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METHOD FOR CALCULATING LIFT DISTRIBUTIONS FOR UNSWEPT WINGS WITH FLAPS OR

AILERONS BY USE OF NONLINEAR SECTION LIFT DATA!

By James C. SiveLws and GertrRvpe C. WESTRICK

SUMMARY

< method 18 presented whick allows the use of nonlinear
section lift data in the calculation of the spanwise lift distribu-
tion of unswept wings with flaps or ailerons. This method
is based upon lifting-line theory and is an extension to the
method deseribed in NACA Rep. 865. The mathematical
treatment of the discontinuity in absolute angle of atiack at the
end of the flap or aileron inrolves the use of a correction factor
which accounts for the inability of o limited trigonometric
series to represent adequately the spanwise lift distribution.
A treatment of the apparent discontinuity in marimum section
lift coefficient is also described. In order to minimize the
computing time and to illusiraie the procedures inrolred,
simplified computing forms containing detailed examples are
given for both symmetrical and asymmetrical lift distributions.
A few comparisons of caleulated characteristics with those
abfained experimentally are also presented.

INTRODUCTION

Unswept-wing characteristics calculated by the method of
reference 1, in which nonlinear section lift data are used, have
been found to agree much closer with experimental data in
the region of maximum lift coefficient than those ealculated
by methods in which linear section lift curves are used. It
appears feasible that the similar use of nonlinear section data
would yield improved results for unswept wings with flaps or
ailerons. The deflection of a partial-span flap or aileron,
however, causes discontinuities in the spanwise distribution
of the absolute angle of attack. If such discontinuities exist,
an excessively large number of spanwise stations must be
considered in order to obtain a solution by the method of
reference 1 or by any other method in which the lift dis-
tribution is approximated by a trigonometric series. A
different method of treatment of the discontinuity is there-
fore desirable. Developed herein is a new method of treat-
ment involving the use of a correction factor which accounts
for the inability of a limited trigonometric series to represent
adequately the spanwise lift distribution of & wing with
partial-span flaps or ailerons deflected. This correction
factor is obtained with the aid of reference 2 and is used in
conjunction with the system of multipliers of reference 1 to
obtain the induced angle of attack from the spanwise lift
distribution. The subse.quent caleculation of the Lft dis-
tribution by means of successive approumatlons is similar to
that of reference 1.

The mathematical treatment of the discontinuity in the
spanwise distribution of absolute angle of attack is only part
of the problem involved in calculations for wings with flaps

or ailerons. The direct use of two-dimensional lLift data _'__
_would indicate a discontinuity in the spanwise distribution of

maximum section lift coefficient. Obviously, the flow about
the wing sections near the end of a flap or aileron is not two-
dimensional. A rationalmethodof obtaining three-dimensional
section data from the two-dimensional data has therefore

been devised and is presented herein. This method is.

substantiated by experimental pressure distributions.

In addition to the presentation of the method of making the
calculations, simplified computing forms are given and their
use is Dllustrated by detailed examples for both symmetrical
and asymmetrical distributions. A few comparisons of cal- -
culated results with experimental data are also given..

This report and reference 1 are intended to supplement
each other. The reader is therefore expected to be reason-
ably familiar with reference 1.

SYMBOLS

As used herein, the term section designates the character-
istic of a section in three-dimensional flow.

A *aspect ratio _

A coefficients of trigonometric series for hify dlStrI-
bution

Cp, induced drag coefficient L

e wing lift coefficient

(a8 rolling-moment coefficient . _

Ce, induced yewing-moment coefficient .

E edge-velocity factor for symmetrical part of lift
distribution

E edge-velocity factor for antisymmetrical part of

lift distribution _
F factor used in altering two-dimensionsl lift curves
yid Reyunolds number -
S pressure coefficient
Total pressure—Local static pressure
Dynamic pressure )

a, section lift-curve slope per degree
b span of wing

c local chord of wing

Cs root chord

c mean geometric chord (b/4)

Ce, section induced-drag coefficient

¢ section lift coefficient
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Acy stall margin
€lor maximum section lift coefficient ,
(Ctmas), maximum two-dimensional lift coefficient
Clpas increment in maximum lift coefficient due to flap
deflection {(two-dimensional data)
c* section lift cocfficient at either end of flap or
aileron
¢ section lift coefficient for part of lift distribution
involving no discontinuity in angle of attack
¢, section lift coefficient for part of Iift distribution
i due to discontinuity in angle of attack
€y section lift coefficient for additional 1ift
distribution
Cr section normal-force coefficient
?—’—?; wing-tip helix angle generated by rolling wing
8, t intervals used in integration
% airfoil thickness-chord ratio .
Y spanwise coordinate }
y* spanwise coordinate at either end of flap or
aileron
o angle of attack, degrees . ' .
a. correction for induced angle of attack, deg1 ees
a, effective angle of attack, degrees
Ac, correction for effective angle of attack, degrees .
oy induced angle of attack, degrees
oy induced angle of attack for part of Iift distribution
involving no discontinuity in angle of attack,
degrees
@, induced angle of attack containing discontinuity,
i degrees
a angle of attack for zero lift, degrees.
@ angle of attack for two-dimensional lift curves,
degrees
oy angle of attack of root sectxon deg1ees
ay uncorrected induced angle of at.tad;, degrees
Bmk multiplier for induced angle of attack for asym-
metrical distributions
Y mk multiplier for induced angle of attack for antisym-
metrical distributions
b magnitude of discontinuity, in absolute and
induced angles of attack, degrees
€ angle of twist, negative if washout, degrees
& angle of twist af wing tip, degrees
€ average angle of twist
& faired angle of twist due to flap deflection
a average angle of twist due to flap deflection
n ratio of actual two-dimensional lift-curve slope to
theoretical value of x%/90
Tm area multiplier for asymmetrical distributions
Nms area multiplier for symmetrical distributions
st 2 e
f=cos T --* :
¢*=cos™? -2—%—
. Tip chord
A taper ratio mlzt—cﬁm

