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CONVECTION OF A PATTERN OF VORTICITY THROUGH A SHOCK WAVE'!

By H. 8. RiBNER

SUMMARY

An arbitrary weak spatial distribution of vorticity can be
represented in terms of plane sinusoidal shear waves of all
orientations and wave lengths (Fourier integral). The analysis
treats the passage of a single representative weak shear wave
through a plane shock and shows refraction and modification of
the shear wave with simultaneous generation of an acoustically
intense sound ware. Applications to turbulence and to noise
in supersonic wind tunnels are indicated.

INTRODUCTION

Turbulence such as the residual small eddying motion in a
wind-tunnel stream wil} gradually decay as it is carried along.
The decay process has been the subject of much study in the
face of formidable difficulties. The random character of the
motions has been successfully handled by the methods of
statistics; even with these methods, however, the non-
linearity of the equations governing the intermixing processes
has severely limited the progress attainable without sim-
plifying assumptions.

On the other hand, for relatively sudden changes in
turbulence, such as occur when it passes through a wire-
mesh damping screen, the decay may be negligible and the
changes may follow linear laws. The linearity is assured if
the turbulence constitutes a sufficiently small perturbation
of the main stream. Recently it has been found that the
problem of such linear changes could be solved completely
by a specialized adaptation of the spectrum concept of the
statistical theory of turbulence.

Several of these linear processes have been treated in this
manner: the damping-screen problem (ref. 1), the passage of
turbulence through a sudden wind-tunnel contraction (ref. 2),
and the passage of turbulence through a series of screens
followed by a sudden contraction (ref. 3). A basic tech-
nique for such problems has been evolved in these papers.

The present paper is motivated by another problem of
the same linear character, namely, the convection of weak
turbulence through a shock wave. Among other circum-
stances, this problem arises in the interpretation of measure-
ments with a hot-wire anemometer in a supersonic stream,
because a detached bow wave stands ahead of the wire.?

1 Bupersedes NACA TN 2864, “Conveotion of a Pattern of V;oruclty Through a Shock
Wave"” by H. 3, Ribner, 1953,

1 A simple Interpretation for all but very small eddies comparable with the scalo of the bow
wavo i3, however, avallable In the work of Kovésznay (ref. 4).

Such & curved shock is not attractive for theoretical analysis,
but it is not difficult to replace it with an extended plane
shock by use of auxiliary means; attention can thus be
limited to the convection of turbulence through a plane
shock.

The conceptual basis for the treatment of these linear
problems is as follows: An arbitrary weak spatial distribu-
tion of vorticity—and hence a weak turbulent velocity
field—can be represented as a superposition or spectrum of
plane sinusoidal shear waves distributed among all orienta-
tions and wave lengths. This is a physical interpretation
of the mathematical formulation as a Fourier integral; ® the
individual shear waves may be identified as Fourier or
spectrum components. When the turbulence wave pattern
is convected through a screen or through a shock wave, the
individual waves are altered without mutual interference if
the waves are suitably weak. Thus the modified field
downstream of the screen or shock can be obtained, in
principle, by superposition of the modified individual waves.
In practice the description of the detailed spatial distribu-
tion of velocity, either initially or finally, is hopeless; the
initial wave distribution is known only statistically (e. g.,
the phase angles are unknown), and statistical changes only
can be calculated. In either case the analysis of the be-
havior of a representative single wave constitutes a pre-
requisite to the determination of the changes in the weak
turbulent field.

In the present paper such an analysis is carried out for a
single shear wave, of arbitrary inclination, convected through
a plane shock. There remains the task of calculating there-
from the changes in the statistical properties of a weak turbu-
lent field convected through a shock. Suitable procedures
have been developed in references 1 and 2; for their applica-
tion the present results, which are formulated in two dimen-
sions, must be reexpressed to bring out the spatial inclination
of the wave in three dimensions. The procedures will re-
quire some modification before the noise field generated by
the interaction can be treated.

3 'The veloclty field so represanted may be either rotational or Irrotational within the specl-
fled reglon, even though the “building blocks,” the shear waves, are rotational. In case an
irrotational field is represented, the vorticity of these shear waves, but not the veloclty,
mutually cancels within the specified region (which may be multiply connected), leaving a
distribution of vortielty In the external space. The frrotational flow may be regarded as
induced by this external vorticity.

These remarks all refer to a veloclty field satisfying the {ncompressible continuity equation:

a small-perturbation fleld of vorticity In fluld at rest, or convected by a main stream, will
{ulfill this condition.
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Fiaure 1.—Convection of plane oblique sinusoidal shear wave through
shock: original unsteady-flow problem.

This single-wave problem is also treated in reference 5.
The analyses bear little resemblance: In that work a refer-
ence frame is used in which the flow is unsteady, whereas
herein a frame is used in which the flow is steady. Sound
waves are likewise treated in the work cited.

The outline of the present analysis is as follows: The prob-
lem is posed as the calculation of the flow field behind a plane
normal shock wave due to the convection through the shock
of an inclined plane sinusoidal shear wave; the shear wave is
specified to be weak to ensure small perturbations to the
mean flow. This problem, for which the flow is unsteady in
time, is converted into an equivalent steady-flow problem
by transformation to a moving frame of reference. In this
frame the normel shock is replaced by an equivalent oblique
shock.

The analysis is now formulated as a boundary-value prob-
lem for the flow in the region downstream of the shock: The
governing partial differential equation for this small-pertur-
bation rotational flow is derived (extension of Sears’ work,
ref. 6); boundary conditions on the velocity components just
behind the shock are obtained from the oblique-shock rela-
tions; and finally the rotation term in the governing equation
is evaluated in terms of gradients of entropy and total
enthalpy, with use of the entropy changes across the shock.
The initially unknown perturbation of the form of the shock
wave is taken into account in the boundary conditions and
rotation term by assuming it to be sinusoidal with initially
undetermined amplitude and phase.

The velocity W (all symbols are defined in appendix A)
downstream of this equivalent oblique shock may be either
subsonic or supersonic depending on the inclination of the
initial plane shear wave; separate solutions of the boundary-
value problem are worked out for the two markedly different
cases. The horizontal shear wave—which 4s a simple
special case for subsonic W—is given a separate treatment.

The analysis of the velocity field downstream of the shock
is followed by an account of the associated pressure, density,
and temperature fields there and of the distortion of the ini-
tially plane shock. Finally, the acoustic level of the (fluc-
tuating) pressure field is worked out in approximate fashion
for an example applied to a supersonic wind tunnel: A par-
ticular initial intensity of turbulence is assumed and con-
sidered as being concentrated in a single shear wave rather
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Fiaure 2—Transformation to equivalent steady-flow problem by
superposition of velocity V.

than distributed throughout a continuous spectrum. The
calculation amountsto an estimate of the noise level generated
by the passage of a specified level of turbulence through a
shock wave.

This investigation was conducted at the NACA Lewis

laboratory.
FORMULATION OF BOUNDARY-VALUE PROBLEM

The unsteady-flow problem.—The inclined plane sinu-
goidal shear wave is shown schematically in figure 1. The
flow is viewed in a plane perpendicular to the shock and to
the wave fronts. The wave is supposed to be convected
downstream by the main stream with velocity U, so that it
passes through the normal shock. The passage through the
shock is evidently an unsteady process, since the intercepts
of the inclined lines (the nodes of the sine wave) move down-
ward along the shock front; it will be shown that a disturbance
ripple moves along the shock with the same speed V.

