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METHOD FOR CALCULATING LIFT DISTRIBUTIONS FOR UNSWEPT WINGS WITH FLAPS OR
AILERONS BY USE OF NONLINEAR SECTION LIFT DATA1

By JAMES C. SIVELIS and GEBTErDE.C. WESTEICK

SUMMARY .

.4 metkd ia presented which, allow tie we of non[inear
section liftdata in the calculation of the spanux-se [i> distribu-
tion of unswept u%g~ with japs or ailerons. This” mdhod
i~ based <pan l~fiing-line theory and is an extension to the
method descm”bed in iVAC.4 Rep. 865. The mathematical
treatment of the discontinuity in abwiute angle of attack at the
~nef @ the jlap or aileron inroltw the we of a correction faetar
which aecount$ for the inubility of a limited tn”gonometric
wies to repre~ent adequately the apanw-se lift di~trt”bufion.
.1 treatmeni of the apparent discontinuity in maximum section
lift coej%ient ia also desc~bed. In order to minimize the
computing time and to illustrate the procedures inrolred,
e~mpli~ed computing forms containing detailed ezamples are
giren -for both qynmetriea[ and a~mmetrical [ijit diatm”thtitins.
A fw conapam”sona of calculated .chmactei+ticg with those
obtained ezpem-rnental[y are also presented.

INTROD~CTIOX

Unswept-wing characteristics calculated by the method of
reference 1, in which nonIinear section lift data are used, have
been found to agree much closer with experhmmhd data in
the region of maximum lift coeflic.ient than those calculated
I)y methods in which Iinear section lift curves are used. It
appears feasible tLat the similar use of nonlinear section data
would yield improved rewdts for unswept wings with flaps or
tiilerons. The deffeotion of a partial-span flap or aileron,
however, causes discontinuities in the spamvise distribution
of the absolute angle of attack. If such &continuities exist,
an excessively large number of spanwise stations must be
considered in order to obtain a sdut-ion by the method of
reference 1 or by any other method in which the lift dis-
tribution is approximated by a trigonometric series. A
dHerent method of treatment of the discontinuity is there-
fore desirable. Developed herein is a new method of treat-
ment invoIving the use of a correction factor which accounts
for the inabdity of a limited trigonometry series to represent
adequately the spa.nwise Iift distribution of a wing with
partiaI+pan flaps or ailerons deflected. This correction
factor is obtained with the aid of reference 2 and is used in
conjunction with the system of mtitipliers of reference 1 to
obtain the induced angle of attack from the spanwiae lift
distribution. The subsequent etdculation of the lift dia-
tribut.ion by means of successive approximations is similar t..
that of reference 1.

The mathematical treatment of the discontinuity in the
spanwise distribution of abschte angle of attack is onIy part
of the probIem invoIYed in calculations for wings with flaps
or ailerons. The direct use of tvio-dimensional Lift data .=l
would indcate a discontinuity in the spamviae distribution of .

maximum section lift coefficient. ObriousIy, ‘the flow about
the wing sections near the end of a flap or aiIeron is not two-
dimensional. A rational method of obtaining three-dimensional
section data from the two-dimensional data has therefore
been devised and is presented herein. This method is ~
substantiated by experimental pressure distributions.

In addition to the presentation of the method of making the
calculations, simplifie~ mmput&~ forms are given and their
use is illustrated by detaikd exampks for both symmetrical
and asymmetricrd distributions. A few comparisons of CaI- -

cuIated results with experimental data are also given.
This report and reference 1 are intended to supplement

each other. The reader is therefore expected to be reason-
ably famiIiar with reference 1. -.

SY31BOLS

As used here~, the term section designates the character- ,
istic of a section in three-dimensional flow. ..._
A ● aspect ratio
A* coefficients of trigonometric series for lift’ distri- .

bution
—.

(7D~ induced drag coefficient .,
c.

.
wing Ht. coefficient

c, rolkg-moment coefficient . .
c induced yaning-moment coetlieient

. . .

E=’ edge-ve~ocity factor for symmetrhd pmt of Iift
dist~bution

E’ edge-veIocity factor for antisymmetricd part of
Iift distribution

..=

F factor used in altering two-dimensional Iift cur-ies.
R ReynoMs number
s pressure coefficient

(Total presmre-Local static pressure
Dynamic pressure ),

aa section Iift-curve slope per &gree
b span of uing
c local chord of wing
c, ‘root chord

—.

