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RELATING THE COMPRESSIVil BUCKLING STRESS OF LONGITUDINALLY

SUPPORTED PLATES TO THE EFFECTIVE DEFLECTIONAL AND

ROTATIONAL STIFFNESS OF THE SUPPORTS 1

By RomIzA. ANDBRSONand JOSEPHW. SEWONIAN.

SUMMARY

A stabilityanalysis h made of a long jht rectangular plate

swbjected to a uniform Longitudind compressive LdTM8and
supported along its longitudinal edges and along one or more
longitudi?udlines by elusti.cline support8. The .$hz8t?ksupporte
possem deflection.dand rotational stij%xs. Such a cm@wa-

tion I%an idealization of the compreAon covo 81cinand internul
strudure of wing and tail surfacw. The rew.u%of the analyti
are presented in the form of chartsin which the bwckling-8tre$8
coe-@ient is plotted agaimt the buckle length of the plate for
a wide range of support 8t@wsse3. Tit-echartamake po88ib/.e
the determination of the conqwwive buckling strtxs of platw
supported by member8 whose sti$ms may or may not be
dqined by elementary beam bending and tun%tingtheory M
vet whose e$edive restraint ia amenuble -to emduution. The
dejledionul and rohz-tiorudsti~nem provided by lm@.tudinal
8tiffeners and full-depth webs ti dimu-ssed and mum-cd
eznmplm are gI”vento i?h.arate the applicutim of the chart8
to the design of wing structure-s.

INTRODUCI’ION

In current thin-wing construction, ‘thick cover skins are
oftm supported or stiffened by thinD or gage internal membem
whose stiifness determines the stability and strength of the
cover skins. A careful evaluation of this stiflaess is required
for members such as longitudinal stringers and full-depth
webs whose behavior may be substantially influenced by
local bending of riveted attachment flanges and by shearing
deflections. When such distortions are present, cover-skin
buckling stresses are usually overestimated by the gsual
stability criteria which are based upon idealizations of the
supporting members as beans (or plates) integrally joined
to the cover skin and possessingstifhxsea EI and (3Jdefied
by elementary bending and twisting theory. This is borne
out by a number of tests-for example, refereneas 1 to 3—
in which large reductions in buckling stress (and failing
stress) from theoretical values based on integrsl support
theories are reported. The desirability of relating pl~te
stability to a stiihss parameter which defines the actual
or effec~ive stifhms provided by supporting members is
therefore evident.

Reference 4 dcmxibes a mode of instabili~ of cover skius,
denoted as wridding, the occurrence of which in skin
stringer panels is attributed to flexibility of the attachment
flange9 of the stringers. h reference 5, this same mode is
described and is called forced crippling. An approximate
stability analysis which takes into account flange flexibility
is given for plates supported by longitudinal stringers or
by fulldepth webs as in a mukiweb wing.

The purpose of this report is to present stability criteria
which apply to the wrinkhg as well as to the more usual
local instability modes for a number of supported plate
configurations frequently occurring in aircrafbwing con-
struction. In the design charts presented, the elastic-
buckling-stress coefficimt is given as a function of the buckle
length of the cover skin for the practical range of effective
reflectional or torsional stiilnesses of supporting members.
A section of the report is devoted to a discussion of procedures
for evaluating the effective reflectional and ixmional stithas
provided by longitudhl stringerE and fulldepth webs.
Numerkal examples are then given which illustrate this
evaluation for practical design cases. The derivations of
the stability criteria are included in the appendixes.

SYMBOLS

b width of plate between intermediate supports
length of buckles

;= A/b
t thiclmws of plate
X,y coordinate axes in length and width direc-

tions, respectively
w deflection normal to plane of plate
P’ number of bays in width of plate
!2 number of buckles occurring across width of

plate
n integer
as Fourier coe.flicients
N compressive load per unit width acting in

x-direction (length direction) required to
cause buckling

k nondimensional buckling-load coeflkient,
Nb’/dD

u compressive stress
Um critical compressive stress
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Young’s modulus of ehisticity
Poisson’s ratio
plate flesural stifkess per unit width,

m
12 (1–/.?)

reflectional stiffnessper unit length of support,
lb/in’

rotational stifhess of intermedia~e support
(moment per unit length required to pro-
duce a rotation of 1 radian)

rotational stiffness of edge support (moment
per unit length required to produce a
rotation of 1 radian)

nondimensional reflectional restraint param-
etex

nondimensional rotational restraint param-
eters

nondimensional rotational restraint parameter
from reference 6

plate edge rotational stiilnesses defined in
reference 7

plate carryover factor defined in reference 7
energies of deformation
work of applied stress
total potential energy of system
energy”parameter
Lagrangian muMipliera
coefficients defining amplitude of support

deflection
cross-sectional area of stiflener
moment of inertia of stiffener cross section

about its own center of gravi~
modal coefficient affecting reflectional stiiT-

ne9s of longitudinal stiflener
nondimensional bending stiffness parwneter

for stiffener-aof sturdy cross section
ratio of average stress in stifTenerto average

stress in plate
Ner column load
torsion constant
shear modulus of elasticity
tomion coefficient which takes into account

bending stiflness
polar moment of inertia
amplitude of sinusoidally distributed lataral

load
lateral deflection of longitudinally compressed

stiflener subjected to sinusoidal lateral load
depth of web
thickness of web
plate flexural stiffness per unit width of web,

kw
z

P
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buckling-stress coefficient of web
distance between center of gravity of stifhxmr

and middle plane of plate
radius of gyration of stiffener about its

centroid

SCOPE OF ANALYSIS.
b&e 1 are shown portions of several wing cross sections

in which the material carrying bending stress is mainly con-
centrated in the thick plates forming the wing contour.
Running spanwise are a number of lighter structural mem-
bers in the form of longitudinal stiffener and full-depth
webs. In addition to carrying longitudinal stresses these
membars retist cover-plate deflection and rotation at their
respective locatioti by virtue of their stifhss. If the stiff-
ness characteristics of these members can be defined, the
buckling stress for the construction can be calculated.

