REPORT 989

CRITICAL STRESS OF RING-STIFFENED CYLINDERS IN TORSION

By Maw~vern StEIN, J. LYELL SANDERS, Jr., and HaroLp CraTE

SUMMARY

!

A chart in terms of nondimensional parameters is presented
for the theoretical eritical siress in forsion of simply supported
eylinders stiffened by identical equally spaced rings of zero
torsional stiffness. The results are obiained by solving the
equation of equilibrium by means of the Galerkin method.
Comparison of the theoretical results with exrperimental resulfs
indicates that ring-stiffened cylinders buckle, on the average,
at ¢ buckling stress about 15 percent below thetheoretical buckling
siress.

INTRODUCTION

One of the problems that confronts the aireraft designer is
that of predicting the strength of stiffened shell structures.
The stress conditions to which such structures are subjected
are shear arising from transverse loads or torsion and com-
pression arising from longitudinal loads or bending. As an
approach to the general problem, the case of shear alone was
chosen for investigation.

For unstiffened cy]mders reference 1 shows empirically
that the buckling load in transverse shear is related to the
buekling load in torsion; therefore, the present investigation
was restricted to torsion alone. Because the diagonal type
of buckles that form in the walls of an unstiffened eylinder
in shear or torsion would be more effectively resisted by

circumferential stiffeners than by longitudinal stiffepers, the

particular problem of ring-stiffened cylinders in torsion was

chosen forstudy. The present report presents the theoretical
and experimental results of that study.
SYMBOLS
d stiffener spacing ( i)
41

i,j,m,p,q  integers
n number of stiffener rings
r radius of eylinder
t thickness of cylinder skin
w displacement of point on middle surface of

cylinder in radial direction, positive outward
x axial coordinate
y circumferential coordinate
Ay elements of a determinant .
D flexural stiffness of eylinder skin ( 12(_?5—;;_’)
E Young’s modulus

Poisson’s ratio

effective cross-sectional moment of inertia of
stiffener ring

length of cylinder

curvature parameter (— + p.z)

N R

Omy Om, @g, by coefficients in deflection function

k. critical-shear-stress coefficient T"' L
L
ﬁ=7\
s . . . EI
¥ ratio of ring stiffness to plate stiffness <—D_d)
(zx—1id) Dirac delta defined such that
f " f@)se—id)de=f(id)
& Kronecker delta (5;;=1 if 1=7; 8;,=0 if i5%3)
3 ﬂq
631’! Z + 1 m n + 1
A half wave length of buckles in circumfer-
ential direction
Ter critical shear stress
- Loy ot of

b:c*+ bx’by2+ay
inverse of V* defined by
VH{VW) =V{V'w)=w

V—-L

RESULTS AND DISCUSSION

When the critical-shear-stress coefficient %, for a ring-
stiffened cylinder in torsion is kmown, the eritical shear stress
Ter can be found by the formuls

2D

- Ter=— k: ﬁ

where 7., is related to the total torque T by the formula

_r
Tcr—m

Details for the theoretical solution for the critical-shear-
stress coefficient k, of a ring-stiffened cylinder in torsion are
presented in the appendix. The equation of equilibrium of
cylindrically curved plates (references 2 and 3} was altered
to include an additional term that represents the bending
stiffness of the rings (reference 4); the equation was then
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solved by means of the Galerkin method (reference 5) for
the buckling-stress coefficient k,. The equation of equilib-
rium used applies to & wide range of curvature from the
limiting case of a flat plate to a slender tube which may buckle
into as few as three waves in the circumferential direction.
The limiting case of a tube buckling into two waves (buckling
into an elliptical cross section} was not considered, since the
equations give unconservative results in this range and the
dimensions for such stiffened shell structures are not ordi-
narily encountered in aircraft design.

