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RESTRAINT PROVIDED A FLAT RECTANGULAR PLATE BY A STURDY STIFFENER
ALONG AN EDGE OF TEE PLATE

By EUGDNE E. LUNDQUISTand ELBMDGEZ. STOWJILL

SUMMARY

A 8hirdy etij$ener is dejined a~ a gti$ener of .swh pro-
portions that it does not eu#er crow-sectional distortion
when mmnent~ are applied to mme part of the cro~s
section. When such a eti~ener is attached to one edge
of a plde, it mull rem-atrotation of that e@e of the plute
by mean8 of h torsional prope&”e8. A formula i~ giren

for the re~traint coeficitmt prwided the plate by such a
di$ener. 5!’hi8coescient I%required for the calculation
of the cm”tioalcompre~m”.restrew of the plate.

INTRODUCTION

In the calculation of the critical compressive stress
for flat rectangular pIates as presented in references 1
and 2, it is necessary &t to evaIuate the restraint
eoeficient aIong an unloaded edge of the plate. The
formula that must be used to evaluate this restraint
will depend upon the characteristics of the structural
member or members which provide the restraint. In
references 1 emd 2 it was assumed that the restraint was
provided by a speoially defined elastic restraining
medium. As a result of this assumption, it was
possible to derive a generaI design chart for the calcu-
lation of the critical compressive stress that is, within
wide limits, independent of the structure which
provick the restraint.

RESTRAINT Coefficient’

In references 1 and 2 the restraint. coefficiefit c is
defied, for stresses within the elastic range, by the
equation

4SOb
‘=7

(1)

and, for str~ beyond the elastic range, by the
equation

4Sob ~ (2]
●=” ~D

where
SO stiffness per unit length of elastic restraining

medhun at side edge of plate or moment requkl

to rotate a unit length of medium through one-
fourth radian

...—

b width of plate being restrained

V nondimensional coefficient to allow for a decrease
in D due to the application of stresses beyond

-the elastic range

D flexud rigidity per unit length of pIate [,2:.91:E Young’s modulus of elasticity
t thickness of plate
u Poisson’s ratio

On the assurnp~on of perfect elasticity, both 6 and
D are constant for the plate and it is necessary to
evaluate onIy SO. The detaiIed effect of loading beyond
the elastic range is considered in another seetion of ..
this paper.

The basic property of the ekstic restrainii n+ium,
as used in the theory of references 1 and 2 in the defini-
tion of q is that rotation at one point of the me&um ...—.
does not affect rotation at Snother point of the medium. ._
h. many practicaI probkma the elastic restraint is . .. .
provided by a stiffener, a plate, or some other structure
for which rotation at one point does affect rotation at “---
another po~t. ‘Consequently, the evaluation of SO in
any given problem qmst take into account the effect of
this interaction within the elastic restraining structure.

Regardless of how the elastic r-traint is provided,
the following two conditions must be satisfied ...
Simdt aneousIy :

1. The rotation of the elastic restraining structure
at any point aIong the side dge” of the plate must be .,-
the same as the rotation of the plate at this point.

2. Each element of the elastic restraining structure
must be in equilibrium.

For the solution of the buckling of plates as given in
references 1 and 2, the first of these conditions requires
that the rotation ~ at station r along tie side edge of
the plate be obtained from equation (A–2) of reference
1 o.r 2 as follows:

p=qo Cos y (3)
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where q. is the rotation of the edge at z=O and A is the
half wave length of the buckle pattern.

The second of the foregoing conditions requires that
the differential equation of equilibrium of the elastic
restraining structure be satisfied. If the value of P
that is given by equation (3) also satisfies the equation
of cqulibrium of the elastic restraining structure, it
becomes possible to. evaluate the equivalent stiffness f+
for the. elastic restraining structure. A trial calculation
showed that this evaluation could be accomplished for
the case of a sturdy stiflener.

EVALUATION OF RESTRAINT COEFFICIENT PROVIDED
BY A STURDY STIFFENER

A “sturdy” stitkner is defined as a stiffener of such
proportions that it does not suffer cross-sectional dis-
tortion when the plate buckles. (See .&. 1(b).)

L ‘a)1

(s) I!dm bnckling.
(b) Afterbncklfngof platewhen@Wers we sturdy(noarm-al distmtkm

of9tlRenere).
(o) Mferbucklfngof plate when Wfenere are fraff(cmm-mctfonaldfetartionof

Stltlenere).
FmmurI.—ActIonof sturdyend frnffstfllemrswiwnmomentsareEpplledto the

sth?eneraby tbebuckledpbda.