In the general case of a plane oblique sinusoidal shear
wave there will also exist a perturbation velocity component
normal to the plane of the fizure. Now the ripples in the
shock front will be two dimensional, and the shock with the
ripples will still be everywhere perpendicular to the plane of
the figure. Thus, the normal velocity component will be
-parallel everywhere to the shock and will be unaffected as the
shear wave passes through ; the component will have no other
effect. Its invariance established, this normal velocity com-
ponent will be omitted from the analysis.

The equivalent steady-flow problem.—If an observer
moves downward along the shock with a speed V, relative

" to him the flow will have an apparent upward velocity com-

ponent V. This scheme of things is shown in figure 2. In
particular, ¥ has been chosen so that the resultant stream
velocity (relative to the moving observer) is alined with the
velocity in the disturbance wave; that is, V=U, tan 8. The
observer then sees what appears to be a steady sinusoidal
ghear flow passing through an oblique shock wave. Thus, by
the proper choice of a system of moving axes the original
unsteady-flow problem has been converted into an equivalent
steady-flow problem. .
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Fraore 3.—Symbols and coordinate axes.

@Governing partial differential equation for rotational
flow.—The task of the analysis is to calculate the flow field
on the downstream side produced by the passage of the sinus-
oidal shear flow through the equivalent oblique shock. It is
to be expected that the shock will be perturbed from its mean
plane and will, in fact, develop a corrugated appearance.
Because of these corrugations, vorticity (rotation) will be
introduced into the downstream flow. This vorticity and all
the downstream velocity perturbations will be weak com-
pared with the stream velocity because the original disturb-
ance wave has been assumed weak. Thus, a small-perturba-
tion, or linearized, treatment of the flow field is permissible.

In reference 6 the governing partial differential equation
for small-perturbation compressible rotational flow has been
derived for isoenergetic flow, that is, for flow of constant
stagnation enthalpy. However, the shear wave under con-
sideration possesses variable stagnation enthalpy; that is,
pressure, density, and temperature are constant upstream of
the shock, bat the velocity varies. It has been necessary,
therefore, to obtain a more general governing equation that
applies when both entropy and stagnation enthalpy are
variable. The derivation is given in appendix B.

This governing equation is expressed in terms of coordi-
nates £ and 9, £ being the distance in the main stream direction
and .y the distance perpendicular thereto. The equation
reads

(=W Wutdn=1p— =2 (1)

where W is the stream velocity in the transformed problem,
W is the corresponding Mach number, H is the stagnation
enthalpy, s is the entropy, T is the temperature, Q is the
vorticity, and ¢ is a perturbation stream function such that
ym=w=Dperturbation velocity in # direction

(2)
— (1—W?*y¢y=w’=perturbation velocity in 7 direction}

(The stream function is defined differently in ref. 6, as it
involves an entropy term.)

For application of equation (1) in the present problem
reference should be made to figure 3 for the direction of the
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Ficure 4.—Geometrical relations across shock, with and without
perturbation ¢ in shock angle.

axes. In this figure W is the resultant stream velocity down-
stream of the shock (in the moving frame of reference), and
the £ and 5 axes are indicated. The final flow pattern depends
crucially on whether W is subsonic or supersonic; the criterion
depends, in turn, on the Mach number corresponding to U,
and on the wave inclination 6.

Boundary conditions.—The boundary conditions just
downstream of the shock will now be obtained by application
of the shock-wave relations.

By geometry (fig. 4) the stream velocity components
normal and tangential to the undisturbed shock are, respec-
tively,

UA=WA cos @
V= WA sin 6

The shear wave will provide directly a perturbation w, to W,

- and will cause indirectly a perturbation ¢(y) to the shock-

wave angle, of initially undetermined magnitude. The
effect of o is equivalent to an increment in 6. The asso-
ciated perturbations to U, and V are found by obtaining
their respective differentials and replacing dW, by w, and d¢
by o therein; the results are

dUs=w, cos §—cW, sin 0}
(3)
dV=w, sin §+4cW, cos 8

The corresponding change in normal velocity U downstream
of the shock is obtained from the normal-shock relation

y+1
y,_ 2t

U 1+7;1U42
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By logarithmic differentiation and use of the fact that the
upstream temperature is constant (Whence d_UA ’lg; 4
there is finally obtained

- dUAG = @
where m=U,/U.

On the downstream side of the shock the velocity perturba-
tions in the directions of £ and 7, respectively, are (fig. 4)

wo=(U+dU) cos (¢+0)+(V+dV) sin (¢+6)—W} (5a)
. B d a
w,'=—(U+dU) sin (p+0)+(V+dV) cos (¢+0)

Equations (3) and (4) may be used to evaluate the right-
hand side of equation (52). A first-order approximate result
is obtained by taking cos ¢= 1, sin 0=¢ and neglecting ¢ tan ¢
and ¢ cot ¢ in comperison with unity. It will be useful also
to infroduce the geometrical relation U,=W, cos 8, the
definition U,/U=m, and to eliminate 6 by means of the

oblique-shock relation tan ¢=m tan §. The final rearranged
result is :

%1=-— ——‘1 tan (p) (1 2 m) cos qD-I'

(W ta.n o+me )sin ¢
- (3
W,
= TV -—-—tan qo)(l 2 m)smgo—l—
H, tan ¢p+m0'> COS p—o Sec ¢ J

These are the desired boundary conditions in a somewhat
general form.

In the present problem the perturbation w, is associated

with an incident sinusoidal shear wave parallel to W, (or to
£,) (figs. 2 and 3). It will be shown later that a refracted
sinusoidal shear wave parallel to W (or to £) will also arise.
A suitable defining equation for w, is

Tr=e.cos kny - ®
where k is the wave number (27/k=wave length). The
corresponding argument for the refracted shear wave will
involve 7 and an altered wave number x. The arguments
of the upstream and downsfream waves must match along
the shock front, so that

kni=xn ealong shock

By geometry (fig. 3), ft $9S @ Thus

cos 6
Wa
T =€ o8 & along shock @)

Since the disturbance is sinusoidal, the shock inclination o
can likewise be expected to be sinusoidal. For generality a
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phase shift can be allowed for, so that ¢ can be assumed to
have the form
o=e(@ cos xn+b sin xy) 8)

Substitution of these sinusoidal relations into the general
form of the boundary conditions, equations (5), yields, after
rearrangement

eU— m (1 2
—9 y—1 ) sin’ ‘1’] '
(1 YF1 m ) cos ¢+cos o cos kp-+

[m(l 27 m—l—m)smcp:lsmw

[ (1352

a(m—1)cos p-+2 (1—

m+m ) sin p—

) ~(9)
sin? ¢
cos ¢

+

m) sin (p] cos kn -~

[ (1+'H_1 >sm ¢+b(m 1)00850]8!11“7

Equa.tions (9) give, in final form, the conditions imposed
by the shock wave on the components parallel to £ and 1,
respectively, of the perturbation velocity immediately

" behind the shock; the parameters ¢ and b therein governing

the shock inclination o are undetermined. These equations
constitute the boundary conditions for the perturbation flow
downstream of the shock.

Evaluation of rotation term in governing equation.—Before
equation (1) can be solved, the vorticity term (rotation
term) on the right-hand side must be evaluated for the
region behind the shock. A corresponding term has been
evaluated in reference 7 for the flow behind a normal shock
perturbed by an isoenergetic upstream disturbance. This
work has proved a useful guide, but it has beennecessary to
make modifications both for the variation in energy (that is,
in total enthalpy H) and for the inclination of the shock in
the” moving frame of reference. The derivation is as
follows:

Downstream of the shock, the enthalpy H and the entropy
s (and hence the vorticity) are constant along streamlines,
and in the linear theory the streamlines are approximated by
lines n—constant Thus, baH and g;
the shock and the result will hold downstream thereof if
expressed as a function of # alone (¢ eliminated).

