean tenpra-es may he madeby followlngthe stepsin tha analytic
proced.e discussed~tioualy. Thegrawcal @d IS 0mm9a in the
suMMARY(lE’~AHDm ERACTKW APl?IJCAYION.

AETARmus

Flow and

The ~aratus ma to

AmmPEmmmLPKx!Emm

Sound-Field=aS~*S

~ciincea atandlngsoundwsm transverseto a

c

5’

low-tmbulenceaimtream is shownin ffgrre6. !lheca~n chamber
~88a the effectof room draf%son the streamvelocityand static
temperature.The stresmvelocitywas c-Oma by the adjustable-smea
e~ valve. ~ stdiing sounawave was generstedby”acousticaldriver
units k-a at oppo.siteends of the resonantchauiber(asshownin fig.
6). The ~osing grcnQsof driverunitswere Connacteaelectrical?
M@ out of phase and werepwered by a MOO-watt oscilkkr aq@lfier.
The line suwce of haat was a 0.003—inch—UmeterAdvancewire contlnu-
oual.yhastedby ddrectcurent. CakuM&iona of radiationand end con-
atii~ -a W these losseswere negligible.

The streamvelocity,staticteqer*, atatlcwessure, transverse
velacityfluctuations,and sound-wavefregpencywaremeasaed as described
in ~endlx C. Theseparmwetersweme held constantduringthe Qerlnmnt
at the followingvalues:

.

. . . ——. ..— —— - - —-
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-. Streem=locity, U, fi/sec. . . . . . . . . . . . . . . . . ...17.6
Ambientstatictcqera-e, Tm, % . . . . . . . . . . . . . 75t082

Staticpressure,in.Hg&s . . . . . . . . . . . . . . . 29.0t029.7

Rti-wan-square tmnsmrse velocttyfluctuation,& ftreec ● 9 s.=
Soundpressurelevel,db. = . . . . . . . .. O.. .O .= . ...147
Sound-wavefrequency,f,cps . . . . . .=.09.... . . . ...104
Heat additionfrom line somce, q/Z,Bt#(ft)(sec) . . . . . . . 0.0308

Instmtaneas and T~-Mean Teqer* Measurements

Two ddfYerentmthods, resistancetWrmw&y and hot-wtre~,
were used to measurethe Instantaneoustelqeraturedownstreamfhom the
llne sourceof had. These Instantaneousteqer-e meas=ementswere
made at severaltransversepositionsin the mlxlngwake at the exlel
station @ = 1.47.

The sensttim elementof the resistancethemmeter was astandard
hot-wire—anmmwWr probe. The resistancethemmmter was essentlaldy
sensitiveonlyto teqer~e fluctuationsin the alrstream. Egpations
describingthiS inS*ti 1S Sensitivityand the C-** circuit
are givenIn eqpendixD. Themenm&er probe alsowas opemtedasa
constant-tempera-ehot-wireanmmmeter. The hot-wireanenmEter was
sensttlveto both tenperatwe and velocltyfluctuationsin the streauL
Detailsof the hot-wiretechnlgpeand the sensltltityegpationsare in
~ ~=

The mean temperattu’eset points in the ndxingregionwere =aswed
with a thermqplleyobe as describedIn qpendix F: The man-temperature
measuremetiswere made et severaltransversepositionsat the followtng
axLalstations:@ = 0.24,0.50,0.75,1.(X),1.24,1.47,1.72,and
1.96.

For the eqerim!ntalconditionsinvest~ted, the str~ of the
molecular-diffusionwake was ti, and the minimumradiusof cwvzdame
was largeccmgwmedwith the wake thickness. Becauseof ~aratus llmlta-
tlons,experimmtalverificationof the theoretical-1s was possible
onlyfor the case of smedldeformationof the ~ion wake. Eowe-,
sincelargedeformationsof the diffusionwake are also of practicalin-
terest,this case also is discussedheretnon the basis of the *etical

% analysisalone.

-.——- --- —.. — -.—
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MlxLngData and Comparisonwith Theoryfor &uall
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Deformationof DiffusionWake

Flow and sound-fieldmeasrmemxrts.- Flow and somd-fieldmasm?e-
mentswere made throughoutthe regionencoqassingtwo nodd stations
downstremnfimmthe ltne sourceof heat and transversedistancesgreater
than themaXLmum excmsions of the ~ion wake. Measrmnmrtswith a
total-staticpitottie and a hot-wire~ shwed that the axial
streamvelocitywas constantthroughoutthe regionof Interest. The
hat-wiremeasurementsalao showed-t the streamtwbulence was negli-
gibleand that no vortexsheet existeddownstreamfrom the llne somce.

. Measurementswith the X-wIreanemmeter showedthd the transverse
velocityfluctuation v in the soundfieldwas nearlysinusoidaland

that @ was stibstantjiallyconstantIn the regionof interest. A
typicaloscilllogramaP the transmrse wlocity fluctuationis shownin

figure7(a),and an sxialpmdlls of @ Is shownin flgme 7(b).

P

.
The decreasein attheinlet andexlt of the resonantchauiberwas
due to soundleakagethroughthe upmings and sound~sorption by the
chauberwalJJ1.

For the conditionsused In the eqerimetialInvestigation,the
stretching,radiusof cmnature, and slupeeffectshad the following
values:

3 = 0019

These valueswere obtainedfbom figmes 3(a) and (b)fa the measwed

valuesof @, u, and t%,lnax(LIlg,m lsthe maximumvalued (D,
csd.culatedat the maximumvalueof x). The valuesShtYuthat the theo-
reticallypredictedwake deformationwas negMglbly small,as illustrated
by the fo~ sketch:

J.

