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SUMMARY

Three matriz methods are presented for determining the
longitudinal-stability derivatives from {iransient flight data.
.One method, which requires four measurements in time-history
form and utilizes the incremental tail load to separate the pitch-
ing-moment derivatives Cn; and C,,, permits the computation
of all the longitudinal-stability derivatives. A second method
Irequires three measurements and one supplemenial assumption,

I Ch,

mamely 0—’"“=Oonstant. This method gives the most infor-
. i

;"mat-io-n for the least amount of work. The third method re-
quires two measurements and two supplemental assumptions,
!

M

- namely 7 =Constant and Oma‘_"% Cr; (where Cny and Oy,
mé

are the elevator-¢ffectivencss derivatives, x, 1s the tail length,
and ¢ is the mean aerodynamic chord). An inspection of the
results obtained for the various methods shows the scatter which
i typical of this type of analysis of flight data.

INTRODUCTION

The determination of the longitudinal-stability derivatives
from flight data is a relatively difficult task because the
wind-tunnel technique of permitting only one variable to
change at a time, while copstraining all the rest of the
variables, cannot always be used. It is in the analysis of
such flight-test data that matrix techniques employing the
equations of motion seem to be particularly useful.

Currently, much work is being carried out on the determ-
ination of stability derivatives directly from flight data but
as vet this work is still in the preliminary stages. The
matrix methods for the determination of stability derivatives
from transient flight data that are developed herein are an
addition to this work. The previous work done on the
determination of longitudinal-stability derivatives is exten-

.sive, and no attempt is made to summarize it since this
summarization has been adequately done in reference 1.
In the present report three methods are developed and

. presented for determining the longitudinal-stability deriva-

tives from transient flight data. In these methods the
expressions for some of the stability derivatives are in the
form generally used in stability calculations. The first
method requires the combination of four measurements in
time-history form, two of which must be incremental elevator
deflection and incremental tail load and the other two
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measurements can be chosen from a possible three, namely
incremental load factor, pitching velocity, and angle of
attack. The method demonstrates the use of the tail load
to separate the pitching-moment derivatives Cn; and Cp,
and to determine the downwash derivative O¢/dc.

The second method, which is more restricted, requires a
combination of three measurements (in time-history form),
one of which must be incremental elevator deflection and the
other two measurements can be chosen from a possible three,
namely incremental load factor, pitching velocity, and angle
of attack. This method also requires one supplementary
assumption, namely C,=NCpr;, where \ is 8 constant.

The third method uses a combination of two measurements
(in time-history form), one of which must be incremental
elevator deflection and the other one may be chosen from
incremental load factor, pitching velocity, angle of attack,
and so forth, The method also requires two supplementary

assumptions, namely Cp, =)0y and 0,,,,=%-’OL5 (where

Crn; and Cp; are the elevator-effectiveness derivatives, x; is
the tail length, and ¢ is the mean aerodynamic chord). By
using o modification of the third method, it is shown that
considerable information can be obtained from a single time
history.

The methods are demonstrated by applying them to flight
data obtained from tests of & medium jet bomber, and a
comparison of the derivatives obtained by the various
methods gives an indication of the accuracy which can be
expected from data analysis by matrix techniques based on
the longitudinal equations of motion.

SYMBOLS .

b wing span, ft
[ mean aerodynamic chord
G, C; constants defined in appendix E

Cy lift coefficient, L/gS

rate of change of airplane lift coefficient with
angle of attack per radian; see appendix E

Cr, rate of change of lift coefficient with elevator
deflection per radian; see appendix E

rate of change of lift coefficient with & per
radian; see appendix E

C; rate of change of lift coefficient with pitching

velocity per radian; see appendix £

i Supersedes NACA TN 2902, “Matrix Methods for Determining the Longitudinal-Stability Derivatives of an Airplane From Transient Flight Data” by Fames J. Don:gan, 1953,
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Cr pitching-moment coefficient of airplane,
M|/qSc

Co, rate of change of pitching-moment coefficient
with angle of attack per radian; see ap-
pendix E

Cr; rate of change of pitching-moment coefficient

with elevator deflection per radian; see
appendix E

Crs rate of change of pitching-moment coefficient
with pitching velocity per radian; see
appendix E

Chy rate of change of pitching-moment coefficient

with & per radian; see appendix E
Cm, pitching-moment coefficient of horizontal tail
surface, M,/q,S.c,

g acceleration due to gravity, ft/sec/sec
I airplane moment of inertia, slug-ft?
k, airplane radius of gyration about pitching
axis, ft
L lift, 1b
m airplane mass, W/g, slugs
M pitching moment of airplane
n airplane load factor
72
q dynamic pressure, d ,E » Ibfsq 1t
S wing area, sq ft
Sy horizontal-tail area
i time, sec

true velocity, ft/sec

airplane weight, b

2 length from center of gravity of airplane to
aerodynamic center of tail (negative for
conventional airplanes), ft

K, K, Ky, K, coefficients of transfer function relating 6
and §; sce appendix E
a wing angle of attack, radians
ay tail angle of attack, radians
¥ flight-path angle, radians
] angle of pitch, a4+
§ elevator deflection, radians
€ downwash angle, radians
Cny
A=
mg
N tail efficiency factor, ¢./¢
p mass density of air, slugs/cu ft
T dummy variable of integration
Matrix notation:
I 1l rectangular matrix
[] square matrix
{1} column matrix
[\Cli integrating matrix (see table I}
1B,1] 11DVl ||E|| rectangular matrices defined in appendix E
Subscripts:
i denotes row elements in matrix
t tail
WB wing-body combination

For sign conventions used, see figure 1.

A dol over a symbol denotes the first derivative with
respect to time, and two dots over a symbol denote the
second derivative with respect to time.

@caq.

I‘ Xy |
Z\\
[ —
Relative wind ,-a.C.

——
Y
ALy

,-~Chord line
Tongent to--- 3 Z

flight path -Reference

I

~ \M\\\L,.FquhI path

——
Fieure 1.—Sign conventions employed. Pusitive directivns shown.
L
The symbol A refers {o an incremental value. Inter:
mediate variables such as Ay, Af, Ae, A, and Ay and the
constant K, are defined in appendix E. '

OUTLINE OF METHODS

The three methods are based on the longitudinal equations
of motion for horizontal flight and use matrix methods to
analyze time histories of measured quantities. The equa-
tions of motion used in each of these methods are expressed
in the form

W

ES-An:OL“Aa-I-OLdé_I-C’L&&—l—CL‘A(S (l) )
% §=Cp Aat Oyt COpid+ Cn, A 2

These equations apply to a rigid airplane and are based
on the usual assumptions of linearity, small angles, and no
loss in airspeed during the maneuver. The equations are
further restricted to the range in which the variation of the
derivatives is linear and also to conventional wing-tail
configurations in which the major contribution to damping
in pitch is due to the horizontal tail. All the variables
are given in incremental form measured from a steady-
flight trim condition. .

As indicated in reference 2, the four values Aa, &, 6, and
A$ in equations (1) and (2) are linearly dependent; therefore,
if four simultaneous-equationslare formed to determine
either the force or moment derivatives, they cannot be
solved uniquely for the unknowns.

For purposes of analysis the moment equation (2) is
integrated once and expressed in the form

I . ¢ t o
57 0=Cn. [ b dt4 O, Bt O a0+, [fasar @

This form permits the use of numerical integrating methods
that are more desirable than numerical differentiating
schemes when applied to flight data. Integrations of the
variables are performed by use of an integrating matrix
[ O]} derived in reference 3 and given in table T herein. For

t
instance, a time history off Andt may be obtained from
0
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TABLE L.—INTEGRATING MATRIX ||C]

-0 0 0 0 0 0 0 0
5 § -1 0 0 0 0 0
4 16 4 0 0 0 0 0
4 16 9 g8 -1 0 0 0
4 16 8 16 4 0 0 0
4 16 8 16 9 8 -1 0
4 186 8 16 8 16 4 0
4 18 8 16 8 16 9 8
4 16 8 16 8 16 8 16
4 16 8 16 8 16 8 16
Al 4 16 8 16 8 186 8 18
Icl=g5| 4 16 8§ 16 8 16 8 16
1 4 16 8 18 8 16 8 16
4 16 8 16 8 16 8 16
4 16 8 186 8 16 8§ ' 16
4 16 8 16 8 16 8 16
4 16 8 16 8 16 8 16
4 16 8 16 8 16 8 16
4 16 8 16 8 16 8 16
4 18 8 16 8 16 8 18
a time history of An as follows:
4
{ [(anat}=lclans @
0

The integrating matrix |0} given in table I may be used
for any time interval A¢; most of the computations of this
report are based on a time interval of A¢=0.1 second. This
interval may be too large in some cases, and, if greater
accuracy is desired, a shorter time interval may be chosen.

The essential differences in each of the methods are in
the number of quantities to be measured. Method A
requires four basic measurements in time-history form to
determine all the derivatives. Method B requires three
measurements and one supplemental assumption, namely
:Cmg=NCn;. Method C requires two measurements and two

supplemental assumptions,namely Cp,=ACp;and Cp,= %-‘ Ci,

All measurements of flight data used are time histories of in-
cremental values measured from a trimmed level-flight initial
position. The development of the equations for each method
is covered in appendixes A to C; in the body of the report
the methods are outlined by stating the pertinent equations
in the order of computation. Since these computations make
extensive use of least-squares procedures and are greatly faci-
litated by the use of matrix algebra, most of the equations
jare given in matrix form.

