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GENERAL EQUATIONS FOR THE STRESS ANALYSIS OF RINGS

By EUGENEE. LUNDQUISTand WALTERF. BURKE

SUMMARY

In this report d ti 8houm that the 8heur, &force,
and moment at one point in a 8imple ring wbjected to
any loading condition can be @en by three independent
eguaiwna involving e.wtain integraik that mwt be evul-
ua.ted regardl.w of the method of anulysie wed. It is
a190shown how eymmetry of iha ring ahne or of the ring
and the loading about 1 or 2 axea makes ii po8&ibleto
timplify the three equutions and greatly to reduce the
number of integrah that mwt be evaluated.

Applied.on of the gened equatiorwpreeented in this
repOti ti pra.Cttk(L?probkme in the 8tre88an.dyti Of%g8
make8 it po88ible to shorten, simplify, and 8y8temaiize
t?u cahulutimw for both simple and bracedrings. Three
Wwtrative problems are included to demomtrde the
appli.cdwn of the general equations to a 8imp.?ering
with di$erent loading8.

INTRODUCTION

During the past three years several papers on the
stress analysis of rings for monocoque fuselages have
appeared in Americrm aeronautical literatme (refer-
ence9 1 to 4). In these references consideration has
been given to the special case of either a circular or
an elliptic ring of constant cross section. Using the
method of least work, the authom have derived for-
mulaa and charts that give the shear, rmialforce, and
moment at one or more points in the ring for a number
of simple loading conditions into which the majority
of complicated loading conditions on the main rings
of a monocoque fuselage may be resolved. As the
grater number of monocoque fuselages actually con-
structed are probably not mathematically circular or
elliptic in shape with rings of constant cross section,
the equations and charts for shear, atial force, and
moment given in the above-mentioned references are
not generally applicable.

In the present report, prepared in cooperation with
the Bureau of Aeronautics, Na~ Department, equa-
tions applicable to the general case are developed. In
the presentation of the general solution no considera-
tion is given to the many short cuts that can often be
made by a judicious choice of a method of analysis.

Such considerations would only be digessiona from
the general we and would result in a discussion of
Replications to speoial cases.

Three problems are given in the appendix to demon-
strate the simplicity and ease with which the general
solution can be applied to the stress analysis of a
particular ring.

SYMBOLS -
Throughout the present report, the following sym-

bols are used:
MO,bending moment at any point in the

determinate structure.
M, bending moment at any point in the

complete structure.
X=,, bending moment at the jth cut.
X=,, tial force at the jth cut.. .
X,,, shearing force at the jth cut.

aM
zj=M”j’

Pq

P,

ap—=P.j,ax=j

Ej=p’”
ap—=P,j,ax,j

v-,

v,

av “.
~= Vmj, she- force at any point due to a unit

bending moment at the jth cut..—-
~= Vpf, shearing force at any pobt due to a unit‘j@alforce at the jth Cut.

. . .

bending moment at any point due to a
unitbending moment at the jth cut.

bending moment at any point due to a
unit fmial force at the jth cut.

bending moment at any point due to a
unit qhearingforce at the jth cut.

axial force at any point in the determinate
structure.

axial force at any point in the oomplete
structure.

axial force at ariy point due to a unit

bending moment at the jth cut.

tial force at any point due to a unit
axial force at the jth cut.

tial force at any point due to a unit
shearing force at the jth cut.

shearing force at any point in the de-
terminate structure.

shearing force at any point in the com-
plete structure.
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~= V.,, shearing force at CDYpoint due to a unit
? shearing force at the jth cut.

u, total strain eneqgy.
ds, elemaut of length along the neutral axis

of member.
E, tensionampression modulus of elasticity.
(3, shear modulus of elasticity.
k, factor depending upon the shape of the

cross section.
R, radius of curvature of axis through the

centroid of the cross section of a
curved member.

e, distance between the cantroid and the
neutral axis of the cross section of any
cwed member.

A, cross-sectional area of member.
g, number of members.
n, number of cuts.
m, number of unknowns.