#

.- --- .. . ..— --- -—- -- ---- .
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& = dldiancefran wake center
- AT= 0.78AT0

o

source %wmumradiusof
curvature,rc,ti >>*

Instantaneous-atwes were calculatedfrom the exactmodel (eq.(17))
and the approximatemodel (eq. (29))for the exper-tial conditions.
These calculationsshowedvery close~eement; therefore,the stretching
and crn?vatmeparemters llstedabovemay be consideredrepresenttiive
for the case of smallwake deformation.

Instantaneous-t~erature measurtis and ccmparisonwith theory -
Instantaneous-temperaturemeasurenmtswere made at * secondentlno&l
station@@ = 1.47)with both the resistance-thermmsterand ha&wlre-
anmw&er technigpes.Typicaloscillogremsmadeby thesetwo methods
are shownin figures8(a) end (b),respectively.The meaeuremetrtsware
made at threetransversepositions,Y/y- = 0, 0.49,and 0.98,and show
good agreemmt in shape. The hot-wire-anenmmter resultsare discussed
futher in ~ndix K

Instantaneous-temperatuevariationswere calculatedfrom the
resistance-thermomterosci~ams of f-e 8(b). Theseexper=al
Instantaneous-temperaturevariationsare comparedin figure9 with the
theoreticalenaQBis for smalldeformationsof the diffusionwake as
expressedby equation(29). Sincethe transversevelocityfluctuations
were not preciselysinusoidal,~phical solutionswere abo made and
plottedIn fIgure9. Thesesolutionswere based on oscillogremssuchas
f-e 7(a) and followedthe *de outllnedby the theoreticalana@is.
The agreementbetweenthe exper-ntal data and the theoreticaland
graphicalsolutionsis gpitegoodat the transverse positions Y = O and
Y = 0.17 inch. The discrepancyin figure9(b)may be due to errorIn
the probeposition. The peaks in the measuredtemperate fluctuation
exe closerto f’c = O than are the theoreticalcurves,and the treasured
Instantaneoust~eratwe Is higherthan the thecmeticalval.-d

. #C = O. Inspectionof figure2 showsthat thesetwo observations?xre
consistentwith an errorIn prob”eposition. Theasymetry of the!thee-
reticsllcurvesabout 1% = O in figure9 is dne to the fact that /l@

c1 wasnotan exactamMno&!. ~tion showsthat the theoretical
clu?veis Symwtric *out /~ = O.ola.

. . .— .—— -— —— .———
------ ._ ._.

—.
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Tim?-mmn temp ershlremeasurementsand Collpal-km with theory -
Time-man temperaturesnmwmed with the thernqpileprobe are con&red
with theaetical analysesIn figure10. The transtise profiles& time-
mxm tratme were measrmedat a seriesof axLalstationsthroughthe
secondnodalstation,both with and withoutthe transmrse soundfield.
The meammed tenperatwes showgood agreemnt with the egpationfor
ndeculsr diffusion(eq. (9)),in the dbsenceof the transversesound
field.

The measuredthe-mean temperatureprofilesshowgood agre-nt
with the ~oximate theoreticalsolutions,givenby eqnations(31)and
(32),exceptti the axtalstations~@ = 0.75,l.~, 1.72,and 1.96,
as shown

%@
figmes lo(c),(d), (g),and (h),respectively.At the

stations = 1.00 and 1.96,the nu?ammed~ofiles indicatesome
degreeof IDIxLng,contraryto the theoreticalpredictionof no mlxlng
at the nodalstations. The measmed profilesat stationst@U = 0.75
and 1.72 Indicatelessmixingthan theoreticallypredicted. These
discrepanciesmay be due to probepoaltioningerroror to errcmsin the
msasweamrt of streamvelocity U and sound-wavefreqnency f through
whichthe theoreticalnodal stations@/U = ~ 2, . . . are determined.

The interpolationbetweenthe theoreticalsoltiionsgivenby eqca-
tions (31)and (32)is shownby the dotiedHues in flgme 10. The
Iwxilmi values cif’zfauat Valuesof
is becauseW a point Y/y. kss -

cycle;and, if the point is ne= Y/k
velocity&SB than that at T/y= = 09
peratme frq the exactnmdel (eqso(17)

Y/y= less than 100. This

1.0 the wake passestwicein a

= 1.0,the wake passesd a
Calmilationsof time-meantem-

and (30))Showadthat the-
values of E fell closeto Y/Y- = 1.OS = _ in f-e 10.

~ closerinspectionof flgue 10, it can be seenthd the agreem?rt
batweentheoryand ~rimsnt is particularlygoodnearthe ltne somce
of heat and at the antinodalstations. It is possiblethat a random
angularfluctuationin the streamMrection mi@t explainthe disagree-
mentbetweentheoryand experimentat far domatrem stationsliherethe
lateraldi@llcelWtiSof the wake a~ -. ~S possibilityis
strengthenedby the obs=vation of low-frequencyrandomfluctuationsin
the thermpil.e-probeenrPreadingsthroughoutthe c-se of the aqeriment.

&@icaJ. solutions,based on the velncityfluctuationosciUogmms
(fig.7(a)),were made for the axialstations @J= 0.75 and 1.47 as
shownIn f-es I.O(c) and (f),respective~. Thesegra@ical ~mi~
me in fairlygood agrcementwith the emalytlcsolutionsbased on a
sinusoidalvelacitywave form,so the‘nonsinusoidalwave fcmm was nut
the reasonfor disagreementbetweentheoryand ~eriment.

●

.

.
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The discrepancies discussedwar to be causedby
mentalconditionsand techniques.Far this reason,the
are consideredto be satisfactorystistantiationof the
analysisfor smalldefoanlath?lof the Mffuslon wake.