Such a stiffener will resist rotation at the side edge of
the plate by means of its torsional properties, -

Within the elastio range. —According to the defini-
tion of So, the rotation q of au element dir of the stiffener
must be caused by an applied moment of 4S&dx,
Because a sturdy stiffener can r~ist this applied moment
only by means of its torsional properties, a difkrence of
torque dT between the ends of the stiffener element &
umst=exist for equilibrium. Thus, the following differ-

ential equation of the equilibrium of any stiffener
eleme~t ah is obtained by setting the sum of the end
moments equal to the applied moment (fig. 2):

/--
Reference posifim

I

--t1’

FKIUMZ-Er@lMum ofa stordy-at[!lwrerelement&.

T– (T+dT) =4S&odx (4)
from which

g’+4sN=o (5)

A study of the theory of references 3,4, and b rcvcaIa
that the internal resisting torque T at station z is, for
small rotations. ,

where
QJ torsional rigidity of stifker

f uniformly distributed comprca9ivo stress in
stiffener

I, polar moment of inertia of stiffenrr sect iomd arm
about axis of rotation

CBT torsion-bending constant of stiffener sectional
area about axis of rotation at or near cdgo of
plate

(The exact location of the axis of rotation will depend
upon the stiffener cross section. The practical cwrtlua-
tion of CBT is reserved for a future paper. In the
meantime the reader may consult refcrerices 3, 4, 5,
and 6 for information concerning C’~~.)

Equation (6) of this paper is the same as quatio; (23)
of reference 6 with the addition of another term to
include the efkct of a uniformly distributed compressive
stress j in the stiHener. This stress is also the com-
pressive streea in the sheet because both the stifTtmr
and the sheet are subject to the same deformation.

Substitution of the value of T as given by equation
(6) in equation (5) gives

(7)

Substitution of equation (3) in equation (7) gives

(8)( )wg=~ GJ–jIp+$WBT

from which

+

4f3&_@f) QJ–jI,+~EcBT

‘= D Az )
(9)
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Beyond the eIsstic range.-W%en the compressive
stress on the plat~and-stiffener combination is beyond
the ehistic range, equation (9) becomes

2b
4‘=x ~D )

r2QJ—fIP +~2TJWBT (10)

where q, r~, and 71 are nondimensional coefficients Iess
than unity that take into account the effect of stress on
D, (?, and l?, respectively. The problem is to evaluate

v, m ~d ~1for any v~ue of tie mrnpr=sive str- $
The ekmentfd volumes of the material that constitute

the skin-st&ner combination rwist buckling by means
of the following properties:

1. Longitudinal bending stiflnesa
2. Torsional stiffness
3. TmDEwerse bending stillness

At stresses beyond the ekstic range, these restraining
sti.fhsses are multiplied by the nondimensional m-
ticients r,, r,, and r,, respectively. Th~ co~tients
are equal to or 1sss than unity and are given by the
foLIowing tentative e.xpressiona from reference 7:

r~=’r

#+l&
. —~”

T8=I

where r is ~/E, the ratio of the eff”&tive column modulus
E for longitudinal bending at the str- j to Young’s
modulus E’.

As discussed in reference 7, the coefEcient q invohws
a combination of rl, r~, and m A tentative wdue of T
is, in tams of T,

,_.+34T
4

In the special case, where the plate is an outstanding
flange with c very near zero and A/b is greater than
approximately 2.5, the tentative value of ~ is probably
better given by
. ~=T2–’:4~

The ratio r is related to the compressive stress-strain
curve for the materiaI. (See equation (11) of reference
7.) In the absence of the compressive stress-strain
curve, probable values of r can be obtained from the
column curve for the materiaI. (See reference 7.)
Figures 3 and 4 give vahs of r,, ~,, and q for 24S-T
aluminum aHoy plotted as a function of the com-
pressive str-j as determined by the cohmm curve for
the material. In @gu.re 3, the values apply to 24S-T
material with miuimum required properties. In iigure
4, the VSIUSSapply to 24S-T material with average
properties.

Figures simiIar to 3 and 4 of this paper maybe pre-
pmed for any material. The engineer using this paper
must therefore decide whether the computation shall
be based on the mi&nnm required material properties
or the average-material propertk
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FIGUEE4—Varf&tfaIJof .I, m I-I,and q with the compm4ve stressL fcc ‘248-T
Idumfnum alloyofaversgepropeith.

DISCUSSION

h several previous theoretical solutions for the
buckling of plates elastically restrained at the side edges,
it has been aesumed that the restiaint is provided only
by the torsional rigidity of the st.if&ner. These scdutions
negIect two effects (1) the dlect of the increased tor-
sional stitlnem caused by longitudinal bending that
accompanies torsion and (2) the effect of the reduced
torsionaI stiffness caused by compressive load in
the stifher.