In this analysis the assumption is made that longitudinal
stifFenemand fulldepth webs will provide a restraint to the
attaohed cover plate which is proportional to the distortions
of these support mambem. This condition is met if sinus-
oidally distributed normal loads or torsional moments 011
the supports are assumed to cause sinusoidally distributed
distortions which are in phase with the loading. Thus sup-
port stiihss, which is the ratio of load intensity to distortion
at any point, is a constant along’ the length of the support.
With this support characteristic, the attached plate will
buckle with deflections and rotations that are distributed
sinusoidally in the length direction.

A cross section of the cover-plate buckling modes consid-
ered most likely to occur are sketched at the right of each
wing cross section in figure 1 and are denotad owes 1 to 6.
Cases 1, 2, and 3 primarily involve the reflectional stiffness
characteristics of the support members, and cases 4, 6, and 6
involve the torsional stiffness characteristics of the supports.
For a given wing cross section, both modes of buckling
should be investigated to detcmnine which mode leads to the
lower buckling StirMS.

Cases 1 and 4 represent the buckling modes of CLcover
plate supported by substantial shear webs with an inter-
mediate spanwise member (shown as a longitudinal stiffener)
centrally located between the webs. The shear webs are
assumed to prevent deflection but may offer a torsional
rem%aintto the cover plate. In case 1 the stability of the
compressed plate was investigated for a range of reflectional
stiffmxses of the intermediate support and in caae 4 the
torsional stiilmxs of the supports was considered. Because
the two lowest buckling modes me either symmetrjoal or
adsymmetriod with respect to the spanwise center line of
the plate, it is not necessary to consider both the reflectional
and rotational stifhmsseaof the support simultaneously.

Cases 2 and 5 represent the most likely buckling modes
for a cover plate with two equally spaoed spanwise stiffening
members of equal stiffness between shear webs. In ease 2
the effect of support deilectional stiffness was investigated
by assuming the torsional stiffness of the intermediate sup-
ports to be zero. The torsional stiil.nessof the intermediate
supports was considered in ease 5 with the assumption that
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FIGUsm l.—’lldoskinin box-beam cross sections and the buckliag modes considered for each.

the supports are capable of preventing plate deflection at
their locations.

Cases 3 and 6 represent the most likely buckling modes
for a plate stabilized by many sprmwiselines of support of
identical stiilncss. These supports maybe full-depth webs,
as indicmkd in figure 1, or longitudinal stiffeners. In case 3,
the reflectional stiflness of the supports was considered by
rmnuning the support torsional stiilneas to be zero. Tor-
sional stiffness of the supports was considered in case 6 in
which the deflections along the supports are assumed to be
zero.

The loading and support conditions for the six cases con-
sidered are shown schematically in figure 2. The com-
pression cover plate is represented by a uniformly compressed
long flot plate which is simply supported at the loaded edges.
The reflectional stiffness of the supports is represented by
an elastic spring whose stiffness per unit length is denoted
by +. The stiffness. # may include the flexibility of the
tension cover of a multipost stiflened wing (ref. 8) in which
tension cover flexibility would have an effect on the stabili@
of the compression cover. The parameter # as defined in
this report is a generalization of the foundation modulus
concept as used by Timoshenko for beams on an elastic
foundation (ref. 9). The support torsional stiiluess param-
eters are denoted by-Y and a. The parameter -Yis associated
with the torsional stiffness of the nondeflecting shear webs
and a is associated with the torsional stiflness of the inter-
mediate supports. These two parameters are equivalent to
the torsional stiffness parameter 45’0 deiined by Imndquist
and Stowell in reference 6.

For each of the first three cases a stability criterion in
closed form is derived by the Lagra@an multiplier method
(ref. 10). For the last three cases a stability criterion is

obtained by using the principles of moment distribution
explained in reference 7. With these stability criteria,
numerical calculations have been made and are presented
in design-chart form.

PRESENTATIONOF STARILITYCRITERIA

Cases 1, 2, and 3,—The stability criteria foz casea 1, 2,
nd 3 which fivolve the reflectional stiffness of the inter-
mediate supports are presented in appendix A as equations
(A19), (A24), and (A28). In these equations, the effective
reflectional stiffness # of the supports is contained in the
nondimensional parameter @3/r411, and the effective tor-
sional stifFnessY provided along the shear webs is contained

‘in the nondimensional parameter yb/#D. Values of the
parameter +b3/~4Dmay be determined from these equatiom
as a function of the compressive-buck%g-stress co~cient
~=Nb2~ and the ratio of buckle length to bay width X/bfor

assigned values of the torsional restraint parameter Yb/#D.
Two sets of numerical calculations have been made by

assigg the values O tmd m to Yb/#D; these values corre-
spond to simple support and complete fixity, respectively,
along the shear webs. These numerical results are presented
in tables I, H, and III. Cross plots of the values in the
tables have been made to form design charts (@s. 3 to 7).
From these chati, the combinations of #bs/~4D,k, and X/bat
which buckling is initiated, may be read. The cutoffs in
figures 5 and 7 deiine the values of #b3/z4Dat which general
instability involving deflection of the cover and the supports
changes to local buckling of the cover (no support deflection)
in accordwxe with the assumption made that the supports
powsw zero torsional stifTn09s.
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In order to use the charts for platea on particular types of.
supports, the parameter #V/r411 for the support must be
evaluated. For the usual type of support, such as a longi-
tudinal st~ener, or a full-depth web, +lF/T4Dwill be a
function of the stresses in the support and the wave laugth
of buckling, as well as the physical characteristics of the
support. A discussion of the evaluation of @8/r4D.for longi-
tudinal stiffeners and webs is given in the section entitled
“Effective Stiilness of Supports,” and numerical examples
illustrating the procedure are given in a subsequent section
entitled ‘Illustrative Examples.”

