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EQUATIONS FOR THE DESIGN OF TWO-DIMENSIONAL SUPERSONIC
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SUMMARY

Equations are pre8entedfor obtaining
of twodimenstinal 8uper80nic nozz’k-s.
based on the application of the method

the ud coordinate
2% equation8 are

of chu,ra&eri8tic8to
irrotational .J?OQJof pe~ect ga8e8 in channels. Ourre8 and
table8 are included for obtuiwing the parameter8 required by
the equatwn8for the wall coordinate.

A brief di&?u88hmof characieri8tic8as applied ~o nozz[e
design is giren to awist in undemanding and using the nozzle-
&8ign method of thh report. A 8ample detign ti 8houm.

INTRODUCTION

A supersonic nozide is used to transform parallel flow at
sonic velocity into parallel, uniform flow at a supersonic
Mach number. The conventional twodimensional super-
sonic nozzle consists of the foI.lowi.ngfour main parts arranged
in the direction of flow (fig. 1):

(1) A subsonic inIet converging in the direction of flow
(2) A throat in which the streamlines are paraIIel to the

nozzle axis and sonic velocity of the compressible
flow is reached

(3) An expanding part with constant o; increasing angle
of inclination of the nozzle wall to the axis of the
nozzle, in which the flow accelerates to supersonic
speeds

(4) A straightening part of increasing area of cross section
in the direction of flow but decreasing augle of in-
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FIGUEEl.—Pds of conventionalsu~rsonfc nozzle.

NOZZLES

clination of the wail to the nozzle axis; in this part,
the flow is turned parallel to the nozzle axis ‘tith
the desired final Mach number uniform across the
exit section.

In a properly designed nozzle, there are no compression or
expansion waves in the flow downstream of the straightening
portion. A streamline crossing such waves would be altered
in direction and Mach number, which is generally undesir-
able.

The method of characteristics provides a means for ob-
taining the properties of a fluid moving at supersonic speed
past solid surfaces. A part.icular application of the method
of characteristiti permits the scdution of the inverse problem
of obtaining the profle of the solid boundary that wotid
create a desired supersonic flow-.

Graphical methods for designing two-dimensional nozzles
by the method of characteristics, for example, are reviewed
in reference 1. Graphical methods employing characteristics
for obtaining nozzles free from waves in the find flow, how-
ever, are tedious and subject to the error inherent in con-
struction involving the plotting of many consecutive lines.

The application of the method of characteristics to the
analytical design of twodimensiomd supersonic nozzles was
completed at the NACA Cleveland laboratory in February
1947. Analytical expressions are obtained for the wall con-
tours of the supersonic part of the two-dimensional nozzle.
b analytical expression for the straightening part of two-
dimensional nozzk, in which source flow is considered to
exist in the expanding part, has been derived .by Kuno
Foelsch of h’orth kuerican Aviation, Inc., but no method
is given for creating such source flow. In order to present
a complete discussion of two-dimensional nozzle design, the
design of nozzk-wall contour for producing source flow in the
expanding part of the nozde and the design of the com-
plementary straightening part are presented. A 1sss com-
plete treatment of this problem from a different point of
view has been given by A. O. L. Atkin in a British report.

A working knowledge of the method of characteristics is
desirable in order to understand and use the nozzk-design
method. For this reason, the form of the method of charac-
teristic most convenient for discussing the method of nozzle
design considered is given in an appendix. A summary of
the design equations and a sample nozzle design are included.
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METHOD OF ANALYSIS

lt will be demonstrated that when source flow is crested
entirely across the nozzle channel at any section, adjacent
areas of the flow also have the properties of source flow.
On this baeia, analytical expressions are derived for the
nozzle-wall coordinates required to create-a specified source
flow in the expanding part of the nozzle and to turn that
flow into a uniform stream partdlel to the nozzIe axis in the
straightening part with the desired Mach n~ber. Only
irrotational flows are considered in this anal@s. The total
temperature and the total pressure are constant throughout
the flow. The flow adjacent to the nozzle wails is assumed
ti follow the wall contour at all times.

PROPERTIES OF SOURCE FLOW

In most conventional.. supersonic nozzles, source flow is
approximated at the end of the expanding part of the nozzle.
Because of the simple mathematical relations governing
source flow, it is desirable to specify that perfect source flow
exists at the end of the expanding part of the nozzlo to
obtain analytical expressions of simple. form for the nozzle-
wall coorclinat.es<

The essential properties of two-dim.ensional. sgsrce flow are
illustrated in figure 2. In the supersonic part (solid lines),
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streamlines are straight and appear to diverge from the
apparent upstream source O. All stream tubes with the
same included angle @between bounding streamlines carry
the same mass flow. From one-dimensional supersonic-flow.
theory, which appli~ to. this. typo of flow because the flow is
uniform on circuhir cylindric~ s~ac~ concentric with the.

apparent source, the Mach number at points a distance r
(fig. Z) from t~e apparent. source is given by the following
expression:

A, er 1
Xl= F1-lii

where A, is the flow area per uni~ depth normal to lhc
stremnlines at a distance r from the source and Al is the
corresporiding flow area at M= 1. (For convcnicncc, till
symbols are defined in appendk A.) The parametw rl is the
distance from the apparent source to the arc at which the
Mach nurnbcr is unity, corroaponding to the local ion of
apparent throat of the source flow. Tht tirca of crms
section normal to the flow at- which M= 1 is

Al =zemaztj
or

A,
“=E= “–”

“Equation” (1) then becomes

A,——
‘–2emaz (1a)

EXPANSION WAVES AND CHARACTERISTICS

According to the discussion in appendix B, chatlges in
flow direction and Mach mlmb& in diverging channels me
produced by a system of e.qxmsion waves origintiting a ~ the
channel walls. The change in flow direction due to an
e-xpansion wave from one channel wail is constant along
Mach lines directed downstream of their poin~ of contact
with the chtinnel wall where the wave origi[latcs. In the
absence.. Qf expansion waves from thQ second wail, these
Mach linea are straight and all the flow experiences thu
same change in direction and Mach uumber bchvecn Lhc
same two Mach lines in the expansion wave. If tho flow
enters the channel with uniform directiou and Mach numbwj
the flow direction and the hlach number aro cons[antt for
the enti-ie flow along these straight Mach lines in lhc expa n-
sion ivave. The Mach number and the flow direction arc
the same as that of the flow moving adjacent to the channrl
-wall at the point of contact with tha Much line. A uumhm
can be assigned to the Mach line thnt is equal to an oxplu~-
sive angular turn about a corner in a wall, bounding tJM
flow, rec@red to convert w sonic flow (31=1] to th smnc
Mach number as that. along the Mach line, amording to
the well-known I?randtl-hfeyw theory (refcrcncc 2). MNrh
lines so numbered are rolled characteristics. The charac-
teristicsoriginating at the upper wall of the nozzle (fig. 3]
are designated by (T+) and from the lower wall by (w.).
Each point in the flow is crossed by a (W+) and a (v.) clw-
acteristic corresponding to the two Much lines through
every point in a supersonic flow. The vaIuc of (w+) assigned
to a ch&acteristic represents the counterclockwise angular
turning “that would be mpofienc-cd by the sfi’erunlini coming
from the left bet~;;ecn the region where the flow is uniform
with a Mach number of unity and the (~.}) Churactwist.ic
in the absence of the system of e.xpmsion wavca dmjgnakd
by the (w_) characteristics. Similarly, t.hc vahm of the
(W-) chr.lracteristic represents the, cloclcwisc turning cxpPri-
enced by a streamline from the left betw cen the region
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-where the Much number is tit-j and the (iJ7_)characteristic
in the absence of the system of expansion waves designated
by the (W+) characteristi~. The counterclockwise angular
turning produced by the expansion wave between two char-
acteristics of the (~+). set, designated (W+)l and (X+)%, is
(~+),– (V+),. Likem-iae, (W_)2– (w_), represents the clock-
wise turning of the flow produced by an .e.xpansion wave of
the W-) set. In appendix B, it is also shown that turning
the flow in either the clockwise or counterclockwise direction
due to the expansion waves from the nozzle walls is accom-
panied by an increase of the cross section of the flow tubes
with a consequent increase in supersonic-flow Mach immber.
The deviation of the flow produced by the waves correspond-
ing to one set of characteristics occurs independently of the
presence of the viave of the other set. The combined effect
of overlapping expansion waves of the (W+) and (w.) sets,
as shown in zone III of figure 4, is obtained by adding the
effect of the two sets of expansion waves considered sepa-
rately. The totil Prandt.1-Meyer turning angle W assigned
to a point F (fig. 4) is the sum of the (V+.) and (w-) chara+
teristios through the point F. If If is the Mach number of
the flow at F, then from reference 1 or 2

JLw– 1
W= (W+)+ (iP_)= A tan-l ~ –tan-l ~~ (2)
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Mao, the total counterclockwise angular deviation of the
flow betvieen the direction where the Mach number is unity
and the point F is equal to

d= (v+) – (?l?-) (2a)

If the values of (V+) and (w-) are knowm at all points in
the irrotational flow, the flow is completely specified because
equations (2) and (2a) give the flow Mach number and
direction at any point..

In the nozzles considered, the throat section is followed
by a part that produces a uniform flow parallel to the axis
at section 1–l’ (fig. 3) at a Mach rmmb~r .llr greater than
unity. Methocls for creating this uniform flow \\ith tho
required value of J1’r are discussed else-where herein. The
nozzle walls at section H’ are parallel to the nozzle axis.
The fit expansion wave emanating from the upper wall
due to the counterclochr-ke turning of the wall at point I
is boundecl upstream by the (Y+) characteristic, making

(
the Mach angle /31 equal to sin-l&

)
with the uniform flow

of Mach number J1l. Simihwly, tie first expansion wave
emanating from the lower wall due to the clockwise turning
of the lower wall at [’ is bounded upstream by the (w-)
characteristic, making the Mach angle 1.31with the uniform
flow M-.

