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SQUARE PLATE WITH CLAMPED EDGES UNDER NORMAL PRESSURE PRODUCING
LARGE DEFLECTIONS

By %kmRL LEVY

SUMMARY ‘

A theoretical arw@i8 i8 ginm for the 8tre8ses and
dejktiou of a 8quare plate m“th damped edges under
normal pre8.wwe producing large d@?ction8. Vi of
the bending drew and membrane strew at tlu txnter of&
plute and at the midpoint of t)wedgeare gken for center
o%j%ctionsup to 1.9 time8 the plate thichwe8s. The 8hupe
of the deflected surface b ~“cenfor 10UIprewuwe ad for
the highest pressure considered. Conrergtmce of the
8olution i8 cm&dered and it i8 ed”mated thut the poim’ble
wror ti le88 than 3 percmt. % results are compared
with the only previwe approximate mkulym”8known to
the author and agree m-thin 6 pement. Z7iey are also
8houm to eompwe jauorab!y with fib known exact 8ohiti0n8
for the long rectangular plate and the eiroutar plate.

INTRODUCTION

An exact solution for the small deflections of a pkde
with ckunped edges was given by Hencky in reference I
and an approximate soluticm for large deflections waa
presented by Way in reference 2. In a previous paper
(reference 3) there is presented a soIution of the
fundamental von EirdrI Iarge-detleotion equations for
a simply supported rectangular plate under combined
edge compression and lateral loading.

In the present paper a theoretical amdysis is given
for the stresses and deflections of a square plate under
nornd pressure producing large deflections. The edge
supports are assumed to clamp the pIate rigi@y against
rotations and displacements normal to the edge but to
permit displacenumts parallel to the edge.. The amdysie
replaces the edge bending moments by an equivaknt
pressure distribution and then applies the general
solution for the simply supported rectangular pIate.
The results for small deflections obtained by the
analysis agree exactly with those of Hencky and for
Iarge deflection di&r by less than 6 percent from the
approximate eoIution of Way.

The work was eamied on with the financial assistance
of the National Advisory Committee for Aeronautic.
Acknowledgement is made to the Bureau of Aeronautic,
Navy Department, for its cooperation in a program of
tests of rectanguhr pIates under normal pressure that

furnished the background for the preparation of thh
paper. The author is gratefuI for the assistance of
members of the Engineering Mechanics Section of the
NationaI Bureau of Sttidards, parthxdarly that of ‘
Dr. Walter Ramberg and M. Samuel ~reenman.

FUNDAMENTAL EQUATIONS

SYMSOLS

h -.
Vz

?%%% TTT TIT 1 TT- /f;
P

[
a

— r

FIGUBEL-UUUMU nmnd BYGSIUEonc,drmped squareplatt.

Consider an initially flat square pIate of uniform
tie (~. 1) and let
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Ien@ of sides.
thickllesa
normal pressure, asmuued uniform.
normaI &spIqcement o~ points of middle -..

stiace.
Young’s modulus.
Poisson’s ratio.

D=
ma

flexumd rigidity of plate.
12 (i –W

x, y cdord~ate xws lying aIong edgea of pIate with
their origin at onewmner.

209



REPORT NO. 74~NATIONAL ADVISORYCO@I~EE FOR AERONAUTICS

~dge bend@ momenta per unit length about
x rmd y wcea, rwpectively,

normal stres9. - ‘-
shearing stress.
tensile strain, unit elongation.
shearing strain.
extreme-fiber stresses in directions of axes.
median-fiber stresses in directions of axes.
extreme-fiber bending stresses in directions of

wws.
deflection coefficients.
stress function.
stress coefficients.
average median-fiber stresses in x and y

directions, respectively.
auxiliary pressure replacing edge monmnts.
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FIGUREZ.-Aux1liW’ prcwumdktributlonh applytngedge momentsnlongh

*. :
, (a) s-O, z-a.

(b) PO, r-a.