N multiplier for induced angle of attack for sym-
metrical distributions ,

Vm interpolation multiplier
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Tm - moment multiplier for asymmetrical distributions

Tma moment multiplier for antisymmetrical distribu-
tions

* used as superscript to denote value at end of fap

or aileron

DEVELOPMENT OF METHOD
" LIFT DISTRIBUTION

The method involving the use of multipliers to obtain the
induced angle of attack from the spanwise lift distribution
was presented in reference 1. In this development, the lift
distribution was approximated by a finite trigonometric
series

(c;c Z} A,, sinn 2T (1)
nm=1 r

From the

values of ¢;¢/b for each value of m, the induced angle of
attack could then.be obtained at the points kx/r by the
relation

where cos E'_=2_ and m=1, 2, 3, . r—1.
: r b

= (%) b @

where k=1, 2, 3, . . . r—1 and B, denotes the multipliers
for asymmetrical distributions. The corresponding mul-
tipliers, Az and ymz, are used for symmetrical and antisym-
metrical distributions, respectively. These multipliers are
tabulated in reference 1 for r=20. The method can be used
directly so long as there is no discontinuity in the spanwise
distribution of absolute angle of attack eaused by the deflec-
tion of a partial-span flap or aileron.

Lifting-line theory requires that a discontinuity in the
distribution of absolute angle of attuck must be accompanied
by an identical discontinuity in the distribution of induced
angle of attack in order to avoid a discontinuity in the span-
wise lift distribution. An analyticexpression for the lift distri-
bution associated with a discontinuity in induced angle of
attack ig presented in reference 2. The complete lift distribu-
tion can thus be cxpressed as the sum of two disiributions

tgod)

where c;sc/bé is the distribution due to & unit discontinuity
in the induced angle of attack and ¢;¢/b is the remainder of
the lift distribution. These distributions are illustrated in
figure 1. Since no discontinuity is associated with the dis-
tribution ¢;¢fb, the corresponding induced angle of attack
can be obtained by means of the multipliers

_E (Ctl ) Bmi : (4)

By definition, over the flap span

m-l

C!gx‘.=5 - (5&)
and over the unflapped span
The total induced angle of attack is _
d{k'—_ O‘.[lk"i‘ at’b . (6)
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If, however, the multipliers were used with the total distri-
bution

C‘l r—=1

°‘°) Br= bt 25 (5E) Bme

and a, were added to both sides of this equation, the result

would be
¢
65 )u Bl!k

r—I.

(c‘c ﬁnt+ 0112‘— (Cz! ) ﬁ-t+ai. +25

5 B

Rearranging this expression gives
G;,, —
5::1: (“)

= (%) puts[ -2 (G

A comparison of equation (7), for a wing with a flap or aileron,
with equation (2), for a wing without flap or aileron, shows
the addition of a term which is proportional to the magnitude
of the discontinuity and acts as a correction factor to aceount
for the inability of & limited trigonometric series to represent
adequately the spanwise lift distribution of a wing with
partial-span flaps or ailerons deflected. For simplicity,
equation (7) mey be written as

= atk

R
ay,=oaw,+38 (—5—'5) &
where the uncorrected induced angle of attack is expressed as

and the correction factor per unit discontinuity is given by
the equation

T S5 b (10)
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FIGURE I.—Typical lift distributions for a wing with 0.5-span flupe.
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~The distribution e,e/b8 given in reference 2 may be

expressed in the form

C;’G

b8

—| (cos 8—cos %) Iog. eos (5=F) T

for 3;5=1, 0°<6<L6*; for j‘%=0, 0*<8<C180°; and .B* and §

are in degrees. This distribution is dependent on only the

spanwise position of the discontinuity and is independent of

aspect ratio and taper ratio. The correction factor per unit

discontinuity e, /8 given by equation (10) is therefore a

function of only the spanwise position of the discontinuity.
The distribution of a/s, for which equation (11) applies, is

illustrated in figure 2 (a). (Fig. 2 shows the method for

obtaining various distributions of @, s which will be discussed

later.) Values of c,¢/bé corresponding to the type of dis-

tribution illustrated in figure 2 (a) are presented in table I
for various values of 2y/b and 2y*/b. These values. are

—cos (B+B"’)Lr&* sin H:I (11 -

plotted against 2y/b in figure 3 for even increments in 2y*/b |

and against 2y*/bin figure 4 for even increments in #=cos™! 2—%
In table IT are given values of e/ corresponding to the
values of ¢,¢/bs of table I.

The distribution of /8 illustrated in figure 2 (a} would

be applicable only for a wing with one outboard flap or
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(a) Asymmetrical distribution.
(b} Symmetrical disuribution.
(¢} Antisymmetrical distribution.