The flow in the nozzle between section [-l’ and the clown-
stream characteristics through I and [’ is uniform and hrts
the Mach number ilf~ because this space is not travemed by
waves from either walI. In this zone the value of w is
coqstant and is designated w1, corresponding to illI (equa-
tion (2)). Because the flow is uniform and parallel to the
* at all points in this zone, from equation (2a)

f?= o= (W+.)r (?I?JI? ““ -(3)

and from equation (2)

The clown.stream characteristics through tho points ~ and 1’
therefore have a value

(v+),= (q,)=; (4)

Because of the axial symmetry of the flow produced by sim-
ilar upper and lower nozzle walls, the characteristics through
[ and 1’ (fig. 4) arrire at the opposite waHs at corresponding
points E’ and E, respectively. At any -point B (fig. 4) on
the upper wall upstream of E, the wall makes an angle a
with the nozzle asis. Between the points I and B, the
streamlines moving along the wall will be t urnecl count er-
clocJiwise through an angIe a. The value of the (~+) char;
acteristic through B is therefore

(v+),= (w+),+ C++ct (4a)
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and the vake of the (w-) characteristic through B’ (fig. 4) is

(W.),++ct (4b)

Between the upper nozzIe wall and the characteristic through
I‘ (zone I, fig. 4), the (w+) characteristics are straight lines
because the expansion waves from the upper wal are not
crossed by any waves from the lower wall. (See appendix B.)
Likewise, in zone II the (w-) characteristics are straight for
corresponding reason5. In” zone III expatision ‘waves from
the upper and lower walls overlap and the characteristics
are curved.

The complete wave pattern for nozzles of the type con-
sidered is schematically shown in figure 3. The first expan-
sion waves to leave the nozzle wall at points I and l‘ are
bounded upstream by the (l?+)r and (W_)I, characteristics,
respectively. Because of the symmetry of the nozzle, these
characteristics arrive at corresponding points El and E on
the opposite walls. Therefore, between poinbs I and E no
expansion wavw are incident upon the nozzle walls. In the
straight-walled part between sections E-E’ arid S-S’, expan-
sion waves are emitted having strength equal to the incident
waves from the opposite waII. In order that no expansion
waves be emitted from the portion of the wall between S and
N (straightening part), the wall in this part of the nozzle
is curved toward the nozzle axis. The curvature of the nozzie
waII is the same as that assumed by the streamline moving
along the waI.1under the @lwmce of the incident expansion
waves horn the opposite wall. (See appendix B.) No
waves are emitted by the wall between points S and N,
therefore, and zones “IV and V. are traversed by one set of
expansion waves whose characteristiea are straight.

SOURCE FLOW IN NOZZLES

The nozzle-design method considered in this report is based
upon establishing source flow at circular-arc section %E’
(fig. 4). At this section the inclination of the wail to the axis
haa an assigned value a, and the assigned .Mach number of
the flow is It&. The choice of the values of a. and IM= at
section E-E’ is considered in the section ‘(Design of complete
nozzle.” It will fist be shown that if source flow exists at
section E-E’ it exists everywhere in zone III. The flow
between points in zone 111 is then related by equation (la).
This fact, together with the fact that the characteristics in
zones I and 11 are straight, is the basis for eetabhshing an
analytical expression for the nozzle-wall contour producing
the stipulated source flow at section E-E’.

The point of intersection of the straight line ta&ent to the
nozzle wall at section E-E’ (fig. 4) and the nozzle axis repre-
sents the Iocation O of the apparent source creating the source
flow through section E-E’. At all points on section E-E’, the
Mach number is constant. At a point on section E-E’
where the flow makes the angle 0 with the axis, the following
relations from equations (2) and (2a) apply:

where h= 4(7+ 1)/(~–1)

d= (w+) – (*-) (5a)

At a point F on section E-E’ through which the how makes
the angle @with the axis, from equations (5) and (5a),

and

(6)

(6a)

Inasmuch as source flow exists on section E-E’, 8 is known
at every point on the section and the .complck systcm of
characteristic can be specified on the section.

The flow in the neighborhood of point F on section E-E’
at which source flow is considered to bc cshddishe.d is showu
in detaiI in figure 5. It will be demonstrated thtit u~ point
G, a distance dr from F toward tho apparent sourm aloi~g
the streamline through F, the stremnline has tho same dircc-
~on as at F. Moreover, on the circular-arc sectian through

/
.’Secficm E -E’

r/ .’

Aibzzle awns
—- -- .

f’o\ 4 cb- -
P

I?KKM 5.–Sdamatic representationof flow ln netghborhod ofa?ct[onE-E’,

QG conctitric with O, the Mach number is constant. Be-
cause the Mach number is constant on section E-E’, from
equation (5), or (6) and (6a),

a (w+) a(v_)——
--m-= m

(a))

holds for all pointa on section E-E’. The (W+) and OI?.)
characteristics GJ and G H mab the Mtich tmglc p with the
streamline through point F, so tha~ the Icngth of arcs H F
and FJ are dqual according to the cqua tion

d%= l-fF=dr tan P= FJ=nit91 (7)
Therefore

de,= de, (7q
At point G

(7b)
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From equations (6b) and (7a)

(IG= (w+)F——(V-)F=8F (8)

The streamline through G therefore has the same direction
as the streamline through F, Also, from equations (2) and
(6b) and the expressions for (ik+)~ and (w.) ~ used in equa-
tion (7b), there is obtained

a(w-)dd,=Iq7+2 ~ (9)

From equation (7)

de,=: km s

and
b(w-) dr

w@=*,+2 ~ ~ t~ B (9a)

But from equation (6b)

(9b)
From equations (9a) and (9b)

*a–*==–d*=—$ tan 19

This expression is independent of 0. Therefore, because tan P
is constant on section E-E’, on arcs a constant distance dr
from section E-E’ the value of dWis constant. The circular-
arc section ‘QG is therefore ak.o a section on -which source
flow exists. A repetition of the developments just d=cribed
would estabIieh that source flow exists in zones adjacent to
circular arc QG.

In this way, source flow can be shown to exist in zone 111
(fig. 6) to the left of section E-E’. In the upper half of the
nozzle, source flow is Iimited to the zone (zone III) between
section E-E’ and the (w-)r/ characteristic through the
nozzle wail at point E. (See fig. 4.) At all points in this
zone, both (W+) and (w-) characteristics belong to the
system of charmteristim giving source flow at section E-E’.

,

boundary

W&m

~:r::a.1

M,>l ‘ zzk axis

FIGIXi 6.–ReSntionof nozde+dl mordimtes to coordimtesof charaeterie.tim.

At a point K outside this zone, the (w-) characteristic is not
part of the system of characteristics that is associated with
#he source flow specified for section E-E’ and the source flow
does not include point K.

The existence of the zone of source flow (zone 111) (fig. 6)
can be shown by physical reasoning as well. If the flow
through the nozzIe were reversed, the supersonic flow being
from the test section to the throat, and if source flow e.ititecL
at section E-E’, then the expansion wave from the wall at
point E would be bounded upstream by the (W_)rI charac-
teristic through E. The influence of the change of wd..
contour at E would be etTective in the flow downstream of
this characteristic. Between section E-E’ and the (9_)1r
characteristic, no change from source flow would occur.

COORDINATE.S OF WALL CONTOUl? OF ZZPANSION PART OF XOZZLE

The coordinates of. the nozzle walls .X”, 17 that produce
source flow at section E-E’ are obtained in the following
development:

The origin of the coordinates is taken as the apparent
source (fig. 6) and X and 1’ are taken parallel and normal to
the axis of the symmetrical nozzle, respectively. The co-
ordinates of points on the characteristics will be designated

% Y.
According to @e 6, the equation of any (ll?-)~ charac-

teristic in zone III is given as

x= r cos @ (11)

where
y=l’ sin 19

(-)-
+1

1+7+ M* 2(Y1)A, .
‘= Zai 7+1

2

(1 la)
—.

(llb)

from equation (la). From equation (2a)

e= (v+) – (9-),= (1!+]+ (WJ-2 (w-).

=TI!-2(V-)Z (1 lC)

The justification for substituting A, for Al and ct~for tlm=.in
equation (la) to obtain equation (1 lb) is based on the follow-
ing considerations: The mass flow across section E; E’ is
the same as the mass flow through the nozzle throat, where
31= 1. If source flow actually existed for aU the flow up-
stream of section E-E’, the flow -ivould be contained between
straight Lines O E and O E’ (@. 4), -which make the angle a~
with the asis. At the hypothetical section rl (fig. 2), where
M= I in source flow, the density and the flow velocity would
be the same as the corresponding values for the nozzle throat.
Because the mass flow is the same across the AI section and
the nozzle throat, ,the flow area must be the same in. both
cases:

A1=Al=2aBr1

In particular, for the (v_)l~ characteristic bounding zone
III (fig. 4)

t9=v-2(Y-)If
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From equation (4)

(q_),,=;,-...

and from equation (1 lc)

8=*—*1 (lld)

and r is given by equation (1 lb).
The nozzle-wall coordinates of the expanding part can

now be directly obtained from the following argument:
Because zono I contains expansion waves from only the
upper wall, a charactmistic such as UV (fig. 6) in zone I
is straight and the flow at every point on the line has the
same Mach number and flow direction 8. (See appendix
B.) The. flow lines crossing each characteristic at any point

in zone I malw the same angle 13=sin-l ~ with the charac-

teristic. Source flow e-tits on circular arc VW coruxmtric with
O and the Mach number is constant for all points on the arc.
Point V is common to the arc VW and the Mach line UV and,
inasmuch as there .armmo discontinuities in the flow, the
Mach number is constant along the line UVW. Because
the flow is considered to have constant total pressure and
total temperature, the properties of the fluid, such as density,
static pressure, static temperature, and flow speed, are con-
stant along line UV.W. The continuity conditicudm steady
flow requires that the mass flow be the same across section
E-E’ and UVW, If source flow did exist in the entire
wedge-shaped zone between the nozzle axis and the straight
line O E, the Mach number of the flow across arc TV concen-
tric with O would be the same as actuaUy exists along VW
or UV, The mass flow that crosses Mach line UV would
cross arc .TV with the same density and velocity. The area
1 sin B normal h the flow crossing Mach line UV must there-
fore be equal to tho area normal to tha assumed source flow
crossing TV. As TV is the arc normal ta the direction of
the assumed source flow,

1 sin P=r(aB–t?) (12)

By means of the relation sin $=-~

‘l=MT (CQ–8) (l~a)

If X, Y and x, ~ are taldn as the wall coordinates and the
coordinates of the (v-)rt characteristic, respectively, then
from figure 6

A’=x–f? Cos (&--e) =r Cos L9-Mr(a.–6) Cos (@–e) (13)

Y=y+2 sin (&o)= sin 19+illr (aE–8) sin (P–O) (13a)

Negative values of X are possible.

All terms in equations (13) and (13fi) are functions of .M.
These functions, taken from equations (1 lb) and (1 Id), are
listed here for convenience:

=*–-WI

VaIues for

‘+1

e)=if(]+ii~‘

and

are given in table I, column 4 and cohunn 3, respectively.