GENERALLEAST-WORKANALYSIS

The method of analysis.-The approach to a least-
work analysis of a statically indeterminate structure
consists of imagining the structure to be cut at a numb-
er of points with unknown values of shear, axial force,
and moment acting at the cut sections. The number
of cuts is just sufficient to make the structure stati-
cally determinate. b expression is then set up for
the work of distortion or, w-hat amounts to the same
thing, for the internal strain energy, and this expres-
sion is diilerentiated partially with -re9pect to each
of the unlmowns. As the principle of least work
states that the internal forces and moments adjust
themselves so that the energy stored in the structure
isa minimum consistent with the conditions of equi-
librium, each partird derivative is set equaI to zero.
Thus, if there are m unlmown forces and moments m
equations involving the unknowns are obtained. The
vahms of the m un.lmowns are found by solving the m
simultaneous equations. With the unlmown forces
and moments evaluated, the forces and momants at
any other point in the structure may be obtained by
statics.

Expression for strain energy.-The total strain
energy stored in a length 1 of a curved member may
be expressed as follows:

integrated over the length 1 (reference .5). When the
depth of the curved member is small in comparison
to the radius of curvature of the centroidal axis, the
distribution of the bending stress over the cross sec-
tion approaches a linear one and the expression for
the internal strain energy may be taken as equal to
that for a straight member. This assumption is
usually made in the analysis of rings encountered in

aircraft design and the following expression is there-
fore used:

(2)
S[

u= ~
‘72EI+2S+2%Q ‘8

radius of curvature
When the ~tio depth of cross section is greater

than 4, the assumption that the member is straight
gives the stresses in the ring within 10 percent for
cross sections commonly used in aircraft structures.
If in a small portion of the ring this ratio is less than
4, the approximation does not seriously affect the
leas&-ork analysis, hence the stresses calculated in
the other parts of the ring. When the ratio is greater
than 10, the calculated stresseswill be accurate within
3 to 4 percent. These values should be considered
as indicative of the approximate range of accuracy
rather than as fxed limits of accuracy.

Since bending moment M, axial force P, and shear-
ing force V usually vary throughout the entire struc-
ture, ~eneral equations must be obtained for them.
By&; principle-of Superpositionjl these equations are

M=Mo+zM.&mj+ ~Mpjxpj+~MJLIa )

the significance of the summation signEbeing that tho
indicated operations should be performed for the
total n cuts and summed up. The internal emngy
may then be written in the form

Jru=: E _
12Er+2:E+2% ‘8 (4j

.
where the integrrdindicates the energyin any individual
member, the summation sign indicating that the work
in alI the members (gin number) must be summed up.

Partial differentiation of the expression for strain
energy,-Partial differentiation of U as given by
equation (4) with respect to the unknowns contained
in M, P, and V and setting the resulting equations
equal to zero gives

In the general case, with n cuts, there will be n
equations of each of the foregoing types. It should
be remembered, however, that these equations are np-
plicable only when the cross-sectional dimensions of
the members are small in comparison to their radii of
curvature.

IStrioUyspwddng,tbe prindpleof .m_tlon dwanotapplywhenthesceond.
KY_ of ddkdlon aremnekiawl,but tka effmtaem twelly nogloottdIn s
W-work enelyek
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APPLICATIONOF GENERALLEAST-WORKANALYSIS
TO RINGS

The general equations for a leasbwork analysis pre-
sented in the preceding section will now be applied to
the analysis of closed rings. Where a ring is heavily
loaded it is sometimes desirable to brace it with a strut
or stay. In the following analyses both simple and
braced rings will be considered. (See fig. 1.)

o 0(9
(4 P)

(8) Shnplorim (b) Broced@
FIQuml.—’rypa ofrings

L
1IJ 1
\/’ \

.’ ‘.-_. /’
Fmurw 2.-ShnPlorhmcntat onepdnt wfthnnkno- vafnmof shear,a.dalforca

andmomentnotingat themctionont.