The total- enthalpy upstream and at the shock is

may be evaluated at

H=c,Ts+3 (Watw,)?

NcpTA'l' W (1 +=7 2wA

Hence, at the shock

OH 722 (ﬂ‘— along shotk (10)
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The entropy upstream of the shock is constant by virtue
of the assumption of constant pressure and density there.
The entropy change in crossing the shock is given in terms
of the upstream velocity by (ref. 8, eq. 144): )

3_3A=7_§_1 In { 2L (W) cos? (0+0')— X

(y—1D)(Wa+-.)* cos® (§+0)+ 2]’}
(r+1)(Wat-0,)* cos? (6+0)
Hence, on writing the differential and expanding the result

under the assumption that 7 is constant and w,/W, and ¢
are small, there is obtained

33 =7p (m—1) <%-—-a tan 0) (11a)
and along shock
as —1p 0 (——— tan § 11)
T ( W, ¢ tan ) (
Recall now that the governing equation (1) reads
H T
(1= TVt Y= Hs}'

where the right-hand side is the rotation term in question.
The factors H, and s, have been evaluated in equations (10)
and (11), respectively; substitution with use of the geometri-
cal relations of figure 3 yields

- —Um2S08 e O (W4
A= WHatda=Un* or5 - (7

U cos p(m—1)? % (%T“'——-a tan 0) (12)
A

where the right-hand side is to be evaluated along the shock
(z=0) and expressed as a function of % alone.

In the form (12) the governing equation has not yet been
specialized to o shear flow that is sinusoidal. The substi-
tution of equations (7) and (8) for w,/W, and o, respectively,
introduces the sinusoidal character; furthermore, the relation
tan p=m tan 6 can be used to eliminate 8; after simplifica-
tion

(I—Wa)'l'ss+¢q;=Ue><

sin ¢ | X

{—x[sec p+-2(m—1) cos p-+-a (m;l)z

sin xkn - xb (m—1)" ) sin ¢ Cos f{n} (13)

Equation (13) is the partial differential equation to be
satisfied by the flow downstream of the shock subject to
the boundary conditions (egs. (9)).

SOLUTION FOR HORIZONTAL WAVE

The governing equation and boundary conditions have
been set up for the general case of an inclined shear wave.
It will be worthwhile to solve first, however, the much
simpler special case of the horizontal shear wave. The

results will illustrate important features of the general case
as well as provide a limiting case of the general solution,
useful as a check.

The horizontal wave is obtained by setting 8=¢=0 in
the earlier equations; as a consequence V—0, W—U, t—xz,
n—y, and x—%k. The governing equation reduces to

BYzrtdyy=—kUe(2m—1) sin ky (14)
where
p=1—TP
The boundary conditions (egs. (9)) reduce to
” u" (1 m) cos ky
(15)
%=——(m 1)a cos ky+(m—1) b sin ky

Particular integral and complementary function.—A par-
ticular integral of equation (14) may be obtamed by inspec-
tion as

¢P=% (2m—1) sin ky

To obtain a complete solution there must be added a com-
plementary function satisfying equation (14) with the right-
hand side set equal to zero. The boundary conditions at
z=0 require that the function possess a sinugoidal variation
with 9. Such a solution will also contain an exponential
factor, showing either amplification or attenuation of the
disturbance with distance z downstream of the shock; the
case of amplification must be ruled out as physically unac-
ceptable. These considerations limit the solution to the
form

-
ve=Uede Bsinky

where d is a constant of integration.
The complete solution is the sum of ¥» and e:

.¢=Ue<2m 1 ﬂ)s‘m ky (16)

Evaluation of undetermined constants.—The velocity com-
ponents are obtained from equation (16) as

_E
=¢y="Ue <2m——1+kde 5) cos ky
(17

v=—pB%,=BUeckde 5 sin ky

The undetermined constants a, b, and d are evaluated by
setting #=0 and comparing with the boundary conditions,
equations (15), equating the respective coefficients of sin Xy
and cos ky. The results are

a=0

p—— . EBM :
(y+1)(m—1) (18)

d=— 4m

E(v+1)
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Fiaure 5 —Passage of horizontal shear wave through normal shock,
showing perturbation of shock and final amplification of shear
wave.

Velocity components.—Insertion of the value of d into
equations (17) yields the final result for the velocity com-
ponents valid everywhere downstream of the shock

iam =
u=Ue[ — 7+le 5]coskyl

e alz=0 (19)
v=—pUe +1 e_Fsinky. 5
Just behind the shock
=Ue (——1—]—2 m) cos ky
z=0 (192)
—BUe —— -|-1 sin ky
and far downstream
u,=Ue(2m—1) cos ky
}z: © (19b)
v,=0

These results and the associated streamhne pattern are
exhibited pictorially in figure 5.
These perturbation velocity components downstream of

the shock are to be compared with the corresponding

velocity components in the shear flow upstream-of the shock
(cf. eq. (7)):

- us=Uy,e cos ky }

=Uem cos ky
0,4=0
The ratio of u./u, is
Se—o (20)

Since m=U,/U>1 in order that a normal shock exist, it
appears from equation (20) that the normal shock always

amplifies the horizontal shear wave, the maximum amplifica-

tion of Y12 being approached as the initial Mach number

+
y+1
approaches infinity.
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Shock perturbation.—The local inclination of the shock
from the vertical is given by equation (8). With the previ-
ously: determined values of @ and b (eq. (18)) inserted, and
with %y in place of xy, the inclination is

4Bem
(y+1)(m—1)

If the local shock displacement in the z-direction relative {o
the mean shock plane is called §z(y), then

6:1:=fo’ dy

48em
E(y+1)(m—1)

Thus the shock displacement curve is in phase with the
velocity perturbation in the shear wave upstream of the
shock (fig. 5).

oc=—

sin &y

cos ky (21)

SOLUTION WHEN FLOW DOWNSTREAM OF EQUIVALENT
OBLIQUE.SHOCK IS SUBSONIC (W<1)

The present case is a generalization from the horizontal
wave just discussed to a wave of arbitrary inclination 4.
The restriction to a subsonic mean velocity W behind the
equivalent oblique shock insures a qualitative similarity of
the flow: the governing equation is elliptic in both cases.
Accordingly, the horizontal-wave result can serve as a guide.

Governing equation and particular integral.—The govern-
ing differential equation (13) may be written in abbreviated
form as

Bo"Vett Y= —xUe(A sin kn— B cos xn) (22)
where
—1)\2
A=|sec p+2(m—1) cos p+a (mml) gin ¢
Bep M—=LF o (23)
poo @
ﬂwzs 1 _—Wz
A particular integral is seen to be
vr=Ue (—‘% sin 7y —% cos m;) (24)

Complementary function.—From the result for the hori-

.zontal wave the complementary function should be expected

to attenuate exponentially downstream of the shock, and
from physiceal considerations the attenuation should depend
upon the distance measured normal to the shock front, that
is, upon % rather than, say, £. The functional form that has
the desired attenuation and possesses a sinusoidal behavior
at the shock is )
sin
Yo~ e abokoon@—ysln "’{or [a(t sin ¢+ Bw® 9 cos qa)]} (256)

Ccos

where £ cos ¢—7n sin p.may be recognized as just .
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The arbitrary constant « in equation (25) is determined

by a consideration of the boundary conditions (eq. (9)): the

argument of the cosine must reduce to xy along the shock
front, where =y tan ¢. Thisrequirement gives =« cos ¢/’
Finally, when constants of integration ¢’ and d’ are included,
the complementary function is written as