..---

FIGUBE7.—MraIghtcn[ngpartofnozzle,

The values of LIZused in equations (13) and (13a) range
from MI to .M~. The method of selecting a~ will bc discussed
in connection with over-all nozzle-design considcrat ions.
The values of illz and 31E depend on the choi(!e of a~ in u
manner to be discussed subsequently.

Once source flow is established at section E-E’ by nozzle
walls shaped according to equa~iona (13) Rnd (13a), the
source flow across the complete channel continues down-
stream of section E-E’ as long as the nozzlo walls aro straight
and have the inclination cz~ with the nozzle axis. Down-
stream of section S-S’, the end of the straigh&valIwl parL
(fig. 7), the source-flow zone extends from the axis to LILC

(9+)8 characteristic in tlw upper half of the nozzle and the
(Y?-)s# @aracteristic in the lower htilf of the nozzle, The
proof of..this fact is similar to thab given previously for the
zone immediately upstream of section E-E’ (fig, 5).
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VALUE OF *[

If the uniform parallel flovr across section 1-1’ (fig. 4) were
.at a Mach number of unity, both Iimiting Mach lines, or
characteristics, I‘ E and 1E’ would leave theh respective noz-
zle vralIs with direction normal to the nozzle axis and would
arrive at th opposite wall without displacement downstream.
In this case the length of the expanding section of the nozzle
~ould be zero.

The minimum value of WI required to obtain a length of
nozzle suflkient to permit an assigned due of ax at section
E-E’ is obtained from the physical requirement that the
T’alue of ill must always increase with increasing value of
X, the nozzle-waII coordinate given in equation (13). The
minimum value of MI, corresponding to the minimum value
of *1, (equation (2)) is obtained from

(M?- l)~i’
az= 0.6311~

(14)

for y= 1.400. The development of this equation is given in
.appendi.. C. Values of .Mr less than those given by equa-

tion (14) give nega t.ive values of $& in the neighborhood of

section t-l’. A plot of equation (14) is given in figure 8.
The highest vahe a= can have (~. 8) is about 31°, come

spondiug to a value of fif1=2. Source flow cannot be pro-
duced in nozzles with cm greater than 31°. The correspond-
ing values of WI given by equation (14) lie between O and
*I corresponding to MI=2. The values of ~r plotted in
figure 8 are minimum vahws. Ovw-all design considerations
or ease of computation may suggest values of !l?rgreater than
these minimum values. If a higher value is chosen for
WI, the corresponding value of a~ required to obtain the
desired vahe of Mf is computed in a manner to be considered
in the section “Design of Complete Nozzle.”

WALL CONTOUR OF STRAIGHTEhTXG PABT OF XOZZLE

The straightening part of the nozzles considered converts
a supersonic source flow into a uniform flow parallel to the
nozzle axis. Conaider a supersonic source flow at circular-
arc section S-S’ concentric with apparent source (fig. 7).
Circular-arc section S-S’ may be coincident with section
E-E’ or maybe a section downstream of section E-E!. If it
is downstream, source flow exists across the entire straight-
vralIed channel of the nozzle between sections E-E’ and S-S’.
Because the nozzle-wall curvature between points S and N
wiU influence the flow only downstream of the forward ~Mach
line through point S ((~+)s characteristic), the source flow
ends at the (*+)s characteristic upstream of point F.

The stiaightetig part of the nozzle is designed on the
principle that the wall contour is shaped to conform to the
curvature of the streamline adjacent to the wall that is
turned by the incident expansion wave from the opposite
wall. No emission of either expansion or compression waves
occurs from the wall so shaped. This point is discussed in

r

Minimum iniTial ‘Mach number, MI
1 1 I ! I t I I t I I
o 5 10 [520 25”30 ~ 4(I 45 50

Minimum in i +ial fuming angle, +-, dq

FIGTXE8.—Madmum mll-emnston angle.E. ‘r-I.m.

appendix B. The (l?+)s characteristic therefore repr~ents
the downstream limit of all expansion waves emanatbg from
the upper nozzle wall. The zone enclosed by the lines join-
ing the points SFt4 contains waves that originate at the lower
nozzle wall only. The (w.) characteristics in this zone are
therefore straight. (See appendix B.)

The equation of the limiting characteristic (w+)s is obtained
by making use of the fact that source flow exists in the
adjacent area upstream of the (*+)s chmact eriatic. If z
and y are the coordinates parallel and normal to the nozzle
axis, respectively, of the (%)s characteristic with the origin
taken at the apparent source, then

X=r Cos e

~=r sin O (15)

where r is given as a function of -II by equation (1 lb). B~-
the same reasoning used to obtain equation (1id), 8 @
obtained as

d= (w+)A.– (w_) =—[(T!+)S+ (W-)1+2(W+)S=2(W+)S-W

The values of M range from 21s to Mf. The value of
(w+)s is obtained from the observation that a streamline
along the nozzle axis arriving at point F (fig. 7) will have
crossed aIl expansion waves emanating from- both w&
and wiU therefore be at the final flow Mach number -illf
corresponding to a total turning angle lPP Because the
inclination of the flow to the axis is zero at point F, values
of (w+) and (~.) of the characteristics through point F
are related by the equation
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Moreover, the (~+) and (!P-) characteristics through F are
the limiting characteristics (w+)s and (w_)s~, respectively;
therefore

Because in

(*+),= (W+).= (w-) St= (w-),

a symmetrical nozzle (9+ )s= (Y-)s~, and

~F= (~+)F-t (~-)F=2@’+)k”=2(~+h

(~+).=~ (16@

From the fact that the flow through point Fis at the flnalMach
number M/, ~J’= WIand equation- (16) can then be written

~m
e=vf—w=wf-x tan-l ~ -ttan-’ll= (16b)

where M has values between .&Is and Mf. The value of
Ms corresponds by equation (2) to iPs= (~+)s+ (~-)s.
Because the flow direction at point S makes the angle a~
with the nozzle axis (~. 7)

(W+)s–(w.)s=a.

Therefore, from equation (16a)

ws=2(w+)s—cY&e= Il?f-aE (16C)

The coordinates X, 1’ of the nozzle wall for the straighten-
ing part are obtained in a manner simiIar to those for the
expanding section. A characteristic (such as G H in zone IV
(fig. 7)), included in area SFN is straight and the. Mach num-
ber is constant aIong the characteristic. (See appendix B.)
ConscquentIy, the flow direction, pressure, temperature,
and velocity are constant along such characteristics. A1ong
the circular arc GD, source flow exists and the Mach
number, pressure, and temperature aro constant. Only the
flow direction varies along G D, As point G is common to
G H and arc G D, the physical properties of the fluid and the
flow speed along G D are the same as along G H. The area
of flow normal to the streamlines along f-lG D is

A=re+l sin B (17)

If source flow had existed downstream of section S-S’, as
it would have if the nozzle walls had continued-downstream
straight through S, then the mass flow across arc. BG D would
have the same value as across H G D. The fluid would also have
had the same pressure, temperature, density, and flow Mach
number as actually exists on arc G D, “-which does support
source flow. The area normal to the. flow across BG D
would therefore be the same as for the flow that does cross
HG D and from equ~tion (17)

rq=rff+l sin 19 (17a)

A$ sin p=;

l=i14r(cJ!.-e) (17b)

Therefore, if X, 1’ and z, y are the nozzle-wall coordinates of
the straightening part and the (!!?+)s characteriatk, respec-
tively, then

x=x+2 Cos (t?+fl) =?’ Cos 19+Mr(a.–e) Cos (8+6) (1s)

~=g+t sin (f?+@ =-r Sill 8+ Mr(CYE–(?) SiIl (8+@) (18u)

The values of r are obttiined from equation (1 lb) aml arc
tabulatud in table I, column 4. The W1lUCof 0 is obtained
from Y?J-O (given in table I, column 3) corresponding to the
vahle of 34 for which the point (X, Y) (equations (18) and
(18a)) is being obtained. The value of WJcorresponding to
MJ) the final Mach number of the nozzle, is also obtnincd
from table I, column 3. Tke value of 31 to be used in
equations (18) and (18a) ranges from JM8 to MO

DESIGN OF COMPLETE NOZZLE

Supersonic nozzles ire gencraIIy specified in turms of lLu
crox-sectional area of final uniform flow Af and the find
Mach number MJ. The nozzle-throat arm is obttiitml by
the one-dimensional-flow equation

7+-1

(-)
i(pl)

* Mf’
Afl *+2—. —
A, MJ 7+1 -

2

for which values are tabtdated in tablc I, column 4.

NOZZLE WITHOUT STBNGHT-WALLED PART

The shortest nozzIes that may be designed by the method
report ed are those without a straight-walhd pu rt bet.w ecu
sections .~E’ and S-S’. The straightening part immed i-
ately follows the expanding part. For a givm value of :111
and given final Mach number MJ, the value of ag is fiwi
by the folIowing consideration: Because ag is the tingle
through which the nozzle wall turns between section 1-1’
and section E-E’ (fig. 3), then

(w+).– (W+)l= a. (19)

By equation (4)

LYE= (w+)+ (19a)

The value of (v+) remains constanb at (~+]r downst.ream
of the (%?+)~characteristic because no adclitiom 1 wu vw am
emitted from the upper wall of the shortes~ DOZZIC(fig. 9).
The value of (v-) likewise remains constant at (w-)=,
downstr~m of the (~-)~. charfi.ctcristic. At t.hu end of
the nozzIe, where tho flow is paralleI to tho nozzlo axis with
a uniform Mach number Mfj

*J= (*+)E+ (w-) w =2 (v+)jf=2 (w_)j.?f (19t))

From equation (19a), therefore

~E=*l—P1 “
2 (19C)’
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FIGFBE9.–LioIItln.gche.mcterist.icsInnode wltkit stmkhtwdkd Part.

The angle a. is rdways less than one-half the equivalent
turning angle 3J?frequired to obtain the final Mach number
ilfp

Considerations of nozde construction or flow stabiIity may
suggest a desirable vaIue of LYB. Then II!, is given by equa-
tion (19c) for a gozzle of given final hiach number -kff.
The value of ag chosen must correspond to a value of V,
by equation (19c) that is equal to or greater than the mini-
mum ~t computed by equation (14) for the same value of
a.. (See @. 8.) A smaIl saving in length of nozzle is
made if a value of aE and the corresponding vahe of !VI are
obtained from the simultaneous solution of equations (14)
and (19c). These valu~ are given in a plot of a~ and the
corresponding minimum value of %!1reqtied is given in
figure 10 for a range of vaIues of b~f from 1 to 10. In the
high range of values of final Mach number .Mf, !P. exceeds
a.. If large values of WI are undesirable, lower values may
he used in conjunction with a straight-walled part of the
nozzle as discussed in the next section.