FiGURE 2.—Method of combining distributions of a; /s
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aileron deflected. For a wing with symmetrical inboard
flaps, the distribution would be obtained as illustrated in
figure 2 (b) and the values of «./8 would be obtained in like
manner. For example, for a wing with flaps extending from
gy * :

—'—gg—=0.6 to aIf—::-—(}.(i, the values of «./8 to be used would

*
be obtained by subtracting the values of ./ for 2%==0.6

*
from those for 24 =—0.6. Since the resulting distribution

b
would be symmetrical, the values of a/8 would also be sym-
metrical. Similarly, an antisymmetrical distribution of
ey, /6 and the corresponding values of «./§ would be obtained
as illustrated in figure 2 (¢).

It should be noted that two. values of «./§ exist at the end

*
of the flap, one corresponding to ?—g—+0 (flap side of
2y*/b) and one corresponding to 5 —0 (unflapped side).

*
Only the values corresponding to 2%+0 are given in table
II. For the unflapped side,

@, Dy
6 Joy 6 Joy
Lo 2o

These values have no practicel significance unless the dis-

2y kx

continuity occurs at one of the stations - =oos — At

these stations, either of the two values may be used so long
as the value is used with the proper section lift curve.

In the calculation of the induced angle of sttack by equa-
tion (8), the values of «.,/8 must be multiplied by the magni-
tude of the discontinuity 8. The value of & to be used is
obtained from the section lift curves at the lift coefficient ¢;*.
If the discontinuity occurs at one of the spanwise stations
9
:5?"—=cos kTr:' the value of (e;c/b)* is obtained as one of the
values of ciefb computed. If the discontinuity occurs at
some other position, the value of (¢;¢/b)* must be interpolated.
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060 /B/% ;:Ef_\‘
MW7 7z 2==
@ 040 A// /// 2///C>\
AN/ Sl
020 f{Z 2,/ g 'le 4// ;\\
010 Aé:ﬁ;é/lg/s//s/é’
0 //é_/—_’—’// 1310
-0 -8 -6 -4 -2 2 4 & 8 10

0
2y/b
Fravre $.—~Lift distribution per degree of discontinnity In Induced angle of attack for various

spanwisa locations of the discontinuity 2y%fh. -

This interpolation may be accomplished in the following

msanner.  Even though the spanwise lift distribution is con-

tinuous through this point, the point is singular. Its singu-

larity is due to the singularity of the corresponding point

of the distribution of ¢;,¢/b8 which has an infinite slope but

zero radius of curvature. At this point, from equation (11),
#6*sin 6*

c;zc)"‘

s/ ~ 8100
Since both the distribution of ¢;¢/b and the distribution of
¢1,¢/bé contain the same type of singularity, a curve with ec/b
as the dependent variable and e;¢/b6 as the independent
variable would have no singular point and eould be approxi-
mated by a polynomial for which Lagrange’s interpolation
formula (reference 3) is applicable. From Lagrange’s formula

(-2~ W

-]

kem |

V= n-{ —<ct26) <0l26) 1
=1 | \b8/n \ 05/

kodm |

(12)

where

- (14)

N

The number (n+1) of terms retained determines the degree

(n) of the polynomial used in the approximation. It has
been found that using four terms (two on cach side of the
desired point), which define a third-degree curve, gives
values at the end of the flap which agree within about I
percent with the values obtained by means of the method
of reference 4 but with about 45 terms of a trigonometric
series. Values of the interpolation multipliers determined
in this manner are presented in table ITI for various spanwise
positions of the end of a flap. This type of inlerpolation
is suitable only if the variables are single-valued in the range
of the interpolation. This limitation precludes the determi-

ou* .
nation of multiphiers for :%—:0.1 but this position is out of
the range of practical flap spans.
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The method of determining the lift distribution by means
of guccessive approximations is the same as thet of reference
1 with the added step of determining the correction factor
a.. For a given geometric angle of attack, the lift distribu-
tion ig assumed. The uncorrected induced angle of attack
is determined by equation (9} for asymmetrical distributions
or by & corresponding equation using A, for symmetrical
distributions. The multipliers y,; for antisymmetrical dis-
tributions can be used only if the lift curves are linear and
the value of § is independent of Iift coefficient. The value
of (cefb)* is obtained by means of equation (13) and is
divided by (¢/b)* to determine ¢;*. At this value of ¢;*, 5 is
read from the section lift curves as the difference between
the effective angle of attack for the section without the flap
and that for the section with the flap, both at the station at
the end of the flap. This value of § is multiplied by the
appropriate values of .8 from table II to obtain «,. The
values of «, are added to the uncorrected values «, to obtain
the values of induced angle of attack which are then sub-
tracted from the geometric angle of attack to give the effec-
tive angle of atfack at each spanwise station. At each value
of effective angle of attack, the corresponding value of ¢, is
read from the appropriate section lift curve and multiplied
by the value of ¢/b at that station to obtain a check value of

eefb. If the chieck values do not agree with those originally ]

assumed, & second approximation is made and the process
is repeated. Further approximations are made until one is
found which is in agreement with the check values.