The ring stiffeners are assumed to have no torsional stifi-
ness and to act along a line in the median surface of the plate.
The assumption of zero torsional stiffness usually applies with
little error when open-section stiffeners are used. . The as-
sumption that the stiffeners may be considered to act along
a line is applicable when the width of the attached flange is
small in comparison with the stiffener spacing. The assump-
tion that the stiffeners act at the median surface of the plate
is applicable when the attached stiffeners are symmetrically
located with respect to the median surface of the plate,

REPORT 989—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

otherwise the assumption is conservative.

Table 1 gives calculated theoretical values for the critical-
shear-stress coefficient and the corresponding values of stiff-
ness ratio and wave-length ratio for ring-stiffiened cylinders
in torsion. Figure 1 is based on the calculated values given
in table 1. The critical-shear-stress coefficient is given in
figure 1 as a funetion of the curvature parameter Z, the
number of rings, and the ratio of ring stiffness to the plate
stiffness yv. Figure 1 shows that, with increasing ring stifi-
ness, the buckling stress of & ring-stiffened eylinder will in-
crease appreciably up to a limit that depends on the number
of ring stiffeners present. These upper limits are represented
by the horizontal cht-off lines in figure 1 and correspond to
buckling with a node at the stiffeners. Below the limiting
values, the buckling-stress coefficient &; of a cylinder with
two.or more rings is essentially independent of the number of
rings present. The values of k, for Z=0 are those given by
reference 6 for longitudinally stiffened infinitely long flat
plates in shear. The values of %, for y=0 are those givea
by reference 2 for unstiffened circular ¢ylinders in torsion.
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FIGURE !,—Theoretical critical-stross coefficients of a ring-stiffened eylinder in torsion.
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TABLE 1.—CRITICAL SHEAR STRESS COEFFICIENTS AND
CORRESPONDING VALUES OF STIFFNESS RATIO AND
WAVE-LENGTH RATIO FOR RING-STIFFENED
CYLINDERS IN TORSION

n=1 n=2
zZ k. ¥ B zZ ks ¥ 8
5 21 187.4 0.325 5 4 | 20588 0. 14
15 4.0 .43 "33 | 861 A
10 7.71 648 15 27.67 .43
10 2L5 53.4 .585 10 48 | 640.9 .265
7 20.9 Ky 32 | 133.0 .385
12- 4.7 .00 20 22.0% .59
30 2.5 8.20 1.9 30 51 38.0 .90
21 2.87 1.55 10 16.2 1.03
15 .49 175 25 3.18 135
102 16 2.79 3.15 102 66 2.97 2.50
10 Li4 2.9 52 150 2.54
.36 2.85 10 .551 2.75
11 216 .92 6.85 100 257 650 6.00
100 .389 6.36 25 .335 6.00
170 .16 6.25 180 .138 6.10
10¢ | 1170 .608| 1275 108 1400 L4025 | 12,50
1100 405 12.25 2835 | 1175
950 .130| 175 1000 090 w7
n=3
z ke ¥ B
102 100 6.7 204
108 310 T4 5.80
10¢ | 1600 .48 1.0
n—o
z ke 2 8
5 85.2 { 86,500 0.078
55 15,100 .12
25 647.98 264
10 85.2 17,725 .15 L
55 3,154 .23
2 150.71 .485
30 85.2 640 .55
55 132.2 .8
30 7.1 1.2
12 | 100 25.3 2.0
0 13.38 225
45 2.50 2.57
108 | 320 3.07 5.5
260 173 6.0
200 L7l 6.0
104 | 1600 1.87 1.0
1350 L15 | 110
1100 541 | 114

For the experimental check on the theory, data were ob-
tained on five cylinders with enough different ring stiffeners
to make fifteen combinations. The nominal cross-sectional
dimensions of these stiffeners are given in figure 2. The
experimental results are given in table 2 in terms of the param-
eters Z, v, 7., and k,. As indicated in the table, data for
4 of the combinations obtained from one cylinder are taken
from reference 7. Data are given in table 2 for 11 additional
combinations obtained from 4'additional cylinders, the re-
sults of which heretofore have not been published.