~OZZLEWITHSTRAIGHT-WWEDPARTS

If nozzks are desired having known values of ax and IPI
lees than those given by equations (14) and (19c) (fig. 10),
then a straight-wakd portion of the nozzle is required
downstream of section E-E’ to obtain the desired value of
MO The length of the required Araighkralled part is
obtained as foIlows: According to equation (1lb), which
applies to source flow, the asial distance between circular-
arc sections E-E’ and S-S’ is

t-

The values of J.& and A& are obtained from the correspond-
ing values of VE and ~s evaluated in the foIIowing manner:

The expression for IPE is obtained from equations (4) and
(4a) and figure 4 as

From equation (16c)
Y!s=?l?f- ct5 (201))

The values of qB and ‘l?sfrom equations (20a) and (20b)
provide by means of table I, columns 1 and 3, the corres-
ponding value of MZ and Jls required in equation (20).
The values of rs and r. likewise can be obtained from table I,
column 4. The only theoretical condition on th~ choice of

VI and aE is that VI shalI not be 16s than the value given
by equation (14) (fig. 8) for the vaIue of CYEchosen (less
than 310).

DZSIGN OF INITIAL EXPANSION PAET

Exact nozzle-well contours for converting a uniform flow at
Mach number unity to a. uniform supersonic flow at Mach
number MI can be obtained by shaping the nozzle walls to
conform to the streamlines corresponding to the turning of
a sonic flow about a corner according to Primdtl-Meyer
theory. (Complete nozzles built according to this method
have ~xcessive length for high final Mach numbers. Thk
length is unadmirable if thick boundary layera on the nozzle
walls are to be avoided.)

(20)
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Four applications of the use of the solution for the turn
about a corner to obtain the wall coordinate of the iuit,ial
expa.naion part are illustrated in figure 11. In figure 11 (a)
is shown the subsonic entrance part, the nozzle throat, the
initial expansion part, md the expanding part of the nozzle.
The lower wail of the initial expansion part is a sharp corner
at C with an angle equal to wI. The upper wall has the
contour of a streamline of the flow around the sharp corner.
In figure 11 (b) is illustrated the same. typo of inititd expan-
sion part in which the sharp corner at C of figure 11 (a) is
replaced by a streamline of the flow mo-und the sharp corner.
In the arrangements of both figures 11 (a) and 11 (b), the
axis of the subsonic entrance makes the angle WI with the
axis of the supersonic part of the nozzle. The axis of the
subsonic. inlet can bc made parallel to, but offset from, the
a~fi of the supersonic part of the nozzle by producing the
initial expansion of the flow by means of a counterclockwise
and clockwise turning of the flow about a corner at the upper
wall (point Cl, fig. 11 (c)) and the lower wall (point Ci) each
of angle !l?,/2, b in the case shown in figure 11 (b), the

Wall con tour same 0s 9Yreomline af
ProndthWeye,- turn obo U+ corner C

with ?urriinq anq /e f?I - ;,.
\-

NOzzle

,,

?hroaf~ ‘-...
. .

Ox!s
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.-” -----
..-.

till con four some us sfrecmline of
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corners at Cl and C2 can be repIaced by streaniines. The
arrangement HIustrated in figure 11 (d) uses a phg whose
contours downstream of the throat are ahaped to conform
to streamlines for the flow around the corners C and C’ on
the upper and lower walls; respectively. The turning angle
at C and C’ is *1 degrees. The initial expansion of the flow
is, in tiect, accomplished by two separate initial expansion
parts in parallel. The axis of the subsonic entrance is in
line with the axis of the supersonic part of the nozzle.

An alternative form of the arrangement of figure 11 (d) is
shown in figure 11 (e). No plug is required in this initial
expansion part. The expansion waves arising at the turns
at C and C’ are intercepted without further remission by the
opposite walls. As all the streamlines cross the expansion
waves from both the upper and lower -wall, the turning
angles at C and C’ are ~r/2. The wall contours of the
imrmgement shown in figure 11 (e) are not streamlines of a
Prandtl-lhleyer turn about a corner but must be obtained by
the standard graphical method to be discussed.

The expressions for the coordinates of the wall contour in
which the initial turning of the ffo-iv is produced are now

~i&’
Jir’>

~,~f’ %1s

&per- well
cm+-

‘P ---- Fird- flow direcf ion
*

S*reomltie
-

Wolf ccnf our [SMOOti turn]

da fill cw fm (sharp corner)

x
FIGLWI12.-Twodimenslonnl supersonicflow abcmtcorner.

obtained, In figure 12 is shown the supersonic flow about
the corner of a two-dimensional wail in a supersonic flow of
tiite extent. According to Prandtl-Meyer theory, the
Mach number of the flow is constant along radial lines from
the corner and aLI flow lines crossing a given radial line are
parallel at the radial line. For a flow line a distance dl
from the corner Cl along a radial line, the total flow area
normal to the flow, .4, is dl sin S. From the geometrical
relation shown in figure 12, the coordinates of a given stream-
line (wall coordinates) are

S,=d, Cos @+ W,–w) (21)

Y,=d, sin @+ V,–w) (21a)

where fl=sin-l ii (1 <fil<lll~). The value of d, is obtained

from the one-dimensional flow relation

-#-LI

303

(21b)

When the short -wail of the initial expansion part is a sharp
corner, then do is equal to the width of the nozzIe throat. If
both walls in the initial turning portion of the nozzle are to
conform to streamlines as illustrated in figure 11 (b), the
throat width is given by d~–bo. The coordinates of the long
wail are given by equations (21) and (21a) and of the short
wal.I by the same equation with bl and ba substituted for dl
and do, re.apectively, in equations (21), (21a), and (21b).
The vahes of d/d.me gken in table 1, column 5.

When the initial expansion to Mr is accomplished in two
steps, as shown in figure 11 (c), the coordinates of the walls
of the first part are given by equations (21) and (21a) with
*I replaced by TI/2. The coordinate of the walI of the
second section about point CZare obtained from the geomet-
ric relations illustrated in figure 13. The angle between
the flow direction at R and at G, where the flow direction is
parallel to the nozzle walIs, is ~~—~. If D is a point on the
walI opposite h the location of corner C2 and d~ is the
variable length CZD, then the coordinates of the wtill are —

X,=d2 COS ~+~,–~) (22}

Y,=d, sin (/9+w=-v) (22a} -“”

The coordinate axes at C, are turned at an angle W./2
tith respect to the axes at Cl. The value of ill ranges from.
~= tu dfr, where ill, corresponds to ~#, or

~. i
: ----Direction of flow af R

-respond@ fo to fal
iurnkq *

FIGL= l&-Double Inltid turn, sbmp comwrs.

--
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Moreover,
Y+l

(-)-
-f-l 3p1+-7

%-1) “-

d,=do (22b)
‘y+l

2

(from equation (21b)). Values of &/c&, shown as d/o%, are
given in table I, column 5. Point C, can be coincident with
point B (fig. 13).

If the coordinates of the walls with smooth turns (fig, 14)
are desired in place of the sharp turns at Cl and G, they
are obtained M before with bl, b~, and bo substituted for dl,
&, and do, respectively, in equations (21) to (22a). The
nozzle-throat width is then &—bO.

When a plug is used in the initial gxpansion part of the
nozzle, as in @ure 11(d), each wall has a turn equal to
*I; each turn influences the flow between the corresponding
waH and the plug. The coordinates of the plug (fig. 11 (d))
downstream of the throat are given by equations (21) and
(21a), in which do is now the distance from the wall to the
plug at the throat section CB. Smooth turns cm-i be sub-
stituted for the corners at C by the method discuwed in
connection with figure 11 (b). Boundary-layer development
on the plug may produce an undesirable wake. This condi-
tion may be alleviated by the boundary-layer-removal ar-
rangements illustrated in figure 11 (d).

A graphical method for obtaining wall contours for the
initial expansion corresponding to the cunfigumtion shown
in figure 11(e) is illustrated in figure 15. The system of
(~+) and (w.) characteristics emanating from the corners C
and C’ are curved in zone I to account for the effect of one

FIGURE14.—l>oubleinltkdturn,smodh turm.

set of expansion waves on the other in accordance -with the
discussion of appendix B. In zcmea II and III, the char-
acteristics are straight because the nozzle wails are curved
to prevent emission of waves downstream of points C and C’.
Because aH cwpansion waves from C and C’ remain upstream
of the (w+) and (~-) characteristics equal to iPr/2, (w+) is
constant everywhere in zone II at a value of *r/2. In
zone 111, (W-) is hkewim constfmt everywhere at ~1/2. If
MI represents the Mach number of the flow at section I-1’
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(fig. 15), then the width of tho nozide at section 1-1’ is ob-
tained from the onedimensional supersonic-flow relation

Y+l

(-)

7 — 1 fiJ12
2(-i-1)

1+7
;–;& (23)

‘y+l “–
2

Values of the right side of equation (23) arc given in table
I, cOhl?llrl 4.

Because the change in wail contour between points B and
G (fig. ”15) is made to conform to the curvature of the
adjacent streaml.hm produced by the iucidcn~ wq)ansion
waves, the change in walI augle a between B and G on the
upper wall (zone II), is

–AcY= (*_) ~– (ll?_)~ (23a)

Similarly, on the lower wall (zone ITT.),

—As= (W+)H—(!l?+)J (23b)

Beginning the graphical layout of tho walls from scctiou
I-1’, which has the calculated width wr, in the manner
shown at the lower wall (fig. 15), is advisable. This pro-
cedure insures that the rutio of the area at scctiou 1-[‘ to
the throat section is correct und gives the dosiml valuo of
34,. The line HJ is drawn, making the tingle Aa with Lho
nozzle uis as determined by equation (23b). The lino J K
is drawn likewise, making the ang]c Am with line HJ as
determined from equation (23b) with K and J substitutwl
for J and H, respectively. Th polygon obtaiucd by the
methocljust described is repIaccd by a smooth curvo througlt
the vertices of the polygon,
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FIGCEEml-system ofcharacteristk forskp-cornered throat. Maximum M achnumtwr,L!M5.