DETERMINATION OF THREE-DIMENSIONAL SECTION DATA

If the two-dimensional lift data were used directly, a
discontinuity in the spanwise distribution of maximum lift
ecoefficient would be indicated at the end of the deflected
flap or aileron. Inasmuch as this discontinuity does not
exist in three-dimensional flow, some means of altering the
two-dimensional data must be used to obtain what may be
called three-dimensional section deta. One method of alter-
ation is described in reference 5 for use with linear section
lift data. In order to use this method, the lift distribution
must be broken up into the basic Lift distribution due to
twist and the additional lift distribution due to angle of
attack. When nonlinear section lift data are used, the Iift
distribution cannot be broken up in this manner and the
method of reference 5 is not applicable. For this reason, the

TABLE HI—INTERPOLATION MULTIPLIERS », FOR
; *
OBTAINING VALUES OF (fb'—c) AT THE END OF

THE FLAP

NG |
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method hereinafter described has been developed. Although
this development is not rigorous, the reasoning behind it is
substantiated by experimental pressure distributions.

The foundation of the method used herein is the calcula-

tion of two curves for which linear section lift data are used. '_
One curve, the spanwise distribution of section lift coefficient

for a wing with flaps but no other twist, is calculated by the
method described herein but adapted for linear lift curves in
a manner similar to that of reference 1. The other curve is

the additionsa] lift-coefficient distribution (constant absolute ~

angle-of-attack distribution} ealculated as in reference 1.

These curves may be calculated for any convenient angle of

attack and for any convenient value for the discontinuity in
angle of attack at the end of the flap. A typical set of curves
is shown in figure 5. It is reasoned that the root section of a
wing with partial-span flaps would be acting most nearly like
that of a wing with full-span flaps so that the additionsl lift-
coefficient distribution is multiplied by & suiteble constant
to give the same value at the root. Likewise, it is reasoned
that the tip section would be acting most nearly like that of a
wing without flaps so that the additional lift-coefficient dis-
tribution is muitiplied by another constant to give the same
value at the outermost station used in the computations (the
0.9877-semispan station when 10 points on the semispan are
used). The differences between the values on the curves
(ie., ¢ (6=10°)—0.713¢,,, inboard of flap end, and

€(8=10°)—0.086¢,,,, outboard of flap end) are then divided '

- by the difference between the values on the additional

lift-coefficient curves at the end of the flap (0.713¢,,—
0.086¢,,,} to obtain the factor # shown in figure 6 for several
wings. In order to interpolate for the points on the additional
lift-coefficient curves at the end of the flap, the multipliers
Em, Presented in table IV, have been determined. These mul-
tipliers were obtained by using @ as the independent variable
in equation (14) instead of c,¢/bs. It can be readily seen that
the factor F is independent of the angle of attack and
magnitude of the discontinuity used in the original computa-
tions. The factor F is also relatively independent of lift-
curve slope so that it can be used near maximum lift where
the lift curves are nonlinear.

1.2 —
T —~—1
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\~\
R "__..-" 713 Gy Clot-~ \‘_L
[ [~ <‘
Cl \\ .\
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\QL(B-IO“) \
T
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(o} 2 4 - £ B 1.0
: 2y/o

Frauek 5.—Typlcal curves used ta obtain factor for altering two-dimensional data.
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The maximum lift-coefficient values are altered by means
of the factor F according to the relation

e = (el T F (B0 1) (15)

The values of ¢; and a are then altered according fo the
equations

(Co)erierea C;%_ o e {16)
(i)unatieres (c‘mcz)o

oy —ay, L7

™ oy (c‘uﬂz)ﬂ

The edge-velocity factor E is used in the same manner as in
reference 1. The value of E given in reference 6 is, however,
probably more accurate than the ratio of semiperimeter to
span used in reference 1. From reference 6 for unswept

wings,

E=\/1+‘_:_,-.-. .’

The foregoing description of the alteration to the two-
dimensional section data has been limited to wings with
symmetrical partial-span flaps. For wings with deflected

oy TN - e ST S
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FiuURE 6.— Factor for sltering two-dimensional date for severul wings.
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ailerons, a similar method based upon the same reasonin

could readily be devised.
The reasoning behind the method of altering the two-

dimensional data is substantiated by the results shown in
figures 7 and 8 and obtained from experimental pressure
distributions for a wing of aspect ratio of 6.0, taper ratio of
0.5, and NACA 64210 eirfoil sections, Chordwise prossure
distributions were obtained at six spanwise stations. Two
spans of flaps, 0.495 and 0.518, were tested so that the pres-

sure distribution at %—g-=0.5 was obtained, in one case, just
outboard of the end of the flap and, in the other case, just
inboard of the end of the flap. As shown in figure 7, the
pressure distributions at each station are very similar for
the two flap spans, even at the station 0.56/2. Furthermore,
there is a gradual spanwise change from the type of loading
associated with an airfoil section with flaps to the type
‘associiifed with a plain airfoil.

For comparatzw, purposes, the section normal-force coof-
ficients, obtained by integration of the chordwise pressure
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Fiourg 7.—Experimental pressure distributlons at an angle of attack of {3.1° for 8 wing having
NACA 64-210 airfofl sectlons, an aspect ratio of 6.0, @ teper ratio of 0.5, and partiyl-span
split flaps.
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distributions at each spanwise station, together with cal-
culated values of section lift coefficient, interpolated for the
same spanwise station, are shown in figure 8. The calcula-
tions for the Haps-neutral and full-span-flaps configuration
were made according to reference 1 and those for the partial
span-flaps configuration were made s described herein.  For
the experimental deta, jet-boundary and stream-angle cor-
rections have been applied to the angle of atfack, but no
corrections have been applied to the values of ¢, for the
effects of the model supports and the boom containing the
pressure tubes. Although some of the disagreement shown
may be attributed to the assumptions involved in the calcu-
lations, most of it is believed to be due to experimental inac-
curacies both in the two-dimensional data used in the calcu-
lations and in the three-dimensional dats shown herein,
inasmuch as similar disagreement is evident for the fullspan
configuration as for the partialspan configuration. In
general, however, the trends indicated in figure 8 serve to
substantiate the method used to alter two-dimensional data.