Cases 4, 5, and 6,—For cases 4, 5, and 6, the cover is
restrained by equally spaced nondeflectiug supports of equal
rotation stifhess a while the plate side edges are restrained
by nondeflecting supports of equal rotatiomd stiflness y.
The stability criteria for these cases are given in appendix B
as equations (332), @36), and @lO).
stilbas parameter ab/+D required

Values of the rotational
to develop a given com-

iVb2
pressive-buckling-stress coe5cient k=7D in the covor at a

given ratio of buckle length to bay width A/bmay be cldm-
mined from these equations for assign~dvalues of the edgc-
restraint parameter yb/$D. As was done for the deflectiomd
stiflness caaes, numerical results are presented for yb/#D
equal to Ormd ~. The numerictd results were obtained by
using the stiffness tables of reference 11 and have boon
plotted to form design charts (figs. 8 to 12).

For a given design problem in which the supports havo both
reflectional and rotational stiffness, the buckling-stress codli-
cient obtained by considering the mode of buckling which
involves the rotational stiflness of the supports must be
compared with the coefficient obtained by considering tho
mode involving primarily the reflectional stiffness of the
supports. The lower of these two values defines the buckling
str- for the configuration. The evaluation of the torsional
stiifness of longitudinal stiffeners and full-depth webs is
discussed in the next section.
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TABLE III
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Fmmm 8.-Stability curves for case 4 with simply supported side
H@9.

k=

L/b

FmmIH 9.-StabiHty curve-afor me 4 with olamped side edges.

EFFECI’IVE STIFFNESS OF SUPPORTS ,

General de&u charta have been presented, which, with
one reservation, are independent of the medium providing
restraint to the compression plate. The reservation is that
the supporting medium must be of such a type th~t siuusoi-
dally distributed normal loads and torsional moments causo
sinusoidally distributed distortions which are in phase with
the loading. Such behavior is characteristic of boom stifF-
ness, aa provided by longitudinal stiffeners of sturdy cross
section. The buckling distortions of the webs of a multiweb
beam also appear to be distributed sinusoidrdly along tho
length of the berm, and the reactions of the attachment
flange on the compr~ion cover of the beam are assumoclto
be proportional to the distortions.

The inclusion of the effects of cross-sectional distortion
and shear distortion in the evaluation of the stiffnesspmam-
eters @3/T4Dand ab/#D for these. two types of supports is
discussed below.
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FIGUIWI10.-Stabilfty ourves for ruwe 5 with simply supported side
edges

Stiffness of longitudinal stiffeners.-The most common
“typo of supporting medium for plates is the longitudinal
stifhmer which participates in camyiug the compressive load.
If the distortion characteristics of such a sttiener are defined
by elementary beam bending theory, the deflection under a
lateral load of amplitude g distributed sinusoidally over a
length x is

ghk ~. m

6(z)=
T4EI,fr T

uAS
1– -—

T2E161r
k=

where u-A,is the end load carried by the stillener, and lcff is
the moment of inertia of the stiffener cross section about an
axis lying in a plane parallel to the attached plate. The
stiffness of the stiilener, defined as the ratio of lateral load to

~=ML
u 2D

6

5

4

3

2

I

o
4 .5 57.S9U3L2 1.4 L6LE 120

M

Fn_wmEIl.-Stability ourves for case 5 with olamped aide edges.

deflection, then is

II the average stress u in tie stiilener is proportional
compressive buckling stress acting in the attached
# maybe written as

or

(1)

to the
plate,

(2)

where c is the ratio of the average stress in the stiilener to
the average stre9sin the plate.

The theoretical analysis of reference 12 shows that the eilec-
tive moment of inertia of longitudimd stiffeners attached to “



— —

1046 RDPORT 120&NATIONAII ADVISORY COMMIYXEE FOR AERONAU’HCS

Afb

fiGm2E312.—StabiLity curves for case 6.

one side of a uniformly compr=ed plate may be expressed
as n correction to the moment of inertia of the sttiener about
its own center of gravity 1,. In this form, equation (4) of
reference 12 may be written

(a)

In equation (3) the quantity z is the distance between the
center of gravity of the stitbner and the middle phme of the
plate, and p is the radius of gyration of the stiffener. The
modal coefficient ZPCis a function of buckling mode an~
associated wavehangth. The variation of Zpg with X/btaken
from reference 12 (which is applicable when the plate side
edges are simply supported and when Poisson’s ratio is %)
is given in figure 13. The subscript p denotes the number of
bays in the width of the plate, and q denotes the number of
buckles across the width of the plate (q is equal to 1 for the
cases considered in this report). With EIe,JbD defined, ,
equation (2) should give satisfactory values of the stifbess
parameter #b3/#D for stithners of sturdy cross section;
that is, stiffenem whose cross+ectional and shearing distor-

zPll

4 -

3 -

2 -

7

6

5

I

04 5 6.7. s91 2 34 5678910
)./3

FIGURE 13.—Functions appearing in expression for effectivo floxurnl
stiin- of stiffenem attached to one side of plate (from rof, 12).

(a) Locals on web.
(b) Idealization of web.
(c) Deformed shape of idealized web.

tions under load introduce deflections which are small com-
pared with the overall deflection as a beam.

In practical applications stiffeners are often formed from

sheet, which necessitates a bend radius between the web of
the stifTener and the attachment flange. For certain propor-

tions, deflection of the plate maybe appreciably incrmsecl by
the flexibility of the attachment flange between the rivet lim
and the web of the stiiYener and by sheming distortion in the
stiilener. If the total deflection b is assumed equal to

h+h+~~ where h is the deflection due to bending of the
stiffener as a beam, h h, the deflection due to flexibility of the
stifkner attachment flange, and 63 is the deflection due to

shearing distortion in the stiffener, the effective stifhss may”
be written as

:=~+~+,

In nondimensional form the effective stiffness is given by
@ 1

~=T4D T4D T4D (4)

ZF%F+p

where x,bS/~4Dis given by the right-hand side of equation (2),
#2b3/~4Dmust be evaluated either analytically or experhncm-
tally, and #Sb3/rsDmay be calculated. It is evident that if
either +1, +2, or +3 approaches zero, the effective stiilncss of
the stiffener approaches zero. Any ~other significant
distortions can be included in a similar manner.