(A 23.6-by 18.3-tn.print of thfschartIsavaIlabIermreqnestfromNAC&)

The system of characteristics for zone I of the initial
expansion part of nozzles having values of M1 up to 1.536,
-which corresponds to an initial turning angle of 130, is
reproduced in figure 16. The zone I characteristics for an
initial expansion part of equivalent angle *1 are obtained
by selecting all (1?+) and (~.) chamcteristics having valuea
equal to and less than v?I/2. The zone II characteristics
are obtained by continuing the set of (~-) characteristics
as straight lines in the direction of the tangent to the charac-
teristics at their point of intersection with the (I!!+) charac-
teristic equal to !VI/2. The zone 111 characteristics are
obtained by continuing the set of (~+) characteristics as
straight lines in the direction of the tangents to the character-
istics at their intersection points vvith the (~-) character-
istic equal to lP1/2. A pIot similar to that given in figure 15
r=ults. Because the wall contour ie determined by the
zone 11 and zone III characteristics, the zone I charactar-
ietios n&d not be plotted. From zone I is obtained the
direction and the coordinates of the zone II and zone III
characteristic at the point of contact with the limiting
(W+) and (~-) characteristics equal to WI/2. The direction
and the coordinates of the characteristics can be obtained
from the coordinate system given in @e 16. Tracings
from figure 16 W be inaccurate because of the distortion
of the figure during reproduction. The system of character-
istics is given for a nozzle having a throat width of 24 inches.

The coordinates of the charactwistics for nozzles having a
ditlerent throat width A, are obtained by multiplying all
coordinat= given in @re 16 by At/24. The slopes of the
characteristics remain unaltered.

ESTIMATION OF NOZZLE LFXIGTH

The length of the supersonic part of the nozzle (fig. 17) is

L=xf–.x;+.Le (24)

As Xr is the coordinate of the downstream end of the nozzle
where M is equal to ill~, its value is given by equation (18)
Vfith 6=0

Xf=rf (1 +Mfa. Cos p,) (24a)

frlfi%t --S fraigh f - wolkdporf

-- fuming ~

J
u

M= 1- Ml>l; ,----

O*-&- —-
Throa f--’ ,~’ x

,. L=
.’ ~~ 7

C:Apporen f source

FIUUME17.—DesfgnMontilengths ofnode pirls.
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where rf and Pf are obtained from table I with M=Mfi The
value of X1, given by equation (I3 ), corresponds to the
coordinate of section I-1’ where Ikf equals MI and 8= O

X1=rl (1–A!p. cog I%) (24b)

Negative values of X1 are possible.
The length of the inititd expansion part .L, (measured

along the nozzle walI) is generaIIy less than 10 percent of the
total length of the nozzle. The following approximate ex-
pressions for L, wiII in general suffice:

1. For one turn about a corner (fig. 11 (a)),

L, =d, tan r=d tan (900 +W[–P1)

L, .=& cot (1%–IP,) (24c)

where *1 is obtained from table I for ~f =341.
Z. For two turns in succession about a corner at each wall

(@. 11 (c)),

L,=dO tan ~+w, tan #=c& tan (90”+ 5–B.) +

()
w, tan (900–&) =du cot l%–~ ●WICOtfi, (24d]

where /3.=sin-l &--~~d ~n corresponds to Il?l/2from table 11.

3. For the nozzIe with the plug (fig. 11 (d)), the value of
L, is O.

4, For the short nozzle at the throat (fig. 11 (e)), the axial
length of the corresponding initial expansion part is approx-
imately

L,ti%cot fl, (248)

REMARKS ON APPLICATIO~ OF DESIGN METHOD

Mathematical expressions for the wail coordinates of
supersonic nozzles in which source flow is developed are

valid for values of az equal to or less than 310. The assump-
tion that the flow follows the nozzle wall for values of am
up to 310 must be verified by experimcmt. TIM uso of sharp
corners at the initial expansion part must bo chcckcd as WCII.
UntiI this check is made, az may welI bo restricted to known
safe values and smooth turns used instemd of sharp corners,
Because of t.h~ favorable pressure gradient. in tho expansion
part of the nozzle, however, the flow will probably follow
the nozzle _waII for all values of a~ pe.rmitled by the theory,
Satisfactory flow around sharp corners is also likcIy for tho
same reason.

A sample calculation is given in ttiblc 111 of all the design
parameters and ttypical wall coordinates for two nozzks
having a f?malMach number of M=3.50 and a final width of
10 inches One nozzle has an initial exptinsion part consisting
of one turn about a sharp corner and belongs to the class of
shortest nozzles. The other nozzle has an initial turning
part consisting of two turns about sharp corners nnd
contains a straight-walled part,

No account wlw taken of the effect of Imundury-luyer
growth on the walls on the nozzle fIow. If tho proper dis-
tribution of boundary-layer displacement thickness is
known, the local Y coordinates obtained by the equations
of this report should be increased by this boundary-lnycr
thickness. It is important to correct the shape of tho
straight-walled part of the nozzlo for ~.hcboundary lnycr in
order to avoid the emission of uncompcnsat d compression
waves that may produce a shock front somcwhcrc in tho
flow.

l?LIQHT PROPULSION RESEARCH LABORATORY,

~ATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, - “““ -

CLEVELAND, OHIO, June 1,1948.



APPENDIX A
SYMBOLS

The following symbols are used in this report and are
illustrated in the figures:
A

A,

Ad

Ar

A,

A,
b, ~o,k ~z

D
d, do,dl, d~

L
L,
1?

M
M.

M,
hi,
Ma

M,

31.

T

7’1

rE

rf

rI

rs

WI
x, Y

x,, T,

x*, Y*

area normal to flow direction (Because unib
depth is assumed at all nozzle sections, the
area at any section ie numerically equal to
the width of that section.)

source-flow area normal to flow direction at
section where M= 1 (equivalent throat area)

area normal to flow direction in expansive turn
around corner

cross-sectional area of nozzle bearing uniform
flow at Aff (nozzle exit)

source-flow area normal to flow lines at radial
distance r from apparent source

nozzle-throat area
radial distances from “corner” to streamline

representing adjacent nozzle wall (See figs. 11
to 14.)

displacement
radia~ distances from “corner” to streamline

representing remote nozzle wall (See figs. 11
to 14.)

length of supersonic part of nozzle
length of initial esfmnsion part
distance along characteristic from nozzle well

to limiting characteristic (it_) I,, (*+)X, or
(*+)8

Mach number
Mach number of flow at circular-arc section

E-E’
final Mach number of nozzle flow
Mach number of flow at section 1-1’
Mach number of flow at first half of initial ex-

pansion part
Mach number of flow at circular-arc section

bearing source flow at distance r from source
Mach number of flow at circular-arc section

s-s’
radial distance along streamline or nozzle axis

from apparent source
radial distance between apparent source and

circular-arc section at which sonic velocity
(31= 1) exists in source flow

radial dist ante of circular-arc section E-E’ from
apparent source

radial distance between apparent source and
location of point on axis where itifis first

attained
distance along nozzle asia from apparent source

O to (V+) I or (IP_)I~
radial distance of circular-arc section S-S’ from

apparent source
width of section I-1’
nozzle-wall coordinates

nozzle-wall coordinates of initial expansion part
opposite first corner

nozzle-wall coordinates of initial expansion part
opposite second corner

distance of downstream end of nozzle from ap-
parent source

distance of section 1-1’from apparent source
coordinates of characteristic
inclination of nozzle wall to nozzle axis
masimum inclination of nozzle wall to nozzle

ati (corresponds to wall inclination between
circuIar-arc sections E-E’ and S-S’)

Mach angle @=sin-’ l/fii), anglebetweenstream-
line and Mach line or characteristic

Mach angle in tial uniform nozzle flow “
Mach angle at section 1-1’
Mach angle at first half of initial turning part
ratio of specific heafs
angle between characteristics bounding zone of

expansion waves from corner C
a.nfje of inclination of streamline to nozzle asie
one-haIf included angle between boundary

streamlines of source flow (maximum pos-”- -
sible 0 in source flow)

r
. T*

y—l

angle between clovmstrearn chara&@ic tlyough
corner ~ and section 1-1’

equivalent Prandtl-Meyer turning angle
characteristic originating at upper nozzle wall
characteristic originating at lo-iver nozzle wall
value of Ik at nozzle cd
value of ~ at section I-1’

Points along the nozzle wall or in the flow are designated
by letters; letters for points along the 10WSWnozzle wall are
primed. Sections (cross sections through the two-d-imensiomd
flow, which are therefore only lines) are designated by the
two letters ending the lines. Point&signation letters are in
some places used as subscripts for clarity. Zones (region of
different kinds of flow) are designated by Roman numerals;
parts of the nozzIe, which, like the zonw, have two dimen-
sions, are called by name. The following location letters are”
used:

c corner in nozzle wall bounding sonic or supersonic flow
c’ corner in lower nozzle wdl corresponding to C
E point on upper nozzle wall at circular-arc section at

which source flow is first es~ablialwd across entire
channel of nozzIe

E’ point on lower nozzle wall corresponding to E
I point on upper nozzle wail representing downstream

boundary of initial expansion part
1’ point on lower nozzle wall corresponding to I
o apparent souxce
s point on upper nozzle wall at last circular-me section

at which source flow exists across enti.ns nozde”
channel

s’ point on lower nozzle wall corresponding to S

Other capital letters are used to dwignate arbitrarily chosen
points and as subscripts referring to those points; a, b, c, and
d are used as subscripts in appendi~ B to indicati hypo-
thetical values.
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APPENDIX B

METHOD OF CHfiACTERISTICS IN NOZZLE DESIGN

EXPANS1ONWAVES GZNEBATED AT CHANNZL WALLS

The form of the method of characteristics found most
convenient for designing two-dimensional nozzles is de-
scribed. Irrottttional flows with total temperature and total
preemnw constant throughout the field are considered.

The starting point taken in setting up the method of
characteristics used is conveniently discussed in terms of a
uniform two-dimensiond sonic or supersonic flow turning
around a sharp corner of a wall along which the flow passes
(fig. 18 (a)). The streamhnes are turned about the corner
with increasing Mach number, as at Cl and Cz, in wedge-
shapcd zones BC1D and ECZF, in which the static pressure
decreases and the velocity increase in the direction of the
flow. Such zones of decreasing pressure and increasing
velocity are crdIed expansion waves. Along radial hnes
through Cl and Cl the velocity, pressure, density, tempera-
ture, flow hfach number, and flow direction are constant.
These radial lines are Mach lines that make the .Mach angle

with the local flow direction fl=sin-l & 130wnstream of

the bounding .Mach line CID, the flow is uniform and paraUeI
to wall CIC*, At the corner in the wall at C,, the second
wedge-shaped zone has a hlach line GE as the upstream
boundary, which makes the same Mach angle P with the
flow as does the hfach lino Cl D beoause the flow between
these two lines is uniform.

