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PERFORMANCE
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OF AIRPLANE

SUMMARY

In theprawnt report submittedto theNatierudAdthory
Committee for Aeronuutia for publtiion tlw general
formwlmfor the ddermindion of all major airplan8per-
formance duwacttn%ti.mare dew?oped. A rigorwanuLy-
wk is used, making no a.mumptiunregarding the attitude
of the airplarw at which maximum rate of climb occurs,
but jinding the attitude at which the eazess thruti horse-
power 13maximum.

The characteristic ojperformance are given in ternw of
the threejundanymtal parameter8~, & and h~,or their
6ngin4eri7q alternates lP)L ad L w~e

& K 1P=parade loading
A, a 1,= efective span loading
Ata 1,-thrwt horsepower loading

These combine into a new parameter of fundamental
importana which ha the a.lternutweforms:

A’K A=%-
P

A cowection is madefor tlw variuhn of parade re-
al-stancewith angk of dtack @d for thenondliptical &ag
loading by including in the induced drag term afactor e,
culled the “airplane q$icimqfactor.” Tlw correction is
thu aasumedprqmrtio?ud to CL’.

A cornprehwive 8tudy of full-scale du#afor me in the
formula is made. Us-ingthe red-i% of this hmxtigati,
a 8eries of pqbmunce churts is drawmfor airpluna
quipped with modernurwupmcbgd en@ix ad@d-
pdch metalprop&r8.

Equation-s and charts are devel.qpedwhich show the
varidion of performance due to a change in any of the
cu.stomu~ design parameter.

Pq!ormunce determination by use of theformuh and
chart-six rapid and explick % rds obtai~ by thti
performance method have been found to give agreement
withjhjht test thai is, in general, equal or superior to re-
sults obtained by presind comnundyused methaok.

L INTRODUCTION

The present repointwas started upon $he suggestion
of Mr. Arthur E. Raymond, assistant cluef engineer of
the Douglas Aircraft Corporation and professor of air-
plane design at the California Institute of Technology,

that a rapid algebraic or chart method of performmce
e@imation would be of value to the industry. The
analysis starts with the basic equations given by
Dr. Clark B. MiUikan in reference 1, and uses param-
etem of the airplane similar to those there introduced.

The general equations for maximum rate of climb
are obtained by differentiating and equating expres-
sions for thrust horsepower available and required,
and using the excess horsepower at the optimum speed
so determined. The accuracy of the charts therefore
depends almost entirely upon the accuracy with which
any general propeller and th.rust-homepower data
represent the case at hand.

General supercharged engine data may be substi-
tuted in the general equations to give a seriesof charts.
Variablo-pitoh propeller data may be used to give a
series of charts. In short, the formulas developed are
general formulas. Th6 calculation and construction
of charts for my general type of engine or propeller
requires considerable labor; however, once the series
of charts has been eonsticted, the calculation of the
performance characteristics of any airplane similarly
equipped may”be carried out in a few-minutes.

Besides giving to the designer the advantage of
rapidity in performance calculation, the charts reacli.ly
show the change in performance of the airplane with a
change in any of its characteristics: Weight, span,
equivalent parasite area, design brake horsepower,
maximum propeller efficiency. The designer may, by
the use of the charts, weigh the relative merits of a
change in airplane characteristics in obtaining any
desired performance.

Another advantage in the use of the charts is the
fact that the absolute ceiling, maximum rate of climb,
and the maximum velocity, having been specified, the
charts may be solved in reverse order to determine
the airplane charaoteristim necewu-y to give the
speciiied performwme. The designer’s requirements
and limits me dtitely set, and his problem im-
mediately becomes one of structure. Likewise, flight
test data having been given, the charts may be solved
in reveme order to determine the actual values of the
airplane parameters.

It hardly need be pointed out that the selection of a
propeller is made easy by the use of the charts. Maxi-
mum velocity depends upon propulsive efficiency,
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which in turn depends upon maximum velocity. This
cyclic process is rapidly solved by means of the charts.

The physical discussion of A’, presented in Section
II B, is due to Dr. Clark B. Mill&an’s timely dis-
covery of the fundamental physical nature of this
major parameter of airplane performance.

The general performance formulss have been
developed in Sections II and III in terms of the
physical pmametera Xp, X,, X,, and A’ in order that
the results may be readily extended to any system of
units. The resuh% are exkmded to the Americaa
engineering systera of units in Section V preliminary
to the constriction of the performance charts, which
make use of the engineering pmunetera lP, L, lt,
and A.

The method of perforrmmce determination is out-
lined in Sections VI and VII. Chmts for the complete
calculation of the performance of any airplane equipped
with modern unsupemharged engines and fixed-pitch
metal propellem have been collected at the end of the
report. Hence, for the purpose of solving actual per-
formance problems, Sections VI and YU may be
read and used independently of the previous sections,
and without the necessity for any reference to the
contents of the earlier ones.

The author wishes to take this opportunity to
express his appreciation of the many helpful suggestions
and comments furnished by the members of the st.ail
of the Guggenheim Graduate School of Aeronautics,
at the California Institute of Technology. In addi-
tion, he expresses his gratitude to the &my Air
Corps for data furnished, and to others who have
given valuable aid in the preparation of this report.
The author wishes particnkwly to expresshis apprecia-
tion of the contribution to the report in Section II B
furnished by Dr. Clark B. Mill&m.

IL GENERALALGEBRAICPERFORMANCEFORMULAS
A.DEVELOPMENTOFTHEFUNDAMENTALPERFORMANCE

EQUATION

The fundamental equation of airplane performance
may be written in any wmsistent set of units in the
form:

dh (t.hp,–t.hpJA
z- w (2.1)

where,
h= altitude
t-time

t.hpe= thrust horsepower available
t.hp, = thrust horsepower required

W= weight
A=horaepovmr conversion factor; 660 in Ameri-

can units and 75 in metric units.

If we deiine,
~*=@&t “ “

w nsmg speed” (2.2)
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WSUA@Pr=’tt8~,g *peal”
w (2.3)

then equation (2.1) tak the form,

dh
Z-wh–w’”

(2.4)

The maximum horizontal velo”city occurs at $’= O;

mtium rate of climb at maximum ~; absolute

ceiling-atmtium ~-O, etc.

Splitting up the drag into two term’s in accordance
with the Prandtl wing theory,

“~”%-(%+%)v(2,6)

where,
D=total drag

D, =parasite drag (that portion of drag whose coeffi-
cient is constant)

D,= effective induced drag (that portion of drag whose
coefEcient is proportional to CLg)

v=veloci~
,.

CL-lift coeilicient.
From the Prandtl wing theory,

D,=+&

where,
L=lift
p=masa density of air

(2.6)

b.= effective span.

For horizontal rectilinear flight, and angles of climb
for which the cosine of the angle is nearly uni~j the
weight may be substituted for the lift. Hence,

(2.7)

Deiining j as the equivalent parade area:

G=@=;PVf (2.+3)

(2.9)

This definition of f is mnsistent with that used ,
abroad, and is desirable because of its essentialphysical
significance and freedom from constanta. It differs
from.the present American definition of j by the footor
1.28. hi the American deiinition~is called the’~ equiv-
alent flat plate mea” and is defined by the equation
Dv-L28gf.

The sinking speed becomes then,

(2.10)

.
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It has genamlly been customary to define b, as the
equivalent monoplane span lib, where k is Munk’s span
factor and b is the largest individual span of a wing
cellule. This case corresponds ta the ideal case in
which the lift distribution is elliptical over each wing
and the paxasite drag coeiiicient is independent of “CL.
There k actually an increase in drag over this ideal
condition caused by interference, variation of parasite,
and nonelliptical lift distribution. It has been found
that the additional drag may” well be represented by
a correction proportional to CLS. The correction may,
therefore, be included in tbe induced drag term by
introducing therein a factor e, which is called the
“airplane efficiency factor. ” .Hence, we define,

where, e= airplane efficiency factor
k= Munk’s span factor “.
b=lmgest individual spun of the wing celhde.

The airplane diiciency factor is quite fully discussed
in Section IV. In view of this definition, equation
(2.10) becomes,

L1V3+ 2W 1
“-2 w r p e(kb)a~fl (2.10a)

Writing u= ~ =relative air density, where pO=

standard air density at sea level, and defining,

~ 2TV
,=flti a parasita loading (2.11)

2 w 2W
h,”— a effective span loading (2.lla)

7rpOe~=FOG

so that both X, and & have the dimensions of (ve-
locity)’, we have from (2.10a),

(2.12)

If we similarly define,

1 Tvlw thrust b~epower (2.13)
“‘~ b.hpmqm‘~ t.hpm a loading,

where,

Vm- design maximum velocity at sea level
b.hpm=brake horsepower at Vm(U- 1)

q.= prop@she efficiency at Vm
t.hpm= thrust horsepower at V.

Then,
t.h
+

1 t.hp,(at V, u)
Wh=A ‘=—Al t.hpm

or,

(2.14)

(2.15)

whare,
T,=t.hp. at veloci~ V

t.hp, at V= (at sea level)

‘hnction ‘f ;.

t.h a at altitude
T==ut- (at constant veloci~ V)

- function of u and ;“

Substituting equations (2.12) and (2.M) in (2.4) we
get,

Since the propulsive unit characteristics T= and TV

=,e expreaaed in terms of ~J V= will be introduced

3xplkitly in equation (2.16).” Deiining,

R,=; - dimensiordess speed ratio, (2.17)

ivehave,

In order to bring out the physical basis of this equa-
. ~ =A!#@ - the Spmd at which the
‘on ‘.e ‘oh ‘at A,
~lane would rise-if the thrust horsepower required
!orhorizontal flight were zero. The entire t.hp. would
thenbe used in lifting the airplane vertically at a speed

dhwe might well will the “design rking speed”=
()d~ ~“

()
l%e symbols ~ and ~ ~will be used interchangeably

throughout this section. It is obvious that the actual
(m()wte of climb will depend very markedly on d~ ~~so

.tis natu.d to write the latter as a multiplicative factor
b this way we obtain,

(2.20

h this form, the fundamental performance equatio
contains three desigmparameters,

This is the same number with which we began (X,, AP,
x J, so that no obvious simplification has as yet been
attained. However, the explicit use of V= and the
dimensionless speed ratio R, does actually lead to
considerable simplification and produces a new funda-
mental form of the performance equation. For con-
sider the tinditions for Vm.
,men,

UERS=T==T, -l and g-o.
. .



—--- .--. —.——, —.>-- — ...— — ,.— - —

166 REPORT NATIONAL ADVISORY COMMFITEE FOR AERONAUTICS

Equation (2.19) then gives,

~vm3.1–p. (2.21)
P u

Substituting this into equation (2.19) we obtain,

lh.wthermore, horn (2.21),

or,

(2.22)

(~.23)

(2.24)

Now defining,
~,= Ml%—.

~pti (2.25)

Equation (2.24) gives,

“=%+%$)’” (2.26)

The ;elation between the dimensionless design

parametem A’ and & given by this equation has

been plotted in Figge 1 rmdis used continually in the
later calculations.

The fundamental performance equation (2.16)
has thus been materially simplified since, in the form
given in (2.22), it contains only the two parameters

()idh ~d A,x,
K= V, and the latter is given by equationZ. ~=
(2.26) as a definite function of the fundamental design

parameter A’. h schematic form, and employing
equation (2.26), we may rewrite the fundamenttd
performance equation (2.22) as,

dhl
~-~, t(fictio@ of a, l?,) i- (2.27)

(function (J of u, R,) (function of A’)]

where the term in the brackets is dimensionless,
The essential advance in the present, theory ha in

the fact, that it replaces the normally 3-pmuneter
performance problem by two successive 2-parameter
ones. For V= is tit determined from ~2.26) as a
function of A’ and A, A,, and all subsequent perform-
ance characteristics are then obtained from (2.27) in
terms of the design parameters k, and A’. Indeed all

~= O, e. g., absolute ceilingcharacteristics for which d ~

and speed ratios at altitude, are given in terms of the
single parameter A’.