® 005 ¢ (£ Co3 p—y £ ¢) K COS
Yo=Uee "’ ¥ = P{[c’cos 4

Bz

(¢ sin o+

KCOSgo

Batncose) [+] @ sin ZEBL esinp+Bin cos o) || (26)

Velocity components with undetermined constants.—The

Ue

k €08 ¢ (£ sin o4 Bu7y co8 @)
ﬁﬁ

(—cByw co8 p+d sin ) sin

;‘ﬁ_' —_ I K
Y 4 cos kn+Bsin xnd-pte F T ERT ""“’)[(c sin o+ dB., cos ¢) cos 5
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complete solution for the perturbation stream function is

4’=4/P+¢’0

This expression (cf. egs. (24) and (26)) contains four arbitrary
parameters @ and b (which occur in .4 and B, respectively,
eys. (23)) and ¢’ and d’, which remain to be determined.
First the corresponding expressions for the velocity compo-
nents will be obtained—they will be needed anyway—and
then the boundary conditions on these velocities at the shock
wave will be applied for the determination of a, b, ¢/, and d’.

The perturbation velocity components in the direction of £
and 5 are w=y, and w'=— B2, respectively; by differentia-
tion of equations (24) and (26) there results

cos ¢ (£ sin ¢+ Bu’7 cos sD)_l_N

> 27)
B ; 2
——ﬁ'2 cosqo(eeosmsm)l:(cﬁ ¢0s o—dBy sin o) cos 12032 & smg;+ﬁw nC0S @),
o 2
(¢B, sin o+ dB.? cos ) sin KCos ¢ (£ Sm;’;‘f‘ﬁw 7 €08 @) )
where ¢’ and d’ have been absorbed for convenience into a—m CE+DFN
new constants 4+ D?
CF—DE
c=c'kBy, COS ¢ b=m DT
) - (29)
d=d'«B,, cos ¢ e=2p_p
m
The undertermined constants may now be considered as’e, &, b D -
¢, and d. =m J
Conditions along the shock on the downstream side have | Where
been designated by the subseript zero; here cos p=1 sin ¢, O= Y+1 +3? m) tan ¢_[(m 1)2+
and the arguments of the exponential and sine and cosine
terms reduce to zero and xv, respectively: 2(;n_l-—11) sin o cos o

~
B cO8 ¢ ) cOs kn+

<A+_-{ Sm ¢+ﬁz

c d . .
(B——-E; By cO8 ga—l-E sin qa) sin xy r 28)

, .
%%:B"(cﬁw"’ co8 p—dBy sin ¢) cos k-

B~y sin - dBy,* cos ¢) sin &y J

Evaluation of undetermined constants.—Equations (28)
must agree identically with the boundary conditions (eqs.
(9)) imposed by the shock wave on w, and w,”. Therefore
the respective coeflicients sin xy and cos xy are to be equated;
this yields four simultaneous equations for the four undeter-
mined constants a, b, ¢, and d. In the reduction of the solu-
tion to final form certain alternative forms of the oblique-
shock relations, given in appendix C, have been used. The
results are

E%(m—l)l:1+(m—1)cose¢:|s§§p' - - (30)

cos<p

E52<1— m>+2(m 1) —=— B’

FEﬁ;" [2(m—1) sin ¢ cos ¢ ség K
B B J
SOLUTION WHEN FLOW DOWNSTREAM OF EQUIVALENT
OBLIQUE SHOCK 1S SUPERSONIC (W>1)

When the mean velocity T behind the equivalent oblique
shock is supersonic, the solution must exhibit Mach waves.
If the cross-stream velocity V of the moving reference frame
is subtracted out, these waves appear to be moving down-
ward (cross-stream) with the velocity V. If another trans-
formation of axes is made so that the reference frame is
“convected” downstream with the stream velocity U, then
the Mach waves can be identified as plane sound waves
moving normel to the wave fronts with sonic velocity. Mach
waves and plane sound waves are, of course, the same
phenomena viewed relative to different frames of reference.
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Governing equation and particular integral.—The govern-
ing equation (22) changes from elliptic to hyperbolic when
T exceeds unity (that is, when W is supersonic). The
particular integral is unchanged thereby and is still given
by equation (24). It is found that the final solution yields
b=0 (and hence B=0), and so it is convenient to delete the
B-term at the outset; the particular integral is thus

U

sin «y

Complementary function.—~The complementary function
satisfying equation (22) must he of the general form

Ye=F(§+Buwn) +9(¢—Bum)

where B,=+ W —1. The function f represents Mach waves
inclined downward by the Mach angle p from the £axis and
the function g represents Mach waves inclined upward by the
Mach angle. If attention is restricted to the range of shear-

wave inclinations 0 SBS%; then the g-family of Mach waves
can be shown to represent disturbances overtaking the shock

wave from behind. This property is related to the fact that,

for a finite shock strength, the Mach angle is always greater
than the angle between the shock and the £axis. Since the
disturbances actually originate at the shock wave by virtue
of the passage therethrough of the initial shear wave, such
Mach waves cannot arise, and the g-function must be zero.
In what follows it will suffice to limit the discussion to the

specified range 0 <8<=, since the results for the remaining

range 0 <0< —% are readily obtained therefrom from sym-

metry considerations.
The function f must reduce to

Srsin &y

along the shock front, where t=7 tan ¢, in order to satisfy
the boundary conditions (with 6=0). A suitable comple-
mentary function is therefore

_U . K(E+Bw"'l)
e L v

where ¢’/ is a constant of integration.
The complete solution for the perturbation stream function
is thus

b=prtvo=tt [ Asinentorsin g BRI o)

This expression contains two arbitrary parameters a (occur-
ring in .4) and ¢’/ which remain to be determined. First the
corresponding expressions for the velocity components will
be obtained, and then the boundary conditions on these
velocities at the shocL wave will be applied for the deter-
mination of ¢ and ¢’

Velocity components with undetermmed constants,—The
perturbation velocity components in the direction of £ and 4

are w=yx and w’ =g, respectively; the expressions are

w ¢ sec o #(E+Bun)
‘m-[A €08 1+ 5 Ttan  °*° B, Ttan ¢ -
32
— BeC sec ¢ K(E+Bw’7)
Ue Bo+tan e ﬁw"i"t’an 14

where the constant ¢’/ has been absorbed into a new constant
c=c¢'’ B, cos ¢. The undetermined constants are now a and
c.

Along the shock £=1 tan ¢, and the arguments of all cosine
terms reduce to ky; the expressions for the velocity com-
ponents w and w” become

S T
w,'_ Bucsec o
T Bottang cos X7

(33)

Evaluation of undetermined constants—Equations (33)
must agree identically with the boundary conditions (eqs.
(9)) imposed by the shock wave on w, and w,’. If the respec-
tive coefficients of sin xy and cos &y are equated, there results
b=0 and two simultaneous equations for ¢ and ¢. Thus, the
initia] specification of 5=0 has been justified a posteriori.

The solutions may be written in the form

0’+G’F’
E”+GD'

=2 D' —F"
m

(34)

where

0’—27_1_; m—2[14(m—1) cos® ¢]

D' =(m—1)[1+(m—1) cos® ¢]

E'=(m—1) sin ¢ cos qa—(l—[— m) tan ¢ r— (35)

F'=2(m—1)sin ¢ cos ¢

1—B,tan o _
@ Bu+tan ¢

where p=cot~'8,, is the Mach angle. (The definitions for D’
and F’ herein are unchanged from those included in eqs.

