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AIR FLOW IN THE BOUNDARY LAYER NEAR A PLATE

By Hugr L. DRYDEN

SUMMARY

The published data on the distribution of speed near a
thin flat plate with sharp leading edge placed parallel to
the flow (skin friction plate) are reviewed and the resulls
of some additional measuremenis are described. These
experiments were carrted out at the National Bureau of
Standards with the cooperation and financial assistance
of the National Advisory Commaltee for Aeronautics for
the purpose of studying the basic phenomena of boundary-
layer flow under simple conditions.

When the distribution of mean speed i8 measured in a
stream without pressure gradient, it 18 found that the flow
for some distance from the leading edge corresponds to
that derived theoretically by Blasius from Prandil’s equa-
trons for laminar flow. At a definite value of the Reyn-
olds Number formed from the distance to the leading edge
and the speed of the stream at a considerable distance from
the plate, the flow departs from the Blasius distribution
and after a long transition region has the characteristics
of fully developed turbulent flow, hereinafter designated
“eddyring flow.”” The Reynolds Number at which transi-
tion occurs is a function of the initial turbulence of the air
stream, decreasing as the turbulence is increased.

Small pressure gradients in the air stream greatly
change the critical Reynolds Number for a given turbu-
lence. .

From measurements of the amplitude of the u-fluctuation
of speed it was found that the laminar region erhibits
comparatively large fluctuations induced by the turbulence
of the general flow. The laminar and eddying regions
cannot be distinguished on the basis of the magnitude of
the speed fluctuation, but the principal fluctuations in the
eddying region are of higher frequency than those occurring
in the laminar region.

INTRODUCTION

It is becoming increasingly evident that the solution
of problems of great importance to aircraft designers.
especially the influence of Reynolds Number or scale
cfTect and the influence of initial turbulence, demands a
more complete knowledge of the flow near surfaces,
that is, in boundary layers. Even in the simple case
of boundary-layer flow near a skin-friction plate, i. e.,
a thin flat plate of great length and, width placed

parallel to the flow, our knowledge is far from complete.
Studies of this simplified case are much needed to dis-
cover the basic laws of boundary-layer flow and thereby
to prepare the way for a better understanding of the
flow mechanism in the many cases of interest to the
designer.

The concept of the boundary layer and the equations
describing the laminar flow within it were announced by
Prandtl in 1904 (reference 1). Four years later Blasius
(reference 2) gave the solution of these equations for the
skin-friction plate. A general acceptance of the bound-
ary-layer concept was delayed for 20 years until experi-
mental technique advanced to the point where the inner
structure of the boundary layer could be explored in
detail. The pioneer measurements were made by
Burgers and his assistant, van der Hegge Zijnen, at
Delft in 1924 (reference 3) with the aid of a hot-wire'
anemometer. Further measurements with pitot tubes
were made a few years later by Hansen (reference 4)
and by Eliss (reference 5) at Aachen. Later develop-
ments have shown that the comparatively good agree-
ment between the results at Delft and Aachen was
somewhat fortuitous. It seemed worth while to make
some further measurements in an air stream of consid-
erably smaller turbulence and, in view of the develop-
ment of equipment for measuring the velocity fluctua-
tions parallel to the mean direction of flow, to study
the fluctuations as well as the mean speed.

The primery interest in this work is in the field of
flow (distribution of speed in the vicinity of the plate),
and not in the skin friction itself, which is more easily
studied by force measurements. Th. von K&rmén has
recently (reference 6) given a review of the data on
skin friction.
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PREVIOUS EXPERIMENTAL WORK

The essential features of the flow in the boundary
layer of a skin-friction plate may be described by a
consideration of the measurements of Burgers and van
der Hegge Zijnen (reférence 3). The results are pre-
sented in the dissertation of van der Hegge Zijnen in
the form of numerous tables and curves giving the
observed speeds at several hundred points, whose z and
y coordinates with respect to the leading edge of the
plate are tabulated, for five speeds of the approaching
air stream. The original dissertation should be con-
sulted for detailed results. Only the general features
can be discussed here.

Dimensional analysis enables one to devise a method
of representation that gives a general view of the hun-
dreds of measurements. The speed % at any point
(z, y) at distance z from the leading edge and at dis-
tance y from the plate is a function of the speed U,
of the approaching air stream, .of the density p and
the viscosity p of the air, and of xz and y. By the
principles of dimensional analysis

) o
where »is the kinematic viscosity p/p. The independent
variables may bs considered as z-Reynolds Number

and y-Reynolds Number, since a nondimensional
product obtained by multiplying U, by a linear dimen-
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sion is ordinarily called a “Reynolds Number.” If
the foregoing factors are the only ones determining the
flow, the flow can be pictured by a three-dimensional
model or, more conveniently, by a contour diagram of
the three-dimensional model. This representation is
entirely independent of any theory of the flow and its
validity rests only on the completeness of the list of
controlling quanftifies.

A contour diagram of this type for the measurements
of van der Hegge Zijnen is given in figure 1, The
contours are for values of /U, in steps of 0.1, the corre-
sponding 2 and y being found by interpolation in the
original tables. For convenience, the scale of y-Reynolds
Number has been magnified 200 times. If one wishes to
think in terms of z and y, the numbers along the abscis-
sas represent for an air speed of 200 feet per second dis-
tances in inches, while each square along the ordinates
represents one one-thousandth of an inch. Or for an
air speed of 20 feet per second, the numbers along the
abscissas are tens of inches and each square along the
ordinates is one one-hundredth of an inch.

The diagram contains data for five speeds and, in
general, the results are very consistent. The deviations
correspond to about 0.02 in 4/U, or 0.005 inch on the
average in y. When examined on a large scale there
are certain systematic differences between the results at
different speeds, which are to be ascribed to the in-
fluence of a slight pressure gradient in the air stream in
which the measurements were made.
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Near the leading edge the contour lines are approxi-
mately parabolic in shape and correspond approxi-
mately to the theoretical result of Blasius for laminar
flow (cf. theoretical treatment). Xor this reason, the
flow in this part of the field is labeled “laminar.”

- At an z-Reynolds Number of about 300,000, the
contours for small values of u/U, approach the axis of
abscissas, indicating an increasing speed along the plate
while the contours for large values bend away from the
axis, indicating & rapid thickening of the layer. The
process continues over the range from 300,000 to
about 500,000, a region usually designated as the
“transition” region.

There follows a different type of speed distribution
which resembles very closely that found in eddying
(fully developed turbulent) flow in pipes. In the part
marked “eddying layer,” there is at any z-Reynolds
Number, & logarithmic relation between % and the
y-Reynolds Number, often approximated by a power
law. The relations are different near the wall, a region
commonly termed the ‘laminar sublayer” because the
distribution resembles that in the laminar layer. It
should be noted that the laminar sublayer accounts for
only a small part of the thickness of the layer but for
two-thirds of the fall in speed.

The contour fo%=1 is not shown, for the reason
0

that « approaches U, asymptotically. Various un-
ambiguous procedures can be used to define the ‘“thick-
ness’” of the layer of fluid affected by the presence of
the plate. We may perhaps think of the distribution
as approximated by some specific mathematical ex-
pression, and the thickness § as the value of ¥ which,
substituted in that expression, gives u=U,. Oré may
be taken as the value of y, for which ©=0.99 U, or
0.995 U, or some other convenient value. The ‘“dis-

placement thickness” §* defined asf m(l—%q)dy is
0

often the most convenient measure of the thickness.

Burgers and van der Hegge Zijnen made another
significant observation, namely, that the presence of
strong fluctuations in the flow of air approaching the
plate moved the transition to an z-Reynolds Number
of about 85,000. The fluctuations were produced by
a square-mesh wire screen immediately ahead of the
plate, the wire diameter being 0.08 c¢cm and the mesh
being 0.4 cm.

In air streams, especially those produced by artificial
means in wind tunnels, the motion is never absolutely
steady, and there are always present small ripples or
fluctuations that usually do not exceed a few percent
of the average speed. It is difficult to believe that the
presence of these fluctuations, usually of frequencies
of the order of 20 to perhaps 1,000 per second, could
play any part in determining the nature of the flow
around an object placed in the stream. Yet it has
been esperimentally found that these fluctuations
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exert a comparatively large influence in many cases.
The basic effect in all these cases is believed to be the
effect; on the transition from laminar to eddying flow
in the boundary layer.

No method by which the initial turbulence could be
numerically evaluated was known in 1924 and the
methods are still in process of development. No com-
pletely satisfactory method can be developed until a
satisfactory theory of the effect of turbulence is avail-
able. It is now possible to measure directly (reference
7) the mean fluctuation of the speed at any point
with.time by means of a hot-wire anemometer, with a
wire of small diameter, an amplifier, an electrical net-
work to compensate for the lag of the wire, and an
alternating current milliammeter. The speed fluctua-
tion is converted into an alternating electric current
whose intensity is measured. The turbulence may
then be defined as the ratio of the average fluctuation
to the mean speed and is usually expressed as a per-
centage. Such a method was used in the experiments
described in this paper.

Because of certain small discrepancies between the
experimental results of van der Hegge Zijnen in the
region of laminar flow near the leading edge and the
theory of Blasius, the measurements were repeated by
M. Hansen at Aachen (reference 4), using small pitot
tubes. In general appearance, a contour diagram of
the results would resemble figure 1. The data of
Hansen are not given in sufficient deteil to permit the
preparation of an accurate contour diagram. The
transition occurred at nearly the same value of the
z-Reynolds Number, a fact which the experiments in
the present paper show to be a coincidence. The
principal differences between the two sets of measure-
ments at Delft and Aachen are: (1) the Aachen results
agree very well with the Blasius theory, whereas the
Delft results show small discrepancies; and (2) when the
speed distribution in the eddying region is approxi-
mated by a power law, the exponent is about 1/5 in
the Aachen experiments as compared with 1/7 in the
Delft experiments.

Hansen showed that the Delft experiments were
made in an air stream in which the static pressure
decreased along the plate and that therefore the experi-
ments could not be expected to check the theory of
Blasius, which assumed a constant static pressure along
the plate. An approximate allowance for the effect of
the pressure gradient brought the Delft experimental
results into agreement with the Blasius theory.

Hansen made some studies of the effect of the shape
of the leading edge of the plate and of the roughness of
the surface. A poorly shaped leading edge sets up
turbulence which has an effect similar to that of
increased turbulence in the air stream. For rough
plates, the flow was eddying at all points investigated.

Blids (reference 5) also made measurements of the
speed distribution near a plate in connection with
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measurements of heat transfer. The results are similar
to those of Hansen and were presumably made in the

same wind tunnel. Transition occurred at an z-
Reynolds Number of about 150,000 to 200,000.