E mean geometxic chord (b/A)
@ section induced-drag coefficient

~1 sect ion lift coefficient

1SupersedesNAC A TN Z!E-l, ‘Wetbod far Caldathg Lift DIstrlbutkms far Umirept Wings with Flaps or Mkons by U= ofNcmliuearSeetfcmLift Data” by Jwnes C. S[relh and
.+

%rtmfe C. We9ctfck, 1951.

—
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stall margin
mtmimum section lift CmfEcient
maximum two-dimensional lift coefficientt
increment in maximum liit coeffiqitmt due to flap

deflection (two-dimensional data) ‘
sectiou lift coefficient at either end of flap or

aiIcron
section lift coefficient Ior part of lift distribution

involving no discontinuity in angle of attack
section lifk coefficient for pttrt of Iift distribution

due to discontinuity in angIe of attack
section lift coefficient for additional lift

distribution
section uormal-force coeflic.icut

wing-tip helix mgIe generated by rolling wing

intervals used in integration

airfoil thickness-chord ratio

spanwise coordinate
spanwise coordinate at either wld of flap or

aileron
angle of attack, degrees
correction for induced angle of attkwk, degrees
effcc~ive angle of attack, degrees
correction for effective angle of attack, degrees
induced tingle of attack, degrees
induced angle of athack for part of Iift distribution

involving no discontinuity in angle of attack,
degrees

induced angle of nttnek containing discontinuity,
degrees

angle of u~~tick for zero lift, degrees
angle of attack for two-dimensiomd lift curves,

degrees .
angle of attuck of root section, deg-rew
uncorrected induced angle of attack, degrees
multiplier for induced angle of attack for asym-

rne@ical distributions
multiplier for induced angle of attack for antisym-

metrical @tributions
magnitude of discontinuity, in absolute and

induced angles of attack, degrees
fmgle of twist, negative if washout, degree9
angle of twist at wing tip, degrees
average angle of twist
faired angle of twist due to flap deflection
average angle of twist due to flap deflection
ratio of actual two-dimensional lift-curve slope to

theoretical value of #/90
area multiplier for asymmetrical distributions
area multiplier for symmetrical distributions

e=cos-~ ~ -- --
.—

k taper ratio
(

Tip chord
Root chord )

Amk multiplier for induced angle of attack for sym-
metrical distributions

Vm interpolation multiplier

u~ moment multiplier for asymmetrical distributions
u== moment mu] tiplier for antisymrnetrical distribu-

tions
*’ used as supe~~cript to denote value at end of flap

or aileron

DEVELOPMENT OF METHOIJ
LIFT D19TRIBUTJON

The method involving the usc of multipliers to obtain t.hc
induced kngle of attack from th(’ spa.nwise lift distribution
was presented in reference 1, III this dcvclopnmnt, the lift
distribution was approximated by a finitx trigol]on]c~ric
series

()

C]c r- I

3-V
=n~ An sin n‘~ (1)

2y
where cos ~=— ~ and ?n=l, 2, 3, . . . r—l. ~’rom the

value9 of” cLc/L for each value of m, th induced tingle gf
attack could then -be obtained at the points kr/r by the

relation

(2)

where k=l, 2, 3, . . . ?’—1 and ~~t denotes t.hc mdtiplit’1%
for asymmetrical distributions. The corrcspomling mtll-
tiptiers, k~t and ‘y~~, are used for symmetrical tind antisym-
metric.al distributions, respectively. ‘Mew rnultiplicw nr~
tabulated in reference 1 for r= 20. The method can br used
directly so long as there is no discontinuity in the spml~visc
distribution of absolute tingle of at[ack caused by [he deflec-
tion of a partial-span flap or nilmon.

Lifting-1ine theory, requires that a (Discontinuity in the
distribution of absolute angle of athwli must be accompanied
by an identical discontinuity in the distribution of iuduccd
angle of attack in order to avoid tt diwont.inuity in the span-
wise Iift distribution. An anaI ytic expression for the lift distri-
bution ~.sociattxi with a discontinuity in induced angle of
attack ii prwxmted in reference 2. The completr lift distribu-
tion can thus be expressed as the sum of Lwo distributions

(3)

where C{2c/hSis tho distributiou due Lo u unit discon~inui ty
in the ipduccd angle of attack and cJlc/b ia h remainder of
the lift distribution. These distributions are illustrate[l in
figure. 1. Since no discontinuit,~ is associate(l with the dis-
tribution cllc/b, the. corresponding induced anglo of attack
can he obtained by means of the mult.iplicrs