(30).)

=tan (k—¢) | J

RESULTS AND DISCUSSION
VELOCITY FIELD

The veloc1ty field downstream of the shock wave, produced
by convection of an oblique sinusoidal shear wave through
the shock, has been calculated; the results are distributed
through the preceding sections. The main results will now
be presented in more compact form, simplified to aid in the
geometrical interpretation. (The special case of the hori-
zontal shear wave was discussed earlier.)

Frames of reference.—The analysis has been carried out
in a special frame of reference in which the flow is steady; all
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Fiaure 6.—Relative motion of reference frame moving with general
downstream flow (convected frame) and reference frame of analysis
(steady-flow {rame). The steady-flow frame moves downward
along the shock front with a component velocity V and carries the
ripple pattern with it. ' '

formulas will be given relative to this steady-flow frame.
Also of considerable interest is a frame of reference convected

by the mean flow downstream of the shock; this frame is at

rest relative to the general mass of fluid there. The relation

between the two frames is shown in figure 6. Formulas rela-

tive to the steady-flow frame may be converted to apply to

the convected frame by means of the transformations

(e W
-
{:c—):c—l- Ut
ly—y+ 1t

The criterion on W.—Although the stream velocity U
downstream of the specified normal shock (fig. 1) is always
subsonic, the nature of the flow depends primarily on the
stream velocity W downstream of the equivalent oblique
shock (figs. 2 and 3), which may be either subsonic or
supersonic. The velocity W may also be interpreted as the
relative velocity of the steady-flow frame of reference and
the convected frame (fig. 6). Two forms of the solution for
all flow quantities thus appear, one for the subsonic range
W<1, the other for the supersonic range W>1. The
dividing line W=1 is what has been designated “the criterion
on W at the head of this section. Since W depends on the
initial Mach number U, and the inclination 6, the equation
W=1 gives, in effect, a relation between a critical value of
9 and U,. The relation is conveniently expressed in terms
of m=U,/U, which depends on U, (see appendix C):

0cr=Ltan™'y /—(74_1:3,(’?_ 1)

’ (36)

@37
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Figure 7—Upper curve shows variation with initial Mach number
of critical wave inclination for which 1V is sonic. Lower curve showsa
variation of m= U/ U=tan ¢/tan 8 with initial Mach number.

A graph of |6, against U, is given in figure 7.
The equations that follow, both for W<1 and for W>1,

are in a form that applies for 0 <0< %(whence 05¢_<_§>-

Corresponding relations for—% <6<0 (—g <p<Z O) can be
obtained by use of the symmetry of the flow with respect to 8
and (p."

Resultant velocity, W <1.—Equations (27) may be recast
in the form

Wu:l=8 cos [k(y—z tan ¢)+4,]+ l
(z) cos [k (y—=z tan ¢’)+5,] (382)

o= Bell(@) sin [(y—2 tan o) +5,]

where °

|w.|=W,e=amplitude of sinusoidal velocity w, in initial
shear wave

Ky=kK COS p=Fk cos 0

S=80 TR A—A@), B=B®)
m
H(J;) ECOTS@ ‘.\c_zg_i e '-I-K'B,/ﬁz

somtan™ ()

1 Typographical errars appearing in Technical Noto 2864 (which Is superseded by the
present report), namely, in 5, (W<1), and in II and &' (W21), have been corrected. These
errors were not embodied in the nomerleal calculations and curves of the present report.

3In all the are tangent designations, the quadrant of the angle Is to be determined by the
respective signs of numerator and denominator; for example, 3,=tan—(—B/A) is to be re-
garded as determined by the joint conditions sin 3,=— B/ AM-53, cos 5, =4/ VA’-]-B’.

-
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T

¢’=—t&n-1 ———U g::n £
R cBu—d ten ¢

=0T g Feton o

The functions- 4 and B are given by equations (23) and ¢, b,
¢, and d are the initially undetermined constants which have
been evaluated in equations (29) and (30).

Resultant velocity, W>1.—Equations (32) may be recast
as follows:

w

W=S cos x{y—z tan )-+1I cos x,(y—z tan ¢’)

" (38b)
m=ﬁw I cos x(y—=z tan ¢’)

where
|ws]| =W.ie=amplitude of sinusoidal velocity w, in initial
shear wave

S=coso

4; A=A(a)

Ky=kx cos p=Fk cos ¢

cos 8 sin
Lt ¢ B
m  cos(p—p)
'=p—pn

p=Mach angle=cot™! 8,
The function A is still given by equations (23), and ¢ and ¢
are evaluated in equations (34) and (35).

Shear-wave component—The cosine in the S-term is con-
stant along lines y—z cot ¢=constant; such lines are inclined
at an angle ¢ with the horizontal and are thus parallel to
the f-axis. Since w is parallel to £ and w’ is parallel to 7, it
is seen that the S-term represents a pure shear flow parallel
to the #-axis. Stated otherwise, this is a rotational flow;
the rotation (or vorticity) is just @, which was evaluated
earlier in terms of gradients of entropy and total enthalpy
(cf. eqs. (1) and (13)). The shear flow may be deseribed
also as an incompressible, plane, transverse, sinusoidal wave.

The amplitude and phase of the shear wave are compared
with those of the initial shear wave in figure 8 for an initial
Mach number of 1.5. The amplitude amplification ratio
is S and the angle of phase lead is §;; both are plotted against
the initial wave inclination . There is seen to be a small
phase lead in the subsonic range (W< 1) and none at all in
the supersonic range (W>>1). The amplification is nowhere
less than unity, with a cusp-like peak of 1.73 at the sonic
point W=1. -

Pressure-wave component.—The remaining terms in equa-
tions (38a) and (38b), involving the factor II, correspond to
an irrotational velocity field, or potential flow. That is, if
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Fiqure 8.—Amplification and phase shift of velocity in shear wave on
passage through shock. Initial Mach number Uy, 1.5.

the derivation is traced backward, the II-terms are found to
have come from the complementary function, which is a
solution of the governing equation with the vorticity @ set
equal to zero. This part of equations (38a) and (38b)
defines what may be called a pressure wave since there is
associated with it a first-order pressure field: the shear wave
contributes nothing to the pressure.

- The pressure wave may be interpreted-as-a-distribution.of
sound waves. This interpretation is particularly evident
for the case W >1, where the solution has been obtained in
the form of Mach waves: if a transformation is made from
the present special frame of reference, relative to which the
flow is steady in time, to a frame moving with the general
stream, then the Mach waves will reappear as plane sound
waves moving normal to themselves with sonic speed.

The same transformation results in somewhat more com-
plication when W<1: the resultant pressure pattern does
not then propagate with the speed of sound, but it can be
represented (as can any two-dimentional irrotational gas-
flow field) as a superposition of cylindrical sound waves
which individually propagate with sonic speed. The associ-
ated velocity pattern in this case exhibits the following
features, which are brought out by an examination of equa-
tions (38a): The radius vector in a graph of w’ against w
(hodograph) mqves in an ellipse when z is held fixed and y
varied; the major and minor axes are I|w,| and BeI|w.|,
respectively. At x=0 the phase angle relative to the inci-
dent- shear wave is §,. On the other hand the argument of
the cosine and sine is constant along lines y—2 tan ¢’= con-
stant; these are lines inclined at an angle 8’ to the horizontal.
Along such lines the perturbation velocity (w, w’) remains
constant in direction but attenuates exponentially with z;

the exponent is %’9
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Fiaure 9.—Amplitude and phase of velocity components in pressure
wave gencrated_by passage of shear wave through shock. Initial
Mach number Uy, 1.5. Parallel lines in inset figure are lines of
constant phase.