Pb(% v) uniform no~al prf?SSUe f9 WqMY?SSf?d CM 13

Fourier seria

Pc(X, ?/)=%(%, v)+pb(~, v).

P,,, coefficient in Fourier series. for pressure,

PC(Z,Y).
c moment arm of wmiliary pressure distribu-

tion, p=(z, y).
k,, k, moment coefficients.

EXPRESSIONS FOR STRESSES AND STEAiN9

The general equations for stresses and strains arc
leveloped by Timoshenko in reference 4 (cb. IX) and
tre also given in reference 3. The stresses at the
niddle surfucc of tho date arc rclrtted to the stress
‘unction F hy:

a=

1

a;=~

, iYF
“=-

a’F., T=* = —
aza~-1

Ae Aremc-fiber kmding stresses
●elated to the deflections by

(1)

in t.hc plak arc

ml LIMextreme-fiber bending stresses at the edges of
:he plate are rdated to the lwmlillg mommts por uniL
ength by:

.

(q

—.

RELATIONS BETWEEN EDGE IUOtiENTS AND LATERAL

(4)

.
PRSSSIJRE

The required edge nm.nwnk, mt, m, will bc rrplaccd
by ao auxiliary pressure distribution’ P6 (JW) near tho
edges of the plate as shown in figure 2. If this pressure
distribution is expressed by a Fourier series (reference 5,
p. 295) and the value of c approaches zero, the auxiliary
preswe is

a -.“

Pa(w) =2*s’y+2+si[5)
r= L3,6, . . t-l, %5, , .
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Express mc and m, by a Fourier series, where k, anc
k, are coefficients to be determined and where for i
square plate kt =k, when s =r,

.

m,= z4% ‘s‘in8??
J=l, 8,5. . .

(6;

Inserting equation (6) in equation (5) gives
. .

r-l, a 5.. . #1=~ 8,5.. .

The uniform nornd pressure p may also be expressec
by a Fourier series (reference 5, p. 295) as,

() y, ‘yp++J?“]Pb(w) = : 2P

r-1, %& . . a-L 8,6. . .

The addition of the uniform normal prewre pt(%v)
and the auxiliary presatie replacing the edge momenti

P.(z,Y) k obttied by adding equations (7) and (8) smd
gives

where
42

()(
Pr,8= ; P

)

~+rk,+sk, (lo)

RELATION BETWEEN STRESS FUNCTION F, DBPLJ2C71TONm, AND
PRESSURE COEFFICIENTS m.

Site the edge moments m, and mfl have been re-
placed by the auxdiary pr=sure distribution p=(z,y)
(equatio~ (7)), the general solution for the simpIy
supported rectanguhw plate given in reference 1 may
be applied. This solution was deriv@ in terms of
Fourier series from the von KhmAn equations (refer-
ence 6). The form of von Khmln’s equations used is
that given on page 343 of reference 4.

For the square pIate the general solution describes the
deflection by the Fourier series,

. .

w= X2 mrx
w%= sin — sin ‘+ (12)

a

lt?=I, ?&5. ..?l,&6 &6...

the preamre by the Fourier series previously given in ~
equation (9).

.

1=1, %6... s-1,%6...

and the stress function F by
polynomials,

the Fourier series. and

(14’

m= CL2,4. .. II=& %4...

and ~ows that for zero displacement normal to the
edges of the plate,

m m

. Eti

Zz
“S–p”’=w , ,

m%?...

m=lj 3,6... =-1,3, 6...
(15]

%

,

The general solution (reference 3) gives general equa-
tions km which the meiubrane str~ function co-

?fici~~ b= ,x can be cdcuIated in terms of the deflection
unction coefficients W=,S. For the special case where
L= b (square plate), in the present paper the fit 23
if the3e coeflicienti b.,= are,

E
‘o,2=bZ#=~(wl,12+ wlJ2+Z%,lwIJ—lg% >%J

+25zc1”$2-2w ~W1,5. . .) .*

bo,l=bq~=#(W@#+ @,aU%J-WI, IWIS . . .)
.