Schrenk and Helmbold (references 2 and 3) have
discovered the possibility of a reduction in the number
of parameters for the power-required portion of the
performance problem. However, they give no ana-
lytical discussion of the power-available problem.
Indeed, it would be rather d.iflicult to introduce this
element into their analyses, since either the velocity
for maximum L/D or that for minimum power required
is taken as the fundamental velocity, instead of the
design maximum velocity which is used in the present
discussion. Driggs (reference 4) introduces analytical
expressions for the variation of power available whioh
are similar in nature to those here employed; however,
Driggs’s analysis rests on somewhat arbitrary assum~
tions concerning the attitude of the airplane at which
the various performance characteristics occur. Fur-
thermore, in Driggs’s papers, general charactmistics
at altitude are not discussed. The reduction in the
number of design parameters from three to two is not
apparent and the fundamental parameter A’ does not
appear explicitly. Hence, the new form of the pcw-
Eormanceequations here presented is of some theoreti-
cal interest. It is also of practical importmce, since it
leadsto the construction of the simple charts developed
in this paper, and these in turn maybe of considerable
assistancein working out actual performance problems.

B.PHYSICALSIGNIFICANCEOFTEfEPERFORMANCE
PARAMETERA’1

It is apparent that the parameter A’, which has been
unearthed and shown to have such importance by
bhe procedure outlined above, should have some
tiple physical significance. In the attempt to dis-
:over wb at this physical interpretation may be, it will
~e convenient to consider the sea-level characteristics
>f what we shall call an “ideal airplane.” This

1This don (H B)m contribntd by Dr. O. B. Mfflikan, of tbo Oolffornfo
hstltuts of TdmolwY, 13emnantlmSkff.
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will be defined as an airplane for which the thrust
horsepo~er available is independent of speed so that
TO= 1, and in comection with which the phenomenon
of burbling does not occur. The latter requirement
implies that the equivalent parasite area, as defined
above in Section II & remains always constant and
that the lift coefficient has an infinite maximum value.
In other words, an ideal airplane is one that obeys the
performance equation for all values of the velocity
V, and for which (at least at sea level) t.hp,= t.hp~.
The power-available and power-required curves for a
normal airplane and for the corresponding ideal air-
dane are indicated in Fimre 2.

Let us consider the c&iitions for the. sea
level horizonti ilight of such an airplane, de-
noting the velocity for horizontal flight by V~.*
The conditions are,

Introducing these into the fundrtmental per-
fornmnce equation (2.19) we obtain an equation
exactly analogous to (2.26), i. e.,

A’=%O-+$Y:‘228)
For simplici@ in writing we may express this
in the form,

A’=r(l–r)W; r-$k. (2.z9)
h

For a given A’ this is a fourth degree expression
for r which is plotted in J?igure3 for positive
vrdues of I’ and A’. There are two real and
two complex roots of this expression for the
range of values of A’ which are of interest for

CALCULATION OF AIEPIANIII PDRFORMANC!E 167

A’ and v.
~ may be calculated numerically from equa-

tion (2.29): This hss been done and the result plotted
in Figure 4. It should be noted that for practically
all normal airplanes A’< 0.15 so that in practice,

-.
A!= ~ approximately. (~.30)

m
The significance of the parameter A’ is now apparent.

It determines uniquely the “ideal speed ratio” of an
airplane anti for normal planes is very nearly equal to
this speed ratio. In attempting to visualize the
effect of the ideal speed ratio on performance it is

3W –

1
I
I
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1

1

< I

A*. O;W-CO 1
iv~ :Vm

\ /’ I
, \ t
I I

~ I
/ - I

h.wksd”t.hp. - ~

/ ‘ ~.m; f-o
t - ~ !

n Fin Im 1.50
the-present problem. For a definite value of -

—. --- ---
vfffocify,nz/zh.

A’ (~or example A.’ h fig. 3) the smaller of FIamE 2.-POWOTcni_vMfor a normal aIrP18neand ita amoLated “Idml @dam” ~-e
plane &u@8rMk X,-2MAWI; L-SW; XI=O.0Z5;A’.O.CW3; W=4,mlb.;S-4Mw. M

these real roots (say I’J is obviously given by C--M
A,h,

rol-~ since it corresponds to the largest value of

V satisfying the sea level horizontal ilight condition.
Hence, the portion of the curve between r= O and
I’= 0.75 is identical with Figure 1. The larger of the

A*A,
two roots may be written as I’~ = ~ where V. iso
the minimum value of V for the sea level horizontal
flight of the ideal airplane defined by the design para-
metar AO’. The velocity of V. is indicated in l?igu~e 2
and may be called the “ideal minimum speed.” The

very instructive to draw a series of actual and “ideal”
power curves in which the span, parasite, and thrust
horsepower loadings me varied individually. This
procedure brings out very clearly the manner in which
the various loadings affect the ideal speed ratio, and
brings out the qualitative relation between the latter
and the actual performance characteristics.

In addition to its intimate connection with the
ideal speed ratio, A’ also has the property of uniquely
deterrnk@ the speed ratios for mtium L/D and
minimum power required. It is easy to show from the.
basic expression for sinking speed (see also Section VII)
that, .

A8A,
~ E (3A’S) ~ and ‘~- (A’a) k (2.31)

rrttio of the two ,oots is ~-~ and will be called

‘{ideal speed ratio.” From Figure 3 it is obvious that
to every permissible value of At there is n detinite
value of the idenl speed ratio. The relation between

1Int~ tion (II B) the .mhmfpt h IIwmmts horizontal fflght andk not I
where VMp= velocity for minimum power required

follow the mnventlon given In the F~j of Notations. and VLD= velocity for maximum L/D. But since
149900-33-12
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‘~ is a definib function of A{, it fo~ows that ~

.; p me also deliniti functions of A’. These

relatio~ have been calculated numerically and the
results included in Figure 4. It is worthy ‘of note that
for A’= 0.4725 the velocity for minimum power re-
quired (Vw), the ideal minimum velocity (V.),
and the design mminmm velocity (VJ, all coincide.
Hence, an airplane for which A’ = 0.4725 could not
leave the ground at sea leval. This definite limit for
the fundamental design pmameter A’ is one of the
most interesting theoretical results brought out by
the analysis of the present paper.

.5, , 1 1 t i I

.6 .8 1.0

FIGURES.—Plot of the fourth dam mlafh cnnnertingA’ and F

C. GENERAL FORNULAS FOR VARIOUSPERFORMANCE
cHARAcrEEIsmc9

<Equations for the various performance character-
istics of an airplane may be developed from the funda-
mental performance equation (2.22) and equation
(2.26) for A’ through the introduction “of the appro-
priate special conditions governing each characteristic.
The general formulas for the more important per-
formance characteristics are given in this section.

These formulas are expreswd m American engineer-
ing units in Section V. The effects of down load on
the tail and inclination of the thrust axis are there
numerically discussed.

Wximurn velooi~ at sea level.-The two important
forms of the masimum velocity equation have been
developed earlier in the paper in equations (2.24) and
(2.25) and are here rewritten for contiimity, ~~

‘=49%(1-W’

%=+(’-%)%

(2.32)

(2.33)

COMMHTEMI FOR AERONAUTS

Equation (2.33) is plotted in Figure 1. This figure

is used in obtaining A’ horn’~ throughout the report,
m

since the equations to be developed express perform-

ance in terms of ~ and it is more desirable that the

fial results be give: in terms of A’.
Maximum velocity at altitude,-The condition for

(VL
ma+um veloci& at altitude is ~ E O. Introducing

this condition equation (2.22) gives,

1.2
/’

/
/

vuI —.
1.0

v.
— Ronge of
+normol *
— airplane /

/ /

.8 1 / 1.

%- y ‘, J
0 /
a /

? -=
>

/ /
i {

.4 / / 1 / /
E- /

/ v. .‘
,

.2 /
/

o. J .2 .3 .4 .5
.,A

FI13UEE4.—I.mPcat8nt@ ruti03w fllIIOtfOIM of A’. V.-design
rmxlnmm Amim V.-ldesl mfxdmnm velodty; VMPUVObdtY for-.
mhdmmqmwar rwofred; Vm-vektty for maximum +; *-

idool @ ratio

where,

Rw=
V maximum at altitude ~ v= ~
Vmaximmn at sen level ~. (2,36)

Substituting equation (2.34) in equation (2.26), we get,

(2.36)

(
T. T, u R,n–2 R%4 %.

l– l–2Bti4 )

Equation (2.36) is the general formula for A’ in
terms of u and R,m. The substitution indicnted for
obtaining equation (2.36) from (2.34) is readily per-
formed &ap-tically

function of+.
m
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It is seen then, that for any general type of airphe,
i. e., for any specific functions T= and 5?,, R,= is given
as n function of u (corresponding to altitude) and A’.
The maximum velocity at altitude Vmbis then obtained
from the maximum velocity at sea level and R,=
according to equation (2.35). ‘

Equation (2.36) has been plotted in Figure 5 for par-
tlcuhm functions T= and 2’, corresponding to “normal
presentiay propulsive units” with unsupemlmrged
engines to show the nature of the dependence of B ~
on A’ and altitude (u).

Maximum rate of olimb at any altitnde; speed for
maximum olimb.—The speed at which maximum rate

of climb occurs is obtained by difhrentiating ~ with

.8

.6

R.m

.4

.2

0 J .2 .3 .4 .5
A’

hNIRE 6.—R. 0sa funoifon of A’ and altlti (u)

seapect to B S and equating to zero. The rata of
climb at this speed, hence the maximum rate of climb
is obtained by incorporating the above result in the
equation for rate of climb. Difhrentiating equation
(2,22) with respect to R. and equating to zero,

where,
~ Speed for maximum climb at any altitude

~a= M&imum velocity at sea level

i)TaT, h (Ta,T,)
~‘~ at R,. (Uconstant) (2.39)

whence,

Substituting equation (2.40) iR equations (2.22) and

(2.41)

1.0-

.6’

.6

R.=

.4

.2

0 J .2 .3 .4 .5
A’

BIWJIU!6.—R,, as a fomdon of A’ arid altkoda (u)

The substitution of the equation (2.40) in equation
equation (2.26) to obtain A’ is most readily performed
graphically by means of Figure 1, instead of analyt-
ically as has been done in obtaining equation (2.42).

Assuming the “normal propulsive unit” expressions
for T= and T, which were used in obtaining Figure 5,
equation (2.42) has been plotted in Figure 6. Equa-
tion (2.41), when combihed with the results expressed
h thk figUO, gk13s At oh .SJ3 ti l%IICtiOII Of At and
u, and this relation has been plotted in Figure 7.
These two figures indicate clearly the nature of the
dependence of R,. and h, C, on an airplane’s design
characteristic (A’) and on altitude, and hence lead to
a very rapid determination of the speed for best climb
and the maximum rate of climb of the airplane at “imy
altitude.
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Maximum rate of climb at sea level is the special
csse of maximum rate of climb at altitude for which
u= 1 and 2’== 1. The general statements made in the
preceding paragraphs concerning msximum rat8 of
climb at any altitude apply to the maximum rate of
climb at sea level.

Absolute oeiling; speed at absolute c&.—At
absolute cci.hg, the maximum rate of climb is zero.
Therefore, putting Cb= Oin equation (2.41), we get,

.4
\

.3

6

k“

.2

0 ./ 2 .3 .4 .5
A’

FmWUZ7.-h CAFISs,Imti of A’ and altitnde (.)

where,

B VeIocity at absolute ceiling .
‘~-M-um velocity at sea level (2.44)

u==relative density at absoluti ceiling. (2.45)

Cross multiplying, collecting terms, and dividing
throughout by u~~m

Equation (2.46) shows that for any general type of
propulsive unit, R,H (the speed ratio at absolute ceil-
ing) is a function of u~ (corresponding to altitude at

absolute ceiling). Putting g =0 and u= UHin equat-

ion (2.22), and replacing R, by the value of R,=
given by equation (2.46), we get,

and,

(2.48)

(
~ l_’J’VUERE– CTE2R,E4B.