Simple ring: general case, ring of any shape.—l?or
the simple closed ring both q and n of the general
analysis become unity. Equations (5) therefore be-
come

au
Z.= s{ Ij&MIu+&pLu+>;VRJd8=0

g= S[
~M

1EI P+&pP+&vvPds=o(6)

s{
~= ~M, +~P .+$~V,]ds=O

For a thin ring such as considered in this report, a
very close approximation may be obtained by neglect-
ing the work due to tial forces and to shearing forces.
Thus, omitting the last two terms in each of the
preceding equations, equations (6) become

au \

z= J
$IMmds=O

au
~= J

$Mp d8= O (7)

%,= J-j&f,d8= O

Substitution of the general expression for M in the
preceding equations gives
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s JM,M. M&l.xm ‘~’ds+XP ~ds+Z J~ds=

J
M&.d8—

EI

J J $+X. ‘*~8+xp ~’$;d8+X, ‘w d8=

s
Mtipd8

–T

J JM,M, Jx Wds+Xp ~d8+Xo ~ds=m

_ M&fg
S*

s
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(8)

Equations (8) are general and independent of the
coordinate system used. In order that these equa-
tions may be applied to the analysis of specific prob-
lems it has been found convenient tQuse the following
system: The origin of coordinates is assumed to be at

x

I/
x -x

YL %

XR
‘L

Left- Righf
part ‘port

w’Y
Fmmm *—CcmdInata systemd fnthegemmldntfonhrsimple~

the top of the ring, where the cut is imagined to be.
(See figs. 2 and 3.) The z axis is asumed to be hori-
zontal and the y axis to be perpendicular to the z axis.
By this choice of coord.inateathe ring is considered to
be divided by the y axis into a left and a right part,
each of which is trew%d separately in the evaluation
of the integrals. The positive direction of z is to the
left for the left part and to the right for the right part.
The positive direction of y is downward for both the
left and the right parts.

At any point in the rihg the values of the shear,
axial force, and moment are assumed to be positive
when they have the directions indicated by the arrows
in iigure 2, as viewed by an observer standing on the
inside of the ring, facing outward, and looking down
on the part of the ring concerned. The moments
ML and Ma, in the left and right parta, respectively,
may then be written m follows:

ML=MoL+M.Lx.+MpL& +Mq,xv 1 (9)
~Mit=Mo~+M.&.+MpJp +Mv=t

where
MmL=MmE=l (lo)

MpL=Mpn=I/ (11)

M==z and M,.= –z (12)
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Substitution of these values in equations (8) therefore gives

'm[J(+)Ld8+f(A).d81+AiIJ(*)Ld`+J(*).d8l+x~[J(a)Y-J(*)Ed8l=‘
-U(ad’+f(ad’]

'ts(*)Ld`+f(*)Bd8]+xp[f(%)Ld`+s(%)Rd8]+xr[s(%)Ld:-f,,~q
‘[f(%).d’+cf(%).d’]

'm[f(&)Ld8-f(%)Ed`]+xp[f(%)Lds-f(%).d8]+xp[
‘[~(%).d’-~t%)nd’]

where the subscripts L and R indicate that the integrations are tc be performed over the left and &oht portions,
respectively.

In order to simplify the notation let

“=[m.d’+.whdsl
-4’=[J(*)L’’+WL?’81
A3=[J(*)L’$-J(%)E’81
“=[M)L’’+M).’81
“=[f(fi).ds-.f(a).d’]
“=[MM’+K)R’81
“=[K3L’’+R9R’81
“=[KWL’’+.KWI$’I
‘3=[J(%)L’:-J(%$’]

(14)

If these values are substituted in equations (13) the
following system of simultaneous equations is obtained:

AIXm+A*Xp+ASX,= —D,
i%Xm+B,Xp+B,X,= –D,

t

(15)
&&+&xn+ c~x,= –D3

The values of X., X2, and X, having been obtained
by sclving the preceding equations simultaneously, the
shear, &al force, and moment at all other stations
mound the ring may be calculated by statics, as stated
previously. The stresses at each station may then be
calculated by the standard beam formulas, as in the
e.munplcsof reference 4.