(4)

By definition, over the flap syan ,

a%=i (5a)

and over tbti unflappcd span

(x\=o (51J)

The total induced angle of attack is

at,=m,,+ CZ~k (6)
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If, however, the nndt ipliers were used with the total distri-
bution .

and ~%~were added to both sides of this equation, the resuh

would be

Rearranging this expression gives

A comparison of equation (7), for a wing with a flap or aileron,
with equation 0), for a wing -without flap or aileron, shows
the addition of a term which is proportional to the magnitude
of the discontinuity and acts as a correction factor to account
for the inabiIity of a Iimited trigonometric. series to represent
adequately the spamvise lift distribution of a wing with
partial-pan flaps or ailerons deffect ed. For simplicity,
equation (7) may be written as

(8)

where the uncorrected induced angle of attack is expressed as

(9)

and the correction factor per unit discontinuity is given by
the equation

(lo)

.8

\

.6

.4

I
.2 I

I ~ ‘
~ \

o .2 .4 .6 .8 Lo
2y~

FtGL_EX1.–Typ&alIii dLstrIbntIonsfor a duc with 03+wn flaps

The distribution c%c/b5 given iu reference 2 may b~.
apressed in the form
Cllc 1

[

1–Cos (6+@)+re* sin—=—66 ~o (cos ti-cos f?? Iog. 1–Cos (8– fi 90 ~
(11)

for fl~~=l, OO<t?<tl*; for ~=0, t?*<@<180°; and 8* and 6 “-

are in degrees. This distribution is dependent on only the -
“spanwise position of the discontinuity and is independent of
aspect rat io and taper ratio. The correction factor per unit
discont”muity q~~~ given by equation (10) is therefore a

function of only the spanwise position of. the discontinuity. --
The distribution of cs~~, for which equation (11) applies, is

illustrated in &we 2 (a). (Fig. 2 shows the method for
obtaining various distributions of C@ which will be discussed” __

Iater.) VaIues of cqc[bd corresponding to the type of dis- -

tribution iIlust-rated in tlgure 2 (a) are presented in tal~le I
for =wu-ious vahs of 2y/b and 2y*/b. These values. are
pIotted against 2y/b in figure 3 for even increments in 2y*/b

2
and against 2y*/b in @re 4 for even increments in fl=cos -1 _v.

b
In tabIe II are giveu vahw of a# corrmponding to the
WIues of c%cib~of table I.

The distribution of C@ Wstrated in flg-ure 2 (a) would

be applicable onIy for a wing with one outboard flap or ~

3 ‘-
0 (a)

l–

$0.“
-1
-f 0 !

(c)
2y/b

(8) Smrnetrlcal dlstributtcm
(b] Srmmetrfd dmibutfon.

(d Antfs9mraetrfcaIdistrlbnfiost.
FtGCWI2.–Method ofcombMngdhtribaffons ofq+

I

ZYl. Q=
b

(1) :-

I-m
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aileron de.flectod. For a wing with symmetrical inboard
flaps, the distribution would be obtained as illustrated in
figure 2 (b) and the values of ~/6 would be obtained in like
munner. For example, for a wing with flaps extending from
@*
—=(),6 to +*= —0.6, the

b

k obhined by subtracting

from those for ~*=-O.6,

valuea of CY.18to be used would

the values of 46 for
2y*
~==o.6

Since the resulting distribution

would be symmetrical, the values of at/8 would also be sym-
metrical. Similarly, an antis.ym.metrical distribution n of
a$l~ and the cmresponding values of m/6 would be obtained

as ilhstrated in figure 2 (c).
It should be noted that. Lwo values of a~6 exist at the end

of the flap, one corresponding

2y*/b) and one corresponding to

Ody the values corresponding to

H. For the unflapped side.,

to %*+ O (flap side of

2f
b

–O (unffapped side).

2y*
~+0 are given in table

These .vahw.s have no practical significance unless the dis-
2y kr

continuity occura at one of the stations - -=COS ~. At
b

these stations, either of the t~vo values rhay be used so long
as the value is used with the proper section lift curve.