1.– UE2R,=4 )

Equation (2.48) gives A’ as a function of absoluh
ceiling, since R,. is a function of absolute ceiling by
equation (2.46). .The value of R,= corresponding to
any uHmust be found by n trial and error solution of
equation (2.46). A’ is then determined from these
cm-responding values of R*E and U’E. Therefore, by
means of equations (2.46) and (2.48), absolute ceiling
is obtained as a function of Ar for any general type of
propulsive unit.

/.0

.8

.6

‘%

.4

.2

o Iqmo ‘2qOoo 30000 @, 000 54000
~ Absolute ding, ft

From!?S.—%waIaaaManofabwlutncdlhw

Equation (2.48) is best solved graphically flom
Bquation (2.47) by means of Figure 1. The solution
)f equation (2.46) by trial and error is not partiouh.rly
M3icult when T= and T, are specified, i. e., theme of
propulsive unit is speciiied. The solution then applies
to all aiplamw similarly equipped. Equation (2.46)
has been plotted in Figure 8 assuming the “normal
propulsive unit” mentioned above. The results
@en m this figure have been combined with equation
(2.48) and the results plotted in Figure 9. These
mrves indicate the nature of the dependence of abso-
.ute cei@ on tbe airplane parameter A’ and of the
lpeed ratio at absoluti ceiling on the ceiling altitude.

Absolute ceiling as a function of A’ may be com-
pletely solved graphicdy from the maximum-rdw-of-
dimb-a~altitude cbmts. At any altitude, the value of
k’ at which the maximum rate of climb becomes zero
s the value of A’ for absoluti ceiling at that altitude.
(See figs. 7 and 9.) It is suggested, therefore, that
when curves for maximum rate of climb have been
mlcuhdad, absolute ceiling ss a function of A’ may be
obtained most easily in this manner.
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Servhe oeiling.-By definition, service ceiling is the
rdtitudo at which the maximum rate of climb has a
certain constant value ah,. The equations for service
ceiling are, therefore, equations (2.41) and (2.42) for
mrwirnumrate of climb at altitude in which the sub-
stitution oh= ~b, h retie.

Service ceiling as a function of A’ and x, may most
redly be solved gmphically from charts for maximum
rate of climb at altitude. At any altitude, the value
of A’ at which the m~ximmn rate of climb becomes
0~8h, is the value of A’ for service ceiling at that
altitude. For any value of A, then, service ceiling may
be plotted as a function of A’. A family of curves for
fLrange of X“s covering all nornd vahms may be
plotted in this manner, tbreby giving service ceiling
as a function of A’ and A~. Figure 10 has been pre-
pared in this wny for the “normal propulske unit”
used above.

6Q 000

40,000

3qooo

k

w’
\

=,000

\

tq 000 i

Y

o I .2.. .5
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FIaDEE9.—Akdnte cef13nEes a fnm!im of A’

illinimum time to olimb to any altitude.-The time
required to climb through an infinitesimal change in

altitude dh is ~dh where $h therata of climb. The
.

minimum time required may be expressed by ~ dh,

since ~fi has been defined as the mtium rate of
climb at the altitude considered. In order h find the
minimum time required to climb horn one altitude
hl to a second altitude ~, the above exprtion must
be integrated between the limits hl and ~. Then,

T=
r

‘~dh (2.49)
k, Ch

where T= the minimum time required to climb fxom
altitude hl to altitude L.

The equations and charts for maximum rate of
climb have expressed the resuhs in terms of A~Caand
not simply oh. Equation (2.49) must be divided

throughout by h, in order that the integration maybe
performed in terms of h,Ch.

J–
Tb’lti

x“ =
(2.50)

& At Ch

Equation (2.50) shows the method by which time
to climb must be determined. For any values of A’

. .
~ against altitude iE plotted. Thea Cume @- Atcb

integration of this curve between. the desired altitudes

leads to the corresponding vahm of ~ according to

equation (2.50). This procedure is repeated for
several vaJue9 of At. kthkmannera chartis

obtained giving ~ as a function of A’ and altitude.

The integration indicated above must be performed
graphically, by Simpson’s Rule or some similarmethod.

General time-required-to-climb curves may be
obtained in this manner for any general type of air-
craft propdsive unit. Such curves are based on the

\

:. .

30,000

\\

\

%.k

J

o J .2 .3’ .4
A’

FKWEElo.-k-vkacoflfngw al’nnotlonof A’ and A, .

actmd rates of climb at altitude as determined by the
fundamental equations for m~um rate of climb at
altitude. The results obtained therefore have the
same accuracy as the maximum rate of ‘climb results.
The complete integrakon need be performed only”
once for each general tgpe of propulsive unit. Time .
to climb for airplanes having this type of propulsive
unit may then be immediately obtained from the
general chart. I?igy.re11, based on the “normal pro-
pulsive unit,” shows the @pe of relation obtained
between time to climb T, airplane design characteris-
tics A’ and x,, and altitude.attained in time T.

III. VARIA~ON OF PERFORMANCEW’PPHA CHANGE
OF PARAMETERS

One of the greatest advantages of the forimks and
resulting ckts is the explicit manner in which the
dependence of each performance characteristic of the
airplane upon its various parameters ig shown. The
variation of performance with each parameter of the
airplane may erwiilybe seen. Thus the particular
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parameter that need be changed and the amount of
change that will be necessary when a certain variation
of performance is desired, consequently the particular
detail of the airplane that need be changed, is readily
determined. The parametm that is most effective in
producing the desired change in performance is not
necessarily the parameter that k most economically
altered. Through the formulas and charts developed
here, the relative merits and effectiveness of each
parameter in producing the desired change in perform-
ance may be weighed. The designer is thus given a

FImml?,11.—#asakmtIan of A’andaltftade (.)

direct tool for making changes to fit his particular
requirements.

The tdgebraic formulas of Section If and the accom-
panying curves are here used to develop simplified
expressions which show explicitly the dependence of
performmce upon the parameters. These expressions
may be used in combination with general performance
curves” for any @e of propulsive unit to construct
charta giving the change of the various performance
characteristics resulting from a par cent change in the
parametem: Weight, design thrust horsepower amil-
able, effective span, and equivalent parasite area.

Thus for reasonably small percentage changes in the
parametem, the variation in performance is found by
multiplying the change due to 1 per cent by the
percentage change. Such curves have been drawn for
airplanes equipped with unsuperchmgecl engines and
presentiay metal prepellem. Tlm curves are shown
in Figure 37 and their use described in Section VI.

Variation of maximum velocity at sea level.—I7rom
equation (2.23),

(3.1)

All symbols me defied in Section II and in the Smn-
mary of Notation. The effect of the variation of the
second parentheses upon maximum velocity is small,
so to a iirst approximation we may take,

‘7=-K&)=O’s(kY=758(*) ’32)
Equation (3.2) mny be used to obtain maximum ve-
locity within 1 or 2 per cent accuracy. The constant

0.98 has been obtained by using a mean fit- 1S,
8

which corresponds to n A’ of about 0.06 (an nverage
observation airplane).

We ~e well justified in substituting equation (3,2)
for V= in the term containing V= on the right-hand side
of equation (3.1). Thus for an explicit and nccumte
expression for mtium velocity at sea level,

Where great accuracy is desired equation (3.4) should
be used.

In order to iind the variation of maximum velocity
with the pmqnetem of the airplane, V~ from equation
(3.4) is differentiated with respect to each of the vari-
DUS parameters aEa partifd differentiation. Differen-
tiating with respect tof,and dividing by V., we get,

( Wzf-%
–; 0.006419 t hpmfi~,,)

(3.6)
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whence for the percentage variation of V. with respect
to n certain percentage variation of ~,

Similarly for the variation with t.hpm,

I?or vmiation with W,

(%).=(-: 1~::’J%--’w” “o”

I’or variation with b,,

, r+)b.-Gl~::J%’=’%’” ‘(3’0’

It should be noted that the pseudoconstanta a, /3, – y,
and Y are functions of A’ and A’ is a function of each
parameter. The percentage variations must be plotted
against A’.

The variation of maximum velocity at sea level with
a change in any parameter is readily determined from
equations (3.7) ta (3.10). These equations give a
method of good precision for flmling the effect of a
change in any parameter on maximum velocity. If
the change in the pmameter caus~ dcmsiderable
change in A’, the value of the pseudocmstant a, & or
y corresponding to a mean A’ should be used. This
practice is seldom necessary. It is generally suffi-
ciently accurate to multiply the variation due to a 1
per cent change in the parameter by the percentage
change in the parameter. The curve for vaxiation of
V= is plotted in Figure 12, and is indicative of the
general nature of the variation curves developed in
this section.

Variation of maximum rate of climb at sea level.—
The variation of X,Cfi with A’ at sea level is very ap-
proximately a straight line, as may be seen in Figure
7. At any A’, assuming the stiaight line variation and
denoting (?* at ma level by 0., we have

h,O. =B– DA’ (3.11)
where,

B=h,(30at A’=0
–ZJ=slope.

Then,
~ B D{= B,t.h m_D, W~

“=G– A, + t.hpm~b,g” (3.12)

Differentiating with respect to each parametar and
dividing by Oo in order to iind the percentage varia-
tion of O., we get, for variation of COwith W,

++ –DL&_
&--~dW= ‘“h#.;b’2dW (3.13)

Bf ~~> _DI
tHip@

(%+=( )--v ‘3.14)
–B–DA’ dW
B–DA’ W

Similarly for variation with t.hpm,

l?or variation with b.,

(%9*8=(*%’=”*”‘3-”)
1.0.”

.8

R-.4/

t.hpa+y ‘
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0 /
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p3r cant) clumgein _etar

For variation with t,

(%)%nv?=+ ‘317)

Equations (3.14) to (3.17) furnish an excellent means
of detemnining the variations of maximum rate of
climb at SEWlevel with a change in the various para-
meters. The pseudoconstants are functions of A’ and
also depend on the type of propulsive unit (2’= and
2’,). Their numerical values have been determined
for the specific type of propulsive unit considered in
Sections V nnd VI, rmd the corresponding curves are .
plotted in Figure 37.
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A similar analysis maybe used to give the variation
of maximum rate of climb at any altitude with a
change in parameters.

Variation of absolute ceiling.-l?or small variations
of A’, i. e., for airplanes of the same type, the variation
El with A’ may be assumed to be linear. Then,

H-F– QA’ (3.18)

whei~ – Q-slope
and

(3.19)

Differentiating A’ with respect to the various param-
eters, we get for the various equatiom of variation,

(%).”(=)%=-6”% ‘32”)

(~t.bm=(=)d%=’u%‘3-21)

(3,=(:%.)%‘6’% “o”)

(%k(aw-+” ‘323)
Equations (3.20) ti (3.23) may be used to find the
variation of absolute ceiling due to a variation in the
parame-, and show the relative effect of a variation
in each. The numerical values of the pseudocon-
stants are given in Figure 37 in the same manner as
has been done for the conetants of the preceding
paragraph.

Variation of time to climb to altitude.-Considering

the variation of~with A’ to be linear for a small range

of variation of At, we obtain, as in the previous analyxis
for maximum rate of climb, the equations of variation
for time to climb.

.

(3.24)

(3.25)

(3.96)

(3.27)

The valuea of the pseudoccmstants z, –y, – 6z, and z
have been determined for the time tc climb to 5,OOO
and 10,000 feet for the type of propulsive unit ccn-
eidered in Sections V and VI, and the results indicated
in Figure 37.

Variation of the
At.—The vmisdion

major parameter of performance,
of A’ with the vmious parameters

of the airplane is readily determined by the use of
equation (2.25) for A’ given in Section H,

(3.28)

The variation equations are,

(3.30)

(3.31)

(3.32)

(IA(’) 4 dt.hpm— .
~ t.hpm= ‘~ t.hp. (3.33}

It is notable that all variations that tend to decrease
performance cause an increase in A’. Hence an
increase in A’ is acc.emptied by a decrease in per-
formance of the airplane.

lV. Il?v13STIGA~ONOF FULL-SCALEDATA

The general fundamental performance formulas
have been developed in Sections II and III. For the
application of these formulas tc any general type of
airplane, the functions 1’, and T= (see equation (2.15)),
must be expressed analytically, or graphically as
functions of 2?, and u. The best value of the efficiency
factor e (equation (2.lla)) for any type airplane must
be determined. This section deals briefly with an
i.nveatigation of full-scale data for determining thcae
daracteristics.