Simple ring: ring symmetrical about one axis.-In
aircraft structures it is custommy to btid floats, hulls,

and fuselages symmetrical about their central vertical
plane, even though the loading is not always sym-
metrical. In view of this fact, it is possible greatly
to simplify equations (15) aa applied to the rings or
frames of these structures. Thus, if the y &s of the
coordinate system is made tc ccincide with the mis
of symmetry of the rings or frames,

Apo
B2=0 1

(16)

and equations (15) become

A,X.+A,~= –Dl
4X.+ BIXP= –D, I (17)

O,X,= –D,

from which

xm=AtDrBID1= _Dl+AzX
AIB1—A/ A, ‘1

xp=AzDrA,D,=_Dl+ AIXm
AJ3,—A/ A,

I

(18)

x,= –g

Simple ring: ring and loading symmetrical about
one axis.-In the special case where the loads as well
as the ring are symmetrical about the y axis, D3 is
also zero. Thus, in equations (17) and (18)

x,= o (19)

In all other respects the equations of the preceding
paragraph apply. In the evaluation of the integrals,
however, it should be noted that, since both the ring
and loading are symmetrical about the y uia of coor-
dinates, each integral is equal to twice the value for
one-half of the ring.
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Simple ring: ring and loading symmetrical about
two mutually perpendicular axes.-occasionally there
are aircraft structnrcs built in which the hull or fuse-
lage shape is symmetrical about two axes. Ai&ip
hulls formed by regular polygons with an even number
of sides and fuselages of circular, elliptic, and rec-
tangular cross sections are examples of this type.

If both the ring and the loading are symmetrical
about two axes, the labor required to evaluate X., Xv,
and X, maybe greatly reduced over that required when
there is symmetry about only one axis. I?rom the dis-
cussion of the preceding section where both the ring
and loading are symmetrical about one axis, it follows
that, for symmetry of the ring and loading about two
ares) the shear in the ring is zero at each end of the
two axe9 of symmetry. By a sepmate consideration
of the equilibrium of the right and left parts of the ring,
it is possible to write for this case

Z(
x,=;

z compments of all forces or loads on
)the right or the left part of the ring

(20)
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In the evaluation of X, by the summation proce3s
indicated by equation (20), the components of force
that act in the positive direction of z (away from they
de) are considered as positive and those that act in
the negative direction (toward the y axis) as negative.
With the value of X, determined, the value of X. may
be obtained from the first equation of (18).

Rings with struts or stays.—Cases are encountered
of rings that contain one or more struts, or stays, for
strengthening and stiffening. In such rings it is neces-
sary to imagine the ring cut at more than one point.
Hence q and n in the general solution are both greater
than unity. Although this problem seems complicated
because more than three unknowns are involved, it
may be reduced to a simple systematic solution.
From inspection of equations (8) it is possible to write
the form of solution for the case of n unknowns instead
of repeating the wmlysis and deriving it ~ a separate
case. Suppose there are m un.howns. Then, if the
integral sign indicates integration over the entire
structure, the m simultaneous equations are:

x M’

s s
‘~ ds+. . . .

s
+X, ‘~ds+. . .

.+x~~~d8=–
. ~ ds+x,

s
~~ d8

s J ‘~d.s+. .x ‘~d8+x, ~a ds+. . . .+X,
s s s

. .+X. ‘Wds=– ‘~ds
)

s s J~ ds+. .
(21]

‘;~ds= – ‘~dsX. ‘~ds+x, ‘~ ds+. . . .-l-Xj ~1 . .+X.
s s

J JX ~ds+x, ‘~ds+. . . .+X, J+
M

a ~ “ds+. . . .+xnJg ds=-J*cIPl
In the preceding systam of simultaneous equations a

definite “pattern” existi. The terms in the major di-
agomd row running from upper left to lower right con-
tain only integrals with M squared. All other inte-
grals in the pattern consist of products of M; on any
diagonal row running from the lower left to the upper
right the intcgnds symmetrically located with respect
to the major diagonal are identical. A short study of
the form of the pattern will enable the reader to memo-
rize it and thus eliminate the tedious work of deriving
the equations each time that a least-work analyais is
made. The pattern is a result of Maxwell’s law of
reciprocal deflections and always has the same form
regardless of how the energy is stored in the structure.