For the case W>>1, the velocity: pattern associated with
the pressure wave is much simpler (egs. (38b)). The per-
turbation velocity vector (w, w’) is constant along lines
y-x tan ¢’=constant and is, in fact, normal to such lines.
In this case ¢’=¢p—Mach angle, and these are just the
Mach lines (or envelopes of the sound waves); they are

inclined downward by the Mach.angle n . relative to the,

$-axis. It will be noted that the definitions of ¢’, the

inclination angle of the lines of "¢éfistant phiase,” agree at '

W=1, although expressed differently for W< 1 and for W>1.

The amplitude and phase of the w and w’ components of
the velocity in the pressure wave are compared with the
amplitude of the initial shear wave in figure 9 for an initial
Mach number of 1.5. The amplitude amplification ratios
are IT and B,1I, respectively; II, 8,11, and a phase angle (lead)
8, are plotted in the curves against the initial wave inclina-
tion 6. In the subsonic range (W<(1) I and B,II attenuate
exponentially with z and only the values for =0 are plotted.
The phase lead varies from 180° to zero in this subsonic
range and remains zero throughout the supersonic range

(W>1). A rather striking feature is the relatively small
perturbation velocity in the supersonic range. Thus,
although the. incident shear wave can give rise to a simple
sound wave upon passing into the shock wave, the particle
velocity in this sound wave amounts for most cases to 10
percent or less of the velocity in the initial shear wave for

UA"--" 1.5.
PRESSURE FIELD

It is shown in appendix B that the perturbation pressure is
related to the velocity according to equation (B11); in the
present notation this becomes

dp=—pWuw,

or
LI - L (B11
p W
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Here w, is that component of the perturbation velocity
associated with the pressure wave and directed parallel to
W (that is, along the f-axis). Equation (B11’) may be
recognized as the linearized Bernoulli equation as limited to
the velocity in the pressure wave.

Upon substituting for W and W and using for w, equations
(38a) and (38b) with the S-terms omitted, there results

6_p=_ M 2ymIl sec ¢
Y4 Us (v+1)m—(y—1)

cos [x, (y—= tan ¢’)+6,] (39)

where §, is to be taken as zero in the supersonic range of T7.
This result for the perturbation pressure is proportional to
II sec ¢; II has been plotted in figure 9, together with §,, as a
function of wave inclination 6 for W,=1.5.

- DENSITY FIELD

The density perturbation is related to the velocity and
entropy perturbations according to equation (B12) of appen-
dix B; in the present notation this is

Sp_ _jraWp_ 88
P— W w ¢p

(B12)

The term in w, is the contribution of the pressure wave.
This term differs from §p/p (eq. (B11’)) by a simple factor 1/y,
so that the contribution is obtained at once from equation
(39).

The term in Js is the contribution of the shear wave. The

"entropy perturbation s has not been given explicitly before,
but it can be obtained-from-equation- (11a)-by-use of geomet- - -

rical relations-and the known result for « (see following sec-
tion). Upon evaluation, the term in 8s is found to be

88 _ |wa| 2(m—1)2 cos 6

Cp UA v+1
vy—1

[(@ tan 6—1) cos kp+
m—1

b tan 8 sin k9] (40)
TEMPERATURE FIELD

The temperature perturbation follows at once from the
pressure and density perturbations according to the equation
of state; the appropriate small perturbation form of the
equation is

T _op_dp
T p o»
SHOCK-WAVE PERTURBATION

The local perturbation in the shock inclination angle may
be written (cf. eq. (8))
o=¢e(@ cos x> sin ry)

where @ and b are evaluated in equations (29) for W<1 and
equations (34) for W >1 (b=0 for W>1). -

The local shock deflection 8z from the plane =0 is obtained
by integration of the slope o:

5I=f0' dy



210
40
| || | | HEEEEN
— Subsonic i : Supersonic W ——
; — 36
/ AT %
/[ 27l | 32|::
A
o §
L~ £
)
i v £
o \[ ] | @z
S| AFProse ] [T oamplitude o
.g \‘\\ \ - 16 E
- . Q.
§'3 \\ ; \\\ 1.2 5
S C
% A N g
2 3 \\ 8 %
o
3 -60F \
2 i 4
[+ N
[~
%16 20 30 40 50 80 70 80 o

Inchination of initial wave, 8, deg

Fiqaure 10.—Amplitude and phase of ripples developed in shock by
passage of shear wave. Initial Mach number Uy, 1.5.

The result may be put in the form

\VTED?

271‘ UA (4 1)

€08 (kY + 8snock)

6I=IQDAI

where dpox=tan™! (E% is the phase angle and A\=2=/k is

the wave length of the initial shear wave.

For a given wave length the factor va®>+ b® is proportional
to the amplitude of this sinusoidal corrugation in the shock
wave; 4/a*+ b2 is plotted against the initial wave inclination ¢
in figure 10. The phase angle §,.. is also plotted: the
shock-wave corrugation is in phase with the initial shear
wave (Sueac=0) when the initial wave is horizontal (0=0).
The shock corrugation progressively lags the initial shear
wave as 0 is increased until the sonic condition W=1 is
reached; at this point the lag is 90°, and this value is main-
tained throughout the range W >1 as 0 is increased to 90°
(vertical initial shear wave). At 6=90° the amplitude
factor 4/a®+ b? has fallen to zero: a vertical sinusoidal shear
wave passing by convection through a vertical shock wave
causes no perturbation of the shock form or position.

INTENSITY OF SOUND FIELD

The analysis implies that the interaction of turbulence with

a shock wave does not give rise to any great amplification of -

the fluctuation energy, but it does provide a transformation
from a relatively quiet form (initial turbulence) to a relatively
noisy form (fingl turbulence plus sound field). On an
acoustic scale the level of the noise generated is found to be
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relatively high.® It will suffice for an order-of-magnitude
estimate to replace the turbulent field by a single plane wave,
or Fourier component, with the same kinetic-energy density.
Roughly this implies that the root-mean-square turbulent
velocity is to be identified with 0.707|wal.

The sound pressure is proportional to II sec ¢, where II is
plotted in figure 9. The relatively high values indicated
for the subsonic range attenuate rapidly with distance z
downstream of the shock; when z appreciably exceeds several
wave lengths, the values are negligible compared with those
in the supersonic range. A rough average over all wave
inclinations 6, assuming the subsonic range contributes
nothing, gives [ sec ¢ =£0.082; this value will be used in the
noise estimate.

The noise level in decibels relative to the standard reference
level §p,=2X10"* atmospheres is given by

db=20 log 2P

o Bpo

ip p
=201 (— )
og D

Yy (42)

where the §p’s are root-mean-square values. By equation

(39)
&p rms_ |wal V2 ym i
r =T, GFOm—G=1) | Lol

As an example the noise level generated by the turbulence
passing through & normal shock in o representative super-
sonic wind tunnel will be estimated. A root-mean-square
velocity of turbulence of 1 foot per second is assumed to exist
in the test section where the mean speed is 1400 feet por
second and the Mach number is 1.5 (U,=1.5). Thus
0.707|w.| and U, are taken to be 1 and 1400 feet por second,
respectively. A summary of these and the remaining para-
meters of the example is

(43)

M sec ¢ | =0.082
0.707 jw.s|=1 foot per sccond
U4=1400 feet per second
m=1.862 (~U,=1.5)
y=14
p=0.670 atmosphere (~1 atm. reservoir pressure)
61;a=2>< 10-1° atmospheres

The estimate based on equation (43) gives a pressure
perturbation &p rmsfp=7.50X107% and by equation (42)
the corresponding sound pressure level is 108 decibels. This
represents very intense noige, reaching a level which can
damage the ear on continued exposure (ref. 9). This noise

¢ This{s more a testimony to f.he great sonsitivity of the ear than to the energy contont of the

nolse; thus the ear-splitting nofss in the vicinity of a Jot engino (say, 140 decthels) i produced
by pressure fluctuations of 2-0.003 of an afmosphere.
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Shock

Fraunre 11,—Construction for translation 17 to render either of two
gound-wave patterns stationary in a main stream UL.

estimato is thought to be conservative, corresponding to a
supersonic wind tunnel with a relatively low level of turbu-
lence. It appears probable that many tunnels will consid-
erably exceed this level.