Brake horsepower variation with r. p, m,—Modern
airplane engties ,quite genarally have their rated
brake horsepower occurring at an r. p. m. which iz
less than 80 per cent of the r. p. m. at which the peak
brake horsepower occurs. From an investigation of u
number of brake horsepower curves, it has been found
that below the rated horsepower, the variation of
brake horsepower with r. p. m. is well represented by
the simple relation,

b.hp =KXr. p. m.

where K is a constantdepending upon
engine, or

b. hp _r. p. m.
b. hp~ r. p. m.~

(4.0)
the particulm

(4,0rL)

where subscript m denotes raied. This variation has
been suggested by Diehl for use with modern engines.
(Reference 5.)
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In all calculations to follow requiring the variation where,
of brake horsepower with r. p. m. a general linear Il=diameter in ft.
variation corresponding to the equation (4.Oa) is used. IV=revolutions per second of propeller
The general performance charts presented at the end V-velocity in ft.jsec.
of the report, which are developed for modern air-
phmea with iixed-pitch metal propellem, are based (A chart for the solution of C, is given in Figure 26.)
on the linear variation of brake horse-
power with r. p. m. (below the rahd
maximum r. p. m.)

Fixed-pitch metal propeller dat&—
The fixed-pitch metal propeller (ad-
justable on the ground) is the type
thnt is most in use at the present; so
the following discwion applie9 in
particular to this type. National
Advisory Committee for Aeronautics
Technical Report No. 306 (reference
6) presents complete fubcale charm-
teristica of Navy propeller No. 4412.
In a subsequent report concerning an
investigation of five metal propellem
(reference 7), it maybe seen that the
chrmgo in characteristics for the var-
ious propeller9 is smrdl. Owing to
the fact that the characteristics of
any propeller change with the type
installation, it is felt that the charac-
terits.icaof Navy propeller N70.4412
mny well be taken as the general rep-
resentative of all fixed-pitch metal
propellem. Efficiencies given are pro-
pulsive efficiencies and axe of great
value in deb rmining performance as
a mean slip-stream arida mean cowl-
ing effect me thus included.

l?igure 13 has been plotted directly
from datn of National Advisory Com-
mittee for Aeronautics Technical Re-
port No. 306. The proper propeller
diametw nnd setting for any airplane
and engine combination is found by
use of this chart. The airplane and
engine mmbination determinw a
particular value of the coe5cient

0,, from which is found the ~D

8
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ratio corresponding to the “Best mmE 13.–PIormIk dmddstw of Navy meW pro@ler No. 412. (mtfonaf Advknrg Cmmfti fir

performance propeller” or the “Peak AemnantIm Twhnfcal Rqm’t No. 303.)Pro@16rssatforbest~ ondmemcJOncq 81’eindfcdti

efficiency propeller” as desired. The coeiiicient is kuming that the maximum rate of climb of an
defined by, airplane ocmua at R,O=0.625, which has been found

#v 0.638 m p. h.
from Army flight test data to be a good mean value,

~a= (g~o b. hp)~xw-b. hp~r. p. m.% (4.1) an investigation has been made to determine at what
position on the propellar~fficiency curve maximum

(at sea level) velocity should occur in order that the airplane might

and J= V/ND is deiined by, have the maximum possible rate of climb. The results
are clearly set forth in Figures 14a and 14b; the results

V 88 m. p. h.
J-~=r. P.m. xD (4.2) are plotted in terms of 0. and ~. It is well known
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that for mtium possible velocity the propeller
should be set so that 17= occurs on the envelope of

0. at Vn
the efficiency versus C. curve9. The r~tio ~ Puk

8
at which this occurs is represented by the curve
labeled “FOR MAXIMUM VELOCITY. ” Obvi-
ously with V&x set on the peak of the efficiency curve,
0. at V.~ ~~ -1.00; this line is designated “PEAK.
PRbPEIXER. ” The setting of the propeller at V=
m order that maximum possible rate of climb be ah
tained ia represented by the curve labeled “FOR
MAXtMUM CLIMB.” This curve discloses the very
interesting and fortunate fact that the propeller should
be set at approximately the same setting both for the
attainment of maximum possible veloci@ and-climb.
Thus a propeller for which mminmrn velocity ocoum
at the peak produces both a lower maximum velocity

1.0 1
lPe~k p}opeller
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I /‘

q .9 For mox. clim or mm velocity.
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FIGURE 14B.-Comwfmnof ~mtt@sst V-for obtafr@ W maxbnmn
olfmb, bfst nmxfmom vfdwity, and PIO@lm sat on P@ eCkdenoY

and a lower mmri.mum rate of climb than a propeller
set for maximum possible velocity. This result follows
from the fact that for a mm&rmm velocity propeller
the decresse in the r. p. m. at full throttle with a
decrease in veloci~ is not so great as in the case of
the peak propeller. Consequently at any velocity the
brake horsepower available is greater; and as the
efficiency holds up well, the thrust horsepower available
is greater for the mtium velocity propeller than for
the peak propeller. The only redeemiqg feature of
the peak propeller lies in its more favorable take-off
characteristics.

It is therefore concluded that for maximum possible
all-around performance in the air, a metal fied-pitch
propeller should have the setting corresponding to the
envelope of the efficiency curve a@nst C,. A pro-
peller having this setting is called “BEST PER-
FORMANCE PROPEIiLiER” throughout this report;
the propeller set on its peak efficiency is called
“PEAK EFFICIENCY PROPEIiLiER.” The pro-
peller setting is not critical hovievar, since the differ-
ence in maximum rate of climb between the two cases

is generally les.9 than 5 per cent. Charts are later
developed for both propeller settings.

An investigation of the propeller settings on a
number of airplanes by the method of the decrease
in r. p. m. at speed for maximum rate of climb from
r. p. m. at V= has been made. The results are plotted
in Figure 15. Curves have been drawn showing the
decrease in r. p. m. to be expected for a propeller set
for BEST PERFORMAN~ and for a propeller set
on the PEAK EFFICIENCY, for values of R, from
0.65 to 0.70. The speeda for mmimum rate of climb
of all the airplanes investigated lie within these limits
of B s. The decrease in r. p. m. at speed for maximum
rate of climb has been calculated from Army flight
tests of more than 60 airplanes, and these points have
been plotted on the same figure. This iigure shows
very stdcingly that the propeller settingg of all the
airplanes correspond to no one case; however, the

1.0 4 I I I
---‘Peekpropeller

1
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For moxim Wn

: Fwm ax.cllmb / / ‘. velocity
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FIOUEE14b.-CMn@mn of moxmttfnw at V.. forobtnblng MM max.

hnmn olbnb, Ix& rnaxlmom veldty, and PIOPOZ eat on pk 13mo!~OY

grouping taken en masse seems h center about and
along the BFST PERFORMANCE l?ROPEIifJER. ‘

Eropeller ellicienoy at maximum velooityo-Curves
have been drawn from which the propulsive efficiency
at m~um velocity V. corresponding to the BEST
PERFORMANCE PROPEIXER and PIMK
EFFICIENCY PROPEIXiER maybe found. (Refer-
ence 6.) These curves are given in Figures 16n and

16b, which give the ef6ciencies against ~~~— and O,m,

respectively. The subscript m denotes at de~rz
muximum velocity. The curves in Figure 16b me to
be preferred in general, since for any one airplane nnd
engine the value of the coefficient U,. is very approx-
imately constant, hence the relative eiliciencies of the
two cases are readily seen. For the sam airpliine

and engine combination, the ~ is ditlerent for the

two cases since the diameter is ditlerento Since O,n
JS essentially a parameter of the rtirplane, wheretta

& is a compound parameter of the airplane rmd the
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propoller, it is recommended that the parameter 0,
(!2) For every 10 per oent increase in $ above 0.40Ibeused almost exclusively in considerations of airplane

:performanco. decrease propulsive efficiency 1 per cent.
A few remmh follow on the choice of a propuldve (3) For pointed narrow engine cowling, decre~e

diciency to he u9ed in computing performance. I propulsive efikiency from Oto 2 per cent.
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FIoumUT.-OUTTWfor Investigation of* pro@or aattiu of varfona afrplanasfrom Clght W

62=(-W’”.
(v)-~OUEE hS!3.-~II0kfVO f3f&k10Y at V-u 098 tidon of ~

(1) For modern 2-blade metal propellem with nor-

mal engine cowling, and where $ (the ratio of engine

-diameter to propeller diametar) is approximately 0.40,
use propulsive eilkienciea obtained from Figure-s16a,
.16b, or, better, Fignre 27.

>

(4) For National Advisory Committee for Aeronau-
thw coding increase from 1 to 2 per cent.

(5) For unfavorable body shapes and cowl.@s,
deorease from Oto 5 per oent.

(6). If tip speed is greater than 1,020 feet per second
apply tip-speed correction. (Apply only at Vmx,
reference 8.)
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(7) For 3-blade propellers decrease 3 per cent.
The above results axe obtained from references 6, 7,

8, and 9.
Variation of r. p. m. with speed.—The variation of

r. p. m. with velocity has been calculated both for the
BEST PERFORMANCE PROPEIXER at several
settinge and for the PEAK EFFICIENCY PRO-
PELLER. The 19.5° setting has been taken as repre-

sentative of the general peak efficiency curve. The
curves are plotted in Figures 17 and 19, respectively.
Each setting corresponds to a deiinite C% and V. for
the IKE-ST PERFORhfANTCE PROPEJJXR, =
indicatid; the curve for I?EU E??l?I~hTCY PRO-
PEIXER is general for all values of C%.

Variation of r. p. m. with altitude (oonstant veloc-
ity) .—The variation of r. p. m. with altitude has been

Rv=~
FrouEEI&-V~ of folMhrottle thrust horsermmr aveileble

titi vebdty. Best ~~ P*

calculated for the cases of BEST PERl?ORM~CE
PROPIELliER indicated on the curvm in Figure 21.
The calculations have been made on the basis of the
expression for C, at altitude. (Reference 6.)

C*=Crw?,o (4.3)
where

C%= C. at altitude

C,O= C, at sea level.

The effects of changes in R, and propeller setting on
khp= variation with altitude were found to be so

COMMTITDD FOR ADRONAUTICS

small that no further computation of other cases was
necessary. The computed variation of r. p. m. with
altitude, using the full-scale propeller data, gh%s good
agreement with the variation found in flight test by
the Army.

Variation of thrust horsepower available with
speed.—Uaing the linear variation of brake horsepower

I.m , i , & I
/9.5°0ta 75ftprdus \

~s

+ :
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0 .2 .4 .6 ,.8 /.0
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PMUEE 19.—Verietfon of fOIMfuetUe r. P. m. Wfti vokJW. pa
etlfoknor pmpOllw

with r. p. m. as has been found most representative
of modern engines, the variation of r. p. m. as given
in Figgea 17 and 19, and the piopeller curves in Fig-
ure 13, the variation of Wst horsepower with speed
has been calculated for all cases of the BEST PER-
FOR~TCE PROPEIXER and for the general case
of the PEAE EFFICIENCY l?ROPEIXER. The
results me to be found in Figures 18 and 20, respec-
tively.
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FIGURE20—Varfetfenof fnlf-throttle thmet horsepoweravelkble with
Vefcuity. Peak emofener Prolrdk

It has been found that for values of R, = ~~ grester

than 0.5, T, (the ratio of thrust horsepower at velocity
V to that at V=) may, for the variations according
to IHgures18 and 20, well be represented by a function
of R, of the type:

T,EuR; (4.4)

The quality of the representation may be seen by the
accompanying table.
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TABLE I

I I Best @Omanwpi-opalkr

C,m 0.00 L al L&l

J-‘ 0.46 (106 0. S-5

Ro-l.Cj LOI LOO :& L% LW LM
.M.9 .M6 .8s4 .8s4

.00 .716 .717 .73a :733 .7b7 .7b5

.40 .m .66Q .SM .671 .677 .Ix16

.m .202 ~3hl .303 ~376 .237 0.U4
o 0 0 0,

I I I I

n. f?