WING CHARACTERISTICS

Numerical integration.—In the numerical integration de-
scribed in reference 1, the multipliers nm, %ms, om, and Tme
were determined by harmonic analysis. For example, it

was shown that
LG =E (). 55
sinz;zwas designated as 7.

x
where —
2r

be seen that equation (19} could &lso be obtamed through _
the application of the trapezoidal rule (referemce 3) where
F(2y/b)u sin {(m=/r} is the funetion of m=fr and the interval
between points is x/r. Although equation (i9) may be
e\rpected to give good results when f(2y/b) is approximately =
elliptic, in general the application of Simpson’s (parabolic)
rule to this problem has been found to give better results
for a wider variety of curve shapes. "Since r was originally
assumed to be even, the interval m=0 to » may be divided

1
at

2m2:j (19

By inspection, it may
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into r/2 regioaé, the area of each of which is
(29 o o7 (_2_;!_) . (it D
3r[f< b ){sm r 47 b {+1Sln r +
f(%ﬁ) sin -——-("+2)"] (20)
142 r
For the entire interval m=0 to r,
1 2y 2\ _ = 2\ « m mm
JL1@)a@) =2 s(), g - vrsn
r—=1
~25 7(%) nn (21)
mm] m
where %, is defined and used herein as
x —_— 1YY" q1 Z’ET_ .
P gy (31 sin (22)

The relations between nm, 9ms, o'm, 2and o, are thesame asin
reference 1; namely, :

Nme=27m (m#'é‘r) (23a)
Nme=Mm (m (23b)
a,-ﬂ::"_T”l cos m_r__ I . (24)
Cna=20n

=1, COS 1_nr_1r RS (25)

Values of 9, #ms, om, 20d o4, are given in table V for r=20.
TABLE V.—WING-COEFFICIENT MULTIPLIERS

23"' m Tm . Tms Tm “ma

—0. 9877 19 0. 01638

—. g511 18 . 01818

—. 8010 17 < 0A7B4
—, 8080 18 .

7071 15 07405

—. 58878 14 . 04236

—. 4540 13 . 00381

—, 3000 12 « 04080

—. 1504 11 . 10343

1) 10 . 05236

. 1564 9 .10343

3080 8 . 04980

. 4540 7 . 09331

. 5878 6 . 04235

L7071 & . . 07408

8000 4 . 03078

. 8010 8 04754

. 9511 2. 1418

. 9877 1 01638

For cases for which the end of the flap or aileron is at a
point where m is not an even integer, a special form of
equation (20) is required which gives additional multipliers
for numerical integration in the vicinity of the end of the
flap or aileron. Such a case is illustrated in figure 9 and
ihe individual areas are :

s(2a+3 )

s(a+3t)
’ 3
Area 2:5[_68(; o LGS Dy t(ﬁz(t:: i;') 1 an

‘where ¢ and ¢ are expressed as fractions of «/r.

T

Area | Areg 2

§ ? 4

Fiaurr 8.—Definition of symbols used In numerical Integration for unequal fncrements n
_ Independent variable.

Area 1+2= [(2’ t)(8+t)f+(86—i;:)sj’+(2t s)(s+t)f]
(28)

It can be
seen that equation (28) is the same as expression (20) when
a=t=1. An example of the computation of these special
multipliers is given in table VI for 0.5-span flaps. For the
area B in the sketch gsccompanying this table, equation (28)

is used with s=1 and t=%; and for the area O, equation (26)

is used with s=§ and t=1. Velues of the 4, muliipliers

are given in table VII for various locations of the end of a flap.
Values of the multipliers 4., ¢m, and o, can be readily
obtained from the values of 3., by means of equations (23)
to (25).

Tt should be noted thut two muluphers are given at the end
of the flap. For distributions which are continuous through
the end of the flap, such as the distribution of ¢,c/b, the sum
of the two multipliers may be used. For distributions which
are discontinuous at this point, such as the distribution of
cacfb, each mult,iplmr should be used separatcly with its

a,ppropnate value. For example, for = 6—-—0 .5, the multi-

plier —0.03023 should be used with the value at the outboard
end of the flap, and the multiplier 0.03930 should be used

~with the value at the inboard end of the unflapped span.

Wing coeficients.—The formulas derived in reference 1
are repeated herein for convenience. For asynmumetrical

distributions
| Cr=A mz_gl ) gm (298)
For symmetrieal distributions -
=43 (°'°) e (29b)
For asymmetrical distributions
Cp;= 180 E c—z’c‘ &t)“ﬂm (30a)
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For symmetrical distributions

4‘1 2 c \
s D‘ ;80 ngl( ;)c ai) N ms (30b)
For asymmetrical distributions
C=—AS “)a. (31a)
Mme=] " .
For antisymmetrical distributions
Ci=—4A ?ﬂ ae oue (31b)
For asymmetrical distributions
ciC

The values of 1., Tme; Tu, 20d 74, should be used as defined
herein, and the summations should also include the special
multipliers in the vicinity of the end of the flap or aileron.