METHOD A

Of the four basic measurements required with method A,
two must be incremental elevator angle and incremental
tail load and two other measurements can be chosen from
possible three, namely incremental load factor; pitching
elocity, and angle of attack. In this report, incremental
Joad factor and pitching velocity are used.

The procedure of computation with method A (see ap-
Ipendix A for development) is as follows:

(1) Compute a time history of rate of change of angle of
kttack & from

An

a=b—% (5)

[

0 0 0 0o 0 0 0 7
0o 0 0 0 0 0 0
0o 0 0 0 0 0 0
0o 0 o0 o0 o0 0 0
0 0 0 0 0 0 0
o 0 o0 0 0 0 0
o 0 0 0 0 0 O
1 0O 6 0 0 0 0
4 ¢ 0 0 0 0 ¢
9 8 -1 6 0 0 0
g8 16 4 0 0 0 0
8 16 9 8 -1 0 0
8 16 8 16 4 0 0
8 16 8 16 9 8 -1
8 16 8§ 16 8 16 4
8 16 8 16 8 16 9
8§ 16 8§ 18 8 16 8
8 16 8 16 8 16 8
8 16 8 16 8 16 8
8§ 16 8 16 8 16 8
. .

or

{an}={8:} =5 {an,)
¢ ¢
(2) Calculate time histories of Ae, A#, j; Ad dt,j; Ad dt,

t ('t
and J; f AS dr dt by using the integrating matrix ||C]| and
0

the time histories of &, 8, and Ad; for example,

{Aa}=||Cl] {é:} (6)

(8) Determine C, and Cp; by least squares from the
‘relation :

Cu, Adt 0,,5A6=E— An )

gS

or

C, w
1BIlf g} =g e}

(4) Compute the coefficients K, K,, K;, and Kj; of the
transfer function relating pitching velocity and elevator
deflection by the use of the method of reference 4 and the
equation ;

¢ T
K A0+K, L AD di—K, fo ‘ab dE—EK, ﬁ t L Asdr dt=—8 (8)

where the measured values of pitchifig velocity and elevator
deflection are used. '
(5) Determine K, from the relation

I I

K10=m OL,,'—E K1 (9)

by using the results of steps (3) and (4).
(6) Calculate time histories of the intermediate quantities
Ag and Ap by using the expressions

€ 1%
or :

_ . |
(B0 = {an )~ 2 (V1) {Aca)..

(10)



and

AL, ¢V

¢¥ K Aa—— Kioi— O, AS (11)
X )

or

(Anet =g (AL} - 14

Km {Aai}—'— Ko {Olt} OL, {A&;}

(7) Compute C; by least squares from the relation

Crjro=An (12)
or
Cg { Aot} = Aut}
(8) Determine Cp, from the equation
Om_!.'=K1|]"— Oma (1 3)

(9) Calculate the time history of the intermediate quantity
Ag from

Aa’—iﬂ Cn JHa—

L Crh8 (14)

or

I
{AO‘;}-:'Q—S'E{éi}_cm&{Aat}—omé{Aei}

(10) Compute Cy, and O, by least squares by using the
relation

C'm‘,ftAa dt+Cn, otaa di=Ac (15)
0

or
Cn
DI {gre}= (a0}
(11) Calculate Cp; and Cy, from the following definitions:

foé:}:o‘ma' (1 6)

and

T
=0 .
P

Cr,

& (L7)

(12) Determine the time history of the intermediate

quantity Ay from the equation
W

AI[I——— An— OLgé'— O);éét

o5 (8)

or

{AY )= }—Cr{ 6.} —Cr,{é}

(i3) Compute the refined values of (', and Cy, by least
squares by using the relation

CLmAa—i— OLEA6=A¢ (1 9)

or

W81l {giet=tava)
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These values now include the effects of the (i and €,
terms in the force equation.

(14) Method A can now be iterated to obtain better
values of the derivatives by starting the process over at
step (5) with the improved C,_and Cy, values from step (13)
and following the procedure again. The iteration converges

rapidly.
(15) The derivatives (E;—C;L)z: g—z, and égai‘ are found from
L) e
S (22)

This procedure shows that the derivatives €, Cry Cr,
DOL be aa
Cry Crmgr Crmgy Cngs Crmg, 5, o nd —55— may he deter-

mined by numerical opemtmnb on four time histories of
measured flight data and through the use of the theoretical
relationships given as equations (16), (17), (20), (21),
and (22).

METHOD B

Three basic measurements are used in method B, one of
which must be incremental elevator angle and the other
two measurements can be chosen from a possible three,
namely incremental load factor, pitching velocity, and angle
of attack. In this report, incremental load factor and
pitching velocity were used.

In lieu of the fourth measurement,
assumption is made that

Cns=NCn; (23)

If & value of X is not known in advance, a first approximation

(seeref. 5) is A=%- Although the assumption X—~=% imposes

a restriction on the generality of the method, it appears to
be justified since it reduces computation time to almost
one-half that required for method A and for the examples
presented herein gave results which are in good agreement
with those of method A.

The method is outlined by merely stating the appropriate
cquations, the development of which is eontained in appendix
B. The procedure is as follows:

(1) Compute the time history of Aa by using equations (5)
and (6).

(2) Determiné a time history of the intermediate quantity
At from the expression

Af=(1 +>\)6—— 24)

ar

{Ag }=(1+N){6:}— {Ant}

the supplenwmal; v
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t ¢
(3) Calculate time histories of f Aadt, f Atdt, and
0 0

¢
- f Addt by using the integrating matrix ||C]| and the time

hxstorles of Aa, AE, and As.
(4) Compute Cn,, Cnj and Cr; by least squares from the
relation

T’ ¢ ¢ I .
Cn, . Aadt-}—O,,,,-j; At dt-+Cn, | 85 d=cgz0 (20

Cr)
”E'H{gmé}='q§g {6:}

/mg

or

| (6) Determine C,, from C,; by using equation (23) and
then determine Cp; and Cp, by using equations (16) and (17).

(6) Calculate the time history of the intermediate quan-
tity Ay by inserting these values of C;, and C; into equa-
tion (18).

(7) Compute the values of C; and Cy, from equation (19).

oC
(8) The derivatives <aa—(i£’-) and —bg are then deter-
¢

mined from equations (20) and (22) and the previously
derived quantities.

i METHOD C

I Method C is an extension of the method presented in
. reference 4. Appendix C contains the development of the
| pertinent equations upon which method C is based. Two
ibasic measurements are used in this analysis, one of which
.must be incremental elevator deflection and the other one
may be chosen from incremental load factor, pitching ve-
locity, angle of attack, and so forth. In this report incre-
mental pitching velocity is used.

Two supplemental assumptions are made. The first is
the relation between Uy, and Cy; given in equation (23) and
the second is

Cmy=3t i (26)

The procedure for method C is as follows:

(1) Compute the stability coefficients K, K, K;, and K,
as outlined in step (4) of method A,

(2) Compute Cp from the relation

Cei=—2 %0, 27)
where
] (28)
and
C=(1+N (22 (Kz IJ);)\IIf,:KI ?Mm> (29)

(3) Determine C’,,,a by using the expression

I q8 I Kl

Cne=—353 K=o 7 57mTn O T57ma 1%

Cy,

(30)

‘are derived from the measured quantities.

(4) Calculate C,; from

I my
Oni=sc (e g5 ) D
(6) Compute Cp, from
I mV
—a=—= K;
__¢8¢ ¢St
Oma— OLa Om,, (32)
Tz

(6) Determine Cpn, and O, from equations (23) and (26)
by using the values of Cn; and O, found in steps (4) and (5),
respectively. Approximate equations for the stability deriv-
atives are given in appendix C.

In appendix D, method C is modified slightly so that
many of the stability derivatives can be obtained from a
single time history. This time history must be the response
to an input elevator motion of the impulse type. This
modified method C comes closest to the ultimate aim of
this type of analysis, namely to determine the derivatives
from a single time history.

One of the important factors in obtaining reliable results
with the methods outlined herein is the choice of a sufficiently
small time interval Az, In the computations using method
C in this report, in one case a time interval of Af=0.1
second was found to be too large to give reliable results, and
a time interval of At=0.05 second had to be used.

EXAMPLES

In order to illustrate the methods outlined in the previous
section as well as to compare the results obtained, a number
of examples are given in which the data used are from test
runs of a medium jet bomber at about the same Mach
number. Methods A and C are applied to flights 1 and 2;
whereas all three flights are analyzed by method B. Com-
putations are shown in the tables for flight 1, but for the
other flights only the results are given.

Table I contains the integrating matrix ||C]} based on
Simpson’s law (ref. 3) which is used in all three methods.

The airplane characteristics and flight conditions are
shown in table II (a) for all three flights. Although the
geometric parameters are the same, the parameters such as
weight, speed, Mach number, center-of-gravity position,
and altitude vary slightly between the three runs.

In table IT (b) the coefficients of the transfer function
which relates pitching velocity to elevator deflection de-
fined by equation (8) and computed by the method out-
lined in reference 4 are shown. These preliminary constants
are required in methods A and C and the actual computa-
tions are shown in a subsequent table.

Time histories of measured and derived quantities for
flight 1 are shown in table III. The quantities in columns
®, ®, ©®, and ® are measured and the other five quantities
In these tables
more decimal places are carried in the measured quantities
than are warranted by instrument accuracy in order to as-
sure no loss in accuracy in rounding off. The measurements
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of incremental tail load AL, were available only for the times
listed, and, since these covered approximately the natural
period of the short-period oscillations of the aircraft, the

TABLE IIL—AIRPLANE CHARACTERISTICS, FLIGHT CON-
DITIONS, AND TRANSFER-FUNCTION COEFFICIENTS
(a) Airplane chargcteristies and flight conditions

; i
| Flghtl | Flight2 ) Flight3 !