THEORETICAL TREATMENT

Laminar low.—The equations given by Prandtl for
the steady flow of an incompressible fluid in a thin
boundary layer along a two-dimensional plane surface
are as follows: .
du, du_ du_10p

ua_l_va_y:yw_p oz @
%:o @3)
St gr=0 @

where u is the component of the velocity parallel to the
surface, ¢ the normal component, z the distance meas-
ured along the surface, ¥ the distance measured normal
to the surface, » the kinematic viscosity, and p the
pressure. The boundary conditions are: (1) at the
surface, u=v=0; (2) at a great distance u="U, the
speed in the potential flow. By (3) the pressure is
independent of ¥ and hence equal to that in the poten-
tial flow. By Bernoulli’s theorem p-1pU? is constant

o_ el
and hence, bx_pUdE'I

Blasius discussed the case where U, the speed at a
considerable distance from the plate, is constant, i. e.,

%g—]=0 and therefore %=O. This constant value of U
will be designated T,.

By virtue of equation (4), a stream function ¢ may
be introduced, such that

oy _OY
ay: V= z

dp_
F=0

oY oy oy
oy oxdy ' oz dyF o
Introducing new variables ! Z and X defined by
1 v o YT
Z Vo 0w X 5 Tx“y )
in which « is a numerical constant whose significance -

and value will be determined later, equation (6)
becomes

Y= —

(8)

Equation (2) becomes for

(6)

Setting u = w[y]— and §=y\/ T—J_'" it may be shown from
0 vE
(5) and (7) that

— o dZ — 2

1In view of the more complete derivations published elsswhere, for example,
reference 2, only the principal steps in the method of solution will be outlined.
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Likewise _
du_a &*Z ond dv__ P &PZ
dy 4dX? di~ 8 dX®
The boundary conditions, u==v=0 at the surface and
u=U, for large values of 7 become in the new variables

(10)

0,200t X=00d % H 1 ot X=o0 (11)

In the solution of equation (8) it is convenient to
begin the solution at the surface. By the introduction
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di
a
also given in table I.

It is significant that the complete solution can be
represented by a single curve of u plotted against 7.
Thus the speed distributions at various values of  are
similar, the same speed occurring at values of y propor-

tional to the square root of %’o - This similarity of the
speed distributions is the physical expression of the

and are readily computed. These quantities are
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Fi1aurE L—Distribution of mean speed near skin-{riction plate. Measurements made by van der Hegge Zijnen. s i3 the distance measured along the plate from the
leading edge, y the distance from the plate, To the speed of the fres stream, » the kinomatic viscosity. The contours are contours of equal mean speed, the
number on each contour balng the corresponding value of 4/ Us, where  Is the local speed.

% at X=0
may be assumed equal to 1, this boundary condition
temporarily replacing condition (11). When the solu-
tion has been obtained, « may then be chosen to satisfy
(11). It may be noted that « does not appear in (8).

Equation (8) may be solved numerically by the
Runge-Kutta method (reference 8). The results are
givenin tablel. The value of «isfound to be 1.328238.

of the numerical constant «, the value of

From this value and equations (9) and (10), 7, %, Z—Z

reduction of the partial differential equation to a total
differential equation. On the representation of the
laminar speed distribution by a contour diagram similar
to figure 1, it is readily seen that a constant value of ¥
corresponding to & given u is indicated by a constant
value of the ratio of the y-Reynolds Number to the
square root of the z-Reynolds Number, which ratio
numerically equals 7. Hence the contours are para-
bolas. The values of ¥ at even values of % for the
theoretical laminar distribution are given in the follow-
ing table:
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u 4 U 14
0.1 0.301 0.6 L 800
] . 603 .7 2.278
.3 .908 .8 2.739
.4 L20 .9 3.385
.5 1.544

The equations of the contour lines are

Uy_= [Usx
= W

The “displacement thickness” §* is readily computed

(12)

from table I to be 1.7207 %i: and hence the &*

Reynolds Number is 1.7207 times the square root of
the z-Reynolds Number.

When a pressure gradient is present so that % i8 not

zero, the similarity of the speed distributions disap- |

pears except in special cases, and the partial differ-
entisl equation must be solved. Various approximate
methods have been proposed, for example, those
described in references 9, 10, 11, and 12. For small
pressure gradients with the pressure decreasing down-
stream, the computed effect on the contour diagram
representation is to move the contours closer to the
axis of abscisss, i. e., to decrease the rate of thickening
of the boundary layer. The u or ¥ curve is not inde-
pendent of z; in general u increases with y more
rapidly than for the Blasius case and approaches the
asymptote to a given approximation at a smaller value
of . The departure from the Blasius curve increases
with increasing z. The effect of a small gradient is
surprisingly large.? The references cited may be
consulted for & detailed discussion.

Transition.—The physical factors that determine the
transition from laminar to eddying flow are not clearly
understood. The principal theoretical developments
have proceeded from the assumption that the origin of
eddying flow is to be sought in the instability of the
laminar flow under certain circumstances. The diffi-
cult mathematical computations have been made by
Tollmien (reference 13) and Schlichting (reference 14)
of the Gdttingen group for the following idealized case.
A steady two-dimensional laminar flow is assumed in
which the velocity depends only on the coordinate
normal to the direction of flow. Small disturbances
are superposed on this basic flow in the form of waves
propagated in the direction of flow. These disturb-
ances are assumed to satisfy the Navier-Stokes equa-
tions and the usual boundary conditions. It is then
determined whether waves of any given frequency are
damped or amplified.

In the computation it is found necessary, in order to
obtain o linear differential equation, to assume the
amplitude of the disturbances sufficiently small that

? See also page 344.
136692—3T
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only first-order terms need be retained The viscosity
effects are assumed small, zero in fact, except near the
boundary and in a critical layer where the wave velocity
of the disturbance equals the speed of the basic flow.
If the viscosity were neglected everywhere, the ampli-
tude of the disturbance would become infinite in this
critical layer, thus invalidating the neglect of terms of
higher order than the first.

The results obtained for the Blasius distribution of
the preceding section as the basic flow are given in
figure 2. The region marked ‘unstable’” represents
those values of Reynolds Number and wave length for
which small disturbances are amplified. Disturbances
for wave lengths and Reynolds Numbers outside that
region are damped. The displacement thickness §* is
used as the characteristic length in the Reynolds Num-
ber and as the unit for measuring the wave length.

100
80 ==
b1 //‘
sé Cenl
A il
6* f
» | / Jlljnsa‘ab/e
/ Schlichting ||
20 A
"% Tol/mier?

(4] Q00 2000 3,000 4,009 5000 6,000 7000
U8
4
FI16URE 2--1\Vave length of sinusoidal disturbances which produce instability of

lawminar flow near a plate according to Tollmien and Schlichting. A is the wave
longth, 5* 15 the displacement thickness of the boundary layer, U the speod of the
Iree stream, » the kinematio viscosity.

Tollmien (reference 15) has shown that velocity dis-
tributions having an inflection point, which occur in
boundary layers when the pressure increases down-
stream, are unstable and that the amplification of small
disturbances is of a higher order of magnitude than the
one found for the Blasius distribution. Thus the non-
dimensional amplification factor is of the order of 0 to
0.05 for the distribution with inflection point as com-
pared with 0 to 0.007 for the Blasius distribution.

These theoretical calculations are of the utmost im-
portance in the study of the origin of eddying flow.
The amplified disturbances do not, however, in them-
selves constitute eddying flow. The wave lengths of
the amplified disturbances are of the order of 25 to 50
or more times the displacement thickness. Schlichting
(reference 14) computed the maximum possible ampli-
fication of the disturbances and concluded that a four-
fold to ninefold amplification appeared sufficient to pro-
duce eddying flow from the long-wave disturbances as
judged by a comparison of experimentally observed
transition points with the theoretically computed maxi-
mum amplification in passing along the plate to the
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observed transition point. It appears to be the opinion
of Tollmien that the formation of velocity distributions
with inflection points constitutes an intermediate step
in the development of eddying flow, these distributions
arising as the long-wave length disturbance increases
in amplitude.

An attempt was made by Nikuradse (reference 18) to
check the theory. A glass plate with a faired leading
edge of metal was set up in a water channel provided
with slightly diverging walls to give constant static
pressure along the plate. The disturbances in the flow
were reduced as much as possible, giving a transition
at an z-Reynolds Number of 655,000 or a #*Rey-
nolds Number of 1,400. Artificial disturbances of
approximately sinusoidal character and of varying fre-
quency were produced by a varying suction applied to
holes in the faired leading-edge strip. Except for three
points at very low frequency, transition occurred at &
5*-Reynolds Number between 790 and 1,050, the
mejority of the points scattering about & value of 850.
There was no indication that the frequency of the dis-
turbance had any marked effect as would be inferred
from the computations of Tollmien and Schlichting.
Nikuradse states, ‘“Perhaps the explanation is that,
since the disturbance impressed on the boundary layer
is not of perfectly sinusoidal form, some harmonic of the
disturbance acts to produce turbulence. A clear deci-
sion for or against the Tollmien theory is accordingly
still lacking.”

In the opinion of the author the numerous experi-
ments on the critical Reynolds Number of spheres
and airship models in relation to measurements of the
fluctuations present in the air stream furnish addi-
tional evidence that it is the amplitude of the disturb-
ances initially present rather than their frequency
which is of primary importance and, as in Nikuradse’s
experiments, if the amplitude is fixed, the point of
transition is but little affected by the frequency,
provided the frequency is not too low.?

The theory of small vibrations in which only first-
order terms are retained cannot give any information
as to the influence of amplitude of the fluctuations
originally present in the flow. In reference 17 the
suthor outlined briefly the following conception of the
mechapism of transition:

The observed fluctuations of speed at a fixed point may be
taken as an indication that at any one time there are variations
of speed along the outer edge of the boundary layer. With
the speed variations there will be associated variations of pres-
sure, and in the regions where the speed is decreasing, the
pressure will be increasing. The magnitude of the pressure
gradient depends on the amplitude and frequency of the speed
fluctuations, increasing as either incresses. At a sufficient
distance from the leading edge, the thickuess of the boundary
layer will be such that there will be a reversal of the direction
of flow near the surface in those places where the pressure is
increasing downstream. Larger speed fluctuations bring larger
mthat there is some effect of “average size of eddies” on the critical

Reymnolds Number of a sphere, but the effect Is of a lower order of magnitude than
the effect of amplitude of the speed fluctuation.
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pressure gradients and an earlier reversal of flow. It seems
very probable that such a reversal would give rise to the
formation of eddies.

This conception differs from that of Tollmien in
that (1) the disturbances are “forced’’ by the external
turbulence rather than being ‘“free vibrations” and
(2) the eddying flow is assumed to originate in velocity
distributions with reversed flow which. occur as a result
of separation rather than in distributions which have
only inflection points.