In the calculation of tho induced angle of attack by equa-
tion (8), the valuea of a.z/6 must be multiplied by the magni-
tude of the discontinuity 6. The value of 6 to be used ia
obtained from the section lift curves at the lif Lcoef71cient c1*.
If the discontinuity occurs at one of the spanwise stations
9~
~= cos $, the value of (clcfb) * is obtained as one of the

values of clc/b computed. If the discontinuity occurs at
some other position, the value of (clc/b) * must be interpolatcd,

.070

060

050

~ .040
~

so30

,020

.010

0
=1.0 -.8 -.6 -.4 -.2 0 .2 .4 .6 .8 1.0

2y/b

FIULux &-Lifi. dfstrltrutlon pcr degrw of dlscontintdt y In Induced angle of attack for tibriow
qnmvrkw locations of tire dismntlnufty 2y*/b.

This int&polation may be accomplished in the following
manner. Even though the spanwisc lift distribution is con-
tinuous through this point, the point is singular. Its singu-
larity is duc to the singularity of tho corresponding point
of the distribution of ci2c/b~ which has an infinite alopc but
zero radius of curvature. .4t this point, from equation (11),

(12)

Since both the distribution of clc/b and thu distribution of
c12c/b8contain the same type of singularity, a curve W~Lhctc/b
as the dependpnt variable and cl~cjb~ as the independent
variable would have no singular point and could be approxi-
mated by a polynomial for which Lagrange’s interpolation
formula (reference 3) is applicable. Frcm I.agrange’s fornmla

.(13)

where

Z3[(%Y-(39,]
k+m—— (14)

‘W[w.-(ca]
k+ m

The number (n+ 1) of terms retained determines tho degree
(n) of the polynomial used in the approximation. It has
been found that using four terms (two on each side of the
desired point), which defie a third-degrco curve, gives
valucs at the cnd of the flap which agree within abou~ I
pcreent tiith the values obtained by means of tho method
of reference 4 but with about 45 terms of a trigonometric
series. ‘Values of the interpolation multiplicra dctcrmincd
in this manner are presented in table III for various spanwise
positiom of the end of a flap. This type of intcrpolntiou
is suit,able only if the variables am single-valued in tho mngc
of the interpolation. This limitation precludes tho deteivni-

2.y*
nation of multipliers for ~= 0.1 W this positiori is out 01

the range of practical flap spans.
.

FIOOTIE4.—V8luaaof the IItt dlatrfbut[on par degrea of dlwxmttnulty III Inducarl angle of
&ack ass Mctkm of tbe spanwlsa locatIon nf the dl.wonttnulry ?u”lb.

.-
_,->.

--
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The method of determining the ML distribution by means
of successive approximations is the same as that of reference
1 with the added step of determining the correction factor
CYC.Fore, given geometric angle of attack, the lift distribu-
tion is! assumed. The uncorrected induced angle of attack
k de-termined by equation (9) for asymmetrical distributions
or by a corresponding equation using km for symrnet rical
distributions. The multipliers ~m~ for antispmnetricd dis-
tributions can be uswi ordy if the lift curves are iinear and
the value of 6 is independent of ML coeflkient. The value
of (cx/b) * is obtained by means of equation (13) and is
divided by (c/b)* to determine cL*. M this value of cl*, 6 is
read from the section lift curves as the difference between
the effective angle of attack for the section without. the flap
and that for the section with the flap, both at the station at
the end of the flap. This value of d is multiplied by the
appropriate values of a# from table II to obtain cre. The
values of ac are added to the uncorrected ~alues aw to obtain
the values of induced angle of attack which are then sub-
tracted from the geometric a@e of attack to give the effec-
tire angle of attack at each spanwise station. & each value
of effecti}-e angle of attack, the corresponding value of CJis
read from the appropriate section Iift curve and multiplied
by the value of c/6 at that station to obtain a cheek value of
c,c~b. If the clieek values do not agree ~-it.h those origins.~ly
assumed, a second approximate ion is made and the process
is repeated. Further approximations are made until one is
found which is in agreement with the check vaiues.

DETERMINATION OF THREE-DIMENSIONAL SECTIOX DATA

If the two-dimensional lift data were used directly, a
discontinuity in the spanwise distribution of maximum lift-
roefficient would be indicated at the end of the deflected
flap or aiIeron. Inasmuch as this discontinuity dom not
exist in three-dimensiona~ flow, some mems of altering the
twodimensional data must be used to obtain what may be
called three-dimensional section data. One method of alter-
ation is described in reference 5 for use with Iinear section
lift data. In order to use this method, the lift distribution
must be broken up into the basic lift distribution due to
twist and the additional lift distribution due to angle of
attack. When nonliiear section lift data are used, the Iift.
distribution cannot be broken up in this manner and the
method of reference 5 is not applicable. For this reason, the