21

imperfectexperi-
experimentaldata
theoretical

TheoreticalEEfect& IargeDtPfuslon-WakeDeformationson _

In orderto illustratethe effectof wake deformationon the instan-
taneousand time-man aerodynemtcmixing,a comparisonwas madebetween
the exactmdel and solutlonsappQing in the case of negligiblewake
deformation.The exactmodel (eq. (17))accountsfullyfor stretching
and curvatureof the wgb. The soltiionsfor negligiblewake deformation
(eqs.(~), (28),~ (w)) = pretimted on the assumptionsof ne&-
gible%ake stretchingand negligiblediffusionin the stream(-)
direction. In addition,equation(29)assms tbst the wake centeris
nesrlypsmllel to the streamdirection(i.e.,smallslope),and egpatlon

{
28) assumesthat the wake cetierhas negligiblecurvature.E-ion
B40) accountsfa the geometriccwvatme at’thewake andis derlwsdin
~endix B.

In cinderto determinethe ti_ectof appreciablewake deformationon
the mixingparameters m and m, Soltiionsfromthe exactand qpprm-
mste mdels were calculatedfor the followlngconditions:

r 7 = 16.7fps (161db)

i = 520 CPS

.
C@ = 0.0306 Btu/(ft) (See)

/x/u = 7.5

Theseconditionswere chosenso thatthe seventhantinode(J3@J= 7.5)
felJ at the sameaxialstationas the secondantinodein the experiment.
!Cbiskeptthewldtiofthemokc- wakethesmasin-~er-ti.
The cOndltlOns*eve are also suchtkt Y- is ~ s- = in ‘~

experimentso that a grqph& AC against f~ would show locai mlxtng
in space. The stretchingand cmwature par~s for the conditions
aboveare

w “ 0036
r,,ds = 2.17

#

—. .-. .-.. —- —. .— .-— — —. —...-—



22 HACA TN 3780 0

Hfect on instantaneousteqerahme. - Instantaneous-tempmatme
differences~ were calculatedfrom the exactmodel (eq. (17)),fa
the conditionsdbove,at a seriesof transversepositions. 5se instan-
taneoustqakures are shownby the solidlinesin fIgmes U(a) to
(d). For comparisonwith the ~t nmdel,Instantaneous-temperature
=erences were calc~ed for the sameconditionsfrom the s lest

?solutionof the small-defh?mationnmdel as givenby e-ion (29 . The
small-deformation-ndelsoltiionis shownby the short-dashIlnesin
figwes n(a) to (d). This comparisonof exactand qgmxlmate nmdels
clear~ showsthat a substantialdegreeof instantaneous,or local,
mixingocmms when ths wake deformaiiionsare large. For ti the trans-
versepositionsshown,the peak t~eratme of the instazrtaneoustinn
profileis tistantidly lowerwhen the wake is deformed. This decrease
inpeaktempertie isdue to the simtcbing cd’thew akeandconcurretrt
bar densityof instantaneoussources,as discussedin the THEOHRTICAL
AKAIZS18. The decreaseis best for the tiansmsrseposition Y = 0,
sincethe sourcedensityis lowestfor the shspeassmd by the wake as
it passestlmough Y = O st an antlnodalstfiion. Thispoint can be
verifiedfrcm inspectionof * sketchesIn the ~cAL ANXLE31S
sectionand of figme 4.

In orderto illustratethe effectof curvature,egpation(28)is
plottedin f-e 11 as a brokenI.lne.~~tion (28)8CCOUIltSfor the
slopeof the wake center,therebybeing a nmre accuraterepresentation
of the small-deformationIwdel. In addition,a preciserepresentation
c& the small-d@ormationndel is shownin figue 11 by the long-dash
Mnes. This solution(eq. (MO)) accountsfullyfor the geometricmwa-
lame of thewake center,as shownlnfigure 4,andis derivedin ~endix
B. The effectof cmvahre on the exactmodel is 131ustrtiedin figwe .
n(c). ~ inspectionof figwe l(b),It is seenthat a f-a point at
Yfy= = o in the antlnodalpkne recetvessignificantcontributions

from alnngermch
Y

of thewake whenthewake isat ‘/%=0 than
Whellthe-isat % = O.lS. Because& this cmwatme effecton
contributionsto Y/y- = 0.8>the exactndel showsa correcttempera-

tmeti /“=0 which ishfghe rthananyofthe solutionsto the small-
deformationmael. Thisbehaviorof the exactnmdel in coIQarisonto
tlmt of the small-deformationnmdel is gpitereasondle in view of the
fact that the small-deformationmdel impltcltlyassmm a flat,uncuved,
centershape.

The peak-instantaneous-tenperatmedifferencecalcrdatedfrom
equation(19)is also shownin figuren(a). The comparisonof egpation
(19)with equation(17)is gpitegood,indicatingthat egpstion(M) may
be usedf= appr~ calculationaP the peak instantaneoustemperature
for the case& largewake deformation.Algebraiccomparisonof eqpa-
tbns (M) and (27)shuwsthatthe peak temperaturest the antinodal
stationsand Y = O is diminishedspprox5matelyby the factor

—
l/@@ +

..—. .- --..-

2v2/U2 when wake def?mwtionbecomes~ec~ble.
.

>

Ei
w!

1
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In srmmm’y,Lm?gewake defcu’mtionssubstantiallylowerthe peak
valuesof the instantaneoustemperate and qpreclably changethe shape
of the temperature-timeprofile.

~ect on time-meantemperature.- The effectof wake stretching
and cavatue on the time-meantemper~aQe is * in figure12, where
theaetlcal temperaturedlffarencesdl! are plottedagainstthe trans-
verseposition Y/ym. The valuasof mean temqeratrmedifferencewere

calculatedfrom equation(30)for each of the four solutionsshownIn
figuresXl.(a)to (d).