Some computations have been made to show the
sensitivity of a boundary layer to small pressure gra-
dients and the facility with which separation occurs.
The computations were made by a modification of
Pohlhsusen’s method, which has been described in
reference 11. The problem treated was that of the
laminar boundary layer of & plate in a steady external
flow

%=1+0.02 sin (2%—0;)

In other words, a sinusoidal variation (with distance z)
of amplitude equal to 2 percent of the mean speed,
wave length A, and phase « relative to the leading
edge of the plate was superposed on the uniform
flow of speed U,. Computations were made for ten
values of « corresponding to displacement of the sine
wave by steps of 0.1 A. The speed distributions ob-
tained for two values of « are shown in figure 3.
Separation occurs at the points indicated.

Each of these computations refers to a steady flow,
the distribution being independent of the time. As a
rough approximation to a traveling wave we may,
however, consider the sine wave slowly displaced along
the plate and inquire as to the value of the mean speed
at & given point and of the variation of the speed at
that point. The mean speed is found to be practically
identical with the Blasius distribution. The speed
fluctuations expressed as root-mean-square values are
plotted in figure 4.

The essential features of the results to which we shall
have occasion to refer are as follows:

1. The mean speed is practically unaffected by this
simplified turbulence of the external flow.

2. There are speed variations within the boundary
layer which are much larger than those in the external
flow. Their amplitude increases with distance from
the leading edge of the plate.

3. The point of separation is not fixed but moves
back and forth within certain limits.

4. The position of the separation point and the
distribution of the speed variations depend on the
wave length A.

5. While computations for only one amplitude have
been made in full, it may be shown that there is a
marked dependence of the location of the separation
point on the amplitude of the speed variation in the
external flow. ’
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The variation of speed in the external flow along the
plate at any given instant is not sinusoidal in character,
and it is not at all evident that the quasi-stationary
method of computation is justified. All the results
listed, however, are in agreement with experimental
data except 4, the effect of wave length. The two
theories of the transition are, in a sense, supplementary.
If the fluctuations are extremely small, eddying flow
may arise in the Tollmien manner from accidental
disturbances. If the fluctuations are sufficiently large,
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F16URE 3.—Computed distribution of mean speed in the boundary layer of a plate
for the external flow U/Us=140.02 gln (2xx/A—a). The contours are contours of
equal values of 4/Ue. Separation beglns at the points Indicated by arrows.

as probably happens in most practical cases, the eddy-
ing flow arises from the forced fluctuations of the
boundary layer. The two pictures agree in exhibiting
fluctuations of wave lengths that are long as compared
with the thickness of the boundary layer. These
fluctuations produce pressure gradients as a prelim-
inary step. The long-wave disturbances do not them-
selves constitute eddying flow, although they involve
comparatively large speed fluctuations. The correct-
ness of either picture must be left an open question in
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view of the large effect of frequency required by both,
which was not found in Nikuradse’s experiments.

Eddying flow.—In experimental work on eddying
flow, the distribution of mean speed near a wall is
found to be represented fairly well by a power law of
the form u=ay", where v is the mean speed, y the
distence from the wall, and ¢ and n are empirical
constants. For Reynolds Numbers that are not too
large, » is approximately 1/7 and this value has been
much used as the sterting point in computing the
friction. ,

This purely empirical representation has been super-
seded by a formula having some theoretical backing,

namely,
T @@ e
! 00 /:ii
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FiguRE 4.—Computed root-mean-sqoare fiuctustion of speed for the flow of figure 3
when « is varied from 0 to 2. The contours are contours of equal values of ths
root-mean-square u-fluctuation expressed In percent of the speed of the free stream,
In the free stream the fluctuation i3 1.4 percent of the mean speed.

where 7, is the shearing stress at the wall, p is the
density of the fluid, » the kinematic viscosity, and a
and k are constants. This equation is due to von
Kérmén. (See reference 6.)

The original paper should be consulted for a detailed
discussion of the theory. The formula is derived for
the idealized case of a consfani shearing stress trans-
ferred in parallel flow along a wall. Both in a pipe and
near a wall, the shearing stress is not constant but
decreases with increasing distance from the wall.
Nevertheless the formula is found experimentally to
fit the velocity distribution as far as the center of the
tube or the outer edge of the boundary layer, and the
constant k is nearly the same whether computed from
velocity distribution in smooth or rough pipes or near
a wall, or from skin-friction measurements in smooth
or rough pipes or on plates.

For the case of the skin-friction plate, it is con-

p26°2=c,: the local friction coefficient,
0

venient to set
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and to Write equation (13) in the form

5=(8) T+ (8)" (%))

Then setting y=4 for U;=1 and subtracting the
resulting equation from (14), we find

u o (ef2)%, Yy
Uo"l‘—k—k’g'a“

In order to show the similarity with the power-law
formula, (15) may be written

" _ (ef2)%

For small values of wz—j-l'.——l, the term on the left may
0

(14)

(15)

(16)

be expanded in the series 1+<£—1>+1< Y ——1)1 ete
Xp Uo 9 -ﬁo )
whence, retaining only the first two terms

(o

Thus the exponent in the empirical power law repre-
sentation may be expected to be a function of the local
friction coefficient, and the power law representation
itself may be expected to be valid only for small values

u©
Of'U(; 1.

The velocity distribution in the laminar sublayer
near the wall may be approximated by solving the

(17

equation 7= p.((ii ——1 assuming 7, constant. The result is

Y% o Uy
v U, 2 »

Y= (18)

From von Kérméan’s universal velocity distribution
near & smooth wall, which was based on the data of
Nikuradse, the transition between (18) and (14) extends

from (¢,/2)% U-7°E=8 to (c,ﬂ)”%‘-/=100. For ¢,=0.01,

the range of—U:—yis from 113 to 1,413; for ¢,=0.001, the
range is from 358 to 4,473. Hence (14) cannot be

expected to hold accurately for E:?;J< about 4,000.

MEASUREMENTS AT THE NATIONAL BUREAU OF
STANDARDS

APPARATUS

Wind tunnel.—The measurements were made in the
3-foot wind tunnel of the National Bureau of Standards
from December 1929 to November 1930. A sketch of
the tunnel and & brief description are given in reference
18. The tunnel is of the room return type with closed
cylindrical working section, 6 feet long and 3 feet in
diameter. The area of the entrance cross section, at
which the honeycomb is located, is 5.44 times the
working cross section. The turbulence at the working
section is 0.5 percent, the critical Reynolds Number for
a 5-inch sphere being 270,000.
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The plate.—Two plates were used in the course of
the work. Each was a polished aluminum plate, ¥
inch thick and 2 feet wide. In the preliminary series
of measurements, the plate was 49 inches long and the
leading edge was beveled as indicated at E in figure 5.
Since the preliminary measurements indicated a con-
siderable disturbance at the leading edge, this plate

D
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FIGURE §.—Traverse mechanism and leading Figurr 8.—Traverse mechan{am
edge shape used in the prelimipary measur- andleading edgeshapeusedintho
ements (serfes A). later measurements (sorles B, O,

asnd D).

was discarded. A new plate, 60 inches long, with
leading edge sharp and symmetrically shaped as shown
at E in figure 6 was used for all other measurements.

The plate was mounted on two light 7-inch channels
as shown at F in figure 5. The channels ran longitudi-
nally parallel to the axis of the wind tunnel, one flange
of each channel being fastened to the tunnel wall.
The webs furnished supports for the edges of the plate
and filled the gap between the edges of the plate and the
tunnel wall.
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The upstream edge of the plate was approximately 2
feet downstream from the upstream end of the working
section and the downstream edge was within the expand-
ing exit cone.

The hot-wire anemometer.—The speeds were meas-
ured by a hot-wire anemometer and associated equip-
ment. The wire used was a platinum wire 0.017 mm
in diameter and about 8 mm long. This very small
wire was used to permit measurements of rapid fluc-
tuations in speed as well as the mean speed.

In the preliminary series of measurements, the
mounting shown in figure 5 was used. The wire A
was mounted at the ends of the prongs B which ran
downstream from the wire for about 12 inches. The
prongs were bent at right angles and supported on a
movable slide, which in turn was supported from the
lower channel F by the bent streamline bracket G.

“The position of the wire relative to the plate C was
varied by means of the micrometer screw D. The
reading of the screw for zero distance was determined
either by moving the wire in until the prongs touched
the plate as determined by an auxiliary electric circuit
or, better, by observing the reflection of the wire in the
mirror surface of the plate. When observing the
reflection, the mounting could be adjusted by shimming
the bracket until the wire was accurately parallel to
the plate.

Since the wire expands when heated and contracts
when cooled, the prongs must be flexible. Otherwise
n wire which is taut and straight when cool will become
slack when heated or, if adjusted when heated, it will
break when the heating current is shut off. Satis-
factory results were obtained by using fine steel needles
for the extreme tips. The fine platmum wire was
electrically welded to the needles.

The long bracket G of this mounting tended to
vibrate at high wind speeds, making the distances of
the wire from the plate uncertain and a small but
measurable effect on the static pressure at the position
of the wire was detected. The slide and bracket block
an undesirably large percentage of the area of the air
stream. Hence when the preliminary measurements
were completed, a new and improved mounting was
constructed.

The improved mounting (fig. 6) was contained
wholly within a tube H having a cross section about
1 inch square. The axis of the tube was parallel to
the air flow and the tube was clamped directly to the
plate with small spacing blocks between the tube and
the plate. The wire prongs were rotated about the
fulerum J (fig. 6) by the cam |, which was moved by
the micrometer screw D. The wire was 13.28 inches
from the fulerum, so that for small lateral displace-
ments the wire moved practically at right angles to the
plate. The micrometer screw was calibrated in terms
of lateral movement of the wire in an auxiliary appa-
ratus in which the lateral displacement was measured
by means of a second micrometer screw.
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-The improved mounting showed no observable effect
on the static pressure at the wire position and the
blocking was inappreciable. The vibration of the wire
relative to the plate was greatly reduced. There is
perhaps some slight deflection of the prongs at high
wind speeds because of wind pressure on the prongs.

The associated equipment is essentially as described
in the appendix to reference 18. The fundamental
theory of the hot-wire anemometer as used for measur-
ing mean speed and fluctuations in the mean speed is
given in reference 7. The performance of the particular
equipment used in these measurements as regards
accuracy of compensation for the lag of the wire is
given in figure 1 of reference 17. The measurements
were completed before the development of the im
proved equipment described in reference 19.

REDUCTION OF OBSERVATIONS

At a given distance from the front edge of the plate
and for a given speed, the following observations were
made:

1. Micrometer reading for y=0.

2. Voltage of potentiometer battery (by comparison
with standard cell).

3. Resistance of wire at air temperature.

4. Voltage drop across wire for various air speeds
with wire about 1 inch from plate (i. e., in free air
stream).

5. For 10 or 15 values of y, values of the average
voltage drop and the root-mean-square volta.ge fluc-
tuation. The average current through the wire was
adjusted to be 0.2 ampere at each value of y. The
resistance to be used in the compensation circuit of
the amplifier was computed and the adjustment made
at each value of y. The amplifier was calibrated
before and after the series.