The torsional restraint furnished a plate by a ~tifhmer
which undergoes no cross-sectional distortion when it twists
is discussed in referenw 13: The expression for its stifkw.ss
(eq. (8) of ref. 13 rewritten in the notation of the prewmt
report) is

(
a=$ Qt7+$ ECBT—UIP

)
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where the quantities J, CBT, and 1, mwt be ~ctiated with
respect to an assumed axis of rotation. In nondimensional

form, the stiffness is

Expremions similar to equation (5) should be derived for
those stiffeners in which tomional moments applied to the
stifher attachment flange cause distortion of the cross
section of the stifTenerwhen it twists.

Stiffness of full-depth webs.—When the compression cover
of a beam is supported by full-depth webs as in a multiw-eb
beam, the effective stillness of the webs in resisting sheet
deflection and rotation at the skin-web juncture must be
evaluated. Reference 14, for example, evaluates the effec-
tiveness of integrally joined webs as torsional restraints on
the cover of a multiweb be~m. The assumption made in
that analysis is that the webs possess sufficient reflectional
sttiness to form longitudinal nodes along the skin-web
juncture during buckling. The range of skin and web
proportions for which this assumption is valid, however, is
not established.

I?or built-up construction, the deflectiomd stiffness pro-
vided by an unstifIened web plate is influenced by the eccen-
tricity of the connection between web and cover plates and
by the state of stress existing in the webs of a beam under
load. In particular, for channel-type webs formed horn
sheet, appreciable distortions of the attachment flanges and
lateral deflection of the web are produced by either depthwise
crushing or stretching forces. In accordance with the
stiffness rmalysisfor longitudinal s~ifleners,the stiffuws of the
channel should be analyzed under the action of a depthwise
load applied sinusoidally along the length of the attachment
flange in the presence of the streeses that exist in the web
during beam bending. This procedure is illustrated by a
numerical example in the next section. The outcome of such
an analysis is influenced rather strongly by the assuhed
eccentricity of the applied load (with respect to the plane
of the web) and by the degree of clamping that is assumed to
be provided by the riveted connectitm between web attach-
ment flanges and the cover plates. The importance of th=e
factors in calculating reflectional stiflnesses has been
emphasized in reference 5.

With regard to the torsional restraint provided to the com-
pression cover by integrally joined webs, the restraint data
presented in figure 9 of reference 14 are anakgoue to equation
(6) for the torsional stif?uese of a stiffener; that is, the
restraint coefficient Ein figure 9 of reference 14 is a measure
of the negative of the stiffness of a web subjected to a pure
bending stress distribution as a function of bucl+ length.
The relationship between the torsional stiflness parameter
a6/#11 of the present report and the restraint coefficient c is

ab cbDw—=-_#_. T
$D

(6)

When webs me not integrally joined to the cover, the stiffness
of the attachment should be taken into account when the
parameter ab/#D is calculated.

3osG5G-5~7

ILLUSTRATIVE EXAMPLES

Some of the procedures outlined in the preceding section
for calculating the effective stiilness of supporti will be
illustrated in the solution of two common cover-plate
stability problems. The ii-ratexample chosen considers the
type of restraint offered by the webs of a multhveb structure
and the second considers the effect of one+ided longitudinal
stiffeners on plate buckling.

Buckling of a multiweb structure,-when the webs used
in a mnltiweb wing are formed from sheet metal, there is no
aesuranca that the reflectional restraint provided to the
beam covem by the formed channel webs is sufficient ta form
longitudinal nodes along the web lines and thus to force
buckling of the type denoted as case 6. The subsequent cal-
culations ,illustrate a simple procedure that may be used to
investigate the possible occurrence of buckling in the mode
denoted as case 3. The calculations apply to a multhveb
beam tested in pure bending and reported in reference 3.
The beam had four identical channel webs (3 &Us) and it is
assumed that the analysis for a beam with an iniinite number
of cells can be applied. The physical dimensions of the
beam are as follows:

Cover width between webs, b, in. . . . . . . . . . . . . . 3.75
Cover tbickn@s, thin....... . . . . . . . . . ...0.125
Channel webdepth, bw, in.. . . . . . . . . . . . . . . . 203
Channel webtbickness, tw, in. . . . . . . . . . . . . . . 0.050
Bend radius between web and attachment flange, in.. . . . . 0.20
Diameter of web-attachment rivets, in. . . . . . . . . . . 3/16
Pitch of web-attachment rivets, in. . . . . . . . . . . . . 9/16
Distance between midplane of web and line of attahnent to

cover, ~ (attachment flange assumed to be effectively clamped
to cover along a line at the inner edge of the rivet shankswhen
closely spaced rivets are used), in. . . . . . . . . . . . . 0.36

Young’s modulus for the 7075-T6 aluminum alloy, psi . . 10.5 XI@
Poisson’s ratio for the material . . . . . . . . . . . . . . 0.333

In accordance with the procedure outlinedin the preceding
section, the reflectional stiflness of the channel muM be
evaluated under the action of a einusoidally distributed
lateral load of amplitude g on the channel web in the presence
of the existing bending stresses. This loading is shown in
figure 14 (a). The lateral loading is applied a distance$from
the web plane, the distance at which the flange has been
assumed to be completely iixed to the cover plate. In order
to compute the deflection at a given cross section, the
channel is idealized as in @me 14 (b). The attachment
flange is cut from the web and assumed to be flat and to be
free of longitudinal compression stress. (This stre9s i9
usually small in relation to the critical buckling stressof that
portion of the flange between the rivet line and the -web.)
Also, since the buckle length is large compared with the
distan~ f, the longitudinal bending stiffness of the flange
will be neglected in computing the distortions at a given cross
section. These &tortions are shown in figure 14 (c). The
left-hand edge of the attachment flaqge is free but maintains
a zero slope (to match the slope of the attached plate when
buckling occurs in the mode denoted as case 3), whereas the
right-hand edge is supported against deflection and elastically
restrained against rotation by the torsional restraint a’. The
restraint a’ represents the resistance to rotation which the
web offers the flange and is a function of both buckle length
and the bending stress in the web. Because of the corner
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FImnm 14.-Lauls and deformations used in caloulatiig the effeotive
stiffne?a of channel-type full-depth webs.