I
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6,3= b,,2=-&( —W1,1W1,6+9W1,8Wa,8+16WY1AW1,5. . .)

L
bO,,o=blo$=—~oo(%? . . .)

bn=be,z=~( —wl,8wl$+81wa Jwl,b . , .)

bJ,e=be,d=&( —9W,;;WJ—49WI ,awl,8

+ 169wl,&2.’, .)

b4.s=bn,4=&O(–9wa,awl,s . . .)

bs,~=;(– w1J2 . . .)

(16)

The family of equations relating the pressure co-
efficients p,,. and the deflection coefficients w=.= are
dso given by the general solution (reference 3). For
the special case a= b (square plate), presented in th~
paper, the first 22 terRM “meach of these equations are
given in table 1 for Poisson’s ratio A= O.316. Advan-
tage has been taken of the relation wm,fi=w.,m, which
holds for a square plate under qmmetrical loads, to
reduce the size of table 1 as well as equations (16), As
an examp~e of the use of table 1, the first few terms of
the first equation (giving the relation between PIJ and
the w= ,R’e) are given in equation (17).

0= _Y#&$+o.370Yy+o.490(7) ~17)

-o,375(!yypy)+. . .

MAGNITUDE OF EDGE MOMENTS ma AND m,

The edge moments m= and m, must now be deter-
mined to satisfy the condition of zero slope at the edgea
of the plate. Setting the slope, perpendicular to the
edgm z=O and z=a, equal to zero gives

. 6

m-1,8,6 . . . n-l, a,t . . .

and setting tlie slope perpendicular
and y=a to zero gives,

w w

to the edges y=O

b’w() m;.=~,.,,,.==O= pm,. sin*+ (19)

7n-l, a,5 . . . it-L&5 ...

Equations (18) or (19) are equivalent to the family
of equations

o=w,,l+3wl J+5w*,4+7w~,7+.. .
o=q,*+3w43+5q,E+ 7w3,7+. .,

t
(20)

0=W~,~+3~,a+5W~#+7W~,,+. . .

The deflection coefficients Wm,. must now hc deter-
mined from table L by solving each equation for the
linear term in terms of the cubic tmns and the pressure
coficients p~~. The deflection coefficients w-,, thus
obtained are now, substituted in equations (20); and,
for the pressure coefficients P,,., are substituted thero
values M given by uquation (1O). The resulting
equations are.

0=2.835 +7.66k,+0.324kz+ 0.0800k&-l-0.0303kT ‘
+o,0145k9+ . . . +K,

0=0.0523 +0.324k,+l.713k, +tl14C)5k6
+o.0675k,+0.0360k,+ . . . +K,

0=0.00680 +0.0800”kx+0.14 Mka+ fl.~~fikb
+0.0t190k7+0.0433kQ+ . . . +Kb

(~1)

0=0.0U1767+0.0303k,+ 0.0t375ka+ 0.f1690k&
+0.660k,+0.0402k,+ . . . +K,

0=0.000648 +0.0145k1+0.0360ka+ 0.0433ki
+o.0402k,+0.505k,+ . . . +K,

where. KI . . . KS arc functions of the pressure p and
of the cubes of the deflection functions w=,.. The first
22 tem.a in tbc equutions for tho first fivo coefflcicnta
K, arc given in table 2. As an cxtimplc of the use of
table 2,

K,=
()

T4Eh ‘ W~ a
F.0.805—

pa4 h “’4WW)
+M0627

“%’(WW)- o s -
+0.loi (22)

SOLUTION OF EQUATIONS

VUUZSOF DEFLECTION COEFFICIENTS wm., AND EDGE MOMENT
COEFFICIENTS k,

The method of obtaining the required values of the
deflection coefficients W=,n and the cdgo rnomrnt

coefficients k, consisti of assuming VdUCS for Y and

succ~sive approximation from the simultaneous equa-
tions in table. 1 and equations (10) and (21), These

WI1
calculations have been made for .10 values of -

h
The corresponding values of the first 36 deflection

W* ~
coefficients -

h
and of the first five moment coefficients

k, are given in table 3 and table 4, respectidy. The
error arising from the use of only the first 22 tmms in
the equations in table I will h considered in n Inter
section.