200

L 10

T. T.=
f$. ILJJ

LOO L@)
.6-7s .$34
.761 .766
.W1 .Oos
.% ~414

o

‘* efaoienoy
propellar

AIL

AIL

ML

: ;>

LW L~
.&% .S34
.769 .7EJ
.636 .Oos
.3420.414

0

In view of the exce~ent representation of T, by tho
ampirical formula RVW the performance charts axe
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Xxomm 22.-.Varfatfonof fnfl-throttle brake horwowar at constant r. p. m. with
altlblde

developed on this basis. The particular value of m
.cmresponding to eaeh (J,= (or eaeh setting of the pro-
peller) may be seen in the table.

Variation of thrust horsepower with altitude (oon-
stant velooity) .—The variation of brake horsepower
with &itude that is used in computing the t.hpa vari-
ation desired has been plotted in Figure 22. These
data have been obtained from National Advisory Com-
mittee for Aeronautics Technical Report No. 295 and
British A. R. C. Reports and Wfemoranda No. 1141,
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which are believed to give the best data available.
By the incorporation of the brake horsepower vmia-
tion with altitude at constant r. p. m., the vmiation
of r. p. m. with altitude as represented in Figure 21,
and the propeller curves of Figure 13, the vmiation of
thrust horsepower with altitude at constant velooity
has been computad. The cases were investigated for
which the vmiation of r. p. m. with altitude -were com-
puted, and it was found that the variation of thrust
horsepower With altitude may be repr~ented by a
single curve for all speeds of flight R, and all settingg
of BEST PERFORNIKNCE PROPEL~R and
PE.HK EFFICIENCY PROPEIZER. The curve
obtained is plotted in Figure 23. This curve is b be
the genwal representative for modern unsuperoharged
engines in the charts that are to be developed. The
variation function T=is therefore a function of u only,
be@j independent of R,.

h seekiqg for an empirical formula to represent the
curve in Figure 23, it has been found that the type of

Afftf&ckfi.

10= Z&-VarfatIo n of fnII-throttle thmst borsmmmr ave.flable at mnstant
Veloofty with altitude

formula proposed by Bairstow some years ago will,
with proper vahma of the comtanti, give an excellent
repremntation of the curve. The formula follows:

T.=
U—O.165

0.835 (4.5)

where,

T“-=

The quality of representation
accompanying table.

k.ot?ajh$

may be seen by the
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for sinking speed w,. The paxasite drng coefficient
was deiined then as the total drag coefficient minue
the eilective induced drag coefficient which was cal-
ctiated as the minimum induced drag produced by
an effective span. The customary definition of the
parasite drag cceillcient has been that expressed in
the past by the equation
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Ram 24a-Flight W polexdkranm *o* thn @d of Iakodaoing the airplaae afIMOoW faotor, 8

CDP=Cn–CM CDm-CD–c~ (a)Dongks XO–l& 8=0.76

(Ilef. A. D. M.3111); (b) Smuy M=smuar, e-W (RaL Nattonal Advisory Oam.aitka for Amana@M Teohnlml Report No. 304); (rOFalrcMId F. O.-
1W2 e.O.W OM. Natimal Advismy Cmnndttw for AamnantIm Tmhnkd Note No. %?4);(d)Von@t V. E. - 7. U=LW (Rd. Nathal Advlemy
Oon&dUmfirAemnantfuTeohdcdBq$uutNo. 292)

MtU?LMWEFFI~CY FACTOB

It was pointed out in Section II that the vaxiation
in parasite drag wmfficient could well be expressed as
a correction proportional to CJ; thus it could be
included in the induced dr~~ term of the expression

.

CDP - CD(w) – ‘Di(dn) (4.6)

where CD* represents the induced drag coefficient
based on the equivalent monoplane span (M). The
parasite drag coefficient as calculated according to
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this definition for eight @@ht test polars is seen in
I?igurea !24n and 24b. The curve C~P may be seen

to have, in general, a paxabolic shape over the normal
flying range. This shape might have been expected
Bince the total induced drag has not been accouniedfor
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and asmming that the wwiation in the pnrasite
re9istanc8coefficient is proportion to CJ, we get:

c%~in
C.,8=CD–-= c=–CDtie (4.7)

where,
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because we have in no case an elliptical lift distribu- C~p,–Effective parasiti drag coefficient at maximum
tion corresponding to the am CDi. There has velocity.
therefore been included in the parasite drag coe5cient CD– Total drag coefficient.
a portion of the actual induced drag coefEcient. In- CDi–W~ induced drag coefficient for equiv-
cluding in the induced drag term, where it obviously alent monoplane span.
belongs, thk excess over the minimum induced dr~m, C=ti– Effective induced drag cce%kient.
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e—Airplane efficiency factor deiined by’ equation
(4.7).

CDD6rw.ording to this definition has also been
plotted in Figges 24a and 24b, and it is seen that
for @l the airplanes there represented Cip, is there
very approximately constant throughout the flying
range. The tiective span loading has therefore been
defined as

(4.8)

All symbols have been defined in Section II and in
the Summary of Notation.

The sinking speed then, due to the parasite loading,
is that due only to the effective parasite drag coeffi-
cient at V=, and the sinking speed due to the effective
span loading is that due to the adual induced drag
plus that due to the variation in parasite drag which

- is assumed proportiiond to C.g. The correction for
variation of parasite drag proportional to CL~is be-
lieved to be of excellent quality, as the variation is
small and, by reference to the polars in Figurw 24a
and 24b, it maybe seen that a correction proportional
to CL2will leave a portion called effective parasite
drag coticient, which will nbt vary appreciably’ with
angle of attack within the normal flying range.

The efficiency factor e may be determined from
flight test data by the method described in Section VI.
The value has been computed for a large number of
airplanes; the range of values suggested for use in
performance calculations me included in the accom-
panying table.

TABLE lJI

VALUESOF e FOR VARIOUS TYPES OF AHZPLANES

urnvalueofe
TYpof Elfrplwla F&~ From- To-

i%w9w!i!kmiKc:::::::7111:1 % :1
S0mk3ntflever monoplam-. ..-. --––.-––
MI@ ha bi@e.ne______ -------------- :%’
hfdiipk!~y bf@ane____ ------------- .70 .W

Airplanm with normal fairing and cowling corres-
pond to the mean values of e; airplanea with square
bodies, rectangular wings, little fairing, and with
otherwise poor aerodpamic form correspond to the
lower values of e; airplanes with exceptionally smooth
bodies, elliptical wings, and complete fairing corres-
pond to the upper values.

EFPECITVE PARASITE Com?lacmm!

The effective parasito coeilicient has been defined as
that portion of the total drag cmflicient which remains
constant with angle of attack. From the preceding
paragraphs and Section H, equation (2.S), we have, for
the relation between the efhctive parasite coefficient

CDP,and the equivalent parasite mea,

(4,9)

and from the definition of A? in equation (2.11) of
Section II,

(4.10)

The value of h, may be computed from the observed
maximum velocity measured in f@ht test, hence the

fover-all parasite drag coefficient ~ may be determined

fby equation (4.10). The value of ~has thus been

calculated for a large number of airplanes from Army
flight test data and commercial test data that me
belie~ed reliable. The results are plotted in Figgre 25.

iFor performance estimation , hence the equivalent

parasite area j, may be estimated from Figure 26 by
reference to the corresponding type of airphme.

f.The parameter SE the most useful in determining

the over-all cleanness of the airplane. It is interesting
fto note that the parasita drag coefficient ~ of a wing

alone haa a value of apprcxinmtaly 0,01. ‘

V. PERFORMANCEFORMULASINENGINEERINGUNITS
FOR AIRPLANESEQUIPPED~TH MODERNUNSU-
PERCHARGEDENGINESAND FIXED-PIT(7I3METAL
PROPELLERS

The analysis of the general performance formulas
in Section II was caried through using physiord
quantitk and prtranmters,in order that application
to any consistent set of tits n@ht easily be made and
that the physical meaning of the parameters and equn-
tions n@ht be emphasized. It is, however, much
more con-renient for the designer rm,dengineer to use
p-ameters which me simple “loadings” without extra
wnstants. For practical purposes it is also a grew%
Nvantage to have performance formulas and charts
?xpressedin terms of engineering units. Efence in this
w%ion the performance formulas previously developod
me rewritten using engineering parameters and the
h-mdard American engineering system of notation.
I’he expressions for T. and T, developed in Section
~ are introduced into these formuhw and, from a
mmerical solution of the latter, engineering charts
me plotted for the important performance charuc-
aristics. If sufficient data were at hand rektive to
;he functions T= and T,, the general cases of super-
chargedengines and of varkble-pitoh propellers might
]e developed in the same manner.

A numerical discussion of the effeots of down load
m the tail and inclination of the thrust axis is de-
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scribed and corrections for these e#fects are
whero necessary.

THEENGtNEERING PARAMRTRRS

The enagjneeringpararoetem are defined as:

p’._. A, y= (w@ee@) wrtiti 10MEw
‘f (lb./sq. ft.)

ta”~ -%8 -0= (e*eew) ‘ffectivee(kb)z bg2 2 span loadmg(lb./sq.ft.)

1,’= w (engineering) thrust= Z ‘~~,-ho~epower loading
b.hpm~~ t.hpm

(lb./hp.)

given

(5. 1)

(5.2)

(5.3)

(6.4)

ante parameter.
The performance characteristics Me @,ven in the

following units :
V=- design maximum velocity at sea level in

miles per hour.
O* – maximum rate of climb in feet per minute.
H – nbsolute ceiling in feet.

A –560 -ft”~h:ec”.

t THE FUNOTIONS T. AND T. FOR AIRPLANTH OF TYPE 1

Airplanes classtiled here by type 1 are all”airplanes
equipped with modern umupercharged engines and
fixed-pitch metal propellers. Modern engines are
those for which the braldehorsepower maybe assumed
to vary linearly with r. p. m. for r. p. m.’s lower than
the rated r. p. m.

It has been shown in Section IV, equations (4.4) and
(4,6), th@ for airplanes of type 1 the functions T= and
2’, may be expressed in the form,

T, =R,m (5.6)
where,
m= ().66fOrBEST P~REOR~NfJllJ PROP. C,== 0.9

=0.61 for BEST PERFORUTCIZ PROP. C,m= 1.2
-0,66 for BEST PERFORMANCE PROP. C,~Zl.6
=0.66 for PEAK EFFICIENCY PROP. W 0,~

and

T.-
u—O.165

0.836
=1.198 (u–O.165).

FUNDAMENTAL EQUATION OF PERFORMANCE

The fundamental equation of performance
becomes in engineering units,

O/h-z‘h=% * [( T=T,UR,– #R/)

–3.oaL ‘1 1–&R$) feet per minute

whioh gives for airplanes of type 1,

33000
1,0,=*

-[
1.19S (u–0.165)uR,&+l– c?%’

<
–&(1 – #R:)].

(5.6)

(2.22)

(5.7)

(5.7a)

2A.LOULATION OF AIRPLANE PERFORMANCE

The ex&essicm for A becomes born equation

183

(2.26),

(5.8)

Equation (5.s) is used ta give the relation between

‘~’ hroughout the report and in developing theAandrt

charts. fiquation (5.8) iEplotted in Figure 30 (in the
curve marked STABI.J3 WING SECTION).

M&imnm velocity at sea level.—Equations (2.32)
and (2.33) become respectively,

and

~=528#5
m ()(“ 1’ )

1–0.332~2 ‘(m. p. h.) (5.9)
m

v
(

Zslt ~.
)

—%52.8$ l–O.332~
1#1, (6.10)

m

‘ These expreasioti will be fo~d plottad in Figures
29 and 30, respectively.