6. Items 1, 2, 3, 4 were repeated in reverse order.

7. Frequent observamons were made of air tempera-
ture, and the barometric pressure was read at the
beginning and end of the series.

Calibration of the wire.—The relationship between
the heat loss H and the speed u is given by the formula

H=(A+B+/u)8 (19)

where 6 is the difference in temperature between the
wire and the air and 4 and B are constants for a given
wire. If 4 is the heating current and R the resistance
of the heated wire (exclusive of the leads) when exposed
to the stream, H=7"R. Denoting the resistance of the
wire at air temperature by R, and the temperature
coefficient of resistance referred to that temperature
by «

R—
0=—m— (20)
Thus the calibration formula (19) may be written in
the form
E_’L RByc
=7—p,—A+Bu 1)
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The product Ry« is equal to the slope of the curve
of resistance plotted against air temperature and is
approximately independent of the air temperature.

Two typical calibration runs are shown in table Il
and figure 7. In the table the details of the computa-
tion of the true speed u from the pressure developed by
a reference static plate and the air density are omitted,
sinee the procedure is well known. The two calibra-
tions at the beginning and end of the series of observa-
tions show very satisfactory agreement. Such good
agreement was not obtained in all cases, especially when
the wire was subjected to speeds of 130 to 150 feet per
second. In those instances where the calibration curves
were different, an interpolation was made. In about
one-third of the 62 series of observations made, the
calibration curves at the beginning and end agreed as
well as those shown in figure 7. In some 25 series the
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F1aURE 7.—~Calibration curves for hot-wire anemomseter. u is the air spesd In feet
per socond. Ses text for explanation of other symbols. The dots and crosses dis-

10

tinguish ths calibrations at the beginning and end of a series of observatians of dis-

tribution of mean speed and speed fluctuation.
difference corresponded to & shift in the value of u/U,
of 0.01 to 0.03, so that the interpolated values have a
probeble precision of about 0.01. In the remaining 16
series, the difference corresponded to a shift in «/U;
greater than 0.03, rarely exceeding 0.06. In these cases
the interpolated values have a probable precision of
about 0.02. The use of the small diameter. wire
required to obtain fluctuation measurements impairs
somewhat the precision of the measurements of mean
speed.

Determination of the mean speed.—The determina-
tion of the mean speed in one series is illustrated in
table ITI. The detailed micrometer readings and
potentiometer readings are omitted, only the final
values of y and of the voltage drop being given. The
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procedure may seem somewhat cumbersome, since onc
might plot the observed voltage drop in the calibration
runs against speed and from such curves read off the
speeds corresponding to the observed voltage drop in
table IIT. The advantage of the procedure followed is
the linear form of the calibration curve and its inde-
pendence of air temperature. The final values obtained
are not significantly affected by comparatively large
changes in R, and « so that these quantities do not
need to be known with high precision.

Heat loss due to presence of the plate—When a
hot-wire anemometer is used near & solid wall, the heat
loss at a given speed is probably affected by the
presence of the wall. In still air, the effect is quite
perceptible at distances of about 0.08 inch from the
wall. The magnitude of the effect is known to be a func-
tion of the speed, decreasing as the speed increases
(reference 20). No entirely satisfactory procedure has
been devised to correct for this effect.

Van der Hegge Zijnen determined the heat loss in
still air as a function of the distance from the surface
and the temperature difference between the wire and
the surroundings. He then deducted from the observed
heat loss in his experiments the excess heat loss found
in still air at the same distance and temperature differ-
ence above the heat loss at a large distance from the
plate.

A similar determination of the heat loss in still air
was made in the present series of experiments and it
was found that for temperature differences 6 from 100°
C. to 400° C., distances i 0.004 to 0.070 inch, the heat
loss H, due to the plate could be represented by the
empirieal formula

H,,=0.0000000127z%02 (22)
where [ is the length of the wire in inches, and H, is
measured in watts.

The result of applying this correction to the results
of table ITT is shown in table IV. The value of /U, at
y=0.015 inch is reduced by 0.05.

Van der Hegge Zijnen noted that in some instances
application of the correction gave S-shaped curves.
He also found that the speed-distribution curves did
not pass through the zero of the diagram and he
arbitrarily decreased the ¢ values by amounts from
0 to 0.005 inch to make them pass through zero. Itis
significant that application of the heat-loss correction
based on still air determinations will produce a change
in the intercept on the y axis in the direction observed.

On the basis of the results obtained for the laminar
part of the boundary layer, which will be discussed
later and the results of Schubauer (reference 21), it
seems best to make no correction for heat loss when the
flow is laminar and the speed is greater than 3 feet per
second. In the absence of further information on the
behavior of the wire when the flow is eddying, no
correction has been made in that cese either.
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Determination of fluctuations.—The root-mean-
square fluctuation in speed may be determined by
measuring the root-mean-square fluctuation in voltage
drop across the wire by means of a calibrated amplifier
suitably compensated for the lag of the wire. Since
the cooling is approximately independent of the direc-
tion of the air flow, the fluctuations are fluctuations of
the absolute value of the velocity but, since the u-com-
ponent of the fluctuation adds algebraically to the
mean speed u whereas the g-component is at right
angles, the fluctuation is primarily the u-fluctuation
and is so designated in this paper.

The relation between speed fluctuation and voltage
fluctuation may be found by differentiating (21) per-
mitting 7 and R to vary, as follows:

2iRR, PR2a B du

S S Nt NS
To connect di and dR, we have the relation
12=i(B}r) ©24)

where 12 is the battery voltage and r is the resistance of

the heating circuit, excluding that of the wire. Hence
. —idR _—1dR
G=Rrr— 12 @5)
and we find on substitution in (23), setting ¢ dR=dE
du_ 2 [ iRfa , 17RB
o “m[(R—RO)2+6 E-R,fE @9

If root-mean-square values are considered, the minus
sign may be omitted.

A typical determination, omitting details of the com-
putation of the compensation resistance and calibra-
tion of the amplifier, 18 shown in table V.

If a correction had been applied for heat loss accord-
ing to (22), it is easily shown that & third term is added
within the brackets on the right-hand side of (26) equal
to m;%z The effect of making this correc-
tion to the results of table V is shown in table VI. The

values of (i_u are modified but there is very little change

in the values of %L-z

Fairing of results for preparation of contour dia-
grams.—In order to prepare contour diagrams, the
results of each series were plotted as shown in figure 8
and values read from faired curves at even intervals of
u/U, and du/U, as illustrated in table VII. Thezand y
Reynolds Numbers were computed. It may be re-
marked in passing that figure 8 illustrates the distribu-
tion of mean speed and u-fluctuation near the beginning
of the transition region.

It does not seem practicable to present the original
observations of the 62 series of observations. The
sample series gives some idea of the precision and
accuracy of the observations. In general, it is believed
that the errors in ¢ do not exceed 0.003 inch (except in
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the preliminary series A), the errors in u;U, do not
exceed 0.02, and the errors in 100 dﬁu do not exceed 0.2
0

except for the very high values in the transition region.
The contour diagrams used to present the results can
be read easily to this precision.

No corrections have been applied for heat loss to the
plate.

PRELIMINARY MEASUREMENTS WITH PRESSURE GRADIENT

The measurements now regarded as preliminary
measurements (series A) were not so intended when
the work was begun. They are here reported in spite
of some inadequacies because some of the results are
of interest and the experiments with pressure gradient
were not repeated with the improved equipment.

The plate (fig. 5) and the traversing apparatus have
already been described. The equipment was installed
in the wind tunnel and the plate was alined to give a
symmetrical wake as determined by & pitot tube. This
installation required setting the plate at an angle of

approximately 0.1° to the axis of the tunnel. Although
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F16URE 8.—Dlistribution of mean speed and u-fluctuation at r=23 inches for Uy=
105.2 fest per second. Turbulence of free stream, 0.5 percent.

this necessity indicated at once that the leading-edge

form was probably not the most desirable one, it was

decided to proceed with some measurements.

The pressure gradient along a line parallel to and
9 inches from the plate is shown in figure 9. For the
most part the pressure gradient is not-constant. There
18, however, a distance of about 2 feet, beginning about
8 inches downstream from the leading edge, over which
the pressure falls at the rate of about 1.7 percent of the
velocity pressure per foot.

The test speed chosen was approximately 100 feet
per second. If transition had occurred at the same
z-Reynolds Number (300,000) as in the measurements
of van der Hegge Zijnen, it should have been found
6 inches behind the leading edge. Measurements at
6.32 inches and 17.5 inches gave distributions of mean
speed of the laminar type although the u-fluctuations
were considerably larger than in the general flow.
After some study of a very pronounced disturbance
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at the leading edge, measurements were made at
35.63 inches from the leading edge where the flow
still was of the laminar type. The speed was then
increased to 145 and finally to 175 feet per second, at
which speeds the transition type of distribution was
found at a distance of about 35 inches.

The results of the measurements of mean speed are
shown in figure 10, omitting two runs which will be
discussed separately. Transition begins at an z-Rey-
nolds Number of approximately 1,800,000. From
the plot the values of y appear to be subject to a
systematic error, since the 0.3 speed contour is much
closer to the wall than three times the distance between
the 0.3 and 0.4 speed contour. A detailed study by
means of cross plots and comparison with the Blasius
distribution led to the conclusion that the values of
y are probably too small by about 0.008 inch, corre-
sponding at a speed of 102 feet per second to a dis-
placement of the values of R, by 400. It appeared
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F1GURE 9.—Pressure gradient for measurements of serfes A (figs. 10 to 14, Inclasive).
gisthe reference velocity pressure. The crosses denote measurements of static
pressure; the circles, changes in the velocity pressure plotted with sign reversed.
The veloclty pressure increases as the static pressnre decresses but at the samerate.

that the mounting of figure 5 was not sufficiently rigid.
It was found that the mounting vibrated somewhat in
the wind with a vibrating motion of perhaps 0.005
inch at the wire. For this reason no great reliance
can be placed on the values of y, but the general
character of the speed distribution and the value of
the z-Reynolds Number for transition are not affected
by this uncertainty.

Two runs which have been omitted from figure 10
are worthy of special consideration. After the obser-
vations at 102 feet per second were completed, obser-
vations were made at 145 feet per second, beginning at
a distance of 35.3 inches from the leading edge, then
29.44 inches, each giving a transition type of curve.
On the following day measurements were made at
23.31 inches and, surprisingly, the distribution was
that characteristic of fully developed turbulent flow.
This result seemed unreasonable and the next day a

repeat run was made without disturbing the apparatus. |-

The curve obtained was of the transition type, not
checking the previous run. A week end intervened
and 3 days later a second repeat run was begun.
After one observation, which appeared to fall in with
the immediately preceding run, it was noticed that the
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plate was somewhat dusty and it was decided to clean
the plate. This was done and the run continued.
The distribution then observed was of the laminar
type, the run being that plotted in figure 10 for an
z-Reynolds Number of 1,615,000.