ILLUSTRATIVE EXAMPLES

SYMMETRICAL DISTRIBUTIONS
The method described is applied herein to a wing, the
geometric characteristics of which are given in table VIIL.
The section lift curves are shown in figure 10 as dashed lines
Liefore being altered and as solid lines after being altered.
The unsaltered data are obtained by interpolation of two-
dimensional data for the proper Reynolds number and airfoil
thickness-chord ratio for each spanwise station in & manner
similar to that of reference 1. The altered curves are ob-
tained as described previously and are used in the calculation
of the lift distributions in tables IX and X. These tables
were designed for use with calculating machines capable of

performing accumulative multiplication. The mechanices of
computing are explained in the tables, but a few items need

additional explanation.

The initial approximation of ¢;c/b is obtained in table IX.
The computations in this table are based on the method of
reference 6, the pertinent equations of which are modified
to suit the present purpose. The spanwise stations, at
which values of ¢ic/b are computed, are listed in column (1).
Columns (2) to (4) are used to obtsin the additional lift

TABLE VII.—AREA MULTIPLIERS g, FOR VARIOUS SPANWISE LOCATIONS

distribution ¢;,ef¢ for (=1 according to the approximate

relation
+/1-()]
\

TABLE VI.—CALCULATION OF AREA MULTIPLIERS WITH
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TABLE VIIL.—GEOMETRIC CHARACTERISTICS OF EXAMPLE WING

Taper ratlo, X . aebias A

Root section .. MACA 61-210

- 0. 400
A ; DTS = 9.021  Tip section NAQA 61-210
43poct reslo, 4. s iamemiamees 16.000 . Greomatris twist, e, daf - =% 00
Root chiord, & s iy 8381 Edge-velocity factor, E. : . Lox
Wing Bepmouds o number, A-....... -_ coe LdX 108 Edge-velocil:y mct-or, E. — iz L0GE
i i BT P VeV ST Mt . - ~ind N T — i gl o S
2y e ¢ £ e : @ Clmae
B o b R c o ¢ Tou ] F L {(Ttmor)e
- . I
Trw ) =T .
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8910 L4654 0739 278 10 . 7658 —-1.58 0 .0122 'Oggg 1.383 1,0138
L9511 4203 - 0681 57 10 .- 8862 -L77 . [ —. 0036 . 1.378 1.0039
8720 . 0580 122 10 . 9608 —1.94 . ¢ . 0085 1] 1.361 1. 0000
* ' , ’ —. 4458 2040 .
Homng .8400 L1018 .89 _ 10 875 -5 { —x8 f 18 58
For tapered wings with stmisht-llne eIements from root to construction tlp
€ 21//b
:-1—(1—)\) b & e
(Alter values of ¢/¢, near tip to allow for rounding.) - (Usa value of ¢/¢, before rounding tip.)
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Columns (5} to (7) are used to obtain faired values of the
twist es due to flap deflection according to the relations

2” 23’<1) (34b)

This fairing is illustrated in figure 11. Columns (8) and (9)
are used to obtain the average twist & according to the

equation
[ zE,C & M
C /m

The value of s obtained by this summation is given at the
bottom. of the table. Columns (10) to (12) are used to
obtain an angle of attack «’ defined, for the flapped span, as

- 12

mw]l

35)

, AE+2

[4 4 =m—6- (er—?a)-l-zj—&-l-a (3 6&)
and, for the unflapped span, as
a'—'jgi—g (s—ep)+esta (36b)

The values of the geometric angle of attack « in column (11)
include the values of continuous twist . Values of ¢;w in
column (13) are obtained for the section lift curves at the
angle «’. In the nonlinear range of the section lift curves,
different values of ¢;* ., are found corresponding to the two
values of &’ at the end of the flaps. For the purpose of this
table, the average value of ¢;* . 18 used. Finally, columns

(34a) -

(14) and (15) are used to obtain the initial approximate
values of ¢,c/b according to the relation

‘¢ic G
(T)appm T HAEF2) Cita’) (37)
which was adapted from the equation
cl" _ s Sa® AE+2
SAE+2 [ “+TETe (e~ _)] (38)

given in reference 6.

The value of 5 used in table IX should correspond to the

value of ¢;* obtained at the bottom of the table. Some value
of & must be selected, however, for the computations needed
to determine the value of ¢;*. It is therofore advisable to
omit the computations in columns (10) to (15), except the
bottom row, until a value of & has been found by trial and
error which is consistent with the value of ¢;*.
. If the lift distribution is to be obtained at a relatively high
angle of attack, as in the example shown, the values of o
may be in the rapidly curving part of the section lift curves
or even greater than the angle of attack for maximum
section lift coefficient. For the purpose of this table, the sce-
tion lift curves may be extended in the general dircction of
the nearly linear part of the curves in order to obtain the
values of ¢iary. This procedure is justified inasmuch as
‘the subsequent operation in column (15) will reduce the
value of ¢;.