It should be noticed that the above equations are
exact only for the case of an airplane flyi.qg at maxi-
mum veloci@ with no down load on the tail. An
airplane with a stable wing section may be said to
satisfy this condition. Unfortunately, m stable wing
sections have not as yet come into general use, the
case of an airplane flying with a normal, unstable wing
section must be investigated. kmning a mean cen-
ter of gravity position of 0.33 chord, and a mean length
from center of gravity position to center of pressure
on the tail surface of 2.75 times the chord, the down
load on the tail was calculated for airplanes with
various speed ranges. Assuming a mean aspect ratio
of the wi@ of 6, and an aspect ratio of the tail surface of
3, the effect of the calculated down load on the tail
has been applied to equations (5.9) and (5.10), and
the results plotted in Figge 30. The results axe also
plotted in the supplementary curvo in I?igum 29.
The curve labeled “Normal W~ Section” represents
the mean curve obtained in this manner from the in-
vestigation of 5 frequently used airfoils, namely
Clark Y, G6ttingen 387 and 398, and U. S. A. 27 and
35 B. (Airfoil data from reference 10.). The down
load on the tail causes an incitiase in induced drag,
which is accounted for by a change in 1, at V..

An approximate solution of equation (6.9) is ob-
tained by expanding and retaining only the ii.rst two
terms. In the second term the substitution V.=

()
52.8 f % ~ m~e.

J Vm=52.8(~)%-0.11 t~, (m.p.h.). (5.11)

This form has been given by Dr. Clark B. Millikan in
reference 1.

For an airplane with no down load on the tail,
equations (5.9) or (5.10) are to be used. For an
airplane with normal dowa load on the tail, the cor-
rection indicded on the curves in Figures 29 and 30
is to be used.

149900-3%13

.
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Maximum velooity at altitude.-Expressing equation
(2.34) in engineering units, we obtain

where,

R=
Max. veloci~ at altitude ~=..

‘“ Max. velocity at sea level = ~

For airplanea of type 1, equation (5.12) becomes

lJ’ 1.198(u– 0.165)uR,mm+’– 2R,=’
~==3.014 1– 13R.=4 . (5.12a)

Equation (5.12a) is used in conjunction with equation
(5.8) to develop the chart given in Figure 31. The
three values of m from equation (5.5) are used.

lkximum rate of olimb at altitude; speed for mti-
mum rate of climb.-Equation (2.40) for speed ratio
for maximum rate of climb becomes,

.-m

where,

R,== Speed for max. rate of climb at ah. ‘VC
Max. velocity at sea level -V:

The engineering equation for maximum rate of
climb is from (2.41),

Cb-=,, 3~&& u R,C–#R,})–

J(1– fiR,j) 3.0;$V ft. per min. (5.14)

For airplanm of type 1, the last two equations become

!?!l=~.old
– 1.198m(u– 0.165)ul?,Crn+l+3#R,$

v. 1+32R,: (5.13a)

Equations (5.13a) and (5.14a) ~e used in conjunction
.with equation (5.8) to develop the chart for speed for
max$num rate of climb plotted in Figure 32, and the
chart for maximum rate of climb plotted in Figure 33.

The effects of down load on the tail and inclination
of the thrust axis have been iuvdgated for various
types of airplanes ranging from heavy bombardment
to high-speed pursuit. It has been found that the
two effects are of opposite sign and within 1 or 2 per
cent of the same value. It is concluded, therefore,
that at the attitude of the airplane for maximum rate
of climb, the combined effects of down load on the
tail surface and inclination of the thrust axis may well
be neglected.

Maximum rate of climb at sea level is obviously
the special case of maximum rate of climb at altitude,
in WhiChu=l and Ta=c1.

Absolute ceiling; speed at absolute oeiling;-The
relation betweeh UH and R WEIat absolute ceding,
equation (2.46), is unchanged,

( ) h T.T,
TaT, 1+ 3 u=’ R,=4 + R,ET

(
1–uM2 R,H4

*m )

–du~R,Hs=o (5.16)
where,

R Velocity at absoluti ceiling
‘~-Max. velocity at sea level

u== u at absolute ceiling.

For airplanes of type 1, this gives,

1.198 (u=– O.165) R,=m (1 +3UH2B,H4)+ 1.198m

R,==(uH-0.165) (1–uH2~,~4)–4u~n,Ha=0,
(6. ltin)

Equation (5.15a), when solved by the trial ~d error
method, gives the relation between speed at absolute
ceiling and altitude. This solution has been per-
formed graphically in developing the charts by finding
the speed at which the high speed at altitude and speed
for. mtium rate of climb at altitude intersect
This method is recommended. The results are given
in Figures 31 and 39.

The equation for~ at absolute ceiling becomes from
m

equation (2.47),

which gives for airplanea of type 1,
.

1.198(uH–0.165)uHR,Hm+l–UH2RgH4.
~=3.014 I–u=2R,Hi (6.16a) ‘

.
The solutions of equation (5.16a), R ,~, and au,

when substituted in equation (5.16Q),give an equation
which, when used in conjunction with equation (6.8),
gives the absolute ceiling as a function of A. This solu-
tion has been performed graphically, however, by find-
ing the value of A at which the maximum rate of olimb
at any one altitude becomes zero. This method is
recommended. The results are plotted in llgure 34.

Servioe ceiling.~ervice ceiling is found by putting
(?.= 100 in exactly the manner described in Smtion II.
The corresponding engineering equations and curves
are to be used, however, instead of the physicnl equa-
tions there referred to. For airplanes of type 1, the
results are given in Figure 34.

Time to olimb.-In engineering units we have for the
time to climb, from equation (2.~0),

,J–hgl‘=1’ lbll,c, ‘“ (6,17)
.

Tl& integration is carried out in tlhe manner indi-
cated in Section II, except that the engineering equn-
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tions, parameters, and charts me used. Results for
rhplanes of type 1 are plotted in Figure 35.

PERFORMANCEVARIATIONEQUATIONS AND CHAETS

The varirkion equations of Section III are essentially
unchanged, since they express percentage variations.
They may all be immediately transformed to engineer-
ing notation by the substitution of A for A’ aeeording
to the relation

A=153.9AI. (5.26)

This operation is quite obvious and the equations
will not be rewritten. M&ing this indicated sub-
stitution and obtaining the necessary constants for
the equations from the performance charts developed
in Section V, & set of variation charts hsa been con-
structed in Figure 37. These give the variation in
performance characteristics due to a 1 per cent change
in the various parameter for airplamw with type 1
propulsive units. The charts are based on the design
u ,n = 1.2, and may be regarded as representative for
all propeller settings since the propeller setting has a
negligible effect upon the variation of performance.

GENERALEEMAEES

The performanb charts have been developed for the
followiiig cases:

(1) BEST PERFORMANCE
08n=0.9, or J*=o.b5; m= O.65.

(2) BEST PERFORMANCE
0,~= 1.2, or Jn=0.65; m= O.61.

(3) BIBST PERl?ORWCE
~,=~1.6, or Jm~o.86; m= 0.55.

PROPELIiER for

PROPEIJiER for

PROPEIIJZR for

.
(4) PEAK EFFICIENCY PROPELLER for all

C,n, all J~; m= O.55.
The mass indioated here have all been plotted

throughout the &arts, forming families of three
curves. A single curve is used throughout for the
PEMI E?71?1CENCY SETTING, while for the BEST
PERFORMANCE PROl?EIXLER interpolation must
be made for the proper value of C%.

A curve has been plotted for the graphical detmmi-
nation of A explicitly horn the parametma lP, 1,,
and 1,, The curve is found in Figure 28.

For convenience in detmmhing the major per-
formance characteristic of an airplane (the mmimum
veloci@ at sea level, maximum rate of climb at sea
level, and absolute ceiling) a combination chart giving
v.~~i~1,Oe,and E as functions of A has been plotted in

Figure 36.

VI. PERFORMANCEDETtiMINATION

l?or the aid of the designer, the method of deter-
mining the performance of an airplane through the
use of the charts developed above is” given in this
seotion. After a few applications, the d&gner may
discover alternative procedures which are pore suita-
ble to his particular needs, but in general the methods

of using the charts will probably be similar to tliose
indicated below, whioh the author has found most
convenient. After the general outline, sn illustrative
example is included. The use of the charts in deter-
mining the airplane charaoteristios (parameters), when
the performance is known or spedied, is also shown.
This revemed solution of the charts is of considerable
interest. Ehmrnplesof this prooess aregiven. Finally,
a problem on the change in performance caused by
changes in the parameters of the airplaneis worked out.

GENERAL OUTLINE OF THE DET~ ATION OF THE PEEFOEM.
ANCE OF ANY AEtPLANE EQUIPP~ WITH A MODERN UNSUPER-
CHAEQRD ENGINE AND A ~PITCH METAL PROPELLER

The following data mtit be specified:
w —Weight (lb.).
s —Total wing area (sq. ft.). (Wing areas

include portion cut out by fuselage.)
Airfoil section.
s, —Area of the longer wing (sq. ft.).
& —Area of the shorter wing (sq. ft.).
b, -Span of longer wing (ft.).
b, -Span of shorter wing (ft.)
Q —Gap (ft.).
b. hpm —Brake horsepower at Vu. (Rated b. hp.).
r. p. m.—llevolutions per minute at V= of propeller.
f —Equivalent parasite area (sq. ft.).

The equivalent parasite area j is found either by
estimating the total parasite drag coefficient or by
summing up the drag coeffioienta of the various parts
Of the airplane. ,

(1) Estimation.—For performance estimation
4

henoe j, may be estimated from Figure 25 by careful
reference to the corresponding type of airplane, proper
allowmce baing made for irregularities of each par-
ticular design. For a normal airplane the estimation
can generally be made to within 20 per cent of the cor-
reot value, which leads to ah aeouracy of within 7, 2,
and 4 per cent in the calculated V., Co, and H,
respectively.

(2) Summation.-The equivalent parasite area of
the airplane is found by summing up the individual
equivalent par~ite areas of the various component
parta including the wing profde drag. For conserva-
tive design, an allowance for interference drag should
be made. This allowance is generally made by mul-
tiplying the result of the summation by a factor I
vary@ from 1.00 to 1.30 depending upon the typo of
airplane. A table of suggested values is given here.

TABLEIV

W.I&U--------- --------- ,@J L 10
cm w m0n0p18n0_._:.__. icc

:%%%’$%+=::-::::1:

kg
L 15

1%
. . . . . . . . ..- . L 10 LW

1 I ! t
DataareLxrndin referan~ 5and11
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TIM follo~ constants and parameters of- the
airplane are then determined:

0—Airplane ei%ciency factor. (Table III, Sec.
Iv.)

k– h4unk’s span factor (k= 1 for monoplane).
Charta for the rapid solution of k are given in

reference 5, chapter 2.
~ =g.
‘f

w
‘s=e~.
,=– Coeilicient C, at V=. Figure 26.c

q. – Propukve efhciency at V=.
These values are found thus: Assume a Vmm.
Find C% from Eigure 26.
Find qm from Figure 27, and suggestions in

Section IV.

FroIu ~ find VW horn Figure 29.

)3 this ‘Vm does not check the V. or@~Y
assumed, make a judicious choice of a new
V=, and repeat the process until a check is
obtained. This is a rapidly wnv~g
mows.

Figure 13, -whence-ll from equation (4.2), Sec.
m.

w
“=X..

A=% (fig. 28.).

&=$.

C%=. (Table Tl: Sec. VII.)

MA1OR PEsFo~a CHARAcrBRISmCsPROMCHAIZl%

All major performance characteristics me now ob-
tained by the use of the charts, from the parameters
J’, l., J~, A, ~, ~d Cw Interpolation for the
proper value of C% is made ~ tie w of Me BEST
PERFORMANCE PROPEIJXR. No interpolation
is necessaxy for the PEAK EFFICIENCY PRO-
PELLER. Performance is obtained as indicated
below:

zanding speed.—From k, C% in F@e 40.