As discussedin the precedingsection,equation(MO) is the precise
representationof tenpratwe fluctuationsfor the caseof negligible
wake defaion. The mean teqeratures calculskedfrcm the exactnmdel
(eqs.(17)- (30))are conslderdblylowerthan thosecalculatedfrom
the negligibledeformationnodal (eqs.(B40)and (30)). This comparison
claarlyshowsthe effectof stretchingmd ctime on the time-=an
mixing.

The instantaneous-temperatuevariationscalculatedfrccutha negll- .
gfbledeformationml (eq. (29))are very dM’ferentfrom thosetalc-
kted fromthe exactmdel (eq. (17)),as shownin figureU.. For this
reason,the closeagreementbetweenthe man teqeratme differences
calculatedfrom thesetwo mdels and .* in figure12 is fortuitous.

In fsuumury,largewake defcnnmbionssrbstanti~y lowerthe tllIb=-
nwn t~eratwes tlmu@ut the transverseprofilesin the mixingregion.

mn4tmmoFRmmm AND THEEll?RICl!ICALAPPIZCA!MOH

In orderto facill.ttiethe engineeringqpllcation of the informa-
tionpresentedin this report,the results=e smmuarizedIn this section.
~ td~tion iS tima intof-

r
actical~oblem cases: for sound

fieldswl.tha sinusoidalwave form (1 for smsllwalm deformationand
(2)for lsrge- deformsrtion,and for soundfieldswith a nonslmusoidal
wave form (3)for smallwake deformationand (4)for largewske deforma-
tion. The criteriafor smallwake deformationare low vsluasof the

Stretching paxameter w, which can be evaluatedfrom f-e 3(a),

and high valuesof the cwvawe Pa~ rc,~n /4/”) --

radius of Cm=t- ‘C,tin canbe evaluated%nn-flgwe 3(b) and the

spreadingcoefficientm canbe evaluatedfram egpation(5). IX
‘C,~n/~~’ is ~ter K 50, then the effectof curvatureis
negligible.

. .
..— .—. — .- ——— — .—— —— .-

----- ___ —.. .—
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peak

.

AncrtherCriterion far sma13-wake deformationIs the ~ison of
instantaneoustempera-s at ~ -ant~dal stationsand Y = O u

calculated from egpations(19)and (27). (Moteconditkms ~osed on
eq. (1.9)ti_the~CAL MUUZHIS section.) This comp=ison shows
that if (2vyuq = 0S then the peak tvatures calculatedfrom these
two egpationsare near- egpaland the wake deformationia small.

In the sectionsfollawlng,e~tions and proceduresare listedfor
eachcd?the fow casesdiscussedpreviously.

SoundFieldswith SinusoidalWaveFcu’m

Smallwake aeformdion. - The conditionsnecessaryfor smallwake
deformationme

W“”
rc,lflin >>

‘rV2
T -0

Recommendedegpationsx

(29)

M?()
ZF(X,Y)- ( 1(

~ erf[@(MR)]+erf[@(l-R)]} -
2*G 1 + 4F(1-R2)

.

[

-F(1+R)2

- 1)F (1-R)2
se +MRe

@&-R2) 2 -z- (zoneI)
(B26)

(32) “

●

-.. . ..— — — —-— . .
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Iargewake deformation:

-.

Jo . (17)

hom equdions (17)and (2),plut @(X,Y,%) againat TO Then:

I/f

m(x,Y) = /

J

~ d~

o

Somd Fieldswith IhnsinusoidalWaveForm

Smau wake deformation. - Cond.itiun8 necessary:

W“”
‘C,mln>> ~%ax

3!3-0u

Recommendedprocedme:

mom:

v

o

-v

(30)

.. . . ----- —.-— .- — -—-— . .
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performgraphical

using

.

‘r

equation(12),EM y(x,~):

F&actionof

Y
cycle,J%

o

x

.YI

Fora~icular X and Y,by
shownin figure4 and described

usingegpationei(9)and (2)and method
by eqwrtion@O), find:

al?

I
o $’

By integration,obtain,for a

mI

-Y o Y

a!
I
I

.

-- ——-——. — — -.——. .- --— —— . ..- —-— --- _
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c

Llxrgewake aeformstion.

mom:

VI

pocedwe:

o

-v

performgraphicalitiegrstionto obtain:

d
I

o
Usingegpation(12),plot y(x,~)

Y

“Y

‘c

FractionC&
cycle,f%

o

Use eque%ion(16)

h(X,Y,%)

with y for valuesof Ut from~cedlng

J& 1 -*[(?E-X)’+ (Y-Y)”]

‘4X ~e at

o

.

sketches:

(16)

---- . ..._ ___ _ _ ——. ——— —- —-—.
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Far a psrtic~ X and Y, from equdions (16)and (2),PM:

For a particular X, by 8r@lcel ide~tlom, find:

,,

u

-I u

ccmImIms

from an investigationof the aerodynamic
wave downstreamfkom a centinuousllne source
elusionsare drawn:

mixingby a standingsound
of heat,the followlngcon-

1. The velocity fluctuationsin a periodicsoundfield contrilnzte
to aer~ mixingby periodic- displacingthe dtt’fusionwake in a
mannersimilartothedisplacemmts ofaflag wavingin aharmonic rode.
I@ortsnt characterizingpar-ers of the - dlsplacemnt In a
sinusoidal-wave-formsoundfieldare:

a. Hodalpoitisof the wake di~lac-nt exLstat the
stations/x/u = 1, 2, . . s

b. The maxhmlmwake di@aCti OCC~S St the ~tiUOdd-

stfiionsand is equalto (w X rms tranmerse velocityfluctuation)
U* by (x x sound-wavefrequency).