1 |
............................................. ' 89 89 s !
€ B e e ooz 14.016 14.016 14. 016 i
; (“enter-ot -gravity position, percent M. A.C.. 27.34 27.32 27.
. 1/see. 0.061923 | 0.062854 [ O. 062686
I 7 slug-ft_- 255, 865 255,276 258, 957
Cokad 14]. 61 141.61 14161 |
Mach mimber. 0. 497 0. 494 0.496
B 1806. 83 1802, 67 1828.66 |
D 171 166 m |
L A 1.175 1,175 1,175
(R 280.3 289.3 9.3 |
r ,_ft,“sec.. 520 512 514
A1) 58, 180 58,050 58,880
| Whs 0.289561 | 0.267595 | 0.203060
| o ft.. —33.5 —33.5 —33.5
......... - 0.87 0.87 0.87
i p, slugs,"ft' ...................................... , 0.001267 I 0.001276 | 0.00128:
(b) Coeflicients of airplzne transfor funetion
|
i Flight 1 Flight 2
}
i Coeflicient | Pr&brg?le Coefliclent Prggg}‘)le
} I
| 0.1 419 0.18
' 0.73 10.820 0.70
0.35 —10.010 0.42
II 1.4 ~15.526 1.3 ,

TABLE III.—TIME HISTORIES OF MEASGRED AND DERIVED QUANTITIES TOR
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data were considered sufficient. More of the time bistories
of the other variables were available and were used.
Method A.—The principal computations illustrating
method A are presented in table IV; some of the intermed-
iate steps outlined in method A are 31mple computations and
are therefore not included in this table.

Table IV (a) is

obtained by applying equation (7) to the data given in table '

IIT1 and llustrates step (3) of method A.

In table IV (b), the computations illustrating the deter-
mination of (,; and C,,, by steps (7} and (8) of method A’

are shown.
and the equations upon whic h the computations are hased
are (12) and (13).

Table IV (¢) illustrates the computation of (', and €,

Two of the columns are taken from table TII |

by step (10} of method A. Two of the columns are oh--
tained by operating on columns @ and @ of table III with

the integrating matrix [{Cf| Biven in table I, and the other
column is taken directly from table ITL, The computation
is based on equation (15).

The refined values of Cy,_ and Cp, are determined in table

IV (Q) by step (13). Two ‘of the columns are taken directly
from table III and the other column is derived by use of
equation (18).

Final results obtained with method A for the data of

flights 1 and 2 after three iterations are shown in table
IV (e).

FLIGHT 1

| H
Measured | Derived |
© © | o | o o | o | o ® ® ®
t Ad l AL l An a ‘ Aa [ A Ap Ao
) 0 0 0 0 0 o 0 i
.1 . 009703 660 0 0 . 000741 0 |
2 - 055812 3773 . 03792 —. 010803 —. 000922 —. 030886 . 010591 - 004629 ~. 001986
'3 07 3488 ~.12008 —. 074064 —. 005175 —.107378 - 068067 —.003]22 ~.007087
4 - 074625 1644 —~.35392 —.125305 —. 013021 —.177000 183905 —. 022667 ~[014035 |
'5 071414 25 —~. 62568 —. 140419 —. 024871 —. 204757 . 328389 —. 046165 ~. 020224
6 070698 —142 —. 92272 —. 165781 5032 —1 220103 474922 —. 070393 ~. 025122
7 067623 —2520 —1, 16920 —. 167304 . 046218 —. 215056 . 610391 —. 092683 ~.028773 |
8 68601 —3450 —1.40036 —.163628 —. 054782 —. 201806 724134 —. 112697 —- 03170 |
] 067923 —3962 —1. 56736 —. 165447 ~. 061513 —.181643 812714 —. 127257 —.034084 |
Lo 064712 —¢518 —1.74432 —1 142060 —. 066176 —. 160433 . 875829 —. 138772 ~ 035700 |
11 043245 —6321 —1. 85808 —.127027 —. 063518 —. 133012 - 908173 —. 148055 —.036500 |
1.2 . 032077 —§274 —1. 76064 —. 090426 - 068301 —. 081436 . 902665 —. 147554 ~. (034981
13 —. 012565 —g8570 —1.75064 —. 053810 —. 084585 —. 028512 . 856022 —. 145166 —.032478 |
14 —. 029802 —8778 —1. 45360 014840 —. 056328 066906 - 741688 —. 125729 —.025852 |
15 —. 028023 —5079 —1. 25768 58562 —. 024150 -126783 . 586752 —. 100205 —. 020274
18 —. 047260 —4748 —. 88480 091287 —. 030073 -164325 +400397 —. 072482 o
17 —. 075428 —4048 —. 48136 133055 —. 014737 213807 . 106631 —. 030441 —. 008194
1.8 —. 071623 —1058 —. 05056 167503 - 001884 28 —. 022338 —. 005186 001334 |
19 —. 078074 ~316 198440 196353 019360 - 285725 —. 250874 031215 00558G
2.0 —. 082513 1018 - 72680 - 207549 - 030467 —. 476562 ~067 011195
2.1 —. 088003 2172 1.17552 . 214008 -051697 281610 —~. 670353 - 100087 016361
2.2 —. 095707 2835 1. 46624 -217022 . 065082 230136 —. 854802 . 127658 021140
23 —~. 087504 5070 1. 73168 L217022 - 076305 271018 | —1.010045 156058 -025542
2.4 —. 030227 9801 2. 07208 - 186880 -085314 216138 | —1.124562 -183307 - 026731
2.5 ~. 024056 1. 86808 .121850 . 088583 . 125260 !
2.6 ~. 026422 178294 -oslen - 085705 - 021081
2.7 ~. 020702 162424 -006889 . 077804 —. 030055 ]
2.8 ~. 019651 1. 49624 —. 030516 -066452 —. 104671 1
29 — . 005864 1. 22608 —. 072772 - 052350 —. 147113 ‘ i
50 000008 00858 —. 080053 - 037762 —. 159347
31 - 005620 . 75208 —. 088704 -023846 —. 156342
| a2 007958 34760 —. 083587 - 012066 —. 136064
33 010611 20072 —. 085259 001887 —1 136890
3.4 | 009145 L 01264 ~. 06889 638 —.103735
35 -010175 —. 18960 —. 062437 —. 012536 —. 087786

!
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TABLE IV.—COMPUTATIONS ILLUSTRATING METHOD A

(2) First approximation of Cz, and Ci, by step (3)