TABLE HI.-IIfTERPOLATIOX 31ULTIPLIERS r= FOR

()OBTAINING Y.ALUESOF ““f * Al’ THE END OF
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met hod hereinafter described has been developed. Al~hough
this development is not rigorous, the reasoning behind it &
substantiated by e.xperiment.al pressure distributions

The foundation of the method used herein is the calcula-
tion of two curves for which Iiiear section lift data are used.
One curve, the spanwise distribution of section lift coefficient
for a wing with flaps but no other twist-, is calculated by the
method described herein but adapted for Iinear lift curves in
a manner similar to that of reference 1. The other curve is
the additional lift~ellicient d~tribution (constant absolute
angle-of-at tack distribution) cahdated as in reference 1.
These curves may be calculated for an~ convenient angle of
attack and for any convenient value for the discontinuity in
angle of attack at the end of the flap. A typical set of curves
is shown in figure 5. It is reasoned that the root section of a
wing with partial+pan flaps would be acting most nearly like
that of a wing with full-span flaps so that the additional Iift-
coticient distribution is multiplied by a suitable constant
to give the “same value at the root. Likewise, it is reasoned
that the tip section would be acting most nearly like that of a
wing without flaps so that the additional lift-coefficient dis-
tribution is multiplied by another constant to give ‘tie same
mdue at the outermost station used in the computations (the
0.9877 -semispan station when 10 points on the semispan are
wdj. The difkences between the va.lues on the curves
(i.e., Cl(fi= 10°) –0.713cld, inboard of ffap end, and

CJ(6= 10°) —O.OWcld, outboard of flap end) are then divided

by the diHerence between the values on the additional
lift-coefficient curves at the end of the flap (Q.713cld—

0.086c1=1)to obtain the factor F shown in figure 6 for several

wings. In order to interpolate for the points on the additional
lift-coeflkient curves at the end of the flap, the multipliers
pm,presented in table 1~-}huve been determined. ‘II&e rnnl-
tipliers were obtained by using o as the independent variable
in equation (14) instead of c5c/bti. It can be readily seen that,

the factor F is independent of the angle of attack and
magnitude of the discontinuity used in the origimd computa-
tions. The factor F is ak relatiwIy independent of lift-
curve slope so that it can be used near ma.simum lift where
the lift curves are nonlinear.
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The maximum lift-coefllcient values are altered by means
of the factor F according to the relation

Clmz= (Ci_)O+~(ACZ*ti) (15)

The vahs of c1 and a are then altered
equations

(G).l#6rcd_ Crma ~
(C1)WMIIW (Clmaz)o

%—CYJO
—--=E~
CQ- Lrro (%JO

according to the

- (16)

----(17)

The edge-velocity factor E is used in the same manner as in
reference 1. The value of 11 given in refcrenco 6 is, however,
probably more accurate than the ratio of semiperimeter to
span used in reference 1. From reference 6 for umiwept
wings, ,—

dE= 1+$ (18)

Tho foregoing description of the alteration to the, two-
dimensional section data has been limited to wings with
symmetrical partial-span flaps. For winga with deflected
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ailerons, a similar method based upon the samo reasonin
could readily be devised.

The reasoning behind the method of altering the two-
dirneneional data is substantiated by the results shown in
@rw 7 and 8 and obtained from experimental pressure
distributions for a wing of aspect ratio of 6.0, tupcr ratio of
0.5, and K4CA 64–210 airfoil sections. Chordwiso pressure
distributions were obtained at six spanwise stations. Two
spans of flaps, 0.49b and 0.51b, were toetd so that thu prea-

2V O5 was obtained, in onti casq justsure distribution at —-= .
b

outboard of the end of thd flap and, in t~o othor case, just
inboard of the end of tlw flap. As shown in figuro 7, the
pressure distributions at aach station aro very similar for
the two flap spans, oven at thu station O.56/2, Furthcmnore,
there is a gradual spanwisc chapgo from tho typo of loading
associated with an airfoti sect.ion with flaps to the hypo
assotiiittcd \vith a plain airfoil.