CENTER DEFLECTION

From equation (12) the center deflection is
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The center deflection was obtained by substituting the
Valuei of ‘wm,. from table 3 in equation (23) with the

2.0

1“Lmeo- heo-y - / ~,
r

<“ /.6 /
: / m-.. a

h
;

$~ 1.2 /

~

%
~.4
3

& )

c
5 .4

0 -Zvo
/rm

m w
esswe rati~ pa4/E/Le

~IGW%-CentOrde&ctk4nof wnm plsta with CIWUW15edges. A 0.816.

results given in tabIe 5 and figure 3. Figure 3 shows
thst the deflection pr~ure curve deviates incremingIy

( a
O&’me fran c!a+d edge

~QUZE4.-shW 0f&ff4cted8arfScRduc@8r Ifuez=q2f.x VEWmmlldeE&tfan
rn.,ticJh<<l andfarthaIaqrOst&fkctfon cakulat%dma,dk.LKU. .

from a straight Iine with increasing defiectiom The
de~iation exceeds 10 percent for deflections axceed~
about one-half of the plate thickness.

SHAPEOF DEFLECTED SUBFACS

The lateraI deflection of the plate is obtained by
substituting the deflection coefficients w~.= (table 3)

m equation (12). This calculation has been Ude
aIong the center line x=a/2 for very ezn~ll deflections

~<<1 and for the highest deflection calculated.

W;=t=
—=1.902 with the re.mdts given in @re 4. It is

h
apparent that, as the center deflection increases under
increasing normal pressure, catenary tensions become

‘TFP3$vm
t ! x 1 , -1

. j ,----—,
, s f

..”

.“
. ..-.

-.:-

.

.-. —

—.

....+. .

>ppreciable and the inflection point is shifted toward
the edgee of the plate. J

BBNDING STEESS AT~PO~ OF EDGE

The extreme-fiber bending stress at the edge was
obtained by substituting equations (6) in equations (3).
This substitution gives, for the extreme-fiber bending
stress perpendicular to the edge at ita midpoint,

(’)Uaa 24 pa4
m’ mf6,0t*t@f*. ‘~ ~@l-k~+krk~+ . ..) (24)

The values of k, and ~ given in table 4 were sub-.

stituted in equation (24) with the results given in table
5 and in figure 5. F~e 6 shows that the bending
stress perpendicular b the edge at its midpoint deviates
increasingly from a straight line with increasing pressure.
The deviation exceeds 6 percent when the deflection is
greater than one-haIf of the plate thickn~.

BEINDING STRESS AT CBNTEB OF PLATS

The exhem+fiber bending stresses are obtained by

substituting equation (12) in equations (2). This
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substitution gives for the stress at the center of the
plate in’rmy direction,

#f12

()X2 center or Vleu

m-l II-1

The values of ~ given in table, ~ were substitute’d in

equation (25) with “theresults given in tablc 5 and in
figure 5. Figure 5 shows tliat the bending stress at the
center of the plate is lCSSthan one-half of the bending
stress perpendicular to the edge at its midpoint.