[

(e} Determination of Cm, and Cm; by step (10}

As w A5 w ¢ i ¢ ¢ 4 ¢ i
¢ (table II, I(table FIXL, | —<An || ¢ (table 1L, | (table III, —An ¢ Aerdi | | A8dE A ¢ Ao dt phs Ao
column®)| column@®) [ €O. umn@) column @) [ 0 0
- — 0 0 0 L2 | —0.041237 | 0.067784 | —0.034881
°_1 8 0_ 009703 8 13 °j 8?3,323 _o: 8%232 0 8%32%‘1] .10 .000182 | 0 L3 | —.047910 | 068673 | —.032478
.2 | —.000022 | .038812 | .010880 || 2.0 | .036467 | —. 082513 210453 +2 | —.000018 | 003154 | — 001086 || 14 | ~.053980 [ 066415 | —. 025852
.8 | —.008175 | .072880 | —. 084770 || 2.1 | 051697 | —. 088063 340384 (8 | 000295 | 000716 | —.007057 || 1.5 | —.050045 | .0G4L19 |\ —.020274
.4 | —.01302L | .074625 | —. 102481 || 2.2 | 085082 | —. 005707 424566 -4 | —-001282) LOI7219 | —. 014635 | 16 | —.062767 | .0B060L | —.014662
B | —.024871 | 071414 | — 181172 {] 2.3 | .076895 | —.087504 . 501427 -5 | —.003153 | .02501 | —.020224 || 1.7 | —.085018 | .054201 | —.008104
.6 | —.035032 | .070698 | —. 267184 || 2.4 | .085314 | —.030227 . 600248 -6 | —.006200 | 031685 | —. 025122 1} 1.8 | —.085608 | .046582 | —.001334
N —. 046216 067923 | —. 338554 || 2.5 3858; —. 024056 . 538027 .7 | —.010314 038487 | —. 028773 L9 —. 064612 039040 005589
.8 | —.054782 | .068691 | —. 408095 || 2.6 | .085705 | —. 026422 516067 -8 | 016870 | 045288 | —.081746 || 2.0 | —.061805 | 030064 011195
.9 | —.061518 | .067923 | —. 453846 || 2.7 | 077804 | —.026702 470316 -9 | —.021209 | 052139 | —.034084 || 2.1 | —.057382 { .022443 016361
1.0 —. 066176 064712 | —. 505087 || 2.8 066452 —. 019651 424566 1.0 —. 027613 . 058781 | —, 085700 2.2 -—. 051630 013272 021140
1 —. 068518 043246 | —. 538027 || 2.9 0523 —. 005864 855025 1.1 —. 034367 . 064103 | —. 036590 2.3 —. 044418 003702 025542
12 | —068301 | .032077 | —. 506917 || 3.0 | 037762 000908 289144 2.4 | —.036264 | —.002503 026734
1.3 | —. 064585 | ~.012565 | —. 508917 || 3.1 023846 005620 217773
1.4 | — 056328 [ —. 022862 | —. 420006 || 3.2 012066 007958 . 100651
B The chem Chan 4 el | e eason[*
. hant - - o - . 0 . =
1.7 | —. 014737 | —, 075428 | —. 133592 || 3.5 | —.012536.,  .010175 ~. 054901 ba c"‘«ﬁ, da ‘”"'C"‘EJ;, a8 dt
0.042893  —0.0366357] [Om, 0. 005959
cL Aa+cL,Aa=v—g An -—0.030635  0.045583_| {Cm,[ — |—0.018185
-3
g
. Con=—0. 644
[ 0.087761 —0, 053345] {c;,n} |: 0. 606401]
~0.058345  0.100904.§ 1Cs] | —0. 350826 Comy =—0.916
Cp,=7.07
Ci,=0.262
(d) Determination of the refined values of Cr, and Ci,; by step (13)
b D \nation of b Ag AS AS t
(b) Determination of Cm; amd Cm;, by steps (7) and (8) ¢ | (tableII], | (tableII,| Ay t (tableIII (table III, A
" leolumn @) jeolumn @ column, ') column @) z
t (table I (tab?é‘m ¢ (table III (tab?: bung 0 1 8 6 009703 8 %g 0. 8%%%3 —0. 8?,;2;2 —0. gg;gé})
column @) | column @) colums ®) | column @ 2 | —.o00922 | 055812 | .01304L || 2.0 | 036467 | —. 082513 +191100
§\ch) e oo gw e
-— . - . D - . . bl ID{0¢ .
0_1 8 00741 }% °: g‘;ﬁgg; y %2?,?23 .5 | —.024871 | 071414 | — 167510 || 2.3 | .076805 | —.087504 . 483307
.2 . 010501 004920 1.4 744686 —. 125729 .6 —. 035032 070698 | —. 252511 || 2.4 . 085314 - 0302?7 . 585856
'3 068067 —. 003122 15 - 586752 —. 100705 .7 | —.046218 067023 | —.324221 (| 2.6 . 0885! —. 024956 . 520696
‘% 183905 02966 I6 © 400397 072582 .8 | —. 054782 088691 | —.394650 || 2.6 | .085705 | —.028422 . 514646
5 328389 —. 046165 17 - 106031 —. 030441 .8 | —.061518 7923 | —. 441549 (| 2.7 .077804 | —. 026702 . 473006
.6 474992 —. 070393 1.8 —. 022338 —. 005166 1.0 . 006176 064712 | —.494407 || 2.8 . 066452 —. 019851 . 431572
7 610391 —. 092683 1.9 —. 9250374 031245 L1 < 068518 043246 | —. 529178 || 2.9 . 052350 —. 005864 . 364
'8 724134 —. 112897 2.0 —. 476562 067003 1.2 | —. 068301 032077 | — 501508 || 3.0 . 037762 . 000908 . 200324
9 812714 ~. 127957 2.1 —. 679353 100087 1.3 —. 084685 | —.012565 | —. 506173 || 8.1 . 023846 . 005620 . 228216
1.0 875820 —. 138772 2.9 —. 854892 127688 L4 —.056328 | —. 022862 [ — 4253?5 3.2 . 01201 007958 109736
1.1 608173 —. 148055 2.3 —1.010045 156658 1.5 -, 044150 | —, 026023 | —.372653 |} 3.3 . 001887 010611 093319
%4 1 194560 $ 183397 1.6 | —.030073 [ —. 047260 | ~—. 267181 || 3.4 | —. 00663 . 009145 010582
L7 | — 014787 | —. 075428 | —. 147860 | 8.5 | —. 012536 .010175 —. 049055
Cmi (Aei} = (0] Ap=Cz, dartCr, A8
9. 834264 Cmj = —1. 878836 0.087761 —0.0533457] (Cl,, 0. 597599
Cmj=—0.1580 —0.053345  0.100964_{ |G, [ — |—0. 331104
Cmy=EKi—Cn; Cr,=7.09
Crmy=—0.0803 Ci,; =0. 469
P
(e) Final results using method A after three iterations
Probable o
Flight 1 error for Flight 2
flight 1 e -
7.00 0.113 6.70 £ . o
0.468 0.105 0.446 . o e
0.072 0.0004 0.076 .
. 0,028 0. 0004 0.033 '
Lo —0.622 0.003 ~0.711
Oy e -0.171 0.001 —0,181
G me e ee e -0.068 0.001 —0.078
Cimgenmmememee e ememmeeeea —0.914 0.003 —0,968
(oA S 4.84 5.05
P 0.425 0. 461
Yo/ %0 R, 2.19 2.08

295667—55
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Method B.—The principal computations illustrating
method B are presented in table V. Again, some of the
intermediate steps outlined in method B are simple com-
putations and are therefore omitted. In table V(a) the com-~
putation demonstratmg the determination of C,, C.; and
Crn; by step (4) by using the relation (25) is shown. Three
of the columns are obt-a'mecl by operating on columns @, @,
and @ of table IIT with the integrating matrix ||C|| given
in table I.

Table V (b) illustrates step (7), the determination of Cy,
and Cy, using equation (19). Two of the columns are ob-
tained directly from table III and the other column is
derived by using equation (18).

In table V (c¢) final results obtained with method B for
three sets of flight data are shown.

Method C.—The principal computations of method C are
presented in table VI. Table VI (a) shows the computa-
tion of K, K,, K;, and K, from flight 1 data by the method
of reference 4. The integrals in table VI (a} were computed
by reading the film at 0.05-second intervals and using the
integrating matrix for At=0.05 second; this interval was
necessary in order to obtain reasonable results for the
method. Use of the time interval At=0.1 second did not
produce sufficiently accurate values of K; and Kj in this
case. Table VI (b) shows the computation of the K values
for flight 2 data. In this case a time interval of At=0.1
second was sufficiently small to produce reliable results for
method C.

In table VI (¢) the final results obtained with method C
for flight 1 and flight 2 data are given along with the results
obtained by using the approximate formulas of appendix C.

DISCUSSION

The three methods presented in this report are based on the
assumptions that the aireraft has two degrees of freedom
(vertical motion and pitch), that the motion of the aircraft
can be adequately described by the linear differential equa-
tions of motion with constant coefficients based on small-
perturbation theory, that the aireraft is a rigid body with no
flexibility, and that the major contribution to the damping
comes from the horizontal tail. The airplane, its flight con-
dition, and the maneuver to be analyzed must therefore fall
within the realm of these assumptions; that is, the airplane
should be operating under conditions in the linear range of the
coefficients, the maneuver should be of the pull-up or push-
down variety where little loss in airspeed oceurs during the
maneuver and where displacement angles are small, and the
maneuver should start from a level-flight trim condition and
should be in the Mach number range in which these assump-
tions are valid,

Since the choice of the method to be used depends primarily
on the number of measurements which are available, method
A is recommended when four basic measurements are avail-
able, method B wheun three measurements are available, and
so forth. If, however, an accurate value of X is known in
advance, then method B is recommended sinee it will give
the most information for the least amount of work. Method
C requires more work than method B, and the modified
method Cis not expected to be so reliable as the other methods,

In these methods suffieient data to cover the natural period
of the short-period oscillations of the aireraft should be used.
For highly damped motions sufficient data should be used to
approach tbe steady-state value.

The accuracy of the resuits obtained from these methods is
influenced considerably by errors in the instruments and in
the’ record reading. Instruments used should be acceurate,
calibrated both statically and dynamically, and free from:
drift and hysteresis. Before an analysis is starled the data,
should be corrected for known instrument crrors; the records
should then be read as carefully as possible. Measured tail-
load data should be corrected for effects of inertin. The
accuracy of the analysis next depends on the time interval
selected for the integrating matrix and on the amount of
departure from the basic assumptions. Provided the initial
data are accurate, the smaller the time interval the more
accurate the results. If at all possible, therefore, time inter-
vals of Af==0.05 second or At=0.025 second should be used.
for an accurate analysis. With the introduetion of oscillo-,
graph timers, which record timing marks every 0.01 second,
and the use of IBM facilities to process the data, such timing’
intervals are feasible. The difterences between the values
shown for different flights in tables IV (¢), V (¢), and VI (),
are believed to represent the scatter caused by effects of
flexibility, minor nonlinearities, instrument errors, record- °
reading errors, changes in airspeed during the maneuvers, and.
other items which essentially depart from the basie a_ssmnwé
tions.