As the length of walI C,CZ has no dl’ect on the clire~tion
and .Mach number of the flow at line CZE; the point Cz could
be made coincident with C1 without altering the flow at
CZF. The change in lMach number and direction of the flow
can therefore be considered to be a function only of the
angte through which the flow is turned. Any stream tube
having a supersonic Mach number can be considered ta have
come from a sonic flow (34=1) turned about a corner of
angle V. The expression relating the flow Mach number
and corresponding turning angle (reference 2) is, in the
notation of this paper,

W=A tm-l@:-’_tm:lj~ ““ml)

Because the hfach number of the flow is constant along
hfach I&s radiating from Cl and Cs, each .Mach line is
assigned a value of * equal to the turning of the sonic flow
required to give the corresponding h4ach number. It is
convenient to subscript these values of w as (w. ) to indicate
that the flow is deviated in a clockwise direction from the
direction of the flow at sonic speed when crossing the .Mach
line originating at Cl or CS. A .Mach line to which a value
of if! has been assigned wil be called a characteristic. The
angtiar turning of the flow produced by an expansion wave
is equal to the difference in the values of v of the character-
istics bounding the wave. When the wall curves uniformly
from Cl to C,, as in figure 18 (b), at eQch point in the wall
the turning of differential angle d~ is considered to take place,
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The wedge-shaped zone through each turn dIPhtts a differ-
ential icrtex angle at the wail and is simply rcprmcntrd by
a single Mach line. The corresponding system of cdmraclcr-
istics has the form shown in figure 18 (b). Tho flow ocross
each characteristic is parallel to the flow at LIMLpoint on [ho
walI at” which the characteristic origintttw.

If, after the turning of a sonic. flow about n corner in WU1lA
(fig. 18. (c)), a corner in wall B is Cncouut.crcdj the flow
deviates in a counterclockwise direction around the cornm
in wall .B. The change in Mach number of the flow duc tO
the tur~- about wail B is tlw same as a similtir turn around
wall A with W] initial hlach mlmbcr equal to the value in
zone I. If characteristics originating from wall B arc

u

.%t-eomlines

M- 1

\\\\\ \\\\mmmmm+i
wall--’-’ cl”% //>

S?reomlines

SOnic
zcine

n\\\\\\\\\\\\5\\\\\\..Y
Wa/1A 1

.,,

[c]

(a) Turrrlrrgof xmfc flowabout two wmcm h &d!.
(b) Turnfngof sonicflowabout arnmtblycurvwl wall.

(o) CWom WwSouic flow aboutcornersIn two wails.

FIouax 18.—Sabem8tlcreprescntat[onof etkt of tunrwl-wallcanllgaratfonon cqmwfon
.$. wavesand strearnltrms.
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numbered according to the total counterclockwise angular
deviation experienced by the flow arriving at the character-
istics and indicated by (!!?+), then the total turning exper-
ienced by the flow going from the sonic zone to point P
(&. 18 (c)), for example, is

(Bz)

The net counterclockwise angular deviation of the flow
along C9P from the flow direction in the sonic zone is

e= (9+) *—(w-)= (B3)

The values of the (37+) and (S?-) characteristics downstream
of point P are the same as at point P because no additional
turning of the flow occurs downstream of %P.

Every point in a supemonic flow is crossed by two Mach
lines making the Mach angle P @th the flow direction.
Because tie characteristics are Mach lines numbered accord-
ing to the convention just established, to every point in the
supersonic ffo-w a (i!?+) and a (*-) characteristic correspond.
If the values of (Z+) and (w-) are known at a point in the
flow, the Mach number and the direction are given by
equations (B2) and (B3).

The value of (W+) assigned to a characteristic is unaltered
by its intersection with the characteristics of the (q_) set
or vice versa. Two characteristic of the (~.) set are shown
intersecting the two characteristics of the (W+j set in fig-
ure 18 (d). Three parallel streamlines, -which may be consid-
ered to be elements of a supersonic stream tube are flowing
across the characteristics. Streamline 1 is first given a
counterclock* deviation in flow path equal to (~+)d-

(XP+), in crossing the (9+) set of characteristics. It ccm-
tirmes in a straight line untfl it intersects the set of (iP_)
characteristics, -which give it a clockwise deviation in flow
path equal to (T.)c– (w-).. The net deflection in path in
the counterdockvrise direction is [(w+)d– (w+)J –[(w-)c—

(W-)a]. Streamline 3 intercepts the (W-) set of character-
istics first and is deflected in a clockwise direction by an
amount (V_)C—(iY_)=. It continues in a str&~ht line until
it intercepts the (~+) set of characteristics, which deffect it
in a counterclockwise direction an amount (W+]~—(*+) b.
The net deflection of streamline 3 in the countercIocktie
direction is [(v+)d– (V+)~]– [(*_)c– (l!_)t& the same as
for streamline 1. The total turning A* experienced by
both strean-dines 1 and 3 in crossing both sets of character-
istics is the same and is equal to [(v+)r (w+) b]+ [(~-) .—
(*_) M]. If streamlines 1 and 3 had the same Mach number
and flow direction before intercepting the (V+) and (~_)
set of characteristics, they would have the same new Mach
number and new flow direction after crossing the chmac-
teriatics. The stream-tube width hm also imxeased to a
value corresponding to the higher Mach number of flow
af t-er crossing the characteristics. ” StrFamIine 2 crosses both
sets of characteristics simultaneously. Each set of charac-

Sfreanrlinc
I \

Ml \ \

,
Streamline :

c@.acen t ;
to null----~’

*
?

(t+ \

(d) Flow throughIntersectingsystemsof ekrzeterktk%

(e) Expsnsionmm of W. mt lncl&nt on strrdghtwall.

FIOL_EE18.—Cont3r.rued.Schematicrepresentationof efkt O( tuarrel-wrdlconl?.gumtlonon -
exmrrsionwsvesand stresrnlSnes.

teristice produces its turning of the flow indepencleptly of
the other. The streamline assumes the resultant direction
due to the simultaneous clockmise and counterclochcise
turning of the flow. The &al-flow direction and Mach
number at P is the same as for strearrilines 1 and 3-’after
passing through both sets of characteristics.

CHARACTERISTICS INCZDE?ST ON CHANNEL WALL

Only flows that do not separate from the toting channel
walls are considered in this report. Consider two ch.amrri
terktics of the (W_} set, ha-ring values (*-)= and” (*-) b;- -”

incident on the straight channel wall shown in figure 18 (e].:
The streamlines mo-re aIong the wall instead of folloy-ing
the dot ted path under the infiuence of expi-tilori wayes

——

contained between the (9-) characteristics because an ex-
pansion wave belonging to the (~+) set arises at the wall
between points A and B that cancels the tendency of the
flow to deviate from the wall. That is,
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Ad

e

(f) [

(f) IWuuion waveof W. eetIrrcldcnton ourredwell.

FIGUREM.-omthmed. Schemdc repremtetfon of effectof tnnnel-wellmnftarmtkmon
Mach waveeand stremnlfnes.

If, between points A and B, the wall curves (as in
fig. 18 (f)) an amount Aa, then the expansion wave of the
(W+) set must exceed that of the incident (v-) set by an
amount ArYor

A(9+) = (’?+).r (V+).=A(W-) -l-As= (Itl_)u (Yf.)a-FAa

(B5)

If between points A and B (fig. 18 (g)) the wall curves in
the direction of the streandine along the wall under the

(+’.)a

(“i

(g]~allshePc conformsto strcamlhe cu~ratuy mxlnccdby fncklcrrtcxfrmsfonwsyo of

FImJREw.-Conclrrded. Schemat[crcPrcSentatIonof cfl@ Ortuf.r~l.$~anConflgumtlonon
expansionwawe wrd atreamllncs.

influence of the wave of tlu3 (*J sck only, Lhen t.llc fiow

adjacent to the wall fol]ows t.k wall witl~out requiring tk

compensating expansion wave of tho (T+) set. ln this casO

no wave of the (w+) set is generaf-.cd. Tl~o fact LllaL wli~-

emanating from a cl~anncl wall can be supprcssc~ ly cl~rvin~

the wall b the shape of the ~djacent streamline Iln(ler 1I1o

itiuence.. of the incident e.wansion -ivavea represents tlte

basis of the method fol designing supersonic I1OZZ1CS used i~~

this report.
The characteristics arisii at fi -wall abou~ which a two-

dimensiorial flow is turned arc straight as long as thc flow
responds to waves from only one wall. The .devialion of tlm
flow praduccd by an intersecting system of waves rcsul[s hi
curved characteristics because the characteristics mus~ mako
the Mach angle fl everywhere with the flow direction.



APPENDIX C

DERIVATION OF EXPRESSION FOR MAXIMUM INITIAL EXPANSION ANGLE

In the discussion in appendix B of the expansive turning
of a supersonic flow about a continuously curved wall
(fig. 18 (b)), characteristics having a &ite difference in turning
angle were shown to have a fit e distance of separation at
the wail. If II be a displacement in the direction of the
flow at the wall then

g>o (cl)

In the Limiting case of a sharp expansive turn (finite angle)
at the wall, all characteristics in the corresponding wedg~
shaped expansion wave originate at the sharp corner
(&. 18 (a)). Tha flow adjacent to the wall undergoes an abrupt
finite increase in Mach number in crossing the wedge-shaped
expansion wave at its vertex where the -wave width dll in
the direction of the flow is vanishingly small. In this case

dD
d—~–o

(C2)

The condition expressed by equation (C2) repmse.nts a tilt-.—

ing value of $&I because no expansive turn in a wall will give

negative values for ~1 in the absence of waves incident upon

the walls.
In the expansion part of the nozzles considered, no waves

are incident uPon the nozzle walls. Therefore the condition

that ~f >0 applies.

When a value of ~1 or -M.. is chosen too low for the maxi-
dX

mum wall-expansion angle a= empIoyed, then ~U becomes

negative in the neighborhood of sect-ion I-1’ where 8=0. For
the limiting condition

JV
(C3)

where X“ is the coordinate of the walI paral.IeI to the nozzle
axis (direction of flow at section 1-1’where a= O).

In order to obtain the allowable values of il?l and a~, as
governed by equation (C3), the expr-ion for X must be
differentiated with respect to M and set equal to O at section
1-1’, where 6=0, M=J3&, and r=rI.