MEMBRANE STRESSES

The membrane strmsm in tho plate am obtained by
substituting. equation (14) in equations (1) and using
rquations (15) and equations “(16) to determine the
values of the strew coefficients ==, FY, and bw,x. This
substitution gives for the membrane strew perpendicular
to the edge at its midpoint,

(26)

rind, for the membrane stress mt the center of the plate
in any direction,

The values of ~ g iven in table 3 have been substituted

in equntions (26) and (27) with the rewdts given in
table 5 and in figure 5. Figure 5 shows that for pres-

sures lws than the maximum c.omputcd @&402),thc

membrane stresses arc smaller than the corresponding
extreme-fiber bcmding stresses. and that they change
only a small amount. in going from the edge to the center
of the plate,

CONVERGENCEOFSOLUTION

An exact. solution would require the use of an infinite
number of terms in the equations of tables 1 and 2,
In the present solution only the fit 22 terms were
used. The effect of limiting the number of terms is

brought out by the comparison in table 6 of t.hc solution
for 2, 3, 6, and 22 terms. For example, t.hc usc of only
the first six terms in the first equation of table 1,

‘d *, Ctc., as fac-excluding cubic terms involving ~-~ ~

turs, gives the equation

tho use of only the first thrm twms in thr first cqun (ion

of table 1, excluding cubic hwms involving

q .8
-6

J etc., as factors, gives the cqur4(ion

()

3
“– :?;~:’+ o.370w;~ + 0.49 y’!

nnd the usc of only ‘the first two tcmns in the first equa-
tion of table 1, excluding all cubic terms, gives the
cqua.tion

o= –J&g+o.3703$ (28c)

It is evident from table 6 that the convergence is
rapid for the center deflection. The ctmvmgencc is
somewhat slower in the case of the brnding stress at the
midpoint of the edge. It is estimated from table 6
that the possible error in table 5 is Ices than 2 pmcmt.

COMPARISON wlTH “THE RESULTS OBTAINED Ry
PREV1OUS AUTHORS

THE CLAMPED RECTANGULAR PLATE WITH SMALL DEFLECTIONS

The earlieM work on the problem of the clamped
rectangular plate known to the author is thtit in ]902
by Kofilovich (reference 7). Kofiilovich solved thu
problem by using trigonometric series. In 1913
Hencky (reference 1), using a method which he crcdita
to M. Levy, made a thorough analysis of the moments
and deflections for plates with small deflections. In
1914 Boobnov (see p. 222 of reference 4) cxtcndcd the
scope of KoQlovich’s earlier work. Since that time
additional work on the problem extending the anrdysis
to diflerent types of loading and a wider range of plate
sizes has been done by N4dai (reference 8), Tmoshmko
(references 4 and 9), Wojtaszak (reference 10), Ilhrans
(reference 11), Young (reference 12), and l?ickct.t -
(reference 13). The results of these authom for the
square plate with clamped edges agree closely with
Hencky’s results presented in refererice 1. The present
paper gives, for small deflections, a value of the center
deflection of 0.001263 pa’/D as compared with Hcncky’a
value of 0.001265 pa4/D; and a value of the bending .
moment perpendicular to the edge at midpoint of 0.0512
azp as compared with Hencky’s value of 0.513 afp.
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THE CLAMPED RECTANGULAR PLATE WITH LARGE DEFLECTIONS

The onIy previous amdysia of square pIates &th
clampd edges under nonmd pressure producing hwge

FIGUIIE &-ComparLqon M W8Y’Swhtkm (reference Zl dng the Eltz energy method
8ndtMmwmt .soIutfon fccthecenter deEe&on.

deflections that is known to the author is the analysis
by Way (reference 2) in which the Ritz energy method

FIGUREi.<omparison ofWay’s soIntIon (Mermce 2) uelng the EUZ energy methcd
and the presentsalntiofi ktr the totrd.stms8and the mrmtmne stm+apsqxmdfcrdar
to the edge et its midpofnt.

is used with pcdynomiak satisfying the boundary con-
ditions and containing 11 undetermined constants.

?mawo-4s-15

Mthough his oalculationa were made for a Poisson’s
rhtio of 0.3, it appears from Way’s amdysia of ciriydar
platw (reference 14) that small changes in Poiescn’s
ratio do not appreciably alter the solution. In figures
6 and 7 are compared the results obtained by Way in
reference 2 with ~= 0.3 and the resndts of the pr~nt
paper with ~=0.316. The agreement is excelIent
(within 5 percent) for both the total stress at the
middle of the side and the center deflection. The
agreement between. the membrane stresses is not sc
good. In no case, however, do the membrane stresses
difler by more than 4 percent of the tota~ stress.