GENERALIZATION TO OBLIQUE SHOCES

The analysis refers to flow through a normal shock, but the
results are easily generalized for oblique shocks. In the
oblique-shock case the component of the upstream velocity
normal to the shock plays the role of U,; the component par-
allel to the shock is ignored in formulating the equivalent
steady-flow problem. A formal approach is to retain the
present definitions wherein U, is the actual upstream veloc-
ity (taken horizontal) and 6 and ¢ are referred to the horizon-
tal; the oblique shock is assumed inclined by some angle «
measured clockwise from the vertical. Then the present
formulas will be generalized to apply to the oblique shock if
the following transformations are made:

Us,—»U,cos
0-—>é +
p—p+a

RELATED PROBLEMS

The sound field produced downstream by the convection
of turbulence through a shock has been discussed. Also of
interest are sound fields incident upon a shock in the absence
of turbulence. The elementary sound disturbance is the
plane sinusoidal wave: a longitudinal wave. The passage of
such a wave through a shock, which is an unsteady-flow
problem, can again be converted to an equivalent steady-

flow problem by transformation to a reference frame moving
with a suitable velocity parallel to the shock front; in this
frame the sound-wave pattern will appear as a stationary
Mach wave pattern. A diagrammatic construction is shown
in figure 11. Note that either of two sound patterns of
uniquely related inclinations may be rendered stationary by
a given choice of V; the two patterns may be identified with
the two families of Mach waves in a stream of supersonic
velocity Wa.

The equations for the boundary conditions at the shock
and the vorticity behind the shock will be modified from
those for the present case of the shear wave, but the general
character of the solution will be unchanged. Thus, a shear
wave as well as a sound wave will appear downstream of the
shock. The discussion will be carried no further here: the
solution has been obtained in reference 5 by the unsteady-
flow method.

The interaction of a sinusoidal Mach wave pattern with a
normal shock constitutes a simple special case: here the
velocity V of the moving reference frame may be taken to
be zero. This problem has been solved in general terms by
Adams (ref. 7); he limited his discussion, however, to the
vicinity immediately downstream of the shock. The char-
acter of the flow further downstream can be inferred from the
parallel that exists between this problem and the problem
herein of the horizontal shear wave: in both cases V is zero.
The asymptotic flow far downstream is therefore a horizontal
sinusoidal shear wave. Near the shock the wave is modified
by transverse and axial components (with associated pres-
sure perturbations) which attenuate exponentially with dis-
tance downstream of the shock (cf. fig. 5). .

According to these considerations, sinusoidal corrugations
in a wind-tunnel wall, or a plate, upstream of a plane shock
wave will generate a horizontal sinusoidal shear flow. Such
a shear flow might have applications in special experimental
work.

CONCLUDING REMARKS

The effects produced by the convection of an inclined
plane sinusoidal shear wave through a normal shock have
been analyzed. Such a wave may be interpreted as a single
spectrum component of a turbulent field; that is, the turbu-
lent field can be represented as a superposition of such shear
waves of all orientations and wave lengths (Fourier integral).

When the turbulence is convected through a shock, the
individual waves do not mutually interfere if, as specified
herein, the intensity is sufficiently low; thus the modified
field downstream of the shock can be obtained in principle
by superposition of the modified individual waves. In prac-
tice the initial wave distribution is known only statistically,
and statistical changes only can be calculated. In either
case the present analysis of the behavior of a representative
individual wave constitutes a prerequisite to the determina-
tion of the changes in the weak turbulent field.

It is found that & sinusoidal shear wave of arbitrary in-
clination as it passes into the shock gives rise downstream
to a shear wave of altered inclination and altered amplitude.
In addition, there is generated a ‘“pressure wave’’: an addi-
tional velocity field with associated pressure disturbances.
that can be recognized as sound waves.



212

The analysis is made in a frame of reference moving with
a certain velocity W referred to axes at rest relative to the
general mass of fluid downstream of the shock: W is the
vector sum of the reversed downstream velocity and the

cross-stream speed of the ripple pattern in the shock wave.-

The results depend crucially on whether W is subsonic or
supersonic: when W is subsonic both the shear wave and
pressure wave are shifted in phase relative to the’ initial
shear wave, and the pressure wave shows an exponential at-
tenuation downstream of the shock; when W is supersonic
there are no phase shifts, and the pressure wave takes the
form of a plane, undamped, sinusoidal sound wave.

A weak initial shear wave is found to produce a surpris-
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ingly intense pressure wave or sound field downstream of tho
shock, as measured in acoustic terms. This implies that the
convection of relatively low-intensity turbulence through a
shock will generate a very intense noise field in the down-
stream region. In an example the noise pressure level gen-
erated by turbulence in & representative supersonic wind
tunnel was estimated to be of the order of 108 decibels.

Lewis Friear ProruLsioN LABORATORY
NaTIONATL ADVISORY COMMITTEE FOR AERONAUTIOS
CrLeveELAND, ORHIO, September 26, 19562

APPENDIX A
SYMBOLS
The following symbols are used in this report: Wy that part of w associated with pressure wave
A function defined in egs. (23) x, rectangular coordinates (fig. 3)
a parameter in shock-wave perturbation (eq. (8)); — 1'[1—:177’
also speed of sound _\/—T_a —
B function defined in eqs. (23) Bu= {1—W'.Z<1
b parameter in shock-wave perturbation (eq- (8)). VW'—1 W>1
C function defined in eqs. (30) A ratio of specific heats
o4 function defined in eqs. (35) 5, phase’lead of pressure wave relative to incident
=¢"By cos ¢ for W>1 shear wave
¢ parameter <=c'xﬁw cos ¢ for W(l) 5, phase load of refracted shear wave relative to
¢ constant of integration incident shear wave )
¢’ constant of integration - € measure of strength of incident shear wave
Cp specific heat at constant pressure (lwal/Wa)
D function defined in egs. (30) 6 inclination of lines of constant phase in incident
D’ function defined in egs. (35) shear wave (figs. 1, 2, 3, and 4)
d parameter (=d’x8, cos ¢) | b critical value of 6 for which W=1 (function of Tl,)
d constant of integration . K wave number of refracted shear wave
E function defined in eqs. (30) B Mach angle associated with W (sin~* (1/W))
E' function defined in egs. (35) £n inclined rectangular coordinates (fig. 3)
F function defined in egs. (30) I relative amplitude of velocity component w in
B function' defined in egs. (35) pressure wave (see eqs. (388) and (38b))
qd function defined in egs. (35) p fluid density
H stagnation enthalpy (per unit mass) o perturbation in local shock angle (fig. 4)
k wave number of shear wave in region A (incident | ¢ inclination of lines of constant phase in refracted
shear wave) shear wave
M Mach number (U/a, appendix B) o inclination of lines of constant phase in pressure
m velocity ratio across normal shock (U,/U) wave
D pressure ¥ perturbation stream function
S relative amplitude of refracted shear wave (see | . complementary function (component of )
eqs. (38a) and (38b)) ¥p particular integral (component of )
entropy (per unit mass) Q vorticity (v:—uy)
temperature (absolute) Subscripts:
time . . L A region A (upstream of shock)
,V stream velocity components in z- and y-directions | , ovaluated at shock, on downstream side