The exprwsion for X for the expansion part of the nozzle
is given by equation (13)

From the values of the parameters at section 1-1’, the terms
in equation (C5) are obtained: From equation (l), with
‘y= 1.40,

Substituting for r, the expression preceding equation (C6}
yields for section 1-1’

and

::=COS e—M(&x- 6’) Cos @—8)

Because 8=0 and ilf=M1,

3X
~=1 –Maz COS P

(C7)

(C8)

From equation (lId), with y=l.40,

5(M,2–1)
‘M,(5+M3 JIFl

fc9)

and .

:$=—7 sin @+dIr [00s @—e)—(an—t?) sin (/3-8)]

Therefore, for t9=0

bx
~=r= ( ~~m— ~=) (Clo)

By defhit,ion

fl=sin-’ & (cII)

1
i%= - ikf,~t~ -- -_, _

, 311.



312

From equation
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in equation (C5) andSubstituting equations (C7) to (C13)
solving for ax yield equation (14):(C4)

ax
~=wa.-d) sin (f%–e) .-

which becomes at section I- I‘

(C12)

Also

L Puckett, A. E.: Supersonic NozzIe Design. Jour. Appl, Mcch,,
VO1.13, no. 4, Dec. 194J3,pp. A265-A270.

2. Taylor, G. 1., and Maccoll, J. W.: The Two-Dimcnsiomd F1OW
around a Corner; Two-Dimensional Flow past a Curved Surface.
Vol. III of Aerodynamic Theory, div. H, ch. IV, WCS. 5-0,
W. F. Durand, cd., Julius Springer (BerIin), 1935, pp. 243-249.

which gives, for 0= O

(C13)

TABLE 1—VALUFA OF & Y, r/rl, AND dl~ FOR FIXED INTERVALS OF M
=.. :...

4

-
41 6’ 6 I

.V, Af,

H ‘I

a a I 2 3 4

*, */,
9,-8
(deg)

%. 3wl
a6.629
27.476
!28.022
a. 562
29.087
29.cm
30.161
Xl.6s8
31.213
31.732
32.256
32 78a
33.274
32.773
%2%2

R%
35.771
36.262
.2&740
27.2S3
27.m

!%&E
34J.lr%
39.%9
40.”056

2%!
4L4L6
4L3
$%

42.lsr
43.021
44.062
44.481
am
45.3.28
46.746
46.161
4&573

::

& Irm
4&%6
4e.W3
40.370

-

b
(deg)

M, Mf
MI

P
(deg)

3.37(KI 3.m
3.4662
a.m ;{
3.661M -
3.7667
~&e ;:

Lww i 14
4.ls35 a. 10
42Q42 ~.m
L 4109 ;g

~ 6% <24
4.7s37
4.9107 ::
& 0442 ~.~
: MJ1. 3.3’3

8.34
3.36

: W; ~..33
3.40

hwm 3.42
6.aw 2.44
& 2492
6.4188 :2
: m6ew 3.m

i 9526 M
7.1400
7.3223 NJ
7.62W
7.7218 &82
7.413CM 3.04
& 1622
:= ;!

8:3235 $~
9.06s7
9.2W 3.76
9.6470 3.78
9.em3 3.80

10.m 3.82
m.3!M0
10.6987 ;@
10.8781 8.38
11.M-42
IL 4676 M
11.75s0 ::
12.(B357
U. 350!3 igs

-.

1.00

t M
L 00
1.08
1.10
1.12
:.~:

i 18

::%
L 24
1.!23
L 29
l.m
1.a2
1.34
1.36
1.33
1.40

;::

1:48
1.m
1.62
1.64
1.60
L 53
L W
1.02
1.04
1.66
1.6S
1.70
1.72
L 74
L 76
1.78
L 80
1.82
L 34

;:%
1.90
L 92
1.94
1.96
1.!39

.0.030

:%
.a7
.038

I.m

k%
2.607
a.074
9.659
4.M7
4.670
6.@w
6.627
6.Im
6.721

M!
%.413
~%;

10:146
10.730
LL 327
I&~

Ll 035
13.675

“i:

16.628
17.223
17810
18%7
M. Q81
19.Ma
20.146

$EJ

ti+w
23.Onl
23.586
24.162
2A7SJ
26.270
25.827

L@MO
L OW3
1.Cm
:Mlfl

;.CJVJ

ioln
LO1%
1.024s
L 0304
L0366
1.0432
LOMi
L O!Bl
1.0092
1.0750
L (s42
L 0940
L 1042
L 1149
L 1232
L137Q
L1602
L MZ9
L 1782
L 13U9
Lm42
L 21W
L 2344
LZ9)2
L 2600
I-.2835..
L 3310
L3193
1.3370
L 8667
L 3764
~ p;

L 4W
; 4#

1.r429
;g

i MUM
L 6002
L 63z3
L65!37

L6fMl
LO’XO
;.Mlf

‘1:W15
l.r.w.
1.1327
1.1674
1.la29
L W2
1.236-5
L 2846
L2936
1.8235
LU44
I..

1.452a
L 4WR
1.5333
I. ma

~’g”

1.7!4[1
L 7642

“l.&m
1.8546
L 0317
1.Q603
2.Mnli”
z 05L9
2 lom

E%

:%

;?

2,654m
Zim
2.30Z3
2,8773

t.%
& llm
3.lfuw
3.2m

2.00
z 02

M
.zM
%10

:+!
2.16
2.18
2.20
2.22
2.24

M
2.30
.282
2.34

;:

2:42
2.44
::

Z.M
.2,62
2.64
z 60
:;

~1

2.&3
203
a 70
z 72
2.74
2.76
2.78
2.WI
2.62
2.84
z 86
2.33

;E
2.94
296
2%
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TABLE I—VALUES OF /3, w, ?/Tfi AND d/dOFOR FISED INTERVAIX OF M-Concluded
-

44 4“ 2 61 2 5 1 2

*, *,,
*,-R
(d@

%x
86.634

22
M. 618

;%

87:MM
&m

L$W
82061
89.236
89.Ols
$g

93.442
w no
40.974
QL237
91.492
9L 746
91.9$?2

g%

92 Qil
93.236

W
%s93
94122
94345
04567
94762
949$3

EE

M, Mf ,
M--

400

iti
4.15
4.m
& ~b

:E
440

;;

4.@
465
470
47b
4.&l

:K
495
5.00
ho5
b.10
b.16
b.!m
Km
ha
h 86
h.fo
6.45

k:
ha

kg
b.75
&m
h 8b
&90
h 95

144i8
142a5
14117
12.943
13.774
13.f#9
law
122Wl
ls. 137
12.M

H%
IZ656
E?.419
122a4
u 163
12.026
LL599
IL 7i6
11.656
11.627
IL 4X
11.m
11.1(IY
11.m
10.W
la 876
10.m
10.672
m. 673
10.476
10.w
la 2b7
10.195
10.104
10.015
&w

!%
9.675

Ob.iw

l%%
67.n4
06m
62946

E%
70.707
n. 274
nasa

H%’
n.448
72.9WJ
74 m
74840
75.483
76.em
i6.461
76.921
77.3F3

%%
i8.735
79.170
7?3.699
m. 017
m423
80.844
SL 244
81.642
82.m
82.418
82.796
a 171
m 627
s. m
84 ‘W’
MW’

10.719
lL 207
U n6
12.243
12791
la 363
12.966
146il
15.Slo
15.874
Ki 662
17.277
la 01s
18.787
19.682
m. 409
2L26S
2s.lbl
a.w
24018
2s.m3
26.018

2!%
29.%

e F9

:!?!
S6.ml
26.6ea
33281
39.741

E%
44400
46.OBI
47.76’4
49.m
6L m

4287b
$hh

Hi!
g-$-$

%%

%5?
78.612
8ZW
m.m
M%

102W3
107.42
Ha 03

w
lSL 39
128.Ob
l& 0#

lb9.84
167.74
176.m
W54
l’m 49
20278
21246
!Za&5

%:
M&So
237.09
m. 36

%%

9.6W
9.514
9.436
9.858
0.2ss.

;%
9.061
am
8.919
&ml
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a n5
&w
;$.
8.3e4
8.m
am
8.213
8.165

Ml!
7.W4
7.w
7.m

?$%
7.n4
7.M2
7.eIl
7.561
7.611
7.m
7.414

%%
7.292
7.2Zt7

7.181
7.136
7.0u2

:%
kwz .

N%
km

:%
a n7
&m
&039

:!%
Km

H%
&41b
Km
6.s44
&30!3
a274
&240

M
6.140
6.m7
6.074
6.042
6.OLI
L979
h949
& 917
6.Hi

w

hm7

&m

6.729

TABLE II—VALUES OF M, f?, r/r,, dd~,FOR FIXED INTERVALES OF q ,.—
[Valuesobtainedby interpolationhorn tablal’1

I 2 a 4 11 1 a

B
(deg)

%: R
29.m

%%’
m. 612
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36.724

E%
85466
as 0iL5
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24292
32.917
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$3.190
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32.489
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SL814
SL 4Si
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L 24M

H%
L28Z3
LZWl
1.W22
1.S278
1.m
1.2602
1.ml
L29M
L41!Z?
1.4mb
1.4495
L 4697
LAW
LW

M%
L b727

;%

L6684
L=

6 1 a

M, MI

s 4.

~ !aYB WI—>—,
44

Af r

Zt’ <

1.n%
1.74bi
L7733
L8021
1.8212
1.SW
1.8918

?%%

;Z
2.rE@a
%0452
2.1226
z ml
Z!nob
2.!M13
2.2023
MS&l
‘zWm
!2.4206
2.4i&’
!LbMa
!L67a
X6238
z6i69
!L7217

5

Q,*f*
9?,-!2

(d@

~,*J,
*,-8

(deg)

-

g.:

:-;

%
so.5
SL O
SL 6
82.0

H
8s.5
S40
24.6
85.0
25.6
26.0
S&s
S7.o

2:
M.6

;!