.-,

2. When thestretchingof the~lm +issmallandlts
radiusd curvatureis much gre- than its thickness,then the wake
deformationis small,and the soundfieldhas tha followlngmixing

*i
effects:

-— —.. - .--— — ------ —------ - —. .- -----
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a. In the the-man sense,concentxationeare greelily
reduced,exceptat the nodalstations. For exmqple,nem
the Ilne somce the tbs-mean temper-e differenceis reduced
by more than an orderof megnitudein the presenceof a 147-
decibel,1.04-cycti-per-secondsoundfield.

b. In the instantaneous,or local,sensethe soundfield
doesnot contributeto mtzlng.

3. When the soundfieldcauses~ecidble deformationof the dif-
fusionwakeby stretchingendbending,then the scnmdfieldcontrllnrtes
to mlxlngin both the t--mean and instantaneoussenses. For exaq@e,
the peak tnstamtaneoustemperaturedifferencein a Ml-decibel,520-c@e-
per-secondsoundfieldwas 61 percentof the peak instantanaous-
temperatie &lfPerencetn a 147-decibel,104-c@e-per-secondsound
fleldjsad the Man temperatureWaS aS h? aS 66 percentof that in the
147-decibelfield..

bWiS FMght J?m&mLsionIAbortiary
NationalAdvisoryCcmmdtteef= Aeronautics

CMnXland, @liO,MEV 9, 1.956

.

. ..— .. -—-- ———— -.—— ---—-
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J

E

d?

e

erf(x)

F

term In IKngsseq.

constantin ~ngts eq.

term in IKngxseq.

constazrtin Hng*s eq.

capacitance

Concentrathnof mass

specif’lcheat at constamtpressure

.

,.
coefficientof moleculardlf’fusionof mass

Imt-wirediameter

transversedispl.ac~t of fltiallne elements

soundpressurelevelin decibels= 20 loglo

lj?/(o.0002@nes/sq cm]

direct-currentvultage

ccn@*e ellipticintegralof secundkl.nd

alternating—currmtvoltage

czrorfunction= (2/@ fox e-h2dX

factorequalto [~@*)]/(@%o)

f constant

f --w

G electronicgain

.

-. -----
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. 6

H/l

h

I

k

z

M

m

P

pi

P

@

.

R

rc

8

T

m

z

t,

u

u

v

Constaut

strengthof Instamknems heat llne sourceper unit length

volumespeclflcenthaQy (enthelpyper umlt volume)

directcurrent

thermalconductivity

Len@

the constant

constantIn

flxeapoint

posltlonof
wake

_sslon fom filmtemperature

in _ region

instantaneousline sourcesin molecular-dlffualon

soundpressureflue-lmztion

rate of heat releasefrom line sourcepa unit length

f-ore-to mA’)’@lzJ+@]
radiusof curvatureof deformedmolecular-dlffuslon-wdcecenter

**a Internoaal len@h of molecular-Mf’fusion-wakecent=

temperature,%

temperaturedifference,T - Tm, % \

the-man t~ture difference

residencetime

streamVeloclty

SxLalvelocityfluctustion

transversevelocityfluctuation,(i.e., particlevelocltyin
sound.wave)

.

------ . . ..- __ —— ---—— —— —. . .-



32 EACA!l?HS760

X,Y

X,y,z

Y

Y-

P

a

tD

position of prche, or mawm

C-esIan coordtnstesfixedIn space

positionof nnlecular—diffusiotl-uldwcenterwith respectto
flow axisplane

nmimum posltlonof nmlecular-dlffbsi-

r

Centerwith

respectto flow axisplane= @ )/(4

Coefflcitiof thermsl~l~ti~ %cp

Variliblesof Integration

G3uullaflmctlon

tempmMwm fluctuation
.

CartesIancoordimtes mnlng with the stream

arla?lgle

aensl*

thermalcoefficientof resis-kme

time associate with the standl@ soundwave

_ Of X-m -~ to stream~ection

elec&lc resistance

molecular

Udecd&r

Subscripts:

A SU@ifter

Sm Snibient

SpreaalngCoefflciemt

~w coefficlemtevalnertedat X/i

,.

l!
N

.

w

.—. - -— ---- —---— ------ -.-—- -..-.——- .
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h

i!j

10
t).

1

L

min

o

w

o

1

summation conmdion

electrlccdbles

IUI*

output

referringto hot wire
.

reference

m Pmi- valuefor the VW5able

superscript :

.. ..- __ —.— — —- -. —. ..— —
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IR THEmEmcAL ANALZBIS

Am roximakeAnalyticSolutionof Exact

Instantaneous--- Model

E-ion (17) canbe solvedaneJ@lcallyfor the specialconditions:

d=t -++0.02 d; (m)

f;= 4.5, 5.5, 6.5. . . (B2)

y=() (B3) m

J%= 0.25,0.75,1.25 . . . (M’)

(B5)

Letting B ==qft - atf~ @ using equation(1.3)for y In e~lon (16),

result in

~ should be notedherethatthe applicationof condition(Bl)limitsthe
rangeof Integrationto the majorvaluesof the Integrend.With condi-
tions (Bl),(B@, and (B4),an appmximate form is

.—. ---- ------ ------- -
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Ry trlgnometricia.mtity and Conddtlona -@2) and (M),
.

Et the angle P is 13ndtedto the conditions

IlqUI.25

then the sineof 2P canhe replacedby 2P:

I

$-—

(L eti&l
h - ~2f%

-d g

The inmositionof mndltion (B9)Is #uti”tPied

(El)

by Conaltion(I@, Which
drives-the integrand to amaliv&ues-at the 13mitsof mndltion {B91.
~ - of atible, eqklon (BIO)IUIWbe written

. .

(ml)

conditions(B2)and (BS), and by algebraicreduction,

h.~ 1

r

(forco~ti~ (n) t- (~)) (m2)
u@z& —

l+=

.-

.