For comparative purposes, the section normal-forco coef-
ficients, obtained by inttgwation of the chordwiso pressure

!wb=O.95B5 .7 .5 .3 .1
#
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F1OURE7.–Ex@mental premuredfstrtbutlons at an angle of atfnck of IS.lOfo~s wing having
NACA 64-2f0airfoil sectlorm an rweet ratfe of 6.0,a tsper rntio of 0.5,and Part@I-span
Spm saps.



distributions at each spanwise station, together tit.h ml-
culated values of section lift coefficient, interpolated for the
same spanwise station, are shown in figure 8. The calcula-
tions for the flaps-neutral and full+pan-flaps cordjguration
were made according ta reference 1 and those for tie partial
span-flaps configuration were made as described herein. For
the experimental data, jet-boundary and stream-angle cor-
rections have been applied to the angle of attack, but no
corrections have been applied to Lhe values of c. for the
t~ffects of the model supports and the boom containing the
pressure tubes. Although some of the disagreement shown
tnay be attributed to the assumptions involved in the calcti-
lations, mos~ of it is beIiewd to be. due to experimental inac-
curacies both in the twodimensional data used in the calcu-
Miona and in the three-dimensional data shown herein,
inasmuch as similar disagreement is evident for the full+pan
configuration as for the partial+pan con6guration. In
general, however, the trends indicated in fi~e 8 serve to
substantial e the method used. to alter two-dimensional data.

rzz t— -7 r—~

-.
WING CHARACTERISTICS .—

NumericsJ integration. —Tn the numerical integration de- -.,
scribed in reference 1> the mult.ipIiers ~-, Tw, am, and u“= ‘-
were determined by harmonic analysis. For example, it- --
was shown that

.

m r’
.-— _

where %lT
2r

was desi=mated as ~.. By inspection, it may

be seen that equation (19) could akQ be ob,~tied t~ugh. ,.
the application of the trapezoidal rule (reference 3) where

f(2y/b)~ sin (m+) is the function of nar/r and the interval . .
between points is rfr. Although equation (19) may be”” —
wrpect.ed to gi~e good resuhs when f(2y/b) is approximately - ‘–
elliptic, k genera~ the application of Simpson’s (parabolic) ‘–-
rule to this problem has been found to give better reds -- _
for a =ider variety of cur-re shapes. ‘ Since r was .originaI&
assumed to be eren, the intervaI m=O to r may be divided ‘-
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into r/2 regions, the area of each of which is

[()
; j * , ; (a),+, Sin *+sin~+4f ~

f(%),+$ *] (W

For the entire interval m=O to r,

where q= is defined and used k-rein as

qm=f~ [3–(– 1)”] sin ~-
.,

‘rhe relations Mwcen v“, q~,, u~, and u~e are
reference 1; namely,

L7m==’um

=q. cosm: ~

(21)

(22)

the same as in

(23a)

(“b)

-- (24)

(25)

Values of qn, q~, u=, and uma arc given in table 1’ for r=20.

TABLE V.—W1NG~COEFFlCXENThIULTIPLIERS ‘--

r;–_:~
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–. 6978
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For cases for which the end of the flap or ai
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c
.Oms
.om9
.04!286
.02400
.06286
. 024s0
.04236
.Olm
.01m8 ,

!TOnia at a
point where m is Not an even integer, a special form of
equation (2o) is required which giv~ additiond multipliers
for numerical integration in the ticinity of tho end of the
flap or aiIeron. Such a case is illustrated in figure 9 and
the individua~ areas are

FIGURE9.—DeEnltkmvof symbols used Lunumoricnl Integration fdr unequal Inererncntain
independent variebfa.

(28)

%here s and t are expressed as fractions of w/r. It can be
seen that equation (28) is the same as exprossiou (20) when
$?=t=l. An example of the computation of these spec.ial
multipliers ia given in tal.de VI for 0.5-span flaps, For t.ho
area B in the sketch accompanying this table, equation (28)

is used wi~h .s=1 and t=; ~and for the area C, equation (26)

is used with 8=$ and t= I. Values of the q=, nudtiplims

are given in t&le VII for various locutions of the cud of a flap.
Values of tho mul~ipliera q-, a-, and u~g can be readily
obtained from the valum of ~~ by means of equations (23)
tO (25).

:It.ebo.uld he noted thut two multipliers me given at the end
of the flap. For distributions wljeh arc continuous through
~he end” of tho flap, such as the distribution of c~/bj the sum
of the two multipliers may be USCCL For distributions which
are di$cofitinuous at this point, such as the distribution of
c4c/b, each multiplier should be used separately with its

2y*
For exa-mple, for --i–E0,5, tlw multi-appropriato “valuc;

plier – 0.03023 should be used with the value at thc”outbowd
end of the flap, and the multiplier 0.03930 slwdd