/

radius that actually exists between the attachment flanm
and the web, the be&n cover is aasumed to be equally free ‘h

deflect up or down with the attachment flange. Simde

tension and compression loading tests on cl&mels ~~th
corner radii Verify this assumption. With these simplifying
assumptions and boundary conditions, the deflection 6 at
any cross section is given by

l+4D7~
“ 9P ~.fs~Ea(z)== ~&w A

~f

The effective stiihess of the channel, defied as tho ratio of
lateral load to deflection, then is

~2Dm 1+D%w
+=7 “*

1+43

or in nondimensional form

()12 b= ~6_1
@3 p-j-

-w(%)%+ (7)

where e is the restraint parameter from figure 9 of rofomnce
14 and is deii.nedas

a’blv——
‘= Dw

Substitution of the physical dimensions of the beam into
equation (7) for #b3/r411gives

(8)

In order to obtain numerical valuea for @s/T4D,the quantity
emust be read from figure 9 of reference 14. Valuea of cmay
be obtained which are compatible with the bending-stress
distribution in the beam if the stress in the extreme fiber of
the web is assumed to be equal to the average stress in the
beam covers and the lengths of the buckles in the webs and
:overs are equal. From these two conditions, the following
?quationaresult:

‘~=’(%xiY=”2k- “)
(lo)

L’helowest value of the buckling-stress coefficient k which
simul~eously satisfies equations (8), (9), and (1O) is the
desired value and is found by a trial-and-error procedure.

The tit step in this procedure consists in determiningg by
trial and error the value of k which satisfi~ equations (8),
(9), and (10) for an assumed value of X/b. Valueaof c are
d from the curves of figure 9 of referenm 14, and values
If @tP/m4~are read from figure 7 of this. report This pro-
edure is repeated for several assumed values of A/b. If this
~rocedure is used, values of k equal to 3.36, 3.26, 3.26, and
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3.47 are found for assumed values of A/bequal to 0.7, 0.8,
0.9, and 1.0, respectively. The final step is to minimize k
with respect to X/b. The minimum value of k for this mode

of buckling (caae 3) is thus found to be 3.24 at ~0.85.

In order to determine the buckling-stress coefficient that
would be obtained with budding of the type denoted as
case 6, figure 2 of reference 14 may be used to read the
buckling-stress coefficient directly. The use of this direct
reading chart involves an assumption of an integral joint
between the webs and the covem, and the indicated k value

is 4,1, which is considerably higher than the ‘value 3.24
previously obtained.

The actual experimental values of the buckling and failure
stress for the example beam were

ucr=33)400 psi

u,a,,nra=36,600psi

and the mode of buckling observed waa that of the case 3
(denoted as wrinkling in”ref. 3). If the value k=3.24 is
substituted into the familiar buckling equation

.k2E t ‘
()‘u=12(l–p*) T

a buckling stress of 34,800 psi is obtained.
Budding of a plate with one-sided stiffeners.-In calcu-

lations of the buckling stress for plates with stifbnem
attached to one side, the assumption is commonly made that
tho moment of inertia of the sti.tleneramay be calculated
about the plane of attachment to the plate. The following
example illustrates the procedure for obtaining the buckling
stress of the plate-stifhner combination when this assump-
tion is made and also the slight variation in the procedure
which is entailed by using the expression fiwm reference 12
for the effective moment of inertia of a one-sided stiffener.

Consider the effect of two equally spaced longitudinal
stiffeners of sturdy cross section on the stabili@ of a long
compressed plate which is simply supported along the un-
loaded edges and supported by deflectionally rigid tmmveme
ribs at equal intervals aJong the length. Assume that the
stiffenem and ribs offer no torsional restraints to the plate.
The following physical dimensions are given:
Plato thickness, t, in. ------------------------------------ O.188
Pinto width between stiffenem, b, in. ----------------------- 4.70
Rib spacing, in. ----------------------------------------- 30
Cross-sectional area of &nch thiok Z-stifTener, A,, sq in. ----- 0.431
Moment of inertia of stiffener about ita centroid, 1,, in.4------ O.203
Radhm of gyration of stiffener, p, in. ----------------------- O.686
Moment of inertia of stiffener about plane of attachment to

sheet, in.l --------------------------------------------- O.524
Distunce between centroid of stfEener and centroid of plate, z,

in. --------------------------------------------------- O.956
Young’s modulus for the 7075-T6 aluminum alloy, psi----- 10.5X106
Poisson’s ratio for the material ----------------------------- O.333

The ddlectional stifhess of a longitudinal stiilener of
sturdy cross section is given by (see eq. (2))

if the compressive stress in the plate and stiffener are equal.

If E.I.,f is calculated about the plane of attachment of
E16~~.

stiflener to sheet, —
b.D M

EIu/_12 [1–(0.33)q (0.524)E=179
bD (4.70)(0.188)3E

If the buckle length is taken to be the rib spacing, the numer-
ictd expression for $b3/~4Dis

=0.1080 –O.01195k

The value of k which satisfies this’ equation simultaneously
A 30

with the curves of figure 5 at ~=~ is the desired value.
.

By trial and error, a common solution is found at k=3.55.
In order to ver@ that k=3.55 is the lowest buckling-stress
coefiicieut, the analysis is repeated by assuming that two
buckles occur between rib stations. In this particular
example, this assumption leads to a much higher value of k.