(la).M, .u~

WI
L mli
L K!S2
L 1225
1.M52
L 1i63
L 1976
1.nn
1.2m’3
L!U64
L 2ib2
L!2%X’
1.Slal

:%!
L26b6
LWO
L W15
L 4178
L 43W
L 4621
L 4693
L4MJ

H%
1.fan

Wi’i’
L Wd3

;8%
1.0187

:%
L W59
1.0423
L 0491

M%
LOi16
1.0796
LOW
1.oa68
L 103S
L 1162
1.1249
1.lstil
L 1464
L S569
1.1609
L H&l
L 1000
L2021

M%’
L 0S76
L lIM
L 1481
L 1X3
L MM
L=
1.2614
1.!2W13
L 8183
L 84n
L Si62
L40SS

Ml
L 49i7
L6204
1.W3

H%
L6M2

;7%
L7713
1.3091
L 2479

E:
146
lh o
15.6
lR o
lfh5
17.0
17.b
lao
I&b
19.0
19.5
!m.o

a:

E:
225
23.0
%b
24.0
24b
2&o
2h6
!rAO
26.5

H%
L 6978
L W?
L 6216

i%%
;=

iw
L 7226
1.7407
L 7577
L 7703
L7D22
LW94
1.82%3
LW3
L8618
1.8m3
Lmio
1.9146
L W24
L9503
L m

H!%

905385-50-21
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TABLE III—SAMPLE DESIGN OF TW)-DIMEXS1ONAL SUPERSO~IC fi~2ZLES FOR FINAL MACH
FINAL NOZZLE WIDTH OF” IO INCHES

[6mnboIsdefied fn frpwlldk A]

(r!) Design~rametem
. . . . . . -.

.—

NUMBER IIffOF 3.5o A“~l)

+---- ,-P--

1 II Shortestnossle I .-1”-.
h’ozde wltb stmfght-walled part ~

Et :$
1Equation nnm- ‘ “Eonkaof cnmputedvalue , Sourceof computedvalue

~ iy’r : “rn’~~j ‘:.” ‘=” .;” “m’:-”” ‘h” Com”u’’tj:

At
($)-+

&xlo 1.47ti.
Ax’”

de &-A, (ruuuclk311y) “- I .’. . . ~_1.47’Z””h.

*/ I, ml. 3, .W-8J4 &w I, ml. 2.,M/-3.5O

*r 6(b)4M-8.60

(For conrc@en03)
Q.P

10.coo-
CZigfwm (15J3XI”)
itf+ L m (II&8)

*f-*l a 5W;1O. m“ w~ 0.4235 ~,*Z, -~~r=~ ~
=Z 2 190 8,M

I.fr II, !201.2, *I-1OJY 1.43&) II, ml. 2, *r-S.W

/31 H, ml. 8, i?i- 10.W I #.~ II, cd. s, Wr-ls.m”

*E *r+az
.%.

I . ““10.WT+24.24W LX-P & WP+lh w

M= “, w’.2.W34f@5”l II, ml. & *E=23.W

*8 *! -ax 22b . m. 52W-15. LwY

Afg I “’”. ”

n & 14b
as

:“,1 . ..” .‘m-” ‘“’ + - .L4m’.
2X0.422s0 Ro 261411..-.... .-. .

fb) TYtdcal mordinetes of exmmaton rat (iV=L @02)

0.im

1.4ZM In.

L 472??In.
—

s. w
L] W, or

h ~nf:mworl.

1.5.W giwm

-
1.2564

62746”

aL Ooo”

L7754

45.w

2 eats

-- -.-..-. .. -. .,= ------ .._ -----

6hortest nor.sleI Noszle with etralght-walled put ~.—=.
Et~:-

Equation mun- So”ru Of mmputed Vfd”i Sourm of mmputcrlvalue
bw Vallie value

Table Computation Table Computation
--

M M@J<MB 1.42SO<AK2.23W(Vahrs Ohoewl) 1.Orll L222<hf<lJ75 (Value chosen) L6W—

I, ml. 3,* M- 1.60 14.w :J%.8 IL m

o *-*1 Ild 14.S&3”-lo.om 4.%W 14.SW-6. ml” 0.2(KP.
r

“Ilb -- IM~\ ?$
c LW02 I, ml

‘$M-1. 1.2502
+;.

r *rI 1.2562X1.73s0 !a.lmhl. lLl$22X2,81~ 8Jl16dfu.

B Sfrl-i & I, ml.
M-1. k : 38.602” I, ml.

M=-L ill 38.w

a~-e $44%S”V4.8J3Y 19.4W I& WxP-9. m“ 6.14”
-fi2Sqrsd. .W71 md.

o-a S. 682-4 W a. 824” SE.6W-9.8W !2%82P

x r ms .9-bfr (an-e) 13 2.173Sma 4860-~6~2.1728X .33$38ma
ma @-e) L.W7tn. 8-5128cm 9LWW-J6XJ.6N28X.U3971 S.oia hr.

. . .

Y r sjn U+lfr (LYK-6) y - 2.1733.sfn 4.SW~8:6~2.1768X.32W efn
8bl @-R) 0.E40In. 8JIW sfn 9.S#+l-l.66S.6166X.fWl 0.810fu,

.. . . ....... .....=-- . . . . . . ..v -

(o) Le@hofstiaight-nUed~ (’WU8tiOn(~ ) . . . . . . . _. ,. . -..
.-—... . ..

rg

+ .’ “ .:.. . . ...”..-”

~
T. .J%i?8rl
z:”

s. 1705
-..

rs
Zf r~

rl itk%,kf L 4123
G=

()

ra rx A’—-—
rs-rn At At ZS (a 1705-1.41Z4)X2.812s

2.UB .22.s
&m in,

-.

1hTostrafgbbwakd part; fnltid emmnsionmmmplk.hed by 1 turn about sharpmrner.
* Stmlght-wdkl part with ag of 15WJ”; ~ft~l =ImnsIon acoJmPI1shedby 2 turns fn enmamfonabout s~p rarner at eaeb wail.
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TABLE HI-SAMPLE DESIGN OF T’iTO-DIbiENSIOh-AL SUPERSONIC NOZZLES FOR FINAL MACH NUNIBER .31rOF 3.50 AND
FINTAL A“OZZLE WIDTH OF 10 INCHES-Continued

(d) TYPkd eoordbmte of stmSghtenfngpert (M-m)

Ir
8

=E-e

B-H

,x

Y

.wggf~hf.j I I I Ms=a!fx 2.2W3<.V<8.30
(Vslue ohoseti I MloI

~ coL3&=

! ‘-7”” 1.5d 46.740°

I W520”-45.746” I E!K60°-4S7400 I 12.n4”

I I, ml..-W- I 3.bofJ1

(k)’ I I I 8.WOIXL7W I 6.m30bL I I 8.6mlx2.612a I 9S461In.

(e) Typ[ml ooordfnstesof fnftfslexpensfonpnrt

Shortest nozzle with sfngle Inftisl turrx *t-lO.Ml@ 1 Nnssle with strafght-wslled kwrt and double fnftinl trum %-5.(McP !
E us-

Equst[on ?ton
nmn- Souroe of computed tiue Sosrresof computed value

k value Value

Table Ccenputstfon Table Computatkur

Hrst tnrn

-r
-r %P 2.6W

hf. $,e$L# L1S32

M l@if_aIr I<wslfs I<?!A<L4252 Wsdus”cha “ L!Wo I~lf<L1652 (vSlrre Ubaseu) IJ400

$
1, ml. 2,
M-124 66.761” Wli.l! 6M16”

* %f%~ 4.biW %fZ?.!i 2.160”

9+%-* 53.751+1O.OOO-4.67O tam”

3+–* 6L306+2.W2-2.160 6L&i6”

LmL5
% .??=lili L!K@3

~:: :5 1.1574

dl ~ de L2J28X1.47!29 MO&2in, Lls74xl.4m 1.7044f..

x1 dl ms (J3+W-w) m 1.9032cos69.181 0.K6 fn. L7046ms 61.646 0.810fn.

YI dl ehsC6+!PX-W nb 1.WJS2an tN.lsl 1.620in. 1.7046sin 6L645 I.m In.

Eaond turn

M M.<M<.Wr LL552<.M<L2604 (Velue chosen] L2axI

B
I, ml. 2
M-1A MOW

* lf~i$i 4.05T

I+%-* d5.os2+5.000-4.037 65.WW

I, ml. 5,
* M=L22 L2@43

dz (defddd, L2616XL4728 M&25IL

xl dlm @+*I–*) we 12amens6s.Pa5 1.042In.

Y% dssin @+*I-*) La02dSfu65.995 1J44III.

1NO St@bt-wdkd @ hftkd ~n SCCWIPH by 1 ttu31doti SbSrPcamsr.
* S@sfSh~*~sd ~~th UI of ~.~; - ezpsmfon aemmplfahed by 2 tnrrMin snccessfonabaut sharp mrnw at each WSIL

.
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TABLE III—SAMPLE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZ!ZIJES FO”R FINAL MACH N UMBER ilf~ OF 3.50 AND

Equation

FLNAL h’OZZLE WIDTH OF 10 INCHES-Concluded
(f) NOgsla14ngtlr A

Shorkst nozzle J Nozsk With strefght-whd IkW s

E;ol-
.-

Soum of aomputcdvaluenrrm- Sourcaof computed VSIuo

b

1

v&”

1.

Value

Table Computation Table ComputWon
—

Expmrsion,straight-walled, aird strrdghtanfngpart

16.ti I i%%I I le.mlr
I

~f
n ik%.il 6.7Wi

%%.k
O.i’sm

rr ; 71 6.7396X1.7389 11.sooln, 6.7620x2.612J3 19.OWfn.

~1
n *:LE!b:&

L12Kr. II, 031
,-:. WI=5 L&$

1.C411

Q r,
rr Id360X1.7W# 1.9736hr. Lo491x2.8m3

rl
2.9509in.

Xr rf(l+dffa8 ms BI) 24a 11,606(1+3.5XOA335WS16.002) 28.576k 19.098(1+8.6xa.26m am mm 3&363 In.

xx rr(l-itfrar CO!+61) 24b 1.9736(1-1.4250X0.4Z3Scm 44.1S3) L@I. 2.9WJ(1-L!M4x02018 em 62.74S] Ma b.
. .

Inthl exprmdon part

:

-.

5r-*1 44J80-LO..BJ 3.Q3J”

L. dad (81-WI) 24s L4729cot 34.180 2JEW
—.

1% J#kk” W770”

l%-? .50.QiO-2M3
.-.:

67.iiO”

TOI
$

/41+,41 LOIBIXL47!M 1.5451

L,
dwt (g%)+ 1.4729mt 67,470 2.114
WI cot 61

1.54mcot d2.745

L XF-XA-L. .: 38.676-1.113+2AN 29.632 UH803+2.H~ 35.1119
A - b

I No atrs.fght-walkipart.Lnftidaxpanelon ecmmpliahadby 1 turn about shar mrnar.

-,

ti S@algh&wcdl@ipart Wt;h cz of 15.000°;initial exmnslon amompffshedby 2 urnsin sumwion about skp mwrmrat each wM.
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