THEfNFINITEPLATESTBtPAND THE CIECULAR PLATE

The values of the center deflection and of the extreme-
fiber stresses at the center of the sidea for a square
clamped pIate with large deflection are compared in
figures 8 and 9 with those for a clamped circular plate

.

.-

.

FIoL!m a—vddion ofdefkthn Otcenterwith presmre[w square phi@ circular
phh, and long rectangok pIata

(reference 14) of diameter a and those for a clamped
Iong rectangular pIate (references 4 and 15] of width a. $
AS would be expected, the square plate ia more rigid
than the long rectanguhw plate and more flexible than
the oircuhr plate.
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o 100 200 300 m
Pressure rofio,pa+~Eh+

‘1

,

FIQUBZ 9.-~ute.tlon of maximumextrenw~er E* at edge with prcsnuakr
eqmrapkt.e, circnkr plate, md long r@sn@nr Phte,

NUMERICAL EXAMPLES

EXAMPLE1

Ctdculata the center deflection and the maximum,
extreme-fiber stress for a 10- by 10- by 0.05-inch
ahuninum-slloy plate (.12= 107 lb/inz, 1.t=O.31tl) with
clamped edges, subjected to a normal pressure of 2
pounds per square inch,

The pressure ratio is:
2X104 =320

%= 107)( (0.06)4

From figure 3, the cxmresponding deflection ratio is

‘~= 1.72

so that the centar deflection is
wm,,,=l.72X0.05 =0.0860 inch.

From figure 5, the maximum extrem~fiber stress ratio
for the edge at ita midpoint is

$=65.0

so that the maximum extreme-fiber stress is

107X (o.05)~
u=65.O 1o~ =16 ,300 pounds per square inch

EXAMPLE Z

Calculate the pressure that will produce a maximum
extreme-fiber stress of 30,000 pounds per square inch iD

a Iil-”%y 15-by O.IO-inch aluminum-cloy plate with
clamped edga%

The maximum extreme-fiber strms ratio is

s 30000X 15*
g=~h=f17.6

From figure 5, the corre8pondiig pressure ratio is

4

%E
=339

so that the normal prcseure is
p=33g X107X (0-10)4-670 pounds per ~uare hch ●
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TABLE L-EQUATIONS BETWEEN DEFLECTION COEFFICIENTS w=,= AND PRES9URE COEFFICIEA’TS p,,. M’HEN ‘
POISSON’SRATIO EQUALS 0.316
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T&E 1.—EQUATIONS BETWEEN DEFLECTION COEFFICIENTS W ,m AND PRESSURE COEFFICIENTS p,m, WHEN
POISSON’S RATIO EQUALS 0.31~Continued
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TABIJ31.—EQUATIONS BETTEEN DEFLECTION COEFFICIENTS w..= AND PRESSURE COEFFICIENTS P,,. lTHEN
POISSON’S RATIO EQUALS 0.810-Concluded
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TABLE 2.—EQUATIONS BETWEEN THE MOMENT COEFFICIENTS K, IN EQUATION (21), THE
COEFFICIENTS WN,SAND THE NORMAL PR-ESSURE p
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TABLE S.—VALUE OF DEFLECTION COEFFICIENTS w=,= AS A FUNCTION OF mE NO~AL p~~u~ P
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TABLE 4.—VALUES OF EDGE MOMENT COEFFICIENTS
k,,k,AS FUNCTIONS OF-THE NORWAL PRES$URE p
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TABLE 6.—COIWERCENCE OF SOLUTION AS THE
NUMBER OF TERMS USED IN THE E UATIONS OF

%TABLES 1 AND 2 ARE INCREASED FR M 2 TO 22
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