The buckling-stress coefficient is now computed by assum-
mr

ing that ‘* is given by

r [z\2 7

In order that the modal coefficient Z,, maybe read from
the Curvw-of figure 13, the buckle length must be assumed.
The previous calculation indicated that the length of the
buckle is 30 inches and that it extends across the entire width

of the plate. Thus, with p=3, q=l, and >%, the value

of ZPQread from figure 13 is 0.80. From the data previously
E&r ~ thengiven, ~

[ 1(–)0.956 2
E1,ff_12 [1–(0.333)~ (0.203)~ ~+ 0.686

bD 4.70(0.188)’E 0.80X0.431
1+4.70X0.188

= (69.4) (2.394) =166.0

‘~ the ~xpr~ion for #b3/#D is
‘iti ‘G ‘due ‘or bD

+b’–o.loo–o.ollgsk
T4D

By the use of figure 5, the value found for k is 3.25. This
value is about 8 percent lower than the value 3.55 obtained
when the moment of inertia waa rather arbitrarily chosen.
For other plate-stifhner combinations, the difbmnce in the
k values calculated by these two procedures can be either
larger or smaller than the di.tlerenceobtained in this numer-
ical example. .
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CONCLUDING REMARKS

Design charts have been presented -which permit the
evaluation of the compressive buck@ stress of a long flat
rectangular plate with various deflections.1 and rotational
elastic line supports running lengthwise of the plate. In
order to use the charts in a particular plate buckling problem,
the restraint provided by supporting elements such aa angle
and Z-sections and fulldepth webs like those used in multi-
web wing construction must be evaluated. The evaluation

of the stiflness of these supporta has been discussed, rmcl

possible approached for obtaining the required stiffnemes me

presented. Numerical examplea have been included to

illustrate the type “of procedures involved in computing

buckling StreW3S.

LANGLEY AERONAUTICAL LABORATORY,

NATIONAL ADVISORY COMM-ImE FOR AERONAUTICS,

LANGLEY FIELD, VA.,June 5, 195$?.

APPENDIX A .

DERIVATION OF STARIIJTY CRITERIA FOR CASES 1, 2, AND 3

Although a set of stability criteria could be derived for the
general cnse involving any number of lines of support either
by solv@ the plate differential equation or by the Rayleigh-
Ritz energy method, a desirable gain in siniplicity is achieved
by apply@ the energy method using Lagrangiau multipliers
(see ref. 10) to the individual cases. The latter approach is
shown in some detail for case 1, and variations in the method
am ipdicated for crises2 and 3.

Case 1.—An exact representation of the buckle pattern
for case 1 is given by the following series

(Al)

where the origin of the coordinate system lies along a s?de
edge of the plate. The sinusoidal deflection along the plate
center line may be written as

W(Z,b)=A Sill~ (A2)

and the slope along the side edges of the plate maybe written
8s

(A3)

Compatibility of equations (Al), (A2), and (A3) requires that

~ a. sin~-A=o
n=l,3,5

}

(A4)

~=~,, ~n–B=O

Using equation (Al) permits the so-called stiain energy of
bending stored in the buckled plate to be written as

“=HX’W%3””=
DZ“’xb..%++n’a’‘Ao

Using equation (A2) gives the energy stored in the reflectional
restraint as

(A6)

and using equation (A3) gives the energy stored in the tomional
.

.

restraints as

The so-called external work done by the uniform compressive
load 37 at buckling is

The total potential energy may now be written aa

Z’=(pl+ui+u’s-vl)
or

(A9)

deflectionaktiffness and rotational-stifbess parameters,

respectively.

The buckling load is determked by the condition that tho

potential energy T’ must be a minimum. Since the coefE-

cients A and B depend upon the Fourier coefficients, am,tho
expression to be minimized, is

( )-A2(n-~,5WJ-~) MO,Q= T’–A, n=~,5a. sin Y–A

where Al and Ag are the Lagranghm multipliers. Tlm
potential energy T’ is a minimum when

aQ aQ aQ aQ aQ o-— .—= —=— =. ban t3A bB MI bA2

%=2~[G+:’Y-kl-A’s~Y-A’n
(All)

(n=l, 3, 5, . . . CO) (A12)

aQ–2Ax&3’+A1=o~A–

aQ B $/3’+A2=()
—.

aB

(A13)

(A14)

(A16)
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(A16)

Equotions (A12), (Ala), and (AIA) may be solved for am,

A., and B, respectively, and these expressions substituted into

the compatibility conditions (eqs. (AIEi) and (A16)). This

substitution results in the following two simultaneous

homogeneous equstions:

.

A9
5

{ }“i+”%%ii-’ ‘0 ‘“’)

Each of the infinite sums in equations (A17) and (A18) are
amenable to exact evaluation. Resolving the iniinite spries
in equations (A17) and (A18) into partial fractions yields the
following forms:

~m
sin —

.:$fi~,:,j3_k=a’2!i5n2_;,%-

where

By using equation (6.495) of ;eference 16, tki iniinite series

u be written in closed form. Thus,

Substituting the closed forms of the infinite series into equa-
tions (A17) and (A18) and simplifying yield the following
stability criterion:

-(21 1

)
—__

n- Cos p Coeh o

(A19)

For given values of k, & and yb/2D, the value of #iFjz4D
which causes the determimmt to vanish is the desired value.

When the side edges of the plate are simply supported, which

is equivalent to setting $=0, the criterion reduces to

44

4b3_ Sm ;*LI
Tm— “ Sinh o

(A20)
-_

–&++&
In reference 16, a stabili~ criterion is presented for the

compressive buckling of simply supported plates with an

arbitrary number of longitudimd stiffenem. When equation

(Ai’) of reference 16 is applied to an Mnitely long plate and

written in the notation of the present report, it appears as

COS :–(X3S (o COS +sh f)
.

which is equivalent to “

44
+63

q
—=

T4D Sinp sinh e (Ml)
-

P o
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tihen the stiffnessof a stif7enefis defined by elementary beam
theory and the stressesin the plate and the stiffener are equal
(see eq. (2)). Equation (A21) maybe used for plates with
simply supported side edgea and with an arbitrary number of
longitudinal supports. Equation (A20) may be obtained
from equation (&?l) by substitution of the proper values of

TABLE IV

7ALUES OF FUNCTIONS APPEARING IN THE STABILITY
CRITERIA—Continued

k-3

3$.362
5. a362

–:%%
-.76297
–. &3174
–. 31W3
-.911ffl
–. eJw2
–. SW@
–. 73021
-. WJ19
–. 64326
–. WSl
-. 033fm

. lmw

. 2W69

p and g for case 1; that is, p=2 and q=l.