The three distributions, all obtained within a few
days under presumably identical conditions except for
the amount of dust on the plate, are shown in figure 11.
This plot gives the essential difference in character of
the distribution of mean speed in the laminar, transi-
tion, and eddying regimes. .

The corresponding u-fluctuations are shown in figure
12. There are illustrated the characteristic distribu-
tions of u-fluctuations for the laminar, transition, and
eddying regimes.

The observations of u-fluctuations are hardly com-
plete enough to enable the plotting of an accurate
contour diagram. The values from faired curves are
indicated in figure 13, the two runs previously dis-
cussed being omitted. The solid contours are drawn
on the assumption that the observations at 2-Reynolds
Numbers of 117,000 and 1,773,000 are not to be con-

|sidered. Since the necessity of keeping dust removed

from the plate was not appreciated, the various meas-
urements may not be comparable. The location of
the contours has been guided to some extent by tha
results of the later measurements.

One interesting feature is the disturbance near the
leading edge. The u-fluctuation in the free stream was
only 0.5 percent of the mean speed, whereas in this dis-
turbance- the u-fluctuation is 5.0 percent of the mean
speed in the free air stream. Evidently the stagnation
point is on the inclined leading edge and the flow around
the sharp corner sets up an increased turbulence. This
turbulence is damped out to some extent along the
plate, then incieases, slowly at first, but very rapidly
in the transition region. The primary purpose of pre-
gsenting these exploratory measurements is to show that
with an accelerating pressure gradient present the
strong leading-edge disturbance is mnot sufficient to
produce an early transition.

At 35.5 inches, the flow was still of the transition
type, so that completely eddying flow was not obtained
in this series 0f measurements.

When it was realized that the traverse mechanism
was not giving sufficiently accurate values of y, that the
leading edge shape was very poor, that the plate must
be kept free of dust, and that the influence of the
pressure gradient was very large, it was decided to
make a completely fresh start.

MEASUREMENTS WITH SMALLER PRESSURE GRADIENT

Normal air stream.—As already described a new
plate was obtained with sharp symmetrical leading
edge snd a new traversing mechanism was constructed
(fig..6). In addition, an attempt was made to secure
the condition of zero pressure gradient. It was first
thought that the desired result might be obtained by a
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slight inclination of the plate to produce an expanding Several weeks were spent in modifications of the con-
cross section between the working side of the plate and | tour of the blisters to secure approximately zero pres-
the wall. Pressure surveys showed considerable local |sure gradient. The ideal was in no wise attained and
variations near the plate of the nature found for small|the first series of measurements with the improved
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FI1GURE 14.—*“Blisters” installed in wind tunnel to reduce pressure gradient. FIGURE 15.—Prassure gradlent for measurements of serles B and D (figs. 16 to 22,
Inclusive). See legend of figure 8. The speed of the free stream departs from the
mean value by a maximum of 0.4 percent.
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FIGURE 16.—Distribution of mean speed, series B, with pressure gradient of figure 15, turbulence of free stream, 0.5 percent. See legend of figure 1 for notation.

_ plates set at a small angle of attack. Attention was|apparatus was made under the pressure gradient shown
then turned toward producing the expanding cross|in figure 15. The pressure falls slightly for 2 inches,
section by suitable blocking at the tunnel walls. The|then rises at the rate of about 0.9 percent of the ve-
general form and scale of the “blisters” applied to the|locity pressure per foot for about 19 inches, then falls
tunnel wall is shown in figure 14 at K. at & Tate of about 1 percent of the velocity pressure per
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foot. By comparison with figure 9, the total range in
pressure has been reduced to one-fourth of that pre-
viously found and the maximum gradient has been
reduced to about one-half that previously found, with
gradients of both signs occurring.

In the first series of measurements (series B), only
mean speeds were determined. Sixteen traverses were

d o
/.0 WE° o‘-bon or 2
8 {f’%
/,
b b
u R
[2 o
4 Y
A
A
0 / 2 5 & 7

3 4
243
F1auRE 17.—Distribution of mean speed, for £=>5, 11, and 17 inches, series B, plotted
for comparison with the Blasius distrfbution.

made in all, at distances 2, 5, 11, 17, 22.8, and 28.8
inches from the leading edge, at speeds of 119 and 135
feet per second except for one run at 28.8 inches for
which the speed was 153 feet per second. The contour
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Fiaure 18.—Distribution of mean speed, for z-Reynolds Numbers 1,607,000 and
2,083,020, series B, plotted for comparison with the logarithmic distribation.

diagram prepared from faired curves similar to figure
8 is shown in figure 16.

Transition begins at an 2-Reynolds Number of about
1,100,000. The observations for the several speeds are
quite concordant and there is no indication of any sys-
tematic error in the values of ¥, except possibly at the
2-inch station (z-Reynolds Number about 120,000).

Figure 17 shows that the results for the 5-, 11-, and
17-inch stations are in very satisfactory agreement
with the Blasius theoretical curve. In this figure, the
original observations, not faired values, are plotted.
The agreement would not have been so good had the
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heat loss to the wall in still air been applied as a cor-
rection to the observed heat loss.

The data available in the eddying region are hardly
sufficient to make possible any extensive analysis. In
figure 18 observations for z-Reynolds Numbers of
1,607,000 and 2,083,000 are plotted in a form suggested
by equation (15). This equation represents the data
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F1GURE 19.—Distribution of mean speed, for -Reynolds Number 1,607,000 and
2,083,000, series B, plotted for comparison with the power-law distribution.

44 48

well within the precision of the observations over a
wider range than the power law representation shown
in figure 19. The lines drawn in figure 19 correspond
to exponents of 0.16 and 0.17.
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Fiaure 20.—Distribution of mean speed, serles D, with pressure gradient of figure
15, turbulence of free stream, 0.5 percent. See legend of figure 1 for notation.
The first series of measurements of mean speed only

(series B) was made during the month of June 1930.

In October, after the completion of some measure-

ments with increased turbulence of the wind stream,

a second series of measurements (series D) was made

in which both mean speed and u-fluctuations were

determined. Twelve traverses were made, at distances

of 2, 5, 11, 17, 23 dnd 28 inches, at a speed of 105
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feet per second. The contour diagram of the distri-
bution of mean speed is shown in figure 20.

~ Comparison of the original observations for the 2-,
5-, 11-, and 17-inch stations with the Blasius curve is
made in figure 21. There is some evidence of a system-
atic error in ¥ of the order of 0.001 inch, the observed
values being too large. From the construction of the
traverse mechanism, the effect of wind load on the
prongs would be to deflect the mounting toward the
plate. Such an effect is not indicated, however, in
the earlier series (fig. 17). In view of the difficulty
of the measurements, it seems quite clear that the Blas-
ius curve is'an accurate representation of the laminar
portion of the velocity field near a plate with sharp
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Fraure 21.—Distribution of mean speed, for z=2, 5, 11, and 17 inches, serfes D,
plotted for comparison with the Blasius distribution.
symmetrical leading edge in a stream without appre-

ciable pressure gradient.

No observations of this series fall within the eddying
region.

The contour diagram of the u-fluctuations is shown
in figure 22. It is not possible without greatly con-
fusing the diagram to show either original observations
or faired values. In one traverse at 11 inches, the
fluctuations were abnormally large and not concordant
with two additional traverses at the same station.
The cause is not known, and results for this one trav-
erse have not been considered. Otherwise, the indi-
vidual traverses were reasonably concordant, and it
has only been necessary to smooth out minor incon-
sistencies. The faired values from which figure 22 was
prepared are given in table VIII. The u-fluctuation
in the free air stream was 0.5 percent of the mean
speed.

The interesting features of figure 22 are the leading-
edge disturbance, which has not been completely
eliminated; the fluctuations in the laminar region of
magnitude about three times the free-stream fluctua-
tion; the increasing amplitude of fluctuation beginning
at an z-Reynolds Number of 700,000, as compared,
with transition at 1,100,000 as inferred from the dis-
tribution of mean speed; and the large amplitude of
fluctuation in the transition region.
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Artificially turbulent air straam.—The very high
value of the z-Reynolds Number, 1,100,000, for transi-
tion, as compared to the wvalue 300,000 observed by
van der Hegge Zijnen and Hansen, is undoubtedly to
be attributed to the small magnitude of the u-fluctua-
tions in the normal air stream of the 3-foot wind
tunnel. In order to definitely confirm this statement,
the turbulence was artificially increased by the intro-
duction of a wire screen of ¥-inch mesh 39 inches
ahead of the leading edge of the plate. Some 200
small aluminum tags about 1% inches by 1 inch by
%2 inch were fastened to the screen by paper clips.
The tags, fluttering in the wind, produced 2 large
distributed u-fluctuation whose root-mean-square value
was about 3.0 percent of the mean speed of the air
stream. The fluctuations normally present were ac-
cordingly increased by a factor of 6.

The u-fluctuation decreased slightly along the plate,
from about 3.2 percent at the leading edge to about
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Figure 22—Distribatlon of u-fuctuation, gerfes D, with pressure gradient of figuroe
15, turbulenca of fres stream, 0.5 percent. Seo legend of figure 13.

2.8 percent at 28 inches from the leading edge. The

maximum single value observed was 3.42 and the

minimum, 2.56 percent.

The pressure gradient along the plate was that
shown in figure 23. The variation is similar to that of
figure 15, but the approximation to constant pressure
was somewhat better.

Twelve traverses were made at a speed of about 65
feet per second at distances 2, 4, 5, 6, 7, 8, 10, 11.5,
13, 18, 23, and. 28.5 inches from the leading edge, and
ten traverses were made at a speed of about 32.5 feet
per second at distances 4, 8, 10, 12, 14, 16, and 28
inches. In six cases, therefore, approximately the
same z-Reynolds Number was obtained at two speeds
differing by a factor of 2. The choice of speeds
considerably lower than 100 feet per second permitted
some increase in precision. The contour diagram pre-
pared from faired curves is shown in figure 24.
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Transition begins at an z-Reynolds Number of the
order of 100,000; i. e., very close to the leading edge.
The results for the two speeds are reasonably con-
cordant and, in the six cases where the same Reynolds
Number was obtained at the two speeds, there is no
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F1auRE 23.~Pressure gradient for measurements of series C (figs. 24 to 26, Inclusive).
Ses legond of figure 9. The spesd of the free stream departs from the mean valae
by a maximum of 0.2 percent.

evidence of o systematic difference. Comparison of
figure 24 with figures 16 and 20 will emphasize the
very great influence of the initial turbulence of the
wind tunnel on the velocity distribution and hence on
the skin friction. Only the measurements at the
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F1ourg 24,—Distribution of mean spsed, serles C, with pressure gradfent of figure
23, turbnlenca of fres stream, 3.0 percent. See legend of Agure 1 for notation.