In the solution herein given these effects have been
#

included and they account for the termsjr~ md ~iEcBT

in equation (9]. lMs.e terms are omitted in equation
(83) of reference 8 and ‘in equation (o) on page 343 of
reference 9, where rb corresponds to ~.

Jn appendix A of reference 10, the author appears t.a
have realized the importance of including the termsjl.

*
and R#&. These terms were omitted, however, m

the theorv that led to the determination of u of reference
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10, which is related to e of this report by the equation

(11)

2
when j.l~ and —yECET”me equal to zero.

A
Theoretical calculations and the msu]ts of tests

reveal that large errora can result from the omission of
some of the terms in equation (9) of this pnpcr. It is
therefore recommenced tha~ the critical comprwsivc
stress for plates elastically restrained against rotation
by a sturdy sti.flener along one or both unloaded side
edges b.e calculated .by the methods. of reference 1 or 2
and by equation (9) of this report. It will be found,
for channel-, Z-, and I-section stiffeners, that the term
in equation (9) which contains (7BTwill be important;
whereas, for angle sections, this term will be rulativcly
unimportant.

Equations (8) and (9) can also be written

4&=*[ (.f.)#fiff-jl (12)

C=$j[(.f.),zurfl (13)

where (fti) ,W is the critical compressive stress for
twisting of the stiffener alone. From equation (1) of
reference 6

(14)

Equation (13) shows that, when the compressive
stress in the stiffener is equal to the critical compressive
stress for twisting of the stif7ener alone, the restraint
coefficient e is equal to zero. When j< (j=), ~tf,, the
restraint coefficient &is positive and the stiffener in-
c.r~~es the stabihty of the plate. When j> (j.,) ,ftff,
the rcatrai.nt coefficient E is negative and the stiffener
decreases the stability of the plate. llwe results .mm
be inferred because the stiffener cannot aid in stabilizing
the plate when it is itself unstable,

Care should be exercised in the application of the
formulas of this paper because they apply only to sturdy
stifhcrs. In practice, no stiffener is ever so sturdy m
to be completdy without cross-sectional distortion
when moments arc applied to some port of the cross
section.

At present, studies are in progress to evaluate the
restraint coefficient “provided when the d ects of crosa-
sectional distortion arc included, In order to emphasize
that all stiffeners suffer some cross-sectional distortion,
they me herein referred to as “frail” st.iffencrs in con-
trast with the hypot.hctiml sturdy stiffeners. (SW
fig. 1(c).)

As the thickness of the parts in a frail stiffener grows,
rind all other factors remain unchanged, the action of
such a stiffener will approach as a limit the action of
a sturdy stiffener. Test data and theory both indicate

that whether a given stiffener may be r~garded as
sturdy or frail depends upon the gcwmc(ric and the
material properties of t.hc attached plate as WCI1as

upon these properties of tho stiffener itaclf. For
example, it was found that, in the tests reported in
rcfermce 11, the Z-section stiffener could bc safely
regarded M st.urd y when at [uchcd to the shuet that. is
0.025 inch thick but must be regarded as frail whrm
attached to the sheet 0.070 inch thick.

CONCLUSIONS

The restraint coefficient 6 piovidwl a flat rectangular
plate by a sturdy stiffener along an edge of the plate is,
within the dast.ic range,

(E=~DGJ–f 1,+;%)
where
b width of plate bving restrained
h half wave. length of bucldcs
D flexuml rigidity prr unit length of plate

[MnNl
E Young’s modulus of elasticity
t thickness of plate

P Poisson’s ratio
GJ torsional rigidity of stiffener

f unifomdy distributed comprrssi ve stress in,
stiffener

1P polar moment. of inertia of stiffener sectional
area about axis of rotation

(?BT torsion-bending Constanb of stiffmer sections] -
area about axis of rotation at or near edge of
plate

When the plate-stiffensr combination is. stressed
beyond the elastic rnnge, tile rest ruint. coeflicien t ifi

T]=T

In the special case whert the pltite is m outstanding
flange with c very nmr zero ‘and X/b is grc~ter than

~~ ~ppro~~fi[~]~
T+ T

approximatdy !2.5, ~= ~z= .,

LANGIJZ~31TJMORIALAEXON~UTICALLADOK~TOR~,
I$liTIONALADVISORYCOMMITTEEFOR AerOnaUtiCS,

LANGLEYFIELD, 114., A#arch 19, 19~1.
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