For complete ikity of the side edges, ~= ~,

stability criterion (eq. (A19)) reduces to

44

&b3 x

10.219
3. ml
7. 4nl
& 0766
& o&54
hwa
6.1927
4.W4
$ :g

Xwa
2 KIM
;%

L 7673
L 6130
L 3447

a4
.5

::
.8

i;
L2
L4

H
26
30
4.0

.$:
10.0

4mrd
2 X%31

M%
24m7
20CQS
!213%Q
271E3
267&3

;% ‘
Zm
21461
1. 91za
L eu17
L 4CB1
L2W

awn
4u369i
.Seza3
.a-7sa
.64643
.m
.43S2J
. 4103k
.44W
. E0415
.62551
. 7aEn
. E3U57
.94229
.99943
.Ix.070
.064ao

13Zll 4
26ZI.3
fm. 68
3oa42
216.36
133.04
w 076
49.410
3&~

13.700
9.0706
& 7402
f$g

21616
L 7%$2

lm 4
2070.8

~g

m. 04
30. U91
40.421
3L 814
,g27

0. U&5
& .9140
4.0196
a. 012J
2 We
26469

the

(A22)

Coshe + cm-p

Solutions of these equations and those to follow are facili-
tated by a tabulation of the functions q, sin p, cm q, 8, sinh
0, cosh o for appropriate values of the parameks k and &
These data are provided in table IT.

Case 2.—An exact representation of the deflection for case
2 is given by

k-4

10. 7ml l! ~

-. 6w71
–. 06442
–. 9Etm2
–. m

–1. o
-. O’m2
–. 93143
–. 873’s3
–. Qm
-. Sc@33
–. @fmn
-. W73
-.16W5

. 0W76

.2UM4

m.637
&@5bs
: nwm
0.3321
h S410
h 4414
4.6273
4.31z3
4.6240
3.6124
3.07SI
277’06
23W2
LENT
L 6191
1.4307

IE304.3
3014.34
l% ‘/J

Z$L 17
17266
ll& 231

E%
n. 963
16, 7&l
m. F30
gBg

3.2270
24252
L 0012

Imw 3
3614.34
1~ :

ZL 17
17200
lg ~

~g

la 700
10.SS3
a 0164
&m
W37S4
262?3
z2is2

o
.71736
. 2m47
;QJ35J

o
.6439s
.Im32
.22729
. 4m67
.63776
.71736
.67411
.Wa22
. ‘W76
.97970

W=sin yz2 a@rlZ
n-1,2,3

(A23)

If the same procedure is followed as that for ease 1, two
criteria are obtained; one for symmetrical buckling and one

TABLE IV
VALUESOF FUNCTIONSAPPEAR~TGIN THE STABILITY

TABLE IV

VALUES OF FUNCTIONS APPEARING IN THE STABILITY
CRITERIA CRITERIA-Concluded

w
I

+ Sh#
I

m+ e Sti o Ccdhe

k=st-l

$ i5si5siN

3.oeJM
a3742
3.4m
3. Srn
3. 4Qa
3.3067
3.2764
z 1624
26770
2@323
26019
22137
LSW
L 13K@
L-

o.376s3
. .malo
. (c3110

–. 230s1
–. W
–. a13iz7
–. a44a3
-.25236
–. 12341
–. 010s1

.2EWI

:*
. W36
.W@’4
.m
.W269

a4 &a?371
.6 L44Z33
.6 331161
.7 2M
.8 L76S2i

L 10W
i; o
L2 L Im
L4 L 4192

LW9
k: L6ZS
26 L 6S91
3.0 L 4S10
4.0 fg
&o

iwa
lt i .0426

219.a
42m6i
13005i
& 7wli
2aEm
L34Z31
o

. G21m

.W63

. 6%%
LO
.8m60
.Wm7
.m
. WUM
. WfO
.=

210.33
42617
B. 731
&ES443
2 W15
L673S
LO
.Sm41
. LS1O3
.04E37

o
.03109
.GSm7
MrJ-J

. Jmm9

.W77

O.!&m
7. mm
0.6231
6.3616

:8%
4.44a
s E%Sl
& 4764
3. lefro
27.207
23510
2CW4
L 7~
LW3
L 1731
L 0419

y). g

yti g

97.on
H!
X377
16.169
IL 63S
7. MM

k?%
23UW
L67!Z2
L 4702
L 24@3

H70318
f-g $

601.7m
342 4s
213. fl
14236
71L044
47.626
n. all
19.727
12 W
0. 1!410
hswa
: ~1

13021

54m.37
Km 01
670.14
IZL 93
07.075
6L462
42517
24. m
10. w
lLSn’

Ew
4121s
2 fzus
2 Iz31
L~
LIQ?37

a4
.5
.6
.7
.8

i:
L2
L4
L6

H
ao
4.0

N
10.0

& 4647
-.66462
-. fn670
-. 0i306
-. ‘MO@
-. m
-. G3m5
-. @3703
-. 091a5
–. -
-. m
-. WK175
–fans .
-. 6s962
-.27078
–: CMZ?@

14769.M
469L 0s
162s. 94
661.7%3
36243
213.37
14234
70.037
47.816
33.2U0
19.m
1267Q
9.1272
h’axm
3,6s23
26546
21722

k=6

L6S@3
-. 2?876
-. W17$
–. 79461
-.76147
-.77165
-. S0167
-. 37W3
-.93732
-.97734
-. m
–. W310
-. 876C9
-. @w5
-. W&a
-. 122wl

. CwQ7s

11.061
0. m
am
7. 3U46
& 76m
&24s7

:=
4.7227
43649
3.6161
.%Wo
3.0267
26EX8
20746

:%

t
k=2

Es.491
lh 037
&m
L K@
. Me&3

–. 24973
-.43606
–. 67693
–. E0zs3
–. 623W
–. 62641
-. 417a5
–. m
–. I!z37Q

. 13W

.30467

.41669

h nun
X40141
2.03761
. 449CQ3

L4233

is
21S6S
2 n13
2nM4
21240
2 Calo
LS367
LOW
L4326
L Z312
L1389

ES4SK3
14.m
Zinz
.46S251
.83914
. $6s31
.Ef9N
.81677
.70677
. mwl
.S’5cd!4
.933S3

:%%
.Sw46

:%!