As may be seen from a comparison of tables IV (a} aml
IV (d), the inclusion of the (%, and (%, terms in the foree
equation for method A has little or no eﬂoct on (%, but hax n
considerable effect on Cp;. If the (p, and Cpy terms aru
retained in the force equation in the developnwnt nf equal mn
(8), the form of the equation remains the same but the I\
values now mcludo Cr, and Cy; terms. These terms werd
found to have a neo'hglble effeet on the K values and their
inclusion made the equations too unwieldy to hand[o For
the sake of completeness, the A values ine ludmg the (7%, and

C., terms are given in appendix E as I, K., K, Tﬂ. K,
and K. ‘
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(2) Determination of Cm,, Cm;, a0d Cny

TABLE V.—COMPUTATIONS ILLUSTRATING METHOD B

§ at tAEdt tA&dt L ¢ ! d ‘ £ d ‘ d 14
¢ A — Acdt Af dt AS df =
0" J;) 0 ¢Se 0 % J:J 0 a8t
0 0 0 0 L8| ~—0.065668 | —0.104508 0.046582 0.015219
.1 0 0 000182 0 L9 —. 064612 —. 077530 . 039040 . 017840
.2 —. 000018 —. 001164 003154 —. 001800 2.0 —~. 061805 —. 048742 030954 . 018857
.3 —. 000295 —. 007697 009716 —. 006729 21 —. 057382 —. 020009 022443 - 019444
.4 —. 001232 —. 022265 017219 —~. 011385 2.2 —. 051530 . 008260 013272 .019718
.5 —. 003153 —. 041702 024501 —. 013576 2.3 —. 044418 . 035803 003702 . 019718
.8 —. 006! —. 063115 031585 —. 015062 2.4 —. 036264 . 060589 —. 002593 . 016979
7 —. 010314 —. 085043 038487 ~. 015219 2.5 —. 027525 . 077951 —. 605206 . 011072
.8 —. 015379 —. 105018 045288 —. 014867 2.6 —. 018770 . 084949 —. 007809 . 004856
.9 —. 021200 —. 125274 052139 —. 014123 2.7 —. 010553 083685 —. 010526 000626
: 1.0 —. 027613 —. 142554 058791 —. 012989 2.8 —.003317 076269 —. 012005 —. 003590
L1 —. 034367 —. 157253 064103 —. 011541 2.9 . 002646 063493 —. 014122 —. 006612
12 —. 041237 —. 168003 . 067784 —. 008216 3.0 . 007146 048510 —. 014312 —. 007355
1.3 —. 047910 —. 173429 . 068473 —. 004889 3.1 . 010221 033065 —. 013068 —. 008059
1.4 —. 053089 —. 171195 . 066415 . 001330 3.2 . 012008 018620 —. 013267 —. 007590
15 —. 050045 —. 161157 . 064119 . 005321 3.3 .012687 005148 —. 012304 —. 007746
16 —. 062767 —. 146702 . 060601 . 008294 3.4 . 012428 —. 008739 ~. 011282 —. 000280
1.7 —. 065018 —. 127892 054201 . 012089 3.5 . 011447 —. 016172 —. 010294 ' —. 000869
I . t t ¢
75e0=Cne A Aa dt+Cn; 0 AE dt-+Chmy o A5 dt
0.0448786 *  0.0743828  —0.0370442"F ( Cin, —0. 0072099
0.0743828  0.2950167 —0.1121529 | { Cms 5={ 0.0059555
—0.0370442 —0.1121520  0.0471095 | ( Cw, —0. 0006984
Cn,=—0.624
Cry=—0.149
| Clng =—0.861
:
(b) Determination of Cr, and Cy,; (¢) Final results from thres sats of flight data using mathod B with A=0.5
Ax 4§ Aa Ad . Probable
t (table ITT, | (table III, Ay t |[(tableIIL, | (table III, Ay Flight 1 | error for | Flight 2 Flight 3
column @) |column &) column ®)| column @) - flight 1
"y |0  oosros | o 18| Ooee0 | 2 0more | " oaeees A e B e
. . . . —. 07867 . 0.456 0. 105 0. 402 0,420
2 | —.000922 | . .055812 | .012900 || 2.0 036467 { —. (082513 192411 )
.8 1 —005175 | .072880 | —.028063 || 2.1 051697 | —.088063 322604 0.062 0.008 0.057 0.053
.4 ¢ —.0183021 | .074625 | —.091424 |{ 2.2 065082 | —. 095707 . 407066 0.031 0. 004 0.028 0.026
6 | DiOasosz | o7oems | iaoadss || 54| Coma | —oamy | oem | 0624 | 0.0 | —0.670 1 —0.698
6| —. 0350 . - . 5 - ; : g . "
T | —.046216 | .067923 | —.325120 |} 2.5 088583 | —. 024056 530203 —0.149 0.019 —0.136 —0.126
§ | e cdeml ) me) Com ) o o | eoo | oo | o
. - . - 7 - _ - -
10 | —.066176 | .064712 | —.49505 || 2.8 | .066452 | —.019651 431104 0.861 | 0.063 0.813 0.892
11 | — 068518 [ .043246 | —. 520718 || 2.9 052350 | —. 005864 . 364215 4.21 3.7 || 852
1.2 | —.068301 | .032077 | —. 501830 || 2.0 037762 0908 . 208661 2.13 1.87 1.96
1.3 | —.084585 | —, 012565 | —. 505261 || 8.1 023846 005620 . 227539
1.4 | — 036328 | —. 022802 | — 425000 || 3.2 012066 007958 109150 4.
1.5 | — 044150 | — 026023 | — 372095 | 8.3 | .001887. 010611 092732
1.6 | —.030073 [ —. 047260 | —. 266469 || 3.4 | —. 006638 . 009145 010140
1.7 | —.014787 | —, 075428 | — 146952 || 3.5 | —. 012536 . 010175 —. 049418 ,
Ay = Cr Aot CLy A8 ra
0.087761  —0,0533457] { Cz, 0. 508132 * -
—0, 053345 0.100064 |} €, [ ~ | —0.332834 j
Cr,=7.09
C1;=0.456




REPORT 1169—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TABLE VI.—COMPUTATIONS ILLUSTRATING METHOD C
(a) Determination of K, K3, K, and K from flight 1 data

4 tfr . : 4 £ £ e .‘ .
-f As df -f f Al dr dt a6 ¢ A8 A8 dt - asdt —f f A8 dr dt —A8
0 o Jo 0 0 oJu
S ] o
0 0 0 12 | —0.13 —0. 062088 —0. 06983 ~0. 03863 L0, 0O04TE |
.1 —. 00016 0 13 —. 140928 —07 —. 07124 —. 04570 [ .053810 |
.2 —. 00333 —. 00018 019808 L4 —. 142456 —. 090671 —. 06016 —. 05274 | —loécio
3 —. 00933 —. 00082 074064 L5 —. 138768 —104768 | —. 00726 —. 05058 -
4 —. 01734 —. 00217 125305 16 —. 131333 —183%01 | —.0033 —. 00613 i —. OILZ87
5 —. 02473 —. 00497 140419 LT ~. 120101 —.130007 | —. 05716 —. 07218 —. 13305
6 —. 03205 —. 00711 165781 18 —.104585 —182170 | —.04075 —. 07752 —. 167
T - —. 01008 167505 19 —. 086708 —. 151759 —.01230 —. 08213 Pl I35
'8 —. 04824 —. 01495 163628 2.0 —. (766656 —. 150437 —. 09387 —. 08504 — E5
.9 —. 05317 —. 01092 155447 21 —. 045823 —. 1850 —. 02518 —. 08890 -
1.0 —. 05004 —. 02558 142060 2.2 — 020343 —. 168577 —. 01588 —. 03096 [y
11 —. 06560 —. 03188 17027 28 —. 002325 —. 169910 —. 00649 —. 00207 I~ z7om
24 018660 -1 |- 00126 t —. 09241 I -1
¢ t t(r \
K1A0+K2J; AR di— Ksﬁ A de— KGJ;) j; ASdrdt=—Aad
{]
0.188701353 0141082460  0.004470058  0.0813522767] ¢ K, —0. 004034232
0141082469  0.24722031L  0.073030691  0.136203337 |) Kz _ } 0.220668158
0.004470050  0.073039601  0.040280073  0.042731928 |) K5 ( ™ ) —0. 008349134
0.081352276  0.135208337  0.042731928  0.075308217 \ Ky 0. 119723023
K1=4.14
K3=9.55
Ri=—9.71
Ey=—14.62

() Determination of X3, Ky, K3, and K from flight 2 data

[=]

PHEDOO~IM ORI

Intaln

[] tr . ¢ i t [t )
— | Addt - Aj dr df —Af 4 Af Afdt —| asdt - A& dr ot —AS
i] aJu 0 0 0 Jo

i "] 1.3 —0. 148557 —0.081124 —0.075188 =-{0. 048250 0.022301
. 000064 . 000025 )] “1.4 —. 146621 —. 005959 —. 070181 —. 055550 —. 053825
—. 002278 —. 000063 018779 1.5 —. 138050 —. 110267 ~. 062688 —. 062211 —, 12320
—. 0087156 —. 000699 . 065021 1.6 —. 122660 —. 128344 —. 054155 —. 068062 . 182144
—. 016785 —. 001861 . 126166 1.7 —. 102296 —. 134634 —. 0456741 —. (73050 —, 821760
—. 025055 —. 003852 . 161906 1.8 —. 079073 —. 143710 ~. 037416 —. 077213 -, 30844

—. 033384 —. 006874 183005 1.9 —. 054902 —. 150417 —. (128839 —. (080628 —. 2407
—. (041623 —. 010622 . 191186 2.0 —. (31272 —. 154720 —. 020024 —. 082973 —. 53255
—. (040313 —. 015167 . 190325 2.1 —. (08208 —. 156692 -. 010793 —. Q84517 —. 228718
—. 056182 —. 020438 . 174393 2.2 . 014414 ~—. 156370 —. 001206 -. (185120 —~. 1758
—. 063462 —. 026417 . 153204 2.3 . 085352 —. 153867 . 006202 —. (84862 —. 193330
—. 071765 —. 033208 . 125305 2.4 . 05238 —. 140447 . 012185 -, (183015 ~—. 148938
—. 076422 —. 040647 . 083106 2.5 . 065480 —. 143521 018677 —, 082370 [ —. 114540

[ & tfr .
KLA6+I(2J:) Al d(—Ix’aJ; A dl—KsJ;} fl AS dr di=—A8
{

0.18385708  0.00819197  (.00180851  (0.05739522%] (A} — (02525328
0.09819197  0.25436118  (.05665420  0.14095203 | jAL| | 0.28335143 1
0.00180851  0.05665420  0.04725485  (.03311576 | |As| |—0.01717559
0.05730522  0.14095203  0.0331157¢  0.07828319. (K, 0.14957619,