2-inch station are in the laminar region. These two
traverses agree well with the Blasius distribution.
Figure 25 shows the results of four traverses in the
eddying region at an 2-Reynolds Number of approxi-
mately 435,000 and one traverse at 888,000 plotted in
the form suggested by equation (15). The four repeat
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runs show that the precision of the measurements is
not sufficiently great to determine the slope with very
great accuracy.
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F16URE 25.—Dlstribution of mean speed, for z-Reynolds INumbers 435,000 and 888,000,
sarles O, plotted for comparison with the logarithmic distribution.

The contour diagram of the u-fluctuation is shown
in figure 26. The faired values from which the dia-
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PF1aurE 28.—Distribution of u-fluctustion, serles O, with pressure gradient of figure
23, turbnlencs of free stream, 3.0 percent. Seeo legend of figure 13.

gram was prepared are given in table IX. The region
of maximum wu-fluctuation occurs at an z-Reynolds
Number of about 200,000, corresponding roughly to

the middle of the transition region. In the eddying
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region the magnitude of the fluctuation is of the order
of 4 or 5 percent of the mean speed as compared with
the free stream value of about 3 percent.

DISCUSSION

Meaning of fluctuations in laminar region.—The
distinction between laminar and eddying flow is usu-
ally based on the nature of the variation of the skin
friction with speed or on the nature of the speed dis-
tribution as has been more fully discussed in the sec-
tion on Previous Experimental Work. The skin
friction and speed distribution in laminar flow are
generally computed on the assumption of steady flow,
and the agreement between experimental results and
theoretical calculations leads us to picture the laminar
flow near a plate as & steady flow. The experiments
described in this paper clearly show that the conclusion
is incorrect; the experiments together with the com-
putations illustrated in figures 3 and 4 indicate that it
is possible to have large speed fluctuations with no
measurable effect on the distribution of mean speed.

On the other hand, it has long been known that
‘eddying flow is characterized by fluctuations of speed
at & given point and hence there is a temptation to
lidentify speed fluctuations with turbulence. Here
‘again the experiments described in this paper show
that large fluctuations are not confined to the region
of eddying flow. It is not possible to determine by
measurement of amplitude of fluctuation alone whether
the flow is laminar or eddying.

This result and a brief account of the measurements
described in this paper were reported to the Fourth
International Congress of Applied Mechanics at Cam-
bridge, England, in 1934. Tollmien discussed this
account in reference 22 and emphasized by examples
the importance of considering the correlation between
the several components of the velocity fluctuations.
He says “In order to produce & shearing stress a corre-
lation is necessary between the components of the
velocity fluctuations in two different directions. This
is of course well known. But one has hitherto fre-
quently regarded the mere existence of velocity fluc-
tuations as sufficiently characteristic of turbulence in
the tacit expectation that a correlation between the
components of the fluctuations would be present. It
is therefore necessary in general to give the greatest
attention to the correlation between any, even theo-
retical, velocity fluctuations which have been deter-
mined, in order to be certain of the effect of the fluc-
tuations on the form of the velocity distribution curve.”
One of the interesting examples in Tollmien’s paper is
the von KArmén vortex street, which shows no corre-
lation between the longitudinal and lateral components
of the velocity fluctuations.

It may be remarked that the fluctuations in the free
stream of the wind tunnel are of this uncorrelated
type having no influence on the distribution of mean
gpeed. Since these fluctuations have generally been
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called ‘““turbulence”, the author denotes a flow with
the correlated type of fluctuations as “eddying” flow.
Whether these particular names are generally adopted
or not, there should be some clear distinction by means
of different names between fluctuations whose com-
ponents are uncorrelated and those which show corre-
lation. Most experimenters would consider the flow
in a von Kfrmdn vortex street as highly turbulent.

In the discussion at the Congress of Applied Me-
chanics, it was pointed out that the fluctuations in the
laminar layer were, generally speaking, of lower fre-
quency than the fluctuations in the eddying layer.
At the time the measurements described in this paper
were made, a suitable oscillograph was not available.
In 1934, after the Cambridge meeting, 8 plate was
installed in the 4%-foot wind tunmnel at the National
Bureau of Standards and records of the fluctuations
made with a cathode ray oscillograph. For conveni-
ence, the flow was made more turbulent by a wire
screen of 1-inch mesh placed about 4.5 feet upstream
from the plate. The u-fluctuation of the free stream
was approximately 1.3 percent of the mean speed,
giving transition at an 2-Reynolds Number of about
500,000. The pressure gradient was not determined
and the values of 7 were not accurately measured;
hence these values are not comparable with the data
reported in the preceding section. The records ob-
tained are shown, in part, in figure 27. They were not
made simultaneously. It is seen that the fluctuations
in the laminar region (position 2) are much less rapid
than those in the eddying region (position 5).

It should perhaps be pointed out that ‘“slow’’ and
“fast’’ are in this connection purely relative terms, the
absolute magnitude of the rate of change of speed
being a function of mean speed and of the thickness of
the boundary layer. In any given flow, the distinec-
tion between laminar and eddying flow can be made
on this basis, but in two different flows at widely
different speeds and with boundary layers of widely
different thickness, the use of this simple criterion
would not be safe.

In the opinion of the author, the fluctuations in the
laminar layer are to be regarded as forced oscillations
produced by the turbulence of the wind-tunnel air
stream. The qualitative distribution is very similar
to that computed in the highly simplified manner
described in the theoretical freatment of the transition
and pictured in figure 4. Since, however, the distri-
bution in the “free’” oscillations as computed by
Schlichting (reference 23) is also of much the same
character, the general shape of the distribution curve
cannot serve as a criterion of whether the fluctuations
are forced or free.

Transition from laminar to eddying flow.—Figures
1, 10, 16, 20, and 24 show a gradual transition region
extending over a range of z-Reynolds Numbers of
200,000 or more. It is very difficult to state definitely
where the transition begins. The departures from the
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Blasius distribution begin earlier for speed contours
in the neighborhood of 0.4 or 0.5 than for the 0.9
contour. The layer begins to thicken rapidly at a
somewhat greater z-Reynolds Number than that at
which the speed near the surface begins to be accel-
erated. The character of the first noticeable change
may perheps best be seen in figure 8.

Figures 22 and 26 show that the rate of increase of
the amplitude of the u-fluctuation is accelerated at an
z-Reynolds Number considerably lower than that for
which noticeable departures from the Blasius distri-
bution of mean speed occur.

Finally, figure 27 shows that the transition is in fact
a sudden phenomenon. Near the upstream limit of
the transition region, eddying flow occurs intermit-
tently at infrequent intervals, the flow being of the
eddying type for only a small fraction of the time
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Figung 23.—Departure of tLe 0.4, 0.5, and 0.9 contours of n.ean speed in figure 16
from the Blasius positions. The ordinates represent the observed g-Reynolds
Numbers for the speed contours minus the y-Reynolds Number computed from
Blasjuy’ solution for a Jaminar boundary layer.

covered by the record. Near the downstream limit,

laminar flow occurs infrequently.

The process may be pictured somewhat as follows:

Transition is a sudden phenomenon controlled by
the instantaneous pressure distribution arising from
the turbulence of the free air stream. As the pressure
distribution fluctuates, the point of transition fluc-
tuates back and forth along the plate. At a given
point in the transition region the flow is sometimes
laminar and sometimes eddying—more frequently
laminar as the point of observation is moved upstream
and more frequently eddying as the point is moved
downstream. Since the turbulence of the free stream
is constant only in a statistical sense, there is a point
of transition only in a statistical sense. The designa-
tion of the Reynolds Number at which transition occurs
becomes then a matter of definition.

No entirely satisfactory definition has been found.

The values quoted can be regarded only as approxi-
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mate. In figure 28, the departures of the distribution
of mean speed of figure 16 from the Blasius distribu-
tion are plotted for the 0.4, 0.5, and 0.9 contours. The
value of the z-Reynolds Number for transition has
been given as 1,100,000. It is obvious that significant
departures occur at a somewhat lower z-Reynolds
Number for the 0.4 and 0.5 contours, perhaps as low
as 900,000 whereas the 0.9 contour does not show
significant departures until 1,300,000.

The use of a Reynolds Number based on the ‘“dis-

placement thickness’ 5* which equals f 7 (1 —u/Uy)dy,

has often been suggested. A plot of §*-Reynolds
Number against 2-Reynolds Number, compared with a
similar plot of the 5*Reynolds Number computed
from the Blasius distribution, is not found to give
clear indications of transition, because the departures
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FIGURE 29.—The &*-Reynolds Number for the several serles of obssrvations ss a
function of the square root of the 2~Reynolds Number. The transition begins at
the values indicated by the arrows as determined from the distribution of mean
speed.

from the Blasius distribution expressed as differences
in y-Reynolds Number for a given speed are in one
direction for the 0.4 and 0.5 contours and in the oppo-
site direction for the 0.8 and 0.9 contours. The two
effects partly compensate and lead to only moderate
departures of the §*-Reynolds Number from the Blasius
result, which are sometimes masked by experimental
errors.

The comparison was made, however, and the results
are given in figure 29. The values of the §*-Reynolds
Number were computed by Simpson’s rule from the
faired values similar to those of table VII. Between
the lowest value of /U, (0.3 in table VII) and zero, a
linear interpclation was used. The transition points
are indicated in figure 29 by arrows. The points for
the preliminary observations of series A show the
apparent systematic error of about 400 in the value of
Usy/v to which reference has previously been made.
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If correction is made for this shift, the §*-Reynolds
Number at transition appears to be about 2,200.

Series B shows a somewhat earlier transition thap
series D as may also be seen from a careful examination
of figure 16 and figure 20. In view of the difficulties of
measurement, the results may be averaged to give a
5*-Reynolds Number of about 1,700.

The curves for series A, B, and D show a bending
away from the Blasius curve toward lower values with
approach to slowly changing §*-Reynolds Number with
increasing z-Reynolds Number. This deflection is fol-
lowed for series B by a rapid increase. The same effects
are not marked for the series C observations. From
figure 24, it is clear that transition begins at an
z-Reynolds Number of about 100,000 corresponding
to a 6*-Reynolds Number of about 560. No per-
ceptible departure of the §*-Reynolds Number curve
in figure 29 from the Blasius curve occurs until much
higher values.

It is possible to suggest an unambiguous definition
of the Reynolds Nymber of transition; for example, that
for which the 0.4 contour deviates from the theoretical
Blasius position by a y-Reynolds Number of 100.
But so long as the effects of experimental errors com-
bined with the effects of unavoidable departures from
the uniform pressure assumed in the theory are of the
order of 300 or 400, accurate determinations cannot be
made in accordance with such a definition.