Maximum velooity at sea level.—From ~ in Figure

29, or find ~ from A in Figure 30. Whence V& (If

tip speed is ~eater than 1,020 ft./see. apply correction

factor to 1,in~a~’ and A here. (Reference 8.) Do

not apply in obtaining other performance.)

~aximum velocity at altitude.-Find R,= at various
altitudes from A in Figure 31. Then Vmh=R,.V..

Speed for maximum rate of climb at any altitude.—
Find R,. at various altitudes from A in Figure 32,

Then V. =Rw%
Speed at absolute oe~.—Find ROH from A in

Figure 31. “
Then V’-R,EVm.
Maximum rate of climb at any ‘dtitude.-Find I?luhat

V~OUS altitudes fiOm A in @gWO 83. ~OnCO ah.
Absolute ceiling.-l?rom A in Figure 34.
Servioe oeiling.-l?rom A and proper interpolation for

1,in Figure 34.

Timeto cdimbto any altitnde.-Find ~ at various fdti-

tudea from A in Figure 35. Whence ?. .
Special performance problems such cs maximum ~)

speed for minimum power, and thruet horsepower re-
quired at any speed and altitude are found as described
in section m.

EXAMPLE: The processes described for finding
q k~ q=, 0%, and D are either quite well known or

direct; so these will be assumed given for brevity.
Given:

W=5,000 lb. e=0.86
for o single
bay biplane.

S’=400 Sq. ft. k-1.13
b.hp~=600 o ~-1.40

f =19.2 sq. ft. q~=O.83
bl=43 ft.

Clark Y airfoil section.
Then

1P=260, I?,=2.49, 1,= 12.05, A= 10.8, lw= 12.6
%lIx = 1.27

1P~=21.6, 1~,530.O.

Propeller is sot for Best Performance. Interpolating
for the propar value of U,mon the charts, we get by the
method described above:

MmlIng sw@-6ZJI m. p. h.
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DETERMINATION OF THE PARAMETERS OF THE AIBPLANB WHEN
THE PERFORMANCE IS ENOWN

When the three major performance characteristics
of the airplane, maximum veloci~ at sea level, maxi-
mum rate of climb at sea level, and absolute ceiling,
am known, the three fundamental parameters of the
airpl~e, 1,, 1,, and 1,, may readily be determined.
This determination gives a method of fhling v., e, and
j fkom flight test dmh. The method given below was
used in tiding the values of e irom Army flight test
data for approsinmtely 50 airplanes The summary
of the results is to be found in Tablp, III, Section IV.

Having given the flight test data for-
H–Absolute ceiling
Oo-Maximum rate of climb at sea level
V.-Maximum velocity at sea level

and having given

W, Ml, b. hp~, r. p. mm

the parameters of the airplane are found in the follow-
ing manner:

From b. hp., r. p.. mm, and v. de-e C%
from l?igge 26.

Interpolation for the proper value of C% ~ then
made throughout the following development.

From Figure 34 obtain A.
From A in l?igge 33 obtain l’ob. Whence l,.

From A in Figure 30 obtain ~,” Whence 1..

From A, Z,, and Z,, obtain I?, from Figure 28, or

better, from V. and Figure 29 obtain ~“

Whence lP.
The values of tlie parameters 1,, 1,, and Ji actudy

developed in ilight test are thus known. From the
deihitions of these parameters~, e, and qmare imme-
diately found. From equations (5.1), [5.2), ~d (5.3),

w
‘-ire

f=f

w
““=b.hp~ 1’”

(6.1)

(6.2)

(6.3)

This process is very rapid, and gives much valuable
information.

EXAMTLE: Let us suppose that the airplane for
which performance was calculated in the preceding
example has been flight tested with the following
results:

V~= 140.0 m. p. h. W= 6,000 lb.
O.= 1,100 ft./rnhl. b.hp~= 500 (MI)’= 2,3(30
IZ=21,000 ft. r.p.m~=l,500 0%=1.38

From Figure 34, A= 10.2

From Figure 33, Z,(?O= 14,250; 1,=12.95; from
equation (6.3) q== 0.77.

Erom Figge 30, 1,1,~U=4.98; 1==2.18; from equa-

tion (6.1) e-O.97.

From Figure 29, ? =20.7; 1P=268; horn equation

(6.2) ~=18.7. 2

EXAMPLE: Let us now suppose that a performance
Specification has been given, and we are des”~gg to
meet it.
SpeoMcations:

V~=140 m. p. h.
O.= 1,100 ft.[min.
H=21,ooo ft.

Assumedfrom @e airplane:
e=O.85
k=l.13

04=1.40
~.=’o. 83

Exactly as in the precedkg problem, A, 1,, 1., and 1P
are found,

A= IO.2
1,= 12.95; from equation (6.3) b.hp~=O. 0930 W
1,= 2.18; from equation (6.1) ~12=0.423 w

l,= 268; from equation (6.2) j=o. 00374 w
The characteristics are now determined by an ediima-

tion of the weight. If the design characteristics cannot
be obtained with the estimated weight, the latter must
be reestimated until the dimensions and weight me
compatible. H the tial weight is

W= 5,000 lb. then, b.hp~=465
I3,’=2,11O b,u46.O ft. “

f= 18.7 sq. ft.

D~tiMINATIONOFTHEVARIATIONOFP_ORMANCEOFTHE
AIRPLANEDUETOACHANQEm ITSPAE~El?S

For airplaneaequipped with modern unsuperchmged ‘
engines and fixed-pitch metal propellers the variations
of performmm characteristics are readily determined -
from Figure 37. The chart is based upon equations
that have been developed in Sections III and V.

The chart shows the percentage variation in the
major performance characteristiea due to a 1 per cent
increase in each of the fundamental parameters:

t.hp~ =b.hp~.q~
b,= 6M(M,) .

f
w

The rates of variation are functions of the major
parameter A, hence A must be lmown. For reasonably
small changea in a parameter the ohange in perform-
ance k given by merely multiplying the variation due
to 1 per cent by the percentage change in the pEwam-
eter. In general, for changes larger than 10 per cent
the average rate of vaxiation should be used, since A,
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and hence the rate, variea considerably. The average
percentage change in parameter should also be used.

EXAMPIX: Clmsider the preceding problem of
de9ign to meet speciikation:
Specification:

v.= 140.0
O.=llOO
B=21,000

Required characteristics:
w= 5,000

b.hprn-=465
j= 18.6
b,=46.O

As before, .{= 10.2.
From Figure 37:

Perc2ntxe varfdon of p3rfmmmcednetol per
cant in- h paramnta

Suppose that after th~ airplane were in the wembly
line it became evident that it would be 250 pounds
overweight, but a change in engine vmre possible at 2
pounds per horsepower. What brake hormpowar ,is
necessm-y to meet minimum over-all specification?
From the table it IS seen that the relative effect of a
change in w~oht to a change in horsepower is the
greatest in the case of absolute ceiling; so this will be
the criterion.

.

(100o.05*:~ ‘
Abhp. x 2—+ (– 0.95) 5000

)

+loo(–o.95)5~-o

(0.140 –O.038)Ab.hp~=4.75
Ab.hpm= +46.5 (10.0 per cent change)

lT=250 + 2(46.5) = + 343 (6.S6 per cent ch~~e)
Resulting ChSXQCtitiCS :

w= 5343
b.hp~=512

b,=46.O
f= 1S.6

Resulting P~OITWlJl@3 :

E=2J,000

CO=llOO+ 1100(1.30X0.10 –1.50X0.06S6) ==1100+
30=1130

v== 140.0+ 140.0(0.365X 0.10– 0.045x (-).06s6)=
140.0 +4.7 -144.7

It is notable and fortunate that the equivalent par-
asite area j has the least over-all tiect on airplane
performance. For the airplane just considered a 10

per cent error in tke estimated parasite area would
result in errors of 3.40, 1.0, and 1.5 per cent in V~,
Co, and R, respectively. A 10 per cent change in any
of the parameters, b., t.hpm, apd W, would cause at
least a 10 per cent change in one characteristic of
perfoiman~e.

TR~ENGINEERINGSIGNIFICANCEOFPARAM~ERA

The parameter A may well be called the major (or
characteristic) parameter of airplane performance,
for A appears as the abcissa of all performance charts
developed in this report, and occurs insistently in the
algebraic formidas. For the modern unsupercharged
engine for which the charts are dmwloped, it m@y be
seen by reference to Figures 33 and 34 that for a value
of A of about 70, the absolute ceiling of the airplane
considered is at sea, level. For values of A greater
thqn 70, the machine under consideration can hardly
be called an airplane, for it would have in absolute
ceiling below sea level. Parameter A is thus seen to
be a critical parameter, peculiarly characteristic of an
airplane, setting the critical limit at which a machine
may be cksed as an airplane. The absolute ceiling
of an airplane is a function of A alone. The speed
ratios for maximum, speed at altitude, for the best
climb, for absolute ceiling, and J~times maximum rch
of climb, time to climb divided by 1f, and maximum
velocity divided by 1~’ axe each functions of A. It is
on the basis furnished by A that the formulas and
charts have been deyeloped.

The parameter A is a function of the primary pa-
rameters of the airplane, for

All symbols have been defined in Section V and in the
Summary of Notation.

Parameter A may be shown to be a combination of
several familiar parametem by the proper grouping of
the tarms in equation (6.4). A a physical conception
of A is more easily attained by such a grouping, the
following forms are given:

It will be noted that the first term in the group is the
thrust horsepower loading, the second is the effeotive”
span loading, and the third term is appro.ximwtelyin-
versely proportional to the maximum velocity at sea
level by equation (5.8). b still another form,

The terms here are the thrust horsepower loading to
the four-thirds power, the effective span loading to the
two-thirds power, and the equivalent parasita area per
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unit of effective span ‘squaxed to the one-third power.
The last term is inversely proportional & the two-
thirds power of the maximum lift/drag ratio by equa-
tion (7.7).

All airplanes of similar type have values of A in the
same range, the ranges for modern airplames being
approximately:

TABLE V

I Type airplane I IT- IA fmm—

Paredt .. . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
Omna- ... . ... ... .. .. ... ... .. ...
~E.-.-.- .. ...---.. L... ..-– .. ... Ii
Bombardment . . . . . . . . . . . . . . . . . . . . . 10
Ikavy flyhlg mm------------------- 16

11
14

:
w

—

Commercird @-pea lio in their respective places.

VII. SPECIALPERFORMANCEPROBLEMS

The cmea considered in thk section are mainly
problems dealing with the thrust horsepower required
equation, i. e., the equation for sinldng speed w,.
The geneml results tie quite well lmown, but are here
discussed in the light of the preceding analysis, and
employing the parametem of this report. The results
are presented in convenient chart form. Where data
are needed only full-scale data are presented. The
pmnmetem l,, l,, and 1, are defied here as in Sectioh
V, equations (5.1), (5.2), and (5.3).

LANDING SPERD

The problem of landing speed of airplanes is one
concerning a gnat number of variables, most of which
can not be included in a theoretictd analysis. Some
fmctcrs which rnigbt be mentioned are: Piloting, con-
trol of airplane at low speeds, wing form, rigging,
ground effect, interfexenca between wings, body
struts, and so on ad injniium. It is believed that the
best method of taking these effects into general con-
sideration is to calculate the maximum lift coefficient
from reliable full-scale flight tests, and to classify
these remdts for any one airfoil as regards type of
airplane: Biplane, high wing monoplane, low wing
monoplane, etc. The results of the investigation of
a number of airplanea are given in the Table VI.
(References 12 and 13.)

The landing speed is determined by use of the
?quation,

“4aEx-2’Owb‘ftisec) ’71)
,-

V,=19.7S
4

~~ (m. p. h.) (7.2)

where,
V,–landing speed

C~–maxinmm lift coefficient
S– wing area (sq. ft.) including portion cut out

by fuselage
l.–wing loading= W/S’.
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A chart giv@g V, at sea level as a function of lD and
C% is plotted in Figure 40. The use of maximum lift
coefficient values from the Table VI for the solution
of V, should produce satisfactory results. Only airfoil
sections for which flight test data are available are
included in the Table. Th6 chart may obviously be
used with any data, but only fLighttest data reduced
by the chart or equation (7.2) or full-scale Reynolds
Number wind tunnel data may be expected to give
satisfactory results.