,
-. ..—.- .._ .-c -

——
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ad.jac%
equation

IUCA TN 3760

Calculationof Stretchl.ngof Molecula2--MffusionWake N

6tretched length S of the moleculer-diffualonwakebetween
* poizrtsin the mlxlngregioncanbe calculatedfrmu the

(B@

The derivative @y/dx canbe determinedfrom eqpation(12)In the TEEO-
REI?ICALAEAIZBISsection,so tkt the stretchedlengthis

(B14)

()Since sin% = COS2e - ;anacos’e=l - sin%, equstlon@14) may be

written

~thechange ofinaepamt varidble Q =

the periodicitvof the Integrand,egystion

-1 (B15)

‘fiA+’d: .-;,ana by noting

(B15)becmues

‘i

The integralis the coqlete elU~ic integralof the secondHtij

,1/2 .
\

.- —..—.-— -.. .. . ..— _____ ._-. - .-— . . .
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the stretched

E&an eqyation(B16)a

s

lengthbetweenadjacentnodal~ints iS

# 1/2

(1
s.= l+—

%/ 8U2

stretching psmawhr may be urltten

+=4’+31’2’-
Calculationof Radiusof Cumatum of

Molecular-DiffusionWake

The formulafor radiusof curvatureis

1

Deformed
.

(B16)

(m)

(B20)

Talking the ftistand secondderivatlvw of @ion (n) snd mibstitutlng
into eqwtlon (B20)resultin

(B21)

where the verticalbsrs indicateAbsolutevalues. The minimumradiusof

curvature rc,tin occurswhen 2xA + 2q/ ~ = YC)2X} 3KJ . . . , d its

&* is

(B22)

... -.. _ .----- —
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,.

Mean-TemperatureIhkgral

WekeDefOrnv3tion

Asshoun in*_ THEORECICMAIUIIZSISsection,en ~ession for the
meen tqperdum Al et my point In the mixingregionis the integral
eqlldionformedfrom“equations(29)end (30):

Jo (Bz5)

where .

Although an analyticsolutioncouldnot be foundfor equation(B23), sp-
= Solu.- ~ f- f= - two regions- In the folhwing

:

u

The renditionsfor ~ e solutionsin thesetwo zonesare:

-, y<+s~.(~$o<#<.:#<2Q:..
zone= .=@$L.(?@ 0<+1< +2...
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Approximate solutionfor zoneI.
(B23)~ be transformedto

- By a clumgeof ~~le, equation

(B24J

Since the itiegrd Units represezrtone cycle,eqndion (B24)mqy be
Wrlttexlas

m~ - h VarWkJe, egyatlon(B25)becanes

(B25)

where 8 = sin %. With a third_ in varl?ible,equation(B26) becomes

rl-R

‘o“b
e-n2

ma~ dv
(1 - R2) - (V2 + 2RV)

-l-R

(B27j

where vn&-
● ~w the itiegranadenmlnator in a binomial

seriesin (1 - :2) and (v2+ 2RV),evaluatingd the integralIlmlts,
ad neglectinghigherorderterm give

[

F(1+R)2

1)
+1+R e- F(l-R)2

&li Re- — 2 (B28)

---- . - -----—— -- ——.— —. — ..-— —
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Hotlngthd @o = A eqyation(B28) w be further reducedto
-u z

[ 1)F(1+R)2+ e- F(l-’)2
fl&-’) ~e-

fi

(B29)
N

&padmate 6olution for zone II. - When Y = - (*)sin(d~,

R E -1, so that equstion(B27) becomes

~W - integr- denomi* In a binmnlal
hl@lerorderterllls,

By a changeIn varl~le, egpdion (B?@ becomes
.

*.

(B30) -

series and neglecting

(B31)

As ahoun in reference8} when @ F’1/4> 1} eqpation (B32) is approximated
by

ZiF.** r(l.25)
.

(Bs3)
.,

.

— . ..-. ——— ..- —.-—. — -. -.-—- ----- .. —-.
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Solutionfor

43.

Instdmtaneous Teqerature for SmallWake

DefomatlonAllowlngfor Wake Curvdmre

The THEORETICAL AMALYSIS sectionpresentstwo ~ e solutions
for smalldeformationsof the molecnlsr-diffusionwake. Hgure 4 shows .
the geometricassumptionsused In derivingtheseeg@ions. In eqpation
(26),the slopeof the wdke centerplanewas assumedconstantoverthe
smallrangeof q which is of Interest. Derivationof egyation(27)as-
EhmedHer that the slopewas essetrtlaldyzero,therebymakingIt
possibleto neglectthe contributionof the axialMsplacemzrtto q.

The folMwing derlmztlonconsidersthe curv* of the wake center
plane. The positionof the wake at any particularfractionof a cycle
Al is givenby ,

~=*sin(*)f3,n(2~fi.+*) (B34)

There Is a point (xl) Y1) satisfyingegpdion (B34]which is a minimal

tistance q fromthe probe at (X,Y). Thisminimaldistancecondition
requiresthat q be measnrednormalto the centerplane curve,as shown
in figure4. Therefore, the equationfor the slqpeand.end pointsof the
Mne segment v mustbe givenby

where

Coniblnstionof (B3S)and (B36)gives

(x - xl)
Y1 —-y=*”G”-

(E55)

. (B36)

(B37)

XUStim (B34) and (B37) defineall that is neededto calculatethe
mlnlmaldistance q for any time %l. Directsubstitutionof q -into
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ecjyxtlons (9) and (2) givesthe Instantaneoustemperatureet any position
Withinthe Ilmd71gregion. The actualprocedureused to obtainfigure11 -
is out~~a in the followingpuagr~.

The solutlonof equation9(B34)and
.