(fig. 3) (equivalent steady-flow problem)
Mach number associated with U (Ufa)

directions, respectively (fig. 3)
stream velocity in £-direétion (resultant of U and
V) (equivalent steady-flow problem)
Mach number associated with W (W/a)
! perturbation velocity components in & and 13-
directions, respectively (fig. 3)

£ ¥ £ gmne

perturbation velocity components in z- and y-

%, ¥, £ 7 indicate the corresponding partial derivatives
or\. . .
8. g, 0:=3_ ) an exception 18 x,==k CO8 =

kcoso
(Unsubscripted velocity components, pressure, end
density refer to region downstream of shock.)
Prefix
5() increment in ( )
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APPENDIX B

LINEAR PERTURBATION THEORY FOR ROTATIONAL FLOW

The generalized governing equation for the stream func~
tion can be obtained by extending Sears’ constant-energy
development (ref. 6) to include the effects of variation of
energy (total enthalpy). A different approach is, however,
employed herein. Equations for the pressure and density
fields are also obtained.

In applying the results of this appendix to the develop-
ments in the main text it is to be noted that the - and
y-axes herein will go over, respectively, into the & and
n-axes therein; this is a consequence of the difference in
direction of the main stream in the two cases. There is a
corresponding change in the notation for the velocity com-
ponents,

GOVERNING EQUATION

Basic equations.—Consider the steady two-dimensional
adiabatic flow of an inviscid fluid with local velocity u’, o/,
pressure p, density p, temperature 7, and entropy s. As-
sume only small perturbations from a uniform horizontal
flow such that w'=U+u, v'=v, with 4/U, o/U<<1, and
also p/p, 8plo, ete. <<1. Then the basic flow equations
may be linearized by neglecting quantities of order u/U,
and so forth, in comparison with unity. A convenient form
of these linearized equations is

- 1D p__
Contmulty. Uzt D,—l—; —E—O (Bl)
L dp_dp B
Sb&te. o —;? Cy (B2)
Energy: %‘:-=0 B3)
—p:=pUuUs
Momentum: } B4
—py=pU v

where D/Dt signifies the Lagrangian operator for differentia-
tion following the fluid motion.

Elimination of density from continuity equation.—The
Lagrangian form of the state equation is, by virtue of the
energy equation,

1Dp_ 1 Dp
p Dt pa® Dt
1
=@ (U +w)ps+ D4

Upon linearizing, assuming p, and p. to be of comparable
magnitude, this is

The linearized continuity equation (B1) may accordingly be
written

(1—M)u.+v,=0 B5)

Formulation of governing equation.—Define a stream fune-
tion ¢ such that '

U=y,
r=— (1 —’MY)":&: (BG)
Then equation (B5) is identically satisfied by % and » as
defined in equation (B6). The governing equation for ¢ is
now obtained by expressing the vorticity v.—u, =2 in terms
of y: . ’
( _Mx)‘l’u‘l"‘nbw: —Q (B7)

A useful expression of the vorticity in terms of gradients of
entropy and total enthalpy is given in reference 10, equation

(8.3), a8
1 (bH 0s
_9___9. _'—TSE>

where g is the resultant velocity and 0/0n indicates differ-

- entiation normal to a streamline. In the small-perturbation

flow the streamlines are approximated by the lines y=con-
stant, so that d/0n=20/dy; also g==U. Thus

1 /oH 0s
—=g &y T3y

The governing equation for ¥, equation (B7), can now be
amplified to read

_H,—Ts,

(1~ Mt Y= —O— (B9)
This equation and its companion
| u=, (B6)
v=—(1—2),

constitute the simplified generalization of Sears’ governing
equation for linearized rotational flow (ref. 6, eqs. (12) and
(15)); Sears’ equation is restricted to flows of gonstant total
enthalpy H.

Equation (B8) exhibits the following very interesting
property: In the small-perturbation velocity field considered here
the effect of the rotation or vorticity 2 is independent of how it
arises, whether from a gradient of entropy or a gradient of total
enthalpy, or a combination of both. And 1t is only through their
contribution to @ (and perhaps to the boundary conditions) that
variations in entropy and total enthalpy affect the velocity field
at all.
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PRESSURE FIELD

Equations relating the pressure distribution to the i*elocity
distribution will now be derived: The momentum equations
(B4) may be rewritten in the form:

%’+ Uny=0
(B9)
%+ Uu,=—-UQ

since Q=v,—u,,.
Now let consideration be hmlted to special types of flow such
that

u=u'+u"’
: -

=0

where 4/, »’ is an irrotational flow (?',—u',=0) and
”—u”(y) is a pure shear flow parallel to x (v”——O) 7 Then
the vorticity @ is given by

t7

Q=0—Uy=—u""y
and
‘'’ z=0
Thus equations (B9) become

—%—l—Uu’,: 0
Ee+Uw,=0

These two equations are equivalent to

(B11)

T8ince H and s are constant along streamlines (ref. 10), this approximates the general
small-perturbation flow to the extent that the lines y=constant approximate streamlines,

§p2+Uu'=0

REPORT 1164—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

which is just the linearized Bernoulli equation in terms u’

alone.
4

-The physical interpretation 1s this: If the assumed total per-
turbation consists of a plane shear flow (u’’, 0) and a potential
Sflow (u’, v"), then there is no pressure perturbation associated
with the shear flow; the entire pressure perturbation arises from
the potential flow and 1is related to u’ by the ordinary linearized
Bernoullt equation. * In other words, the pressure is obtained by
subtracting out the shear-flow velocity and applying the linear-
tzed Bernoulli equation to the remaining velocity.

DENSITY FIELD

The density distribution can be related to the velocity and

“entropy distributions as follows: The starting point is the

differential equation of state (B2)

so_sp_ts
p pd? ¢,

Again assume that the flow is a combined potential flow
(u’,v’y and shear flow (©’/,0).%8 (See eqs. (B10) and after.)
Then equation (B11) applies for 8p/p, and the density field
is given by

[4 a' ¢
or
dp__ ' bs
P T e, B12)

Thus it 18 found that the density perturbation depends on the
potential flow via the veloctty perturbation uw’ and on the shear
flow via the eniropy perturbation 8s.

s Since H and s are constant along streamlines (ref. 10), this approximates the genernl
small-perturbation flow to the extent that the lines y=constant approximate streamlines,

APPENDIX C

VARIANTS OF THE SHOCK RELATIONS

The ratio of the normal velocities before and after the
shock has been defined as m:

m=UL/U (Cy)
Thus by reference 8, equation (114),
+1 7,2

e w

where U, is the normal Mach number ahead of the shock.

Correspondingly, U is the normal Mach number behind the
shock, and by reference 8, equation (112),

1-|-"’;1 Ut

= 2 g—1
‘)’UA '——2

U= (C3)

From equations (C2) and (C3) it can be shown that

7 2
F G IDm=0 (C4)
and —
e (C5)
1+"2 Ul
where .
g=1—-0U"

The equality of transverse velocity components across an
oblique-shock wave requires, in the present notation, that

U, tan 6=U tan ¢
Then, with the definition (C1),
m tan §=tan ¢ (C8)

Equations (C2) and (C6) together allow ¢ to be determined
in terms of 9 and Ul.
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