Q 3276
$iJBJ

& mlo
h ml

–& !m19
4. rw13
&2w6
&s737
2.6407
3.0736
20m2
23377
20%4
L6120
L37E0
L2Z26

‘am&W
1837.07
017.64
!aLS6
16446
am

%EZ
maw
17.m
la ma
7. m

%%
2032
L 8S74
L69M

)1642 81
W’207
167312
81& 616
H 6J

In. w
fm.291
66. ZQ
awn
2Lewl
14,291
10. m
a 6650
3.9176
Zm
26406

3164281
hs7207
1372.12
812.616
4~ :8

171!a)
&;:

m, 030
227KH
14.am
lam
0. M17
4. 04al
: 0-58;

WEam
m. 67
017.64
XLE3
16446
53.427

g%

17.m
10.Es3
7. m

;%
26076
21W6
LS461

1. 31?321
. lea17

–. 43217
–. 607r0
–. 6481S
–. 6?J316
–. @3776
–. 4W0
–. 34s44
-. 211W

.Om/a

.29274
.43214
.7WM
.Wa41
.00240
.W2?Js

.



COMHW3SIVTl BUCKLING OF ELASTICALLY SUPPORTED PIMI?ES 1053

for an rmtisynmmtrical wave pattern. Calculations made.by considering both modes of buckling indicated that, except for a

very limited combination of values of k and A/b(k24 and ~/bin the neighborhood of unity), buckling in a symmetrical
mode requires the highest values of the stiffness psmmebr #b3/#D to achieve a given buckling-stress coefhient k. Thus,
for most practical problems, the criterion for symmetriwd buckling onIy need be considered and is given in determinant form:

When the plate side edges are simply supported, the criterion reduces to

which is the same as equation (Ml) for g= 1, p=3.
I’or complete flxity of the side edges, the criterion is

@3 2/5
-
r4D

(

Sinho

‘) ~

Sinp =
o 0 P P

Sinp Sinh8 ml —~ 1

P 0
~cosh e g—cos p

1 -1 –
~cos q ~cosh o Sinh o sin $0

# 1+2 Coshe e ~l+2c0sp p
+~ l+cm ~ $COS Pl+cosh o 1

;—cosh o

(Ax)

(A%)

(A26)

Oase 3,—l?or the plate with many lines of support running longitudinally (case 3), the stabilify will not be influenced

by the side-edge conditions. Correspondingly, the following function is used to describe the deflection surface:

(AN’)
~ n-0,2,4

where the origin of coordinates is taken midway between any two
ered is the buckling of an infinitely wide plate column of length
tudimd lines which are equally spa&d across the width of the plate.

4@
+b3

~
—=

o

lines of support. Physically the problem thus consid-

x restrained against deflection along continuous longi-

The stability criterion for this case is

(J&28)
-

P 0
1—COSp—1—cosh e

which is the same rIsequation (A21) for g= 1, p= ~.
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APPENDIX B “

DERIVATION OF STABILITY CRITERIA FOR CASES 4, 5, AND 6

A direct way of obtain@ stabili~ criteria for cases h, 5,

and 6 is by application of the principles of moment distribu-

tion to the stabili~ of plates as described in reference 7. For

along plate supported along longitudinal lines by nondeflect-

ing supports, the stability criterion is obtained by setting the

sum of the sti.ilne-sses of the members entering the joint at a

given support equal to zero. The plate stifksms are denoted

in reference 7 by the symbol S, with appropriate superscripts,

and the carryover factors are given by the symbol 0, with

appropriate super%ripts. These symbols and their super-

scripts will be used as defined in reference 7. The support

torsional stiihxwes a and -r’as defined in this report have an

absolute value four times as large as ~.

Case 4.—For neutral stability, the sum of the plate stM-

nesses and the support stiffness at the joint sl?ng the plate

center line must equal zero. The sum of these stiftnesses is

If equation (12) of reference 7 is used, equation @l) may be

written as

1 2s”
~ a+

:7
I–P

F~ 7’

which can be put into the following nondimensional form:

8 S%——
ab I#D

W“l o—
Snb

1+-$+

(m)

Solutions to equation (B2) maybe readily obtained by using
the tabulated values of Snb/D and C given in reference 11.

For the particuh case of simple support aIong the plate

~bside edges, ~= O, equation (B2) reduces to

(133)

With complete tity of the side edges, ~— ~, equation

(132)reduces to
8 Fb

or, making use of equation (13) in raference 7, gives

(!34)

With the aid of the tabulated values of iYb/D and Sb/D
given in reference 11, equations @3) and (M) have been

iVb’plotted as curves giving the buckling-load coefficient k=m

as a function of A/bfor constant values of ab/#D. Them
curves are presented as figures 8 and 9.

Case 5.—If the stinessea of the members meeting along
one of the intermediate lines of support (fig. 2) is summed,
the following equation for neutral stability is obt~ined:

1

z a+ S1+Sv=O (J35)

With P defined by equation (12) of reference 7, equation
(l%) may be written as

which can be written in the nondimensional form

4 Snb.—
tiD 4 SIvb_o

&+l @ % T–—
Sub (B6)

This stability criterion is readily solved by using the tobu-
lated valuea of &b/D, Wb/D, and C given in referenco 11,

When ~ is equal to zero, equation (B6) reduces to

037)

~bu ~ the stability criterion is
‘d ‘hen +D ‘

$+$(%+%9=0 (68)

Equations (B7) and (138)have been plotted in figures 10 and
11 and are presented as curves giving the buckling-load

NV=— as functions, of A/bfor constmt valuea of‘effitient k *D .
ab/@D.

Case 6,—For a plate with many longitudinal lines of
support (case 6), the condition that the stiflnesses at a joint
must vanish for neutral stability is given by

: CY+2F=0

In nondimensional form, equation (139)

(139)

may be written aa

(I31O)

With the aid of the tabulated values of W1b/D given in
reference 11, equation (B1O) has been plotted M curves giving

Nb%
the buckling-load coefficient k== aa a function of h/bfpr

constant values of ab/#D. These curves are-presented in
figure 12. ‘
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