TABLE VI.-MAXIMUM LIl!”l? COWICIENTS FOR
SEVERALAIRPLANES

1:1
N ~N ~; N s% N ~e.~;

— —

AOremerIne2A----- ----- ------------- --.-–- 1 —1L 17 .-.– ..-._..
Nbetnm _________
m 1o9---------

---.-
.-.--

-------------
-------------

._-....-..-...-..-.. 3 I L 15

....-.
oak%. ..__..___ 2

L34 .__! .... ..

CQmm C-02---------.....-:-:.-1. ..?.!..?
1.27 _.--$______
L 11 .-J_____

OIMtkS0-72---------------.-....- –.– ---------------------2
EUL4 w._. _.__ .....-----.............------- 1 l.lg _..-l--:.:---
Fokkw . . ..__. _.-.._ 7 L% .....------
Ford-Shut ___ . . . . . . . 4

.—-.. ..--. -.. --.—------
L39 ------_._. _._. _.. _.--.-l._._..

OmlngOn 2a7.--......- 2 L29 ----- ----- .- . . . . ..iti --------------
CWUrrgOn3QS------- . . . . . ------------- . . . . . . . 7
Q8*430.---.-.I ----- . . . . . . . . . . . . -----

31LS
L27 . . . . . . . . . . . .

Q. s. 0.1 (Sikorsky) . . . . . ...-.-------- ------ ._;_ .__5_ 1 I L47
J.omfrw 2 A----------- .-i--------------- -....-. 1
m ;:A-- . . . .

I

-.. .-. -.. —..
LC3 ----- ------------ ------- 2 L@

‘1?:M“.&--;;;;;;~;~~;~ ::::::::::::::::: :::::;: . ..!_ ..?.K- 1
LWJ
L 11

U.S. A. 5----------- ------------ ----- . . . . . . . 2 L29 -..----.-..-
U.S. A. 27--------- .-. ------ ----- . . . . . . . 2 L8 -----------
U.S. A. 36B------- ---------------- ..-.-.. 1 L37 -.-.---.-..-
U.S. A. 45--------- --.–---.–– ---- . . . . . . . . . . . . . . . . . . . . 6 I L1O

I N-nmnlmr of airplarm averaged.

I MAXIMUM IJFTfDFtAGRATIO;SPERD FOR MAXIMUM IJFT/DRAG
RATIO

I
From equation (2.5) we get,

I “(7.3)

Substitut@ for w, in equation (7.3) from equation
(2.12), using engineering units, and noting that in
horimntal f@ht W=L,

~= O.00255S~ V+ 124. 4~~ (Vin m. p. h.), (7.4)
P

The speed at which maximum lift/drag ratio occurs is

obtained by ditbrentiating ~ with respect to velocity

and equating to zero.

()&“: =0.005116; ~–248.8 :$-=0. (7.5)
P

Whence,

V.. =14.85 ~ (m.p-h.). (7.6)

Equation (7.6) is the expr~sion for the velocity at

which maximum ~ occurs. Substituting equation

(7.6) into equation (7.4), inverting, md solving for ~

I which is now the maximum value for the ratio, we get
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(a-=os”w” (7.7)

Charts have been plotted for equations (7.7) and

() ()(7.6) which give ~ _and velocity at ~ _expli*

itly in terms of 1Pand 13. These charts are found in
Figures 41 and 42, respectively.

()-
The value of ~ is of particular interest in deter-

mining the general ~’cleanness of design” of an air-
plane, the minimum gliding angle, and the m&nmrn
range. The airplane will necewwily fly at approxi-

mately the speed for maximum $ ~hwe ~tiu

range is desired.
()

Knowing : .X and the speed for

maximum ~, the thrust horsepower required is readily

determined.
Divid@ lJ, by V~~ from equation (7.6) we obtain,

~; = 0.0673 (A)~$ (7.8)

LJt~mny thus be expressed ss a function of A. This

expression is analogous to that for~, hence the ratio

between V~~ and V= is a function ~f A. This speed

ratio for maximum ~ has been plotted against A’

(the physical pmameter, A= 158.9 A’) in Section II,
Figure 4.

SP~ FOBrdmmrmlPowlm

The condition for -m power ~ y+ –’+

Di.llerentiating equation (2.12) with respect to V,
equating to zero, and using engineering units we have,

dw~$ =0.011253 f ~– 192.51$ “=0. (7.9)
P

whence,
(UP)%V~=ll.287 (m. p. h.). (7.10)

Equation (7.10) is the expressionfor speed for minimum
thrust horsepower required, assuming equation (2.12)
for w, to be valid at this speed. This sswnnption is
seldom justied, since it has been found horn an investi-
gation of more than 50 airplanes that in most cases
the speed determined from equation (7.10) is lower
than the stalling speed by several per cent. In these
cases the speed for minimum power is primariIy a
function of the stalling speed, since the rapid increase
of drag at stalling speed has here caused the slope of
the w. curve to become zero.

From an bvestigation of Army flight test data and
flight test polam (Figs. 24 a and 24 b) it has been
found that the speed for minimum power generally
occurs within 5 per cent of a value of 1.08 times the
stalhg speed. It is concluded therefore that the fol-
lowing method is to be used in determmm“ “ g V& (speed
for minimum power) :
Find

V= by equation (7.10), if V~Pzl.08V, (7,11)
or

V-= 1.08 V,, if Vn (equation (7.1O))S1.O8V,.

A chart is included for iinding V~P by equation
(7.10). By compamson of equations (7.10) tmd (7.6)
it is readily seen that

V== 0.760 Vz.. (7S2)

Speed for minimum power accbrding to equation (7,10)
ie found from an additional scale on Figure 42.

Di~iding l,Z, by VMPequation (7.10) gives,

~= 0.0886 (A)~i. (7,13)

We have then~ as a function of . and hence the

ratio ~ “ =E a function of A. This speed ratio for

minimu~ power has been plotted against the physical
parameter A’ in Figure 4, Section II.

THRUST HORSEPOWER BEQUiRED AT ANY SPEED AND ANY
ALTITUDE

The two terms of equation (z.lz) huve been sep-

arated and the sinking speed due to each term plotted
S9indicated belOW.
writing :

w,= w,,+ w,, ft./see. (7.14)
where,

w,,–- speed due to parasite 10ad@
W,$–smlang speed due to effective span loading

equation (2.12) gives, upon transformation to engi-
neering units,

W,P=0.003751 ~ W ft./see. (V in m. p. h.) (7.16)
P

and,

w8*= 182.6 ~ ~ ft.lsec. (Vin m. p. h.) (7.16)

Equations (7.15) and (7.16) have been plotted in Fig-
ures 43 and 44, respectively, horn which W,p and w,,
may be found explicitly in terms of 1,, 19,and V for any
altitude.

Thrust horsepower required at any velocity, and the
thrust horsepower required curve for any airplane at
any altitude are now readily determined by the use of
these chmts, and the relation,

w’t. hp. ~ (W,p+w,,) ~“ (7.17)
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The thrust horsepower required at cruising speed at
any altitude is easily determined. To a tit and good
approximation the propulsive efficiency in throttled
level ilight at speeds near the maximum veloci~ may
be taken equal to the propulsive efficiency at maxi-
mum velocity. The brake homepower required is
thus determined.

~. CONCLUSION

General algebraic performance formulas ha-ie been
developed which are based on the induced drag view-
point of performance. By the incorporation of data
applying to any general @e of propulsive unit,
formulas rmd charts may be othined which apply to
all rhplanea equipped with the same type of propulsive
unit. Consequently supercharged engine data and
variable-pitch propeller data may be incorporated
when satisfactory data we available.

Formulas and charts have been developed which
may be used to determine the performance character-’
istim of all airplanes equipped with modern unsuper-
charged engines and fixed-pitch metal propellers. The
use of these charts is very rapid, and they produce,
results of good accuracy, generally within 6 per cent

“of flight test data.
These samq charts maybe umd to reduce flight test

data and obtain the actual airplane psrameks.
The equations, and hence the charts developed, are

expressed in terms of the three engineering pmameters
of the nirplane: lP, the parasite loadirqg;1,; the eflective
spun loading; and 1;, the thrust horsepower loading.

lJp
A new parameter of fundamental importance A= ~

P
is revealed by the formukia, and is used as the abcissa
of the performance charts. A maybe called the major
(or chamctaristic) parameter of airplane performance.

The dependence of performance upon each parameter
is readily seen from the charts developed. The effect
of varying any characteristic of the airplane is imme-
diately determined.

The propeller set to give best mmimum velocity at
sea level produces also the best maximum rate of
climb. This is called the “BEST PERFORMANCE
l?ROPEIIJIR.”

The variation of pawwiti drag with angle of attack,
and the increase in induced drag over the minimum
case of a wing with elliptical lift distribution may well
be included in a correction proportional to CL’, which
introduces e, the “airplane efficiency factor.”

D-L GuGcnmnmrMGRADUATE“SCHOOL
liAUTICS,

CALrFOrUNIAINSTITUTEOFTECHNOLOGY,
PASADENA,CALm., April 27, 1931.

SUMMARY OF NOTATION
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OF’ kERO-

\

Subscript m denotes ai design maximum veldy (sea
~@.

Subscript h denotes ai altitude.

Subscript o denotes d seu level.

I
miles per hour in performmce

—velocity charts.
feet per second in propeller charts.

–landing speed.
—velocity for minimum power required

(m. p. h.).
– velocity for m~um lifto/drag ratio

(m. p. h.).
–design maximum velocity at sea livel

(m.p. h.).
maximum veloci~ at altitude

—mtium velocitv at sea level
velocity for maxi%n rate of climb

—maxmmm velocity at sea level
velocity at absolute ceiling

—maximum velocity at sea level
– maximum rate of-climb (ft. per min.).
– absolute ce~” (feet).
– service ceiling (feet).
—minimum time required to climb to altitude

(minutes). -
L ‘. :

()D= —maxmmrn hft/dr~~ ratio.

Wap – sinking speed due to effective parasite drag “
(ft. per second).

W8* –sinking speed due to effective induced &ag
(ft. per second).

b. hp –brake horsepower.
t. hps –thrust homepower available.
t. hp, – thrust horsepower required. ‘
r. p. m. —revolution per minute.
N —revolutions per second.
T – proptilve efficiency.

Cao ‘o-
C. –lift ~oefficient.
c% –maximum lift cceflicient (at landing speed).
P~D – drag coefficient.
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ODD, — effectiveparasite dr~c coei%cient.

CD,, — effectiveinduced drag coefficient.
w – weight (pounds).
f – equivalent parasite area (sq. ft.); by defining

equation, f= CL)v#
– airplane ef6ciency factor (Sec. IV).

: – Mtis span factor.
b, –largestindividual span of wing cellule.
b. —e~ (kbl) = effective span.

,s – wing sxea including portion cut out by fuse-
lage (sq. ft.).

U==%-wing loading Ob./sq. ft.)

~w=—– nrasite loading (lb./sq. ft.)
‘fp

1,=~–effective span loading (lb./sq. ft.)
G

1,= &–thrust horsepower loading (lb.fhp.)

I?&)$-—–major performance pmameterA lpw

PHYsrcAL

Vo–idesl minimum velocity
A–horsepower conversion factor (55o in American

system, 75.in metric system)
p.= 0.002378 (lb., ft., sec. system) =mass density of

standard air at sea level.

Ap=~lp=841.0 1P(ft., lb., sec. s-ystem)

A,= ---.1, =267.7 1, (ft., lb., sec. system)
.

. X,=il,= 0.0018181, (ft., lb., sec. system)

~1=~= 0.006293 A (ft., lb., sec. s-ystem)
P
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