Comparison of the experimental and theoretical results
presented in figure 3 reveals that the ring-stiffened cylinders
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FIcURE 2.—Nominsal dimensions of ring stiffeners of cylinders tested, (One-sided ring
stiffeners are located on inside of eylinder.)

buckled at a stress about 15 percent below the theoretical
values of buckling stress presented in this report. In ref-
erence 2, a comparison between theoretical and experimental
results indicated that simply supported unstiffened cylinders
buckle at stresses averaging about 10 percent below the
theoretical critical stress. Sinee this reduction, which is based
on & large number of tests on unstiffened cylinders, is of the
same order as the reduction indicated from experiments on
ring-stiffened cylinders, a reasonable conclusion is that ring-
stiffened cylinders in torsion buckle on the average about 15
percent below the theoretical critical stress calculated by the
present method.
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TABLE 2.—EXPERIMENTAL RESULTS GIVEN IN TERMS
OF THE PARAMETERS OF THE PRESENT THEORY

[Nominal dimensions of cylinders: Z=43 in., r=15 in., t=20.032 in.; dimensions of ring

stiffeners are given in figitre 2]
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CONCLUDING REMARKS

A cylinder in torsion can be appreciably strengthened by
the use of ring stiffeners. Up to certain limiting values, the

Nembe i buckling-stress coefficient for a simply supported cylinder
Oylinder | ofyings | Z 7 ) ke stiffened with two or more identical equally spaced rings of
o ) o | e 2010 o zero torsional stiffness is essentially independent of the num-
3 s a0 | e 3850 g ber of rings present and dependent only on the ratio of the
o4 7 o0 | 14 5% %1 ring st-1ffnes:s to the plate §t1ﬁ"ness. Comparison of {he pres-
6 3 B0 | 812 10 582 ent th.eoret-l.cal result.s. with experimental results indicates
8 1 o | 12 2620 49 that ?mg-smﬂ'ened cylinders buckle, on the average, at 2
10 1 w0 | 63 | @2 s Ifuc.khng stress about 15 percent below the theoretical buck-
12 3| mw | 210 a8 ling stress obtained by- the. present -mcthod. Prop_er account
i 3 3500 1ot 8100 &7 should be taken of this difference if the theoretical results
are used for design purposes.
& G3Mader 30 of relerence 7. LANGLEY AERONAUTICAL LiIABORATORY
¢ Cylinder 3b of reference 7. _ - - : 4
¢ Cylinder 4 of reference 7, NarroxaL Apvisory CoMMITTEE FOR AERONAUTICS,
Laxerey Fiewp, Va., September 14, 1849.
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Frovri 3.—Comparison of theoretical curves with experimental results for the critical stress of ring-stiffened cylinders in torsion.



APPENDIX
THEORETICAL SOLUTION

The critical shear stress at which buckling oceurs in a ring-
stiffened cylindrical shell may be found by solving the
equation of equilibrium.

Equation of equilibrium.—The equation of equilibrium of
a ring-stiffened cylinder in torsion with small radial displace-
ments is

Et__ 2
w5V E,4+E'Iz:a4a<s.~ wz>+2.c,al§ =0

(A1)

Dvtw

in which x is in the axial direction and ¥ is in the circum-
ferential direction. This equation is the equation of
reference 3 for torsion of a cylinder with the third term
added to represent the radial restoring force due to the
bending stiffness of the stiffeners. (See reference 4.} The
stiffeners are assumed to act in the median surface of the
cylinder and to have no torsional rigidity.

After division by D and introduction of the relations

ey
. Tc,tL
b="2p
_EI
T=Dd
equation (Al) becomes
_ o*w .
v+ L4 v *ar4+yd25 2 bz — zd)+2k.}:;a 55"

(A2)

This equation of equilibrium may be solved by the Galerkin
method in & manner similar to that of references 3 and 5.