Ky=4.19
K3=10.33
Ki=~-10.01
Ky=—15.53

(¢) Fioal results using method C with x=0.5

Flight 1 Flight 2
Accurate | Approximate | Probable Aceurate | Approximate
values values error values values
7.21 - 7.00 0.106 7.59 7.8%
0.374 0.371 0.013 0.394 0.301
0. 066 0.067 0. 005 0.067 0. 069
0.033 0.034 0. 003 0.03£ 0.03¢
—0. 624 —0.627 0,073 —0.700 ~(. 710

—0.158 —0.160 0.012 —0.161 —0.164
—0.080 0.006 —0.081 —0.082 |
—0.887 0.032 —0.941 —0.035
PCLPX) b 4.5¢ 4.49 4.58

b ler 3 . L73 ' L84 183

PO S——




METHODS FOR DETERMINING AIRPLANE LONGITUDINAL-STABILITY DERIVATIVES FROM FLIGHT DATA

In the actual computation it is recommended that the
simultaneous equations formed by the least-squares procedure
be solved directly by the elimination of the variables or by
Crout’s method. (See ref. 6.) The use of a least-squares
method permits the calculation of a probable error, which is
an indication of the fit of the data. The expression used in
computing the probable error is”

&2 (B,

P.E.=0.67454/ £
where By is the main diagonal term of the inverted matrix
of the coefficients, E is the difference between the computed
and measured value of the variable, N is the number of cases
considered in the least-squares procedure, and « is the num-
ber of unknowns determined by the least-squares procedure.
A probable-error analysis was made of all the results using
. flight 1 data and these results are given in tables II (b),
IV (e), V (¢), and VI (¢). This probable-error analysis
indicates that all the derivatives determined by method A
with the exception of Oy, appear to be more accurate than
the derivatives determined by method B or C; it also
indicates that the derivatives determined by methods B and
C appear to be of the same order of accuracy.

When the computed stability derivatives are substituted
back into the equations of motion, the method that uses the
most measurements and has the fewest restraints imposed
on it would be expected to produce the most accurate results
and give the best fit to the original data. This might not
be the case, as illustrated in figure 2 which compares the fit
of the measured data with the computed data for the three

11

methods presented. The results for method A are more
accurate for the data herein than the results for method C,
but the fit of the incremental-pitching-velocity curve for
method C is as good as, if not better than, the fit for method
A or method B. It appears in general that the more coefli-
cients determined from a single time history the better will
be the fit of the data but the less accurate will be the coeffi-
cients determined. The fit of the data is interesting since
the three methods presented are essentially curve-fitting
processes in which the longitudinal equations of-motion are
used to fit the flight data. A good fit indicates that the
equations of motion and assumptions used adequately fit the
data and the coefficients determined, if inserted in the
equations of motion, will reproduce the motions of the air-
crafs.

In figure 2 the incremental tail load shown for method B
was computed by using the stability derivatives determined
from the time histories of incremental load factor and
pitching velocity. In method C the incremental load factor
and tail load presented were computed by using the deriva-
tives determined from the pitching velocity. These time
histories indicate how well the derivatives determined on
the basis of the measurements recorded by one set of instru-
ments will predict the measurements recorded by a different
set of instruments. In the case of method C the agreement
is good; in the case of method B it appears that a more
realistic value of A than 0.5 should be used. Method B is
more sensitive to A than method C is.

Although wvot presented, the derivatives determined from
flight 2 by methods A and C were used to predict the motions
of the aireraft for flight 1. A comparison was then made

A — — —
5 Eo - Method A = L Method B L L Method C
E5ES /
5888 o N /
$35 " S S .
83 Geg
= B4 | ™ 1~ ™~
'4 - Flight data
- ) —— —— Computed -
<
© § O Lo ~ 3 —
£ g g ‘3
£o8 7
g 29
SER TN N / A
E. 3 L = = \: PSSy
-2
2 g > 7
§ ‘5.. r/ r/ = £
578 - P
ETd O Tt w4 < N
S p.
_‘&? —g \\\-/ S J/ = J/
-2 — —
10X1073
=
§§ 2 Q\ e N RdRya L
o _—a- j © \§= 7 \\:\ —{ //- \t\ d
£= N N =/
i
_IOO 4 .8 1.2 18 20 24 0 4 8 1.2 1.6 20 240 4 8 _ 12 16 20 24
Time, sec Tirne, sec Time, sec

FigurE 2.—Measured and computed flight 1 time histories of incremental elevator displacement, pitching velocity, load factor,
and tail load showing the fit of the data.
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with the actual flight 1 motions and it was found that the
predicted motions and the actual motions were in good
agreement. These results verify the validity of the method
outlined herein as applied to the example airplane.

A possibility for a further generalized method which would
include damping effects of wing and fuselage and therefore
would make the method applicable to the case of swept-wing
airplanes may be realized by combining features of method C
with method A in the following manner. Equation (A20)
may be written in the form

Crg {6—E Aa}+0 nga+a}={—°’lAL ~Zc Aa}
may e e e g, gSe " & Le
Now O’"ﬂ'; and C,, may be evaluated by a least-squares
procedure, provided an accurate velue of C; is available or
can be determined. Examiration of the probable errors for
Cy, given in tables IV (e) and VI (c) indicate that, in the
case of the medium jet bomber used in the caleculations
herein, the more accurate value of Cy, is determined by
method C by using equations (C12) and (C4). It is believed
this will generally be the case for the derivative Cp,. It
might also be noted that this value of C;, will provide more
rapid convergence of the iterative procedure of method A.
The usual assumption is made that the contribution of
wing and fuselage to C, is negligible. Then C,; can be
computed through the use of the value of Cp; computed by
the above procedure and equation (A22).

Possibilities for further investigation are to expand the
method to include flexibility effects and the effects of higher-
order derivatives and to extend the method to the case
where the Initial conditions are known but are not neces-
sarily zero; that is, the maneuvers do not start from level-
flight trim conditions. The methods could also be extended
to other configurations such as canard aircraft and tailless
aircraft, and perhaps a similar analysis could be made of

the lateral motion of an aireraft to determine the lateral
derivatives.
CONCLUDING REMARKS

An analysis of longitudinal-stability derivatives by three
separate methods has been presented and applied to flight
date. Method A, the most general method, requires four
measurements in time-history form and permits computation
of all the longitudinal-stability derivatives; it also requires
the most computing time and gives the most accurate
answers. Method B, which requires three measurements in
time-history form and one supplemental assumption, namely

Ré

-C—,—=Constant. (where C,, and Cp; are the pitt“hing-[
mg

moment derivatives), gives the most information for the.
least amount of work and gives results whickh are in good
agreement with those of method A. Method C requires.
two measurements in time-history form and two sup-

Ca. .
namely —C,f"—"‘= Constant and

mg

plementary assumptions,

z e :
0,,,5:-—5—‘0;,5 (where Cpn, and Cr; are the elevator-effectiveness

derivatives, x, is the iail length, and ¢ is the mean acro-
dynamic chord).

The results obtained for the methods presented depend in
& large measure on accurate instrument measurements and
require considerable .computation to yield adequate engi-
peering answers. Since, however, the present trend is towand
increased instrument acecuracy and expanded facilities for
machine computation, this directon appears to be the one
in which flight-data analysis should proceed.

LANGLEY AERONAUTICAL LIABORATORY,
Nationan Apvisory COMMITTEE FOR AERONAUTICS,
LaxcLEY FieLD, V4., August 15, 1962.




APPENDIX A

DETERMINATION OF LONGITUDINAL-STABILITY DERIVATIVES BY USING FOUR MEASUREMENTS
IN TIME-HISTORY FORM

EQUATIONS OF MOTION

The equations of motion for small vertical-plane dis
turbances may be stated (see fig. 1 for definition) as

o W

oC,
) _g_ 1’7' aoz’) . SAa+<——) ﬂqu Aa,-l— aa ﬂqu[Aa
y (A1)

o o0, - oC
IG=<"W)WB qSCAa-l'(—sf)t n,qS,.’I;;Aa,—}—
dC,, _ dC
_35—2 ﬂLquCzA(S'i‘_‘aaﬁ ﬂtQStl'tAa (A2)
where

_ 0¢) 580 4o 1

Aay=Aa (1“571 ~a G5 (A3)

These equations are for a rigid body and are based on the
usual assumptions of linearity, small angles, and no loss in
airspeed during the maneuver. It should be noted that the
“| variables are all in incremental form measured from a steady-
flight trim condition.

Substituting equatioa (A3) into equation (Al) results in

-H— WV '—Aal: aOl’)
g . da B

G Al

. (00 2, 0e , /0C x, 1
()08 § et (52, o8 o

.‘7 VN
oC
355" 1eSia0 (A4)
Since
'V'
z‘&n-—? ¥ (A5)
equation (A4) can be expressed as
%An OLaAa"I'OL a—rOLgé-FOLaAa (A6)
where
o)
Cr= %%L) oCs EE (1 =) @
Crgm— (%) n S 2e (ab)
— (%), Siz 1 e
0[,0‘— e . N E' T/’_\f/_;]—t (A?(,)

oC
Crp=5t 1, 3! (A7d)
Substituting equation (A3) into equation (A2) gives
I "_ aom DC’L S[ 11; . :l';_a_&__
78e 0= _aa_> A°‘+< da )i'S [A"‘(l V3
oC, oC
03 ! :|+ ‘ L%‘i‘ Ap+— m’gj Zips  (A8)
or
I8 00, 301, Sz -Et :I
as=e| (), (3) 5 5 (t=3e) I
R [ aOL IS'; xtz()e:l_i_ [ 50;, S; x;z 1 ]+
* "8 EVoa 0a )" SV [y,
aOL: S, Ly o0 S, ¢,
M(aa "y T aa"“??) - @9

which can be expressed as

;5?-— Cm At Cryit CiCo 25 (A10)
where
Cp=i %%) 5_02 0, St xt<1_9£> (Allg)
o /ws

\ _
- ,"‘%;—T;% A1b)
_ 0N Simr1l T
Cri=—\5 STV g (Alle)

. 20 ¢
C’ma='“_a;‘ ’“%%"‘ 3 ’7‘%% (A11d)

From an examination of equations (A11) a;ld (A7), the
following relations are seen to exist:

Om",:% OL& (Algﬂ,)
Cmg=2* O (A12h)
Cmg=nIn. g—e Cng (A12¢)

Equations.(A6) and (A10) are linearly dependent in the

13
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present form and must be suitably altered to be put into a
computational form. As is well-known, C; and Cr, are
small, and initially for computational purposes the force
equation can be expressed as

W

ﬁ An= OLaAGC'{' O'L‘,Aé‘

(A13)
The derivatives Cy; and Cp, can be determined by means of
equations (A12b) and (A12a), respectively, after Cn; and
Cp, are determined.