(En) 13i.nulltaneouslyfor xl Is

m usigned values of xl near the probe-positionplane X, equation

@36) canbe solvedfor J%l by successivetrials. The corresponding

valueof yl is obtainedfrom equation(B3&),and the calculetdonof q

at this p~lcular /%1 canbe made

~ = [(x- X1)2

The mitmcrlpt 1 indicatesthat the
h~.

using the followingequation:

(Es)

distance corresponds to a particular .

The Inatantaneow temperature~ at this f&actionof a cycle~

be madeby ualngthe followingdqplificatlonof eqpations(9)and (2):

ATl =dI!oe-(ql)2/a a (MO)

where &C. = (q/%)/(* pc@, and ql Is givenby equation(B39).

Eqpation(MO) is restrictedby the two conditionsdiscussedin “Approx-
imatemodelfor smalldeformationof diffusionwake.:’If themeconditions
are sat18fted this analysisis a better~ ion of the exactsolu-
tion (eq. (17~) than eitherequxticma(26)or (29). However,it is ob-
tioualya far more tediousprocedure.

.—-. -.. . ---
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stream Veloclty

The stream velocitywas measuredby the vortex-sheddingtechnique
describedin reference9. The tiequencyof vurtexsheM3ng from a 0.250-
inch-diametercyllnderwas determinedby foming a Lissa@zxs figure
from a hot-tie anemmeter signal. m Stresnlvelocitywas then calcu-
latedfimm the frequencyof sbdding by meansOfthestrouhd nuliber.

StresmStaticTemperatureand ~essure

The streamtemperaturewas measuredwith a
the calming-chauiberinlet. The streampressure
rometerand differentialwatermanometer.

mercurythermmter
wasmeasuredwltha

at
ba-

Wansverse VelocityFluctuation

The transversevelocltyfluctuation v was measuredwith an X-vire
anemmeter. Sincethe velocityantinodeand pressure-nodeplanesof the
standingsoundwave p~sed throughthe llne sourceand stresmcenterline,
the velocityfluctuationswere d a mmdmum and the pressurefluctuations
were negligiblein the mlxlngregion. Sinceboth turbulentveloci@
fluctuationsand ~essure fluctuationswere negllglble,the X-wireane-
mometercouldbe used to measurethe transversevelocityfluctuation.

The operstdonand designof the X-wireanenmwter egylpmenthas been
describedin referenteslandlO, rsndwillbe only outllnedhere. The
X-wireprobeand circuitdiagramwere Identicalto thosedescribedin
referenceI.O.!I!hesetmltivltyof the X-tie is givenby the equdiion

v=&e (cl)

where e is the alternating-mltage differencebetweenthe two hot wires,
G is the amplifiergain,and LXE/@ Is the slqpeof the X-wirecalibra-
tion curve. A tg@cal plot of the ddrect-current-voltageMfference be-
tweenthe hot ties E and the relatlveanglebetweenthe X-- and
the streamdirection ~ is * in reference1.

The root-mean-squarevalueof the trsmsversevelocityfluctuation

G
—

was measuredwith a tzme root-mean-sgyarev@tmeter. The sound-
wave velocity v(%)was slsorecordedin the form of oscilllograms.

. ..- ______ ———. —. .. --—-—
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APEKKDIX D
.
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A standardsingle-wireammometer probewas used as the sensitive
elementof the resistance—thermometer equipmentand is shownin figure
13(a). The resistancethemometer circuitdesignwas based on unpublished
instrumentresearchby Mr.E.Carlsonof the Leulslziboretory.The circuit
diagramfor the resletancethermaeter is shownIn figure13(b). With
the “run-calibratesultch”In the caldbreteposition,a step-function
cum% couldbe iqpressedon the resistancetkrmmeter. A typicaltime
responseof the resistanceelementto this step-currentis shownin fig-
ure 14(a). Sincethe resistanceelti was knownto have an exponetiial
responsecurve,its the constantcouldbe meamred alrectlyfrom oscil-
logrameas shownin figure14@).

With the “run-callbrateswitch”in the run position,the circuitin
fIgure13(b)couldbe used as a compensatedresistancethemmneter. The

t to t~ature fluctuationsis givenbySensitivityof the instrumen
.

the ~ession

‘=-
.

(Dl)

.

where 8 is the Imqperaturefluctudion, T= Is the auibient air tem-

perature,9m is the vim resistanceat the teqerature T-, ~ is

the probeleadresistance,G is the gal.nof the amplifier,~ is the

tie current, a is the thermalcoefficientof resistanceof the wire
material,e is the au@lfler outputvoltage,and 31.62 (3C is the gsAn

of the resistancetbrmmeter circuitwhere Gc is givenby the

~ession

(D2)

In the presentqperimmt, the circuitc~ s were adJueteaso that
the term (2q/?2cC)2 was smell coqsred to the firstterm in the denomi-

nator. The gain Gc couldthenbe qgprodmted by the expression

----- ---— --—— -- —---- —- —---- ..—. —— .-
.
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.

.

Gc a (D3)

In operation,the time constant M was determinedfrcauau oElcillo-
gram of the time responseof the resistanceelementto the stepcurrent.
The resistcmces~ and ~ were then adjustedso that

&C=M (lMl)

2= 14 (D5)

With the condition(II5),the over-allcircuitfreqpencyresponsewas
flatwithin3 percentfrom 20 to 5C%lcyclesper second. With the cor-
rect ccnqpensatlon,the circuitwas thenused to obtainoscillogremsof
the instantaneous-t~ fluctuetiozlet a nmiberof pointsin the
mixingregion.