Solution for simply supported cy]inders with equa.]ly spaced
ring stiffeners.—The solution in thls case is given by the
infinite series

w=sin =L 3 q,, sin 2% 4 cos “y z by sin 12
R m=1 L

5 (43

in which the coefficients a, and b, are to be determined.
When this series is substituted in the equation of equilib-
rium, the Galerkin method yields the following two seis of
equations to determine the coefficients:

3, @ @
PMATY 3 bt 3 ba =0
a=1 m=1 y4
. o (A4)
22 AL, +1r ¥ S35, tm — 2 =0
k. F, o eed 2 m—p? (p=1,2,..)
where

. 1y 12 Z o

ﬁ-—_—

> | b

n is the number of stiffeners.

p+m is odd

Sape=-+1 if p—q is a multiple of 2(n+1)
Sape=—1 if p+¢ is a multiple of 2(n-}1)
8x5¢=0 1if neither or both are true

These equations are consistent if [ 4], the determinant of the
coefficients, vanishes

|Auf=0 (A5)

The determinantal equation (A5) gives the criterion for
buckling where the elements of the determinant are

Au_}L M, 5u+TB Y Sty (— 1) ?3.72

(A6)

where §; is the Kronecker delta.

The last term of equa-
tion (A6) is zero unless 147 is odd. '
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Sixth-order determinants for the casesn = 1,2, 3, and w are given in the following equations. The case n=1 corresponds
to one ring stiffener, the case n=2 corresponds to two ring stiffeners, and so on. Thus,

n=1
1 1.-537) 2 Wy 4 B3y 6 o
ks (M‘+ 8 3 7 B 15 8k, 35
2 M, 6 _ 10 .
3" T T o 21 0
w83y 6 1 ( w3y 12 8%y 2
— _5 1 M3_|____) 12 _ 2
4 12 L M 20
15 0 ST E, 9 0
By _10 _ w8 -20 w3 7) 30
8k, 21 8k, 9 <M"‘+ 11
6 2 30 M,
35 ¢ 3 0 11 F,
n==2
1 rﬂ“v) 2 4 _ 7B 6
IT,(M‘+ 8 -3 0 .. 15 - - 8k, - 35
2 1 =By _ 8 o _®fy 10
3 (M"{' ) 5 8k 21 0
6 1 12 2
0 '_'5' El‘yfa "7— 0 ._3
_ =0 (A8)
15 8k, 7 E A\ T8 9
=y 10 _20 1 w3y 30
8k, ~31 0 3 (M"+ i1
6 2 _ 30 1
35 - 0 3 o 1 E M
n=3 - H
"337) 2 4 6
(M"" 5 3 0 15 0 35
2 1 Wﬁ%{) _8 _-10 _wfly
ke <M’+ 8 0 21 8%,
_9_ 1 1r,83'y) 12 _—n'ﬁs'y ?_ .
0 <M" 8 7 8k, 3 -
N . 12 l_zu —@. . = (A9)
15 7 ket 9
_10 _ 7y 20 1 1r;3 y 30
0 21 8F, o (Ms 11
6 T8 2 30 wﬁ 'y
35 3E, 3 0 11 k Mot
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n—®
; e :
4 12 WA 20 =0 (A10)
5 o 7 E\Mtg 3 0
% 0 g 0 % 1 (1 I+ rﬂ '3
In addition to satisfying equation (A5) for given values of REFERENCES

the curvature parameter Z and the relative-stiffness param-
eter v, k, must be minimized with respect to the wave-
length parameter 8. Thus equation (A5) is solved for k,
for several values of 8 unfil the minimum £k, is obtained.
Sixth-order determinants were used to obtain the results
given in table 1. These results are plotted in figure 1.
Values for Z=0 (flat plate) were obtained from reference 6.

The calculations showed that for cylinders with two or
more ring stiffeners &, may be obtained with sufficient
accuracy by solving equation (A10) which applies for an
infinite number of stiffeners. Equation (A7) should be used,
however, in the case of one stiffener.

The values of the critical-shear-stress coefficient k, derived
in this appendix are to be used up to limiting values which
depend on the number of ring stiffeners present. These
limiting values correspond to the buckling load of a simply
supported cylinder having the same length as the part of
the eylinder contained between ring stiffeners.
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