The approxnnate values of ¢,/b (column (15), table I\.)
are used in column (3) of table X and the computations
indicated are performed. Except for the computation of «,,
the computations in this table are the same as those in
reference 1 for wings without flaps. The value of & used
in column (16) is obtained at the section lift coefficient ¢;*
corresponding to the value of (cx/b)* obtaiped by means of
the interpolation multipliers v,

In this method of successive approximations, the value of
eic/b in column (22) will usually not check the initial
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F16URE 10.—Unaltered two-dimensional and altered section Lift curves for example wing with 0.6span fape.

approximate values in column (3). The values to be used in
subsequent approximations may be found by the equation

r

(5 15 ks ().

i=Q

(39)

where A’(ec/b) is the increment to be added to the approxi-
mate values to obtain succeeding approximate values,
Aleie/b) is the difference between the check values and the
approximate values (column (22) minus column (3)), and
K and K are constants for any particular wing. Equation
(39) is derived in the appendix, and values of K and K, for
r=20 are presented in figure 12 as functions of AEfy. These
values compare favorably with those empirically determined
in reference 1 (K,=3, K,=1, K;51=0, and K=8 to 10).
Although these values were obtained for elliptic wings, they
can be used for wings of other plan form. The number of
terms of equation (39) needed for any particular epproxima-
tion depends upon the convergence of the approximation;
fower terms are needed when the differences A(c,c/b) are
small or when positive differences nearly cancel negative
differences. Values of K, for values of i greater than 3 are
small enongh to be c?n.sidered negligible.

Some additional explanation of the use of equation (39)
msy be desirable. For values of m from 3 to 7, equation
(39) may be used directly if the constants Ki>; are neglected.
For values of m from 8 to 10, equation (39) may be expanded

a8
v (5) = B (F), 5 (5) 4500 (%)
K (%) ikt Kas () 46 (),
(402)

c,c IX:A c,c +KZA c,c —HKI-I—K;)A c,c
K

(K, + KA (%)g-[—K;A (%E)N:l (40b)
v (5),=x 25 (), 2K (),
2K A (%)Q-Q-KOA (c,c) n] (40¢)

for symmetrical distributions, since A (C_zg) =A(C—;)—c-)
i T—J




TABLE 1X.—CALCULATION OF INITIAL

APPROXIMATION OF LIFT DISTRIBUTION FOR EXAMPLE WING WITH 0.6 SPAN FLAPS
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TABLE X,—CALCULATION OF LIFT

DISTRIBUTION TOR EXAMPLE WING WITH 0.6 SPAN FLAPS
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After convergence is obtained in “table X, the values of
ciefh (column (3)) and o (column (18)) are entered in table

X1 and the lift and induced-drag coefficients are determined

thro_;ugl_l use of the appropriate multipliers n ..

ASYMMETRICAL DISTRIBUTIONS

If the angle-of-attack distribution is noi symumetrieal, the
asymmetrical multipliers 8, must be used in the nonlinear
range ‘of the scction lift. curves. T:, pical asymmctncal
distributions are those for a rollmg wing or for a wing with
deflected ailerons. Ilustrated in table XII is the case of
a wing with flaps but without deflected ailerons, which is
rolling at such a rate that the tip helix angle pb/21” generated
is 0.01 radian or 0.573° Added to the normal angle of

atlack is an increment equal to %Eﬂ% (in deg), which is the

equivalent twist of the rolling wing. In order to reduce the
gize'of the computing form, the table of the multipliers By is
arrange(‘{ in the form shown The values of B for a positive
value of 2y/b are the reverse of those for the corresponding
negative value. Instead of reversing the values of Bm, in
table XII, the values of ¢x¢fb are written in reverse order in
column (14), Using these values with the values of Bu
gives the uncorrected angle «, for the stations listed at the
bottom of the table.

In general, the value of & will be different for the two sides
of the wing, so that the appropriate values must be used with
The values of e./5_ in column (16)

are those for —2%=—0 6 from table IT, whereas the vaIues of

aofbs in column. (17)_&1‘_0 the negative of those for —g—--=0.6.

TABLE XI.—CALCULATION OF WING COEFFICIENTS
FOR EXAMPLE WING

v C o A=902L am1000]

(2)"_
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MudtipHors 5

Yma
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(table X)

o

(table X)
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Flagrr 12—Coefficlonts used to obtaln succeading approzimations. rme20,

For valuesof m of 1 and 2, equation (39) may be expanded as
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Another modification must be made for asymmetrical lift
distributions since the edge-velocity factor £’ should be used
for the antisymmetrical part of the distribution (see reference
6), whereas the edge-velocity factor £ hes been used to alter
the two-dimensional lift curves. From reference 6 for

unswept wings,
—fii18
\ 442

This value may be taken into account in the following
manner: The symmetrical part of the effective angle distri-
bution is :

(42)

{c—ae+ (a—'df)r—k

s

which is used directly with the altered lift curves. The
antisymmetrical increment in the angle distribution is

(a—ay)e— (@—ai)r—2
2

which must be multiplied by the ratio E/E’ in order for it
to be used with the same lift curve. The effective angle is

therefore

_(a—aht(a— ai)r—t L E (e—ahp—(a—a

S 2 TE 2
E'—

~(a—ahe— 5T la—ad—(a—edd

=a—o—Ag, (43)
where

Aac=E‘, EfE (a— t!:)k (a“ai)r—k] (44)

Equation (44) is computed in column (21) of table X1I.
Other than these modifications, the computing required
for table XI1 is similar to that for table X.