Effect of turbulence.—Ir the experiments of van der
Hegge Zijnen and of Hansen, the turbulence of the
pir stream was not measured, no method then being
known. From the dimensions of the honeycombs and
their location and published data (for example, that in
reference 17), we may estimate that the turbulence
was between 1 and 2 percent. The corresponding
z-Reynolds Number for transition was about 300,000,
snd the §*-Reynolds Number for transition about 940.

The experiments described in this paper give the
following results:

Turbulence | z-Reynolds | $*-Reynolds
percent Number Number
0.5 1, 100, 000 1, 700
3.0 100, 000 560

The available data do not suffice to construct a well-
defined curve such as that established for the relation
between the critical Reynolds Number of a sphere and
the turbulence (reference 18).: Nevertheless, there is
little doubt that such a relation exists. The effect of
turbulence is obviously very great. It is believed
that the evidence presented supports the view that in
an air stream of approximately uniform static pressure
and for a smooth plate with sharp leading edge, the
z-Reynolds Number for transition is a function of the
turbulence varying from about 1,100,000 to 100,000.

Effect of pressure gradient.—The preliminary series
of experiments showed that the effect of a pressure

o
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gradient such as shown in figure 9 was to increase the
z-Reynolds Number for transition in a stream of
turbulence 0.5 percent from 1,100,000 to 1,800,000.
The change in the §*-Reynolds Number is not so
definitely established in view of the apparent systematic
error in the preliminary series, but the author believes
that with the pressure gradient the §*-Reynolds Num-
ber was increased from 1,700 to about 2,200; in other
words, approximately in the same ratio as the square
roots of thé z-Reynolds Numbers.

The effect of an accelerating pressure gradient is
then to delay the transition. This effect does not
contradict the picture of the mechanism of transition
described in the theoretical treatment, for the addi-
tion of a steady accelerating pressure gradient to the
fluctuating pressure gradients of the turbulence of the
air stream would reduce the magnitude of the instanta-
neous retarding gradients and hence delay separation.
1t is interesting to speculate on the effect of an acceler-
ating gradient so large as to suppress entirely the
retarding gradients in the fluctuations. A funda-
mental investigation of the effect of pressure gradient
with constant turbulence is urgently needed. It is
desirable that such experiments be made with both
low and high degree of turbulence in the air stream.

Speed distribution in eddying region.—From the
slopes of the lines in figure 18 and von Kdrmén’s
value, 0.4, of the universal constant %, the local friction
coefficient may be computed according to equation (15).
The values obtained are 0.0076 and 0.0057, respec-
tively, which are unreasonably high.

Similarly the slopes of the lines in figure 25 give
values of the local skin-friction coefficient computed
from equation (15) for 2=0.4 of 0.0057 and 0.0062
which again are unreasonably high. From vun Kér-
mén’s table (reference 16) values of the order of 0.0045
and 0.0038 would be expected. Such a large difference
is not accounted for by any reasonable assumption as
to the errors in the velocity determinations. Applica-
tion of the still-air heat-loss correction would increase
the discrepancy.

The explanation of the discrepancy is that in the
thin boundary layer nearly all stations are sufficiently
near the wall that the effects of viscosity canmot be
neglected, the y-Reynolds Numbers being less than
4,000.

Since no independent determination of local skin-
friction coefficients was possible in the present experi-
ments, no direct comparison can be made. It is of
interest, however, to estimate the local skin-friction
coefficients ¢, from von Kdrmdn’s table and to plot the

distributions of figures 18 and 25 with (£} Z-as ordi-
0
nate and logw(%>%—%as abscissa. This has been done
0

in figure 30. The solid curve is that determined by
von Kérmén from Nikuradse’s measurements in pipes.
In the estimation of ¢;, the Reynolds Number used was
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that obtained by assuming the eddying layer to begin
at the beginning of the transition region.

The measurements with artificial turbulence lie
about 4 percent above von Karm#én’s curve but sensibly
parallel. On the other hand, the measurements with
very small turbulence in the air stream show & different
slope. The exact significance of this difference is not
clear. The speed fluctuation at the center of a pipe in
which the flow is eddying is of the order of that at the
outer edge of the boundary layer in the experiments
with artificial turbulence. The observations now
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F1GURE 30.—Distribution of mean speed in eddying region for comparison with
Kirmin’s formula. The data are thoss shown in figures 18 and 25. The local
friction cosfficlent C, Is estimated by dssuming that the eddying begins at the
beginning of the transition region.

available are too few to be certain that the shape of

the speed-distribution curve near a plate is actually a

function of the turbulence of the stream, as suggested

by figure 30. CONCLUSION
The intensive study of the boundary-layer flow near

o, thin flat plate promises to yield considerable informa-

tion as to the origin of eddying flow and the effect of

turbulence in wind-tunnel experiments. The informa-~
tion now available shows that the velocity field varies
greatly with the turbulence of the air stream, and with
the pressure gradient. The Reynolds Number at
which transition occurs in & stream without pressure
gradient decreases greatly as the turbulence is increased.

The presence of fluctuations is not an indication of
the presence of eddy shearing stresses. The laminar
layer shows speed fluctuations of amplitude consider-
ably greater than that in the free stream. These
fluctuations do not produce departures from the theo-
retical Blasius distribution for laminar flow. They
are of lower frequency than the fluctuations in the
eddying bounda.ry layer.

Transition is a sudden phenomenon, but the pom’o of
transition moves back and forth withinrather widelimits.

NaTIONAL BUREAU OF STANDARDS,
WasHINGTON, D. C., March 1936.
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TABLE I
SOLUTION OF BLASIUS EQUATION FOR FLOW IN A LAMINAR BOUNDARY LAYER
az &z a2z A di d
x|l Z x | @ i |geVm| 8| & p”
0 0 0 1 0 0 0 | 0.332 0
o1 | 0.00500 | 010000 | 0.90983 | —0.00500 0.1810 | 0.0804 | .3320 | —0.0009
2| o0 | . .90867 | —.01097 3630 | .1208 3318 | —.0036
.3 o048 | . o051 | 0478 pas | L1812 | (3308 | —. 0082
v 07992 3p894 | .98039 - s | coa10 | i3ss | —om4
5 19474 o741 | CoTodo | —. 1217 0097 | 3005 | 3wa | —
6 17838 loBaT0 | —.17308 vool7 | .3ms | (8208 | — o318
7 24362 6017 | - —. 23012 1. a0 | 3187 | —od
g 31782 78338 | L0183 | —.20147 1,456 | 4733 | 3060 | —.
R s7387 | . —. 35467 16375 | -.5978 | .2043 — 0647
L0 | 49103 96043 | .84763 | — 41608 i 5803 | .2816 | —.0761
L1 | -59214 | 104200 | 80206 | —.47547 20014 | .esolL | .88 | —
12 | 70037 | Li2es2 526 | —. 62121 21mss | terrz | 200 | —.o0062
L3 81618 | 110339 | - —. 56952 73853 | ‘0 | w17 | -39
14 126027 63925 | —.60018 o572 | 7614 | .21 | —1095
15 | 1osres | 132118 57825 | —.61758 2792 | L 1920 | —uw
16 | 120089 | LUaess | (51620 | —.62003 20111 &1 | 1ms | —ss
L7 |1 L4241 | 4pas2 | —l61040 30931 (1509 | —1n4
1.8 | L4grsr | 146684 | .30356 | —.58688 32750 gs62 | L1810 | —.1071
19 | Yeses | 150342 | .33761 — 55221 3.4509 ‘na1 —.1008
20 | 17esor | Tesuas | 28441 —. 50855 3.6380 | .9271 | .004 | —.0028
21 | 1o4ss 56046 —. 45856 3.8208 0T34 | —.0837
22 | 210001 | 1L.58185 | .19283 | —.40493 4,002 o557 | .0840 | —.079
23 5020 16508 | —.35020 4.1847 0516 | —. 0039
24 | 2093 | Uewzos | [1mm2 | —i20604 43667 o5 | L0403 | —.o032
2.5 | 258160 | Texz02 | .00857 | —.34672 45486 | 9811 | .0317 | —.0450
26 | 274443 | Les;m2 | .07823 | —.20098 47805 | . o3 | —
27 | 2000800 | Lesstt | loss20 T —. 16032 49125 | 9900 0183 | —. 028
28 | 3omma | Tes48 | 04003 | —.12675 5. 0944 o188 | —
29 | a6 | 164700 02086 | —.00865 52764 o951 | .0099 | —.0178
3.0 | 340140 | Ledg5t @143 | — o780 5.4583 9086 | .0071 — 0133
31 1.65135 0513 | —.053%4 56403 | .0977 | .o00s0 | —loog8
32 | 373172 | 168202 01050 | —.03919 58222 o086 | .0035 | —.0072
33 | 389706 | 1.e8850 | .00m7 | —.c270s 6. 0042 9090 | .0024 | —.0051
34 | s0oMs | 1 esa00 00182 | —. 01957 6.1881 0016 | —. 0038
35 | 422786 | 1.65448 oB1s | —.01348 6.3680 9098 | -00iL | —.0025
3.6 | 420832 | 1.es74 | .00207 | —.00909 65500 | .9987 | .0007 | —.0017
3.7 | 45es8l | Les91 | .oo132 | — 00603 67319 | .oe08 | o004 | —. o011
38 | 47480 | Tessoz | ‘00083 | —.om: 6.0130 | .9909 | .0003 | —.0007
30 | 488081 | 1.65508 | .00051 | —.0025L 7.0958 | 9090 | .0002 | —.0008
4.0 | soss32 | 1ess12 | -00031 | —.00188 7,218 | 1.0000 | .0001 | —.0003
41 | E2o0m3 | Tessis | -oo019 | —.00097 7. 4597 10001 | —.0002
42 | 538635 | 163516 | .oooll | —.0003% 7.6417 o | — o001
4.3 | 555187 | 165517 | .00008 | —.00035 —. 0001
44 | 671738 | Lessis | .00004 | —.00021 8.0035 0
45 | 58820 | Lessis | .00002 | —.00012 81875
5.2 | 7.04153 | 1.65618 0 0 04611
TABLE II TABLE III
CALIBRATIONS OF WIRE N18 ON OCT. 14, 1930 DETERMINATION OF MEAN SPEED FOR z=23
INCH =105.2 FT. 3 L
B ¢| Ena ES, Uy=105 /SEC. ON OCT. 14, 1930
SEE TABLE II FOR DATA ON WIRE. SEE FIGURE 7FOR
Reslstance of wire and leads, R4-R,, ohms._.____________ 5388 | b5.405 CALIBRATION GURVE
Resistancs of leads, R., ohms .45 .448
eo of wire, R, o 4,043 4,950
Temperature, °C. -— 2.0 20.6 Tem- Voltage
Barometric pressure, In Hg 20,68 29.68 E:%- v dro R+R,] R Ro | #RRea JE u u
T Inches| ;o +g.) ohms | ohms | ohms | =R, ¥ ) ftJsec| Tp
Heating current 0.2 ampere. Roa=+0.01653.
2, (o8| 1o |amiem v bu| 24 lom
5| . . . 6 .
FIRST CALIBRATION 29.6( .025| 1720 | 8600|8164 |.oeo.. 001684 | 6.62 | 43.8| -417
20.5| .030 | 1636 |8:330(7.884 | 2200 001778 | 7.21 | B20| .494
— HE-IR Rk R e
. . 384 || - 76.5] .728
Tempern. | Speed, u o RiR, | R Ro PRRe 300| -085| I.529 |7.645| 7199 002130 [ 9.45] 89.2| .88
ture °O| fhjses. | Vi | (BB, | ‘ohms | ohms | ohms | R-R 300 .080| 1508 |7.5%0 |7 086 002203 | 901 | 83| 36
300 100 | 1400 | 7495|709 [~_-7| loozm7 | 10013 | 1028 | o7
BBt b ldEsE - dEs b e
. . o4 || - 0.36 | 107.6 | L1024
Be | bog | 72| LU8 | RaM)| TS 300 | sz0| Laoo | 7450 | Zoos T ~002274 | 10,38 | 107.6 | Lo2s
29.0 75.7 870 1. 561 7.805 7.360 30.0 | LO8S L1493 7.485 | 7.019 .002259 | 10.26 | 105.3 1
827 | 9009 1.538 7.690 | 7.215
20 | se | 0.6 150 7.600 | 7.188
100.6 | 10.03 1.498 7.480 | 7.035
2.0 | 1139 | 1066 Lan 7.370 | 6925
SECOND CALIBRATION
30.0 | 1062 |10.25 1402 7.460 | 7.014
100.1 | 10,05 1. 605 7.5 | 7010
30.0 | 90.8 | 9.8 1. 528 7.630 | 7.184
828 | 0.10 1.548 7.730 | 7.284
30,0 | 7.3 | 84 1583 7.015 | 7.469
2 | 7.8 1637 8185 | 7.7
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TABLE IV TABLE VI