In order to illustrate the application of the preceding
general equations to a ring with a strut, or stay, the
problem shown in figure 4 will be considered. Since

the strut has been assumed to be horizontal it is con-
venient to cut the ring at the two points shown. Two
cuts having been made, there are six nnlmowns: X&,

xvi

~ .&g ;$=

L#pDarf Righ +par+

FWJEE4.—Bra@ riIIs8witbonehorizontalstrni

X,,, X,,, X=, Xn, and Xa. The general equations
involving the unknowns are therefore & in number.
From the characteristic pattern for the equations of
lead work, it is possible to write directly

.
.“+
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sM=?sMnM.,x.,
M~Mm,

s
~ds+XP, ~1 d8+Xq ~1

~,+xm, [MJ#,8+xm yd,+xc, W#ld,=

s s

s

W&,
—

-Ird’

s

MJt(m M2s s &MD,~dg+xq‘+ds+x%
s sMP’2%sUW,,x., ~1 ds+xpl ~1 ds+xn ~ds+xq ~ds=

MOM,,s–zlrd’
sMm,Mq MpJbfqs s MJIq

s

M&q
~d8+xq ‘~’ds+XW ~ds+& s JM,#f,lX.l ~1 ~ds+Xti ~d~=ds+Xpl

M&iqs–~d8

Inspection of these equations shows that there is
always some path, section of the ring, or stay along
which the value of each integral is zero. For example,
Mpl is zero from .B to c. Hence, any integral involv-
ing Mpl is also zero from B to (?. Since M% is zero
from A to C any integral involviqg .k& is ~0 ZmO
from A to C and any integral involving the product of
M,, and Mw is zero over both AC and BC. The
fourth integral in the second equation

need therefore be evaluated only hm C to D. In a
similar manner the paths for -which each of the other
integrals in equations (22) need to be evaluated have
been detmmined and are listed in the following table:

EVALUATIONOF EQUATIONS(22) FOR FIGURE 4

First3e?natfom ACfuI;CD
&mnd 3qaatimw I I ACand CD

BC% CD BC and CD

The integrals in equations (22) having been evalu-
ated for the paths indicated, the valuea of X=l, XPI,
Xq, Xm,, Xn, and Xw are obtained by solving the
simultaneous equations The shear, axial force, and

(22)

moment at all stations around the ring may then be
calculated by statica and the stresses by the standard
beam formulas.

DISCUSSION

Simple rings.-The application of the general solu-
tion to problems in the stress analysis of rings and
frames makes it possible to simplify and systematize
the calculations for X., Xp, and X, in a way that is
not possible when starting from fundamental considera-
tions each time a ring or frame is stress-analyzed.
The procedure is ii.rstto locate the coordinate axea in
the most judicious manner considering conditions of
symmetry, and then to evaluate the integrals that
appear in the general equations. If the evaluation of
the integrals analytically is difficult,standard numerical
or graphical methods may be used.

An examination of the integrals that must be evalu-
ated in order to determine Xm, Xv, and X, shows them
to be of two general types. One type involvea only
the stMness lZl and the dimensions of the ring. The
other type involves the loads in addition to the stiilness
and dimensions. The following table giving the
number of integrations that must be made on the two
types of integrals for the various cases considered in
this report is presented to show in an apprcmimate
manner the degree to which the labor is reduced by
conditions of symmetry. The evaluation of any
integral for one part of the ring is considered as one
integration.
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THE NUMBER OF INTEGRATIONSNECESSARYFOR
DIFFERENT CASES

‘F ;=inv’.g

am~ % fig tith anyvarfatbnh kihg, IJMtdd,
andti@dOM -------------------------------------- 16 12

RingeymmeMmIabontoned------------------------- 6 4
Ringendlwdlng symmetricalaboutoneexls- ... .. ... . .. ; 3
RingandIoadlngeymmekicalakmt two axed-------- 2

After rLparticular problem has been classified by the
conditions of symmetry, all of the integrals involved in
that case must be evaluated regardless of what method
of analysis is used, unless perhaps the shape of the
ring is such as to lend itself i%some short-cut method.
If CLstress analysis of a given ring is desired for a series
of loading conditions, it should be noted that only
those integrals involving the loads (integrals including
JIJ must again be evaluated for the different loading
conditions. Thus the labor required to obtain X.,
Xv, and X, is reduced to a minimum by application of
the general equations herein developed.