DISCUSSION

The lift characteristics of two wings without flaps and
with 60-percent and full-span flaps have been calculated by
the method described herein and are presented in figure 13
fogether with experimental results from reference 7. One
wing had NACA 64-210 sections and was equipped with
split flaps. The other wing had NACA 65-210 sections and
was equipped with split, single slotted, and double slotted
flaps. For the split-flap conditions, the agreement between
calculated and experimental results is quite satisfactory,
whereas the agreement is less satisfactory for the single- and
double-slotted-flap conditions. Since the discrepancies occur
for both the 60-percent-span and full-span conditions, they
are probably due to differences between the two-dimensional
and three-dimensional section characteristics rather than due
to the method of ecalculating. Some of the discrepancies in
maximum lift coefficient may be due to the fact that the
characteristics of these wings were extremely sensitive to
small surface irregularities.

The stalling characteristics of these same wing-flap com-
binations are presented in figure 14 together with the cal-
culated stall-margin distributions. The stall margin Ae; is
the difference between the maximum section lift coefficient
altered as described herein eand the section lift coefficient at
the maximum wing lift coefficient. The spanwise location
of zero margin should correspond to the location of initial
stall, and the margin at other spanwise locations is an
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Ficurx 18.—Experimental and ealeulated lift casrves for wings with and without flaps; aspect
ratfo, 9.021; taper ratlo, 0.4; washout, 2°, Experimental polnts designated by symbols.

(a) NACA 64-210 sectons; split flaps.

indication of the manner in which the stall spreads. In
general, the sagreement between the experimental and
calculated stalling characteristics is very good.

The foregoing comparisons befween calculated and experi-
mental results were made for the same Reynolds number.
I possible, such comparisons should be made at the same
Mach pumber also, unless the Mach number is low enough
to have & negligible effect. Even at relatively low values of
free-stream Mach number, adverse compressibility effects on
maximum lift coefficient have been noted (reference 8) when
sonic velocity is reached locally on a wing. Similar effects
in two-dimensional flow have not as yet been thoroughly
investigated so that calculations based on available two-
dimensional data mustbelimited to suberitical Mach numbers.

LANGLEY AERONAUTICAL LABORATORY,
NatroNaL ApvisorY COMMITTEE FOR ABRONATUTICS.
Laxcrey FieLp, Va,, November 18, 1950.
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TABLE XII.—CALCULATION OF ASYMMETRICAL LIFT DISTRIBUTION FOR EXAMPLE
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R (a) NACA 684~210 sections; split flaps.
FIGURE 14.—Experimental and calculated stalling churicteristics for wings with and withoat flaps; aspect ratlo, 9.021; taper ratlo, 0.4; washout, 2°.
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APPENDIX
DETERMINATION OF COEFFICIENTS USED TO OBTAIN SUCCEEDING APPROXIMATIONS

In the method of successive approximations to determine
the lift distribution, it is desirable to reach convergence with
a minimum number of approximations. This desideration
necessitates that each successive approximation be obtained
from preceding computations in some manner. The manner
in which these operations were performed in reference 1 and
the cocfficients used therein were determined empirically.

It is shown hereinafter, however, that the procedure and

similar coefficients can be determined theoretically.

In the following derivation, A(cic/b) is used to designate
the difference between the chieck values end the approximate
values, and A’(e;c/b) is used to designate the increment to be
added to the approximate values to obtain the succeeding
approximate values. The section lift curves are assumed to
be linear and &, to be zero. . The operations performed
during the first approximation (table X) may then be
represented by the equation

a (e AN
SCO=E)r(F), @y
If suitable increments A’ (c;c/b) are.chosen so that the check

values become equal to the approximate va,lues for the
second approximation,

B (DY) ()

The difference between these equations is

C],L'

{ak-—Z‘J\m

(aoc SVA ! (c,c) —A (c;c) —A (c;c) (A3)
From reference 1 .
. I3
87 sin —
r
The lift-curve slope may be expressed as
=% 35 (A5)

where 5 is the ratio of the actual two-dimensional lift-curve
slope to the theoretical thin-airfoil value. For elliptic wings,

(gk —71-smlc—- S L (AS)
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Therefore

() =17 a7

which, for constant 9, is constant for all spanwise stations.
Substituting this value into equation (A3) yiclds

(1+ A (c;c) )\,..k A’ (c;c

&=
Equation (A8) represents r/2 simultancous equations which
may be represented in matrix form as

4‘1E (C;c (A.S)

(A8)

[M] [A’ e AE’[ cic

where | M] is & matrix with all the principal diagonal elemcuts
equal to 1+—E— and the other elements are )\M/Au This

matrix can readxly be put into a symmetrical form and its
reciprocal obtained by one of the standard methods pre-

sented in reference 9. Then
| [A’ "'c]:.A_F [M]- ll: 24 (A10)

Fora gif'en value of AE/y, equation (A10) may be expressed
in the form
(c;c

beeause of the particular pr operties of this reciprocal matrix.
For convenience K, is made equal to unity and the valucs of
K and K, are adjusted accordingly. The values given in
table XIII and figure 12 were obtained for various values of
AE/y and r=20.

(""" ;O; KA (A11)

TABLE XIIL ~—COEFFICIENTS USED TO OBTAIN
SUCCEEDING APPROXIMATIONS

47?” E & K ® )

T4 10095 | . 233 1.000 0. 498 0.339
8 8.418 3.000 1.000 401 .28
12 8.141 3. 571 1.000 .338 218

]
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