RESULTS OF TABLE II1 CORRECTED FOR HEAT LOSS|RESULTS OF TABLE V CORRECTED FOR HEAT LOSS
TO PLATE ON BASIS OF STILL ATR CORRECTION TO PLATE ON BASIS OF STILL AIR CORRECTION

R NGTH—0.342 . K= 00435
WIRE LENGTH INCH. K=0.000 000 WIRE LENGTH 0.342 INCHES K=0.000 000 00435
7 |BRe| E |pRRe X u u
—_ et L4 . —
inches Rgac. 7 oy i Vu. 1t fsec. Ty 1 2 3 4 5 8 7 8
Column
“0% | Bra | "o | “0oun | 560 | 348 | “3i Zes | v Tl | (B0 | 20| am | du | due
. . - -001 .33l in v volts o T
025 | 1986 | 000034 | Cooweso | &40 | 410 | 300 s [ A Ty BV to U
2030 | 177.3 | .000026 | .001762 7.08 49.8 4T3
o8 | g | mn ) s | ka )| ws)
‘o8 | 1351 - 500009 < 002191 om | &0 “g30 0.015 4.93 [0.000088 [0.001368 | 3.59 | 0.1190 0.4277 | 0.0038
.020 590 |.000066 |.001731 | 372 | . . 289 . 0057
2030 | 1287 | .000007 | .002196 | 9.85 | 97.0 022
025 640 | .000063 | .001931 | 3.82 . L2185 .0833
J100 | 1260 - 000005 -00232 | 10.09 | 1018 968
10 | 1241 000004 oomee | 1095 | 1050 008 .30 7.06 | .000044 | .002245 | 4.03 L0403 J1612 | .0763
. - - . .040 8.05 |.000033 |.002700 | 4.89 L0171 L0751 . 0463
.10 | 1232 | .oo0008 | .o022;1 | 1035 | 107.5 | Lo2a
.05 | 868 |.000026 |.003175 | 4.63 L0122 . L0404
.230 | 1232 | .o00002 | .oc2a72 | 1035 | 1075 | Loz - 068 o | 0000z | Ooer | 4o 008 : AT
L0s5 [ 124.1 ¢ [ -0025% | 10.28 | 1083 | 1.001 080 | 90.85 |.000016 |.004006 | 515 | .0090 0403 | Loam
2100 | 10.09 |.000013 | .004166 | 523 . 00838 L0433 L0424
2130 | 10,25 |.000010 |.004282 | 529 . 00582 0308 .0307
.180 | 10.35 | .000007 | .004344 | &.31 . 00330 L0101 .0105
TABLE V .230 | 10.35 |.000006 |.004343 | 531 .00288 . 0141 L0144
1065 | 10.26 |.000001 |.004278 | &7 | .00118 . 0061 0061
DETERMINATION OF SPEED FLUCTUATION FOR
z=23 INCHES, U,=105.2 FT./SEC. ON OCT. 14, 1930
TABLE VII
SEE TABLE I FOR DATA ON WIRE, TABLE III FOR MEAN
EED, FIG. 7 FOR OALIBRATION CURVE FAIRED VALUES FOR z=23 INCHES, U,=105.2 FT./SEC.
B1=0.0001580 (from fig. 7)
Average temperature 50° C. PU;ro?urei’s.GSlnches Hg
1 9 3 4 5 6 7 8 0 »=0.0001732 {t3fss0. —-=1,164,000
iRfa RRwx 2(5) du du u Us 4 Us
= y Y U oY
inches | V% | R0 | BEEY | O | B |0ow | T | B T | o . 1007 v =
0.015 | 542 | 0.001061 | 0.000249 | 0.001310 { 3.06 [0.1100 {0.864 [0.1019 1 1
.00 | a19| .001396 | .000269 | .oo16e5 | 340 |.o77e [.26¢ |.ovet 02l i | L3 10 o 15
.025 6.62 . 001597 .000281 | .001878 | 3.50 | .0563 | .202 | .0843 o5 0301 1,526 8 .0282 1,428
(30 7.21 . 001905 .000208 | .002201 | 3.88 .1555 | .0768 .8 .0378 1,015 7 030 1,570
.040 8135 -002438 .000321 | .002757 | 4.28].0171 |.0732 | .0462 .7 L0468 2 371 6 0327 1,666
.050 8.75 . 002812 .000337 | .003149 | 4.568 | .0122 | .0556 | . 0405 .8 0580 2,938 5 . 0367 1,850
.065 | 0.45] .003200 | .000365 | 003645 | 4.88 | .0020 {.0483 | .0410 ‘057 2888
.08 | 9.91| .003623 | .000367 | .003990 | &.10 | .0000 | .0458 | .0420 -9 -o727 3,082 4 { 1110 5,676
c100 | 10013 | 003780 | .000373 | .004153 | 5.19 | .00838 [ .0435 | .0425 3 ‘132 8. 600
J130 §10.28 ) 003806 | .000376 | .oo4272 | 597 | -00582 | (0307 | .0307 2 179 9,070
o180 [10:38| .o03e58 | .000379 | .004337 | 5.29 | -00350 | .0101 | -0196
c230 [10:36 | .003958 | 000379 | .004337 | 5.20 | .00266 | .0141 | .0144
L0ss |10.26 | .003%08 | .000376 | .004272 | &.27 | .00115 | .0061 | .0081
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TABLE VIIX

y-REYNOLDS NUMBERS CORRESPONDING TO VARIOUS VALUES OF u-FLUCTUATION USED
IN PLOTTING FIGURE 22

p z-Roynolds Number
G
102000 | 256200 | 5070001 | 567000 | 55000 | 863000 | 869000 | 1188000 | 1160000 | 1164000 | 1330000 | 1283000
1 U 3 | S
- [l 130
10.5 ol 1230 1830
10.0-ceeenees -4 2 760 1350 1410
X S 1330 o 1030 1470 1510
9.0 1480 109 |} 180 1580 1610
8.5 1620 1700 1280 1700 1730
X 1770 1730 1420 1880
8-S N N B ] FOS 1020 1800 1570 1670 2020
7.0 2080 1830 1680 220
&5 221 2000 1750 290 2460
6.0. 2500 2160 1820 U1 { 3200
£40
5.5 220 2300 1910 { 8740 } 5060
5500
6.0 e 3260 2620 1980 8410 6120
45 e i A s | TN} 2w 6950 €040
4.0 1870 4180 5400 8670 7610 7660
85 2000 4980 5880 6080 8480 8300
10101

3.0 2140 10 | U1 e 6380 6690 £320 0090

780 1170
L | U B - 60 | 1880 | 77 70 | 10100 | 10080
1000 2670 1280 | 200 [ 3100 oo | me | 1160
neo | 1380 mo {3090 | S |} 4| wmw 1250 | 12760 | 12360
30 | 1880 a0 |° 3170 | a0 [ 4850 | 4m0 [ 13550 | i1sase

t Not considered, because not concordant with repeat runs,
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TABLE IX

y-REYNOLDS NUMBERS CORRESPONDING TO VARIOUS VALUES OF u-FLUCTUATION USED
IN PLOTTING FIGURE 26

Us=32.6 ft.fsec.
z-Reynolds Number
du
]mvo-
62800 | 123400 | 156100 | 186400 | mss00 | 251200 | 430800 | 437300
255
8.0 35 }
75 210 m I
- 450 55
7.0 190 240 240
- 560 500 385
s 300 165 203 175
50 045 570 160
255 185 190 170
a0 535 770 670
1506 1680
RSN 2105 2355
315 1090 160 160 310
&5 810 450
1740 1300 915 1040 |f--=-=-e]--emeees
O 2525 2830
pY 155 185 220
5.0 2070 1028 3220 i | S I—
SR
45 o0 | o | sms | osess |{ %0 | b | A
630 150 785 335
40 { 19 } 2700 240 335 4540 o= s o0
35 - 3135 3330 4700 645 [~ geaom 195 R
3.0 375 185
Te=085.5 ftfsec.
1-Reynolds Number:
1 du
o 63000 | 125200 | 156000 | 188500 | 217300 | 252200 | so7s00 | 352000 | 406000 | 658000 | 716000 | 888000
7.5 380 { = }
70 { &} 40 425
o S m| oo
57,
6.0, { 1590 1400 1536 l» e }
355
470 560 660 645
5.5 { 1385 1185 1200 1335 s N b }
1720 1810 2710 3075 b3
335
550 840 715 00 400
585 1620 8250
5.0, 1165 980 975 1135 1355
2110 2778 3080 3540 m } 8585 } 875 } 12140
650 540 260
670 320 3305 4700 4705
Y _.{ o S5 } 3230 3810 4160 { o { loos 1185 } prer] } 6195 {11470 ol
TX N— ~| e | mmeo [ soss | asss | soro | eoo [ eoro | emo ({356 | 30 | e | 1030
3% 3060 | 5550 | 9430 [ om0 o | swo | om0 [{ 1355 1} 2000 [{ 33