Equations (A13) and (A10) are now in the identical form
of the equations of motion developed in reference 7. From

figure 1 the following relation is seen to exist:
Af=Aa+Ay (A14)

As demonstrated in reference 4, equations (A10), (A13),

and (A14) may be solved simultaneously to obtain the rela-

tion

i Kb+ Kod0=K A5+ K, f ‘Abdt (A15)
0

which may be expresseed in integral form as

é—{-KIAB—l—KJ A8 dt=K, 0 AS clt-l—st ’ [ "ASdr b
k . Jodo

where .

k=% %’;——9} (Cy 0,,,,,)] (Al6a)
I,_Z=_(ITS°( e O C z,f'.“f’r‘g (Al6b)
K= = 25 C1,C ) (A160)
=23 05 (0, Coy Cr ) (A16d)

By using the matrix method of reference 4, K,, K;, K,
and K; may be evaluated from the time-history measure-
ments of pitching velocity and elevator angle.

METHOD OF SEPARATING Cma- AND Cm"5=

. This method of separating C,; and C,, applies only to
conventional aireraft configurations equipped with a hori-
zontal tail surface located to the rear of the wing so that the
major econtribution to damping in pitch is due to the hori-
zontal tail.

In order to separate ('n; and Cp,, the tail-load equation is
developed into a form suitable for computing C,; separately
in the following manner: - .

The incremental tail load is given by

>0 14
AL,= L) qu;Aa;-]—WL‘ mquM (A17)
Substituting equation (A3) into equation (A17) gives
B ac’L | /. de\ .Mz, de a1
AL:“(“'_“‘ tnlqsl [Aa <1'—'a _._aiIrb_d—o T/T.ﬁ]-l_
o
—63 7.8 g Ad (A18)

or

AL, _ aCL) (1 ae)A a(*,;) Siz:de .
7S = T T

20 S, L 4,00, 8 :
pady 2 :"‘§‘T;x"n_ 64+ _—_——¢ > Y S'l A (AlY)

which can be expressed as

AL, T &V ¢ .
e e A Cns) | BatS (Cuglot Cus) + (1 38
(A20)
From equation (A14) it ean be seen that
it Cough={Crmgt Cmg) &+ Cr f
but from equation (A16a) t
I . I > i 4
Cm.&"l" 0m§=ﬂ (-'!bq_"ﬁz' A!"_‘I‘- m (A22)
Therefore,
Cméc'\f"l" Cma'a.=Ifmét+ 0""07 (A'23)

Substituting equations (A22) and (A23) into equation (A20)
gives

AL eV
t l: ¢ 2 (\ moma Kw‘i‘cmg'):l Ao+
;3—; (Km(:!-l' Omﬂ;) + CL., Ad (1124)
which can be expressed as !
AL, ©V
qS‘—f_rT K[g OC—-'— leoa-—— CL6 Ad
—Cog —;—'y-—;—— (ri1) Aa:l (A25)
or
Ap=Cnihe (A26)
where
Ap —-AQ—LS—.t —E-I KIQAQ——— Ixmzx—-C';,a Ad (A:ZT
and
Ae=r7—73 (‘”'“)A“—m,[v An— (-\m-i-l)Aa:I

(A28)

From equations (A14) and (A5) the following relations are
self-evident:

c'v=0.—-% An

¢
Aa=A6—%f Andt (A2y;
" Jo _
The relations needed to determine the longitudinal-stability
derivatives from the flight measurements have now been
developed from the equations of motion; it remains to express
the pertinent relations in matrix notation. :

MATRIX FORM OF THE EQUATIONS
A powerful tool for data analysis is provided by matrix

. methods since tabulated time histories may be conveniently;



carried in the equations of motion. In the matrix solutions
using data, it is well known that numerical differentiation is
inherently more inaccurate than the corresponding integra-
tion process. For this reason, whenever necessary, the
| differential equations are expressed in integral form. The
'first step in matrix solutions is to tabulate the recorded
' values of the basic variables at a number of points &, t;, &,
‘ts, . . . along a given time history as in table III, the interval
of time used in most of the computations in the report being
At=0.1 second. These tabulations then become the various
column matrices Ad;, AL, An;, and 6,. In certain cases

* smaller time intervals must be used to get reliable results.
Another means of getting more accuracy is to use integrating
matrices based on cubic or quartic curves faired through the
data in place of the parabolic curves.

The four basic measurements used in the development
herein are incremental load factor, pitching velocity, tail
load, and elevator angle. By use of equation (A29), the
time history of incremental angle of attack is computed.
Equation (A13) may be expressed as

Aoto Adg ’Anﬂ
Aoy A8 Any ‘
Aas Ad, C,’La) W Ang
R B T 0 A ST
Aoy Ad, kA'nnJ
or
Ce) W
1BIl{ gred =gg tans) (A31)

Applying least squares, which in matrix notation involves
premultiplication of matrix B by its transpose B’, to equation
(A31) yields

T Ce )l W
(B'B] { o }T < (B'ng) (A32)
for which the solution is
0 I4 - !
{ 0:}:[3 B]-* q—’g { B'Any) (A33)

By the method of reference 4, compute K;, K;, K, and K

from the time histories of the pitching velocity and elevator

.angle. The value of Kj can be obtained from equation

(A22). Time histories of the derived Ap and Ae functions

can now be computed by using equations (A27) and (A28)

- since the value of Cy; has been computed from equation (A33).
Equation (A26) becomes

; {Bpi}=Cn; {A¢:i} (A34)
Applying least squares to equation (A34) results in
e
; (Aus Doy
L e (A35)
; (A<Pt)2
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From equation (A22) (), is obtained as
C’m,s‘:-zl{m_ Omo' (A36)
Equation (A10) is now expressed in integral form as

I . ¢ ¢
q—S'Ze_C"‘« . Aa dt4 Oy Aat Oy A8+ Chry , Asdt  (A37)

which can be rewritten as
I _ t !
550 Cngha—Cng Ao—o,,,afo Aadi+Ch, fo Asdt (A39)

Now if

I
Aa=3§__c_ 0~ Cny Aa—Cry A (A39)

then a time history of Ac can be obtained and equation
(A38) can be put in the form

to to r -
f Ao dt f Ad dt Agy
0 )

t1 ty
f Aa dt f AS dt Agy
0 0

ta to Om
j; Aa dt J; Ad dit {0 a}=j Aoy L - (A40)

ft"Aadt f’“Aa dt Acn
0 0 \. J
or
Ca,
1Dl {gme} = tac) @
Applying least squares to equation (A41) gives
(DD { g’"} —{D'Ac)) (A42)
mg
and the solution is
Oma rNi-1 ’
§0m5}=[D DI~{ DA} (A43)

In order to include the effects of the Cy; and Cy, terms
initially omitted in the force equation, equation (AS).is
rewritten as

AY=C Ac CrAS o

where

7
A¢=Z?§An—01,59—01,&& (A45)
Method A may now be iterated to obtain more refined
values of the derivatives. The values of Oy and (i,
determined by equations (A35), (A36), (A12a), and (A12b)
are inserted into equation (A45),and a time history of Ay is
computed. New values of O, and C,; are computed from

B'B] {0} —{(B'M)

Cs, (A46)
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or

et = BB (Baw)

Ly

If these values of C;, and Cy, are used, a new value of K,
and a new time history of Ax can be computed, which, if
inserted into equations (A34) and (A36), yield new values
of Cn; and C,,. The derivatives C;, and C%; are again
determined from equations (Al12a) and (A12b) and a new
time history of Ay is computed by using equation (A45);
refined O and Cy, derivatives are found from equation (A46).
The process converges rapidly. After it has converged,
compute Crn_ and Cn, from equation (A43). Thus far Cy ,
Criy Crgy Oryy Cmyy Crmgy Omg, and Cpy have been determined.

Then (%%i) may be determined by rewriting equation
(Allc) as t

0L . _SeV_ o

Oa /; S,mﬁ\/a e
An examination of equation (A12¢) shows that

% 1 Cng
aa—.\.’;,_t C'mé
and from equation (A7d)
2C., 8
08 S,

All the longitudinal-stability derivatives are now determined,

APPENDIX B

DETERMINATION OF LONGITUDINAL-STABILITY DERIVATIVES BY USING THREE MEASUREMENTS IN TIME-HISTORY FORM
AND ONE SUPPLEMENTAL ASSUMPTION

The three basic measurements used in method B are
incremental load factor, pitching velocity, and elevator
angle. The supplemental assumption made is that C,,,/Cpr;
is a constant, that is,

Cny=NCr (B1)

For a first approximation the constant is assumed to be equal
to ¥ (see ref. 5).
If the definition

AE=7\&—|—€=(1+)\)9——7\%A¢1 (B2)

is adopted, a time history of Af may be computed. Then
Crib+ Cpyoo=CpAL (B3)

The integral form of the moment equation (A37) can then
be written

I H R . § [
mhoﬂ,aﬁ A dt+cmé£ AL czt+0,,,,fo Asdt (B

If time histories of incremental load factor, pitching
velocity, and elevator angle are measured and W, ¢, S, V, ¢,
and I are known, then equation (B4) can be put into matrix
form and used directly to compute Oy, , Opg, and Cp,.