..-—-. .— _— —-- ———-— —. _.. —
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As pointedout in referente 11, the hot-wlm anemometertheoreti-
callycan be used to measuretenqpraturefluctuationssimult~ousl.y
with VelOCi@ fluctuations.~ the ~seut ~eriment , the axialveloc-
ity flutiions wn’e negligible,so tlwt a singlehot wire placednormsl
to the flow directionshcnildbe sensitiveonlyto t~eratura flllclzlations.
However,for clarityand futurereference,the hot-wireseneitivltyegpa-
tion ts derivedhereinfor both temperatureend velocityfluctuations.
The aerlvathl i8

In reference

where I end Q

made for conetant-tqpemtureOpertilonof the hot ~.

Derivationof SensitivityEgpation

IL,

exe

IUngtB equetionis written:

12Q= (A+ B@)(Q-Qm)

the hot-wirecurrentand operatingresistance,

(El)

respectively.The factors A and B and the mld+lre resistance-Qm

are functionsof tempez%3tureas folhws:

‘=%’ (E2)

(E3)

(E4)

where a and b are mnstants, 1 ls the wire length,~ is the wire
dieaueter,u is the thermalcodficient of resistanceof the wire mate-
rial,~ Is the wire resistanceti the referencetemperatureTo, Q-

is the -e resistanceet the mibienttrature !l!m,k is the fluid

thermalConductlvib,~ Is the fluidlsob~c speclflcheat,and p is

the fluiddeneity. .

In the Inmperdxre range from 500° to 1000°R, the thermalconduc-
tivity of air Is closely

. . ---- . . .
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where ~ Is a constant,and the exponent 0.651 was evahaked from the
data of reference12. Sincethe speclflcheti ~ haE negligible_

In the temperaturerange500°to l~” R, eqpatlons(E2)and (E3)canbe
UrlttenaO

- m(T - T=~-0”07*

temperature~te

(E6)

(,7)

.150the heat

transferfromthe hot wire at temperatureT to the fluid streamat
temperatureT= and m ti am ~ constant●

With A, B, _ gm @- in t- of the tva~e T~J ‘w-

tlon (El)canbe differentiatedto obtainthe codbinedtqature and
velocltysensitivityof a constant-temperaturehot-wireanemom4er (Q,
and therefore T, held constti):

(E8)
.

By noting tkt the voltagefluctuation acrossthe hotwire is e = S2dI
and aeflnitlgthe temperature and velocityfhlctuations- 8 = mm and

u= dU, respectively,egyation(E8)becomes

[

21e= (A+ B@)&( Q-Q=)+

(Q -

The various partialaerlvativea axe

(8-s&J =-oQ()=-1+=

.

(Elo)

.—_____ —. . —.-. .-—
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aA ()~ = & (0.851m)[l!- m(T - Tm)l+”14g =
0.851ti-

[T - IQ(T- Tin)]
(m)

aB o.074sm-
~=-~T-m(T-T=)~

(E12)

~ as_gmingnegligiblenshzrsl-conwmtlon
and B canbe writtenas

.

(El@

(E14)

where ~ is the wire current at the stream temperature ad pressure,

but with z- velocity.

.

Substitutionof egpdions (EIO)through@14) into equation(E9)re-
sultsin the desiredsensitivityeqpatlon

(EM)

Hot-wire-AnmometerClrcultry and Operstlon

The hot-wire—memometer probeused for the t~ fI.uctuation
meamremmts is shownin figure15(a),snd the circuitdlagrm was the
sameas thatused in reference10. Sincethe velocityfluctuationsin
tha axialdirectionhad negllgtbleeffecton a singlehot wire positioned ‘
normalto the streeuud3rection,eg@ion (El@ couldbe modlfledto re-
latethe oscilloscopedisplsyvoltageto the stremuteqper* fluctua-
tionsas folluws:

.
.

. -. . . ---- ---- .
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v .

2Tmeo
. a=

(dQ* LIT=
IQ(2G) - - ~l+u(Tm-TO )]+ *-

~.925@.)2-o.074s4

where 2G 2s the * of the bridge-amplifier

the voltage disp- on the oscilloscope.

(EM)

Conibination,ma. So is

Eot-wire-AnemometerMeasurements

Ths sinusoidalwave to be seend the base of the hot—wire-anemmker
oscillogramsin figure7(a) is due to the influenceof the transverseve-
locltyfluctwtion v on the hot-- heat loss. As * dbove,the
sensitivityof the hot-wirearmnmbr to temperaturefluctuationsdepends
onthefilmt~ture Tf=~ - m(~ - T=). When the constant m is

set equalto 1.0 (sothat Tf = Ta), andwhen the osdUogrms are cor-

rectedfor the effectof v, then the peak te@erature difference&l?.
.

measuredby hot-wire~ Shuwsgood agreementwith thq peak *tempe-
rature&!. predictedby ~tion (7). The equivalenceof Tf and Tm

is in agreementwith previousresultsreportedin reference1.3,wherethe
tezm A (eq. (E2)) was foundto be a functionof the enibiartflnid
temperature.

In ~~ ~ hot---au~er MS~
of the resistance

s m(bstantiatethose
themmmter whenthe filmteqperaturewastakenegpal

to the auibienttelqperature.Furtherresearchis necessarybeforethe
equivalenceof film and auibientteqerature is fullyest~lished.

. . ------ .— -- .-—. —- — -———



50 HACA TH 3760

.

MEANaEwmRmm MEmmMmTs

The mean-temperature measurements were uude with m Iron-constantan

tharmopileprobe * In figure15(a). The therm-ions were care-
- ~~d to f~ ~ a ~- ~-el- to the line sourceof heat. The
circuitdiagramis shownin figure15(b). The time constantof the ther-
mocoupleswas high enoughto ensuretrue averagingof temperaturefluc-
tuations,so that the emf readwith the potentiometerwas in direct
~ia to the mean teqpersturedifference~.
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