In certain cases where rings of identical size or of
the same relative shape may be encountered frequently,
it is advantageous to resolve all complicated loading
conditions into a few simple one9. (See referencw 1 to
4,) The shear, axial force, and moment for the simple
loading conditions may be calculated either by stand-
ard methods or M outlined in this report and the
appropriate values added algebraically to obtain the
shear, axial force, and moment for any complicated
loading condition.

It is not probable that rings and hames of identical
size or of the same relative dimensions will be encoun-
tered frequently. The rwolution of the complicated
loading conditions into a few simple ones does therefore
not always result in the same advantage. For rings
of oval and other odd shapw, it is probable that the
integgals involved in the general solution would have
to be evaluated by standard numerical or graphical
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methods. If such be the case, it is just as easy to
consider the complicated loading condition as it w&ts..
With the work properly planned for this method, it is a
simple matter to obtain the moment, &al force, and
shear at a number of stations around the ring after the
values of X=, XP, and “X, have been found.

Braced rings,-The application of the general equa-
tions to the analysis of braced rings has been carried
only to the extent of indicating a possible systematic
solution. For each particular case the designer will
be able to minimize the labor ‘hvolved by a judicious
choice of mm, rather thin by the use of a standard set
of axes such as would be necessary to carry the general
solution ta more detailed conclusions. In the present
paper a series of braced rings with difFerentconditions
of symmetry could have been assumed and the most
convenient axes chosen. The general solution could
then have been completed and discussed in a manner
similm to that adopted for the simple, or unbraced,
ring. As the bracing used is of such a variety of forms,
however, it was not thought worth while to attempt a
classidcation of each type and present its solution.

CONCLUSIONS

1. The shear, axial force, and moment at one point
in a simple ring subjected to any loading condition can
be given by three independent equations involving
certain integrals that must be evaluated regardless of
the method of analysis used. Symmet~ of the ring
alone or of the ring and loading about 1 or 2 ams makes
it possible to simplify the three equations and greatly
to reduce thenumber of integralsthat must be evaluated.

2. Application of the general equations presented
inthis report to practical problems in the stressanalysis
of rings makes it possible to shorten, simplify, and
systematize the calctiations for both simple and
braced rings.
~GLnY MEMORIALAERONAUmCALLABORATORY,

~ATIONALADVISORYCo&mmrmnFORAERONAUTICS,
LANGLEYFIELD,VA., Am 10,1934.
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In order to demonstrate the application of the gen-
eral equation to a specific emunple, the values of
X., Xp) and X, will be cshmlated for a circular ring
with different loading conditions. The problems were
made simple so that the reader would not lose the
perspective of the general solution presented in the
report proper. Because the problems are simple, it
may be that a shorter solution can be obtained by
some method other than the general method here used.
In the majority of problems, however, it will doubtless
be found advantageous to use the general solution.

PROBLEM A

A circular ring of constant cross section is loaded
as shown in figure 5. The y mis of coordinates is

x Y
x

w w

Iy

FIGURE6.—PmbkmL

made h coincide tith the diameter about which the
loads are symmetrical. By this choice of ams both
the ring and the loading are symmetrical about the y
lmis. Consequently, X,=O and the equations for X,
and X= are (see equation (18)).