The derivative C,,; is derived from C,; by using equation
(B1) and Cp, and " are computed from equations (Al2a)
and (A12b) e

C oy
OLa—E_‘(’ mg
¢
OLg_—"Gma
¥,

These values of (7, and Cy; are then inserted into equation
(A45)
| W An—Crf—Ci,i
S 2§ Y Ea

M=_5

and a time history of Ay is computed. The values of (7,
and C; are then computed from equation (A44)

' A!P= OLGAQ'I-CLaAJ

Equation (B4) may be expressed in matrix form as

f “A dt f “Af dt f A8 dt (¢,

Q 0 1]
i £ "y

f Ao df f Ab dt J AS dt 4,
¢ 13 0

ta t Iz Ca, 1
andt fas dt an dt|| Yo 8L dd, L
0 0 0 Cm: qSﬂ

“Aa dt f "t dt f a8 di b,
0 [ Q L /
(B5)
or :
Cma I
[t {c_’mé}=m—{m B0)
my
Applying least squares yields
Ch, I
o { g @0
and solving for the derivatives gives
C’ma I
{C'mé}=[E’E]-1 P {E'6:} (BY)
mg
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" or

Equation (A44) expressed in matrix form is Applying least squares to equation (B10) gives
Aay  Ad (Ao ) [B'B] { } {B'Ay:) (B11)
L
Aa; A5 1 Aih '
and solving for the unknowns results in
Aaz A62 { OL,,} — 4 Ale (Bg
' Oz, . r ) Cr, =[B'B}~{ B’Ay; } (B12)
Cy;
o0,
Ao, AS, | A¥n The derivatives (%%)t: gi, and —— =5 * are determined from
equations (Alle), (Al2¢), and (A7d), respectively.
Thus the derivatives Cr,, O Ciyy Crpy Cnyy Cmjy Cnmyy
oy 18 . o
II1Bl| {(]i:; ={A¢} B10) | Cup (_DE%, ; %; and —3‘? are now determined.
APPENDIX C

DETERMINATION OF LONGITUDINAL-STABILITY DERIVATIVES BY USING TWO MEASUREMENTS IN TIME-HISTORY FORM
AND TWO SUPPLEMENTAL ASSUMPTIONS

By the matrix method of reference 4, time-history measure-
ments of the pitching velocity and incremental elevator
angle are used to compute the K values from the relation

4+ Kb+ oo =KAs-+K, [ 6 dt ©1)
* where o
_ g8 Czy eV
Cr.gS
Ky=—1t (cma+ O Lf, (C2b)
KD=$‘C‘ (nms 74 0L50m&> (020)
S¢ ¢S -
K=177 155 0y, Ony— O2yCn,) (C2d)
If it is assumed that
R Om&=)\0mg (03)
and
Ony=22 O, (C4)

_t-hese six relations in six unknowns (Cp,, Ci;, Cn,, Chuy,
‘Cng,and Cy,) can now be solved simultaneously. The follow-
ing relations for the variables result:

o

B e
> where
Ty Vm K5
01—“— I:(l‘f'}\) —__Kl+)\ fj (C6)
and
_ mV\? A Ky, KsyxzVm
a=0+v (25) (B g E—R 2T) ©D

I g8 I Kl

Cne ¢St K~ mV cVm 1+ 0”“2+'Vm a+» Czq
(Cs)
mV -
Oni=spmiigrs (Con— g K (o)
I mV
=2 L K,
_gSc ¢S¢™*
Om5 OLa Oma (010)
Tz

Approximate formulas which give a quicker evaluation
of the derivatives with fair accuracy were derived from
equations (C5), (C8), (C9), and (C10) and are

mV K, __
Oy B2 1
Oyt & _' (©12)
~ 755 Ko ] 2
1 I /K
Cni~TT3 353\, Kl) (C13)
I K :
Ony— S'K2 i o IR
I ek, |
‘qSZ[ K1y KJ +u+x>K C19)

The set of approximate formulas has been found to give
results which are usually within the accuracy of the method.
In table VI(c), a comparison is presented between results
computed by using the approximate relations and the more
accurate relations. The set of approximate formulas given
by equations (C11) to (C14) is used in the development of
a modified method C which is given in appendix D.



" APPENDIX D
MODIFIED METHOD C

For some special types of longitudinal maneuvers consider-
able information may be determined from a single time
history. If the elevator motion is known to be of the im-
pulse type (a blip of short duration) but its magnitude or
time history is unknown, then the method of appendix C
may be modified slightly to yield some of the stability
derivatives. The method may be used with impulse-type
forcing functions produced by ballistic devices. If the input
is not a pure impulse but resembles oune (that is, a pulse-type
input), then the modified method may be applied after the
elevator motion is zero. Integrals, however, must be evalu-
ated from the zero-time trim condition but the least-squares
procedure is applied only to the time histories after the
elevator motion is zero.

Since the definite integral of an impulse is a step function
and the integral of a step function is a ramp function, let

fo ‘ Asdt=A 1)

ftfrABdrdt=At

Substituting these values in the integral form of equation
(A15) which is

and

(D2)

K1A9+K2J:Aedt—K5£ AS dt—Ka‘Ltﬁ-Aa dr di=—8

results in
KA+ K, f 278 df— Ky A— Ky Ate=—0 (D4

Equation (D4) may be expressed in matrix form as

to - 3
fo AbdE —1 —1b, —d,
21
J; ABdt —1 —4 —6,
ta K,
; odt —1 —t K, e 4 6, 3
A2 J; A8 d 1 2 K:A < 2 > (D5
K4
i .
f At —1 —t, —é,
¢ " S

Equation (D5) is then used to solve for the stability co-
efficients K, K;, K4, and KA.

The following approximate formulas presented in appendix
C are used to compute the stability derivatives (since only
the ratio K¢/K is used, the value of A need not be evaluated):

mV K,

+ PRy —Kx) (D7)
i Ka KK, :l .
Oma"' S— K2 0 [ 2 1+R Ks) +(1+>\) K5 (DS)
Also, it is assumed that
Cmg=NOng (DY)
As indicated previously in appendix A,
OL‘-,:— Om& (\DIO)
11
Crj=— O (D11)
Ty

Thus the analysis of a single time history of pitching velocity can yield considerable information if it is the respouse to an

elevator impulse function; however, the elevator-effectiveness derivatives cannot be found by this method.

In the case of a.

unit impulse input (A=1), K, K, K;, and K; would be determined directly by the method of appendix D and the equatmns
of appendix C could be used to determine even the elevator-effectiveness derivatives.



APPENDIX E
DEFINITIONS OF STABILITY PARAMETERS

The stability parameters of the methods presented, not A __A_L,_cV Koha—-2L K C..A8
previously defined in the original list of symbols, can be de- #=8 i to&— O
fined as follows:

5 14
_mV Ks thm AE=(1+>\)0—>\T—7A%
o= [x BN F —K1]
I .
_ mV 2 > A Ks Ks xth Ao=—%= G—OM&AOL—O,,.-AB

Co=(+N (TS) (B—x KX ) 452 ’

___(aCL *Zt%gi rp=L [% An—— (\/—-H)Aa]
(43

w .

Oz, = aa%) wL g (1 A=gg A o= Oy
0, =—(202), Sez: 1 nV_o
Ly= t'ﬂt S V'\/”ﬂ—t- _ qSE I OL,, qS Lg

K1= I '—C’ —0'"0'

gS¢ mV “mV ,

20, S, W0 gt
Cn="35 "%
N
0 —(Ca Z)OL g Sie () e _ —C’ma-—,ﬁ—V(C‘maC’na—OLaOma)
me—\ Ja ST 1_-3—05 Ky=
A (1 +25 OL.>
aOL S; x;2 ae QSC mT’ : _}_
One=—3a ) 5 5V 3a

174
| CusCiyt O (ﬂ——o }
0 = (305, Sizd 1 o L) AN T M
" "8V . I nY 10,
q (-]
C 301,[ S x. | ao’"t S ¢ Ct
ms

5 M"S T o "ST R=— VOL‘
C,
qS OLa + L4
E=% [W—— <0'"a+0”0’:|
¢St 0.0 053 (Coulm=Oni Ot g o Om)
K2=—T 01n¢+0mém_V K5 B
—+0’ .
g8 L"‘) -
5% (0,,- 5, 0,01,) i
K5 I (Oma mVOLaom[z EB=QSE (OL ms Obaoma) ;
K6=qTSG ;1%—87 (OLaoma_OLaoma) < § 0 )
I I o
K, cvVm Ola_q_S_EKI A= O'no \/;7—‘5—&
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Matrices used in the present report are defined as follows:

Aag
Adfl

AOEz
liBll=

Aoy,

[|C|| is the integrating matrix given in table I,

ft" Ac dt

a
31

Aa di
Q

ftz Aa dt
a

I D=

tn
f Aa dt
Q

¢
foAa dt
0
¢
flAa dt
0

| E |i=

tﬂ
J‘ Aa dt
0
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