Evaluation of the integrals.-It being assumed that
the matitial and cross section are constant at sll sta-
tions around the ring, EI may be canceled from all
integrals in the numerator and denominator of the
preceding equations for XP and Xm. Thus, the eval-
uation of the integrals i9

‘l=fi’=’frda=’’fi”=~ral=’fi

‘2=Jyd6=J(1-c0sa) d8=”Jd8-rJcOs”d’
76

sr

=rA1 —2r’ cos a da0
‘rA-[2’’dnal’
=’n-r’

‘l=f~d’=b’-cosa)’d’
‘pJd’-’pJcos”ds+F

s=PA,–0+2P “COS2 a da
I

=’d+d

=3d

‘l=sM”d’=21W%(COSJ9-COSa) rda

[ I
=2Wr’ a COS /3-Sin a

_’w’’[(T._f9 Cos fj+fi ~]

“=.fM”yds=JJf@(’-c0sa)
=rJMOdS-rJMOCOS~C
=rD1—2r

J
~ Wr(cos B—as a) cos a rda !

J=rD1–2W# ~“(COSa cos /3– COS2 a)da

=’wP[(T–p)cos fl+sin /9]

=2w#[(m–13)cos S+sin L?+&in pcos 13+; (m–p)]
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Evaluation of XP and X.,—Before the substitution
of the integrals in the equations for XV and X., it is
convenient to summarize them as follows:

A1=2m
AS=21T?
B,=37#
D,=2WFF
D,=2W?(F+Q)

where ~= [(r— L?)cosfl+sin f?]

Substituting the values of the integrals in the equations
for XP and X. gives

x,= (Zd (zW’’F)– (2m)[2wryF+(3-)]
(2m) (3+)– (2#)’

=–:[(m–p)+sin/3 Cos /9]

=+(l–COS /3)(r-f?-sin J9)

PROBLEM B

In order to demonstrate further the application of
the general equations to a specidc exunple and to
show how several of the integrals evaluated for prob-
lem A may be used in other problems, the values of
X,, XP, and X. will be calculated for a circular .riug of
constant cross section loaded as shown in figure 6.

Y

Y
FI13UEE6.—Prob1emB.

In this problem they ti will be made to coincide with
tha vertical diameter, one of the two diameters about
which the ring and loads are symmetrical. By this
choice of ams

STRESS ANALYSLS OF EINGS 77

X,=o

X.= W cos ~ (See equation (20).)

x== _Dl+A:&

Since the ring has not changed from that considered
in problem A, the integrals Al and Az have not changed.
The integral DI must again be evaluated because the
loading has changed.

“=sM”d’=2E
Wr[l –cos(a-~)]rda

+2~pW7’ [1–cos(~–r+~)]rdaT-

[ 1
=–2TW a–sill(a-~) “

[ 1+2WP a–sin(ci-.+~) r
r-p

=–2w?yT–&%n fl)+2w7q/9-sin/3)

=2wry2&W)

Substituting the values of the int&grals and X, in the
equation for X. gives

X.= Wr(l–~–cOs p)

PROBLEM C

In this problem a circular ring of constant cross
section is loaded as shown in @e 7. ~ Both the ring

,Y

x \ / x
w

w

Iy

Fmm 7.—Pmbh3mC.

and loading are symmetrical about two ams so, if-the
y airisis made to coincide with the vertical diameter
as shown,

X,=o

Xp=–w sin /9

x = _D, +A&
m

The integrals Al and Aq
problem A. The integral

Al

are still the same as
D, is dependent upon

for
the
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loading condition and must be evaluated for the
particular problem.

‘l=JM”d’=21w’ti’a-’”da
+’

s
.~d W%sin (a–r+13) rda

[
=—2 ITw cm (a—p) J–2[W# COS(a–2r+~)~_p

=4WP

Substituting the values of the integrals and XV in
the equation for X. gives

‘==w@-3-
It should be noted in problems B and C that the

integral 111was evaluated by taking the sum of two
integrals, each of which considered the separate mo-
ments caused by the two foroes on one part of the ring.
It was found that this method of evaluating the inte-
gral involved fewer terms than would have been
involved had the moment caused by the iirst force
been integrated between the limits f? and@ and then
the combined moment caused by the two forces inte-
grated between the limits d and r. This method
of evacuating the D integrals as a sum of the integrals
for the separateloads is often advantageous in problems
where the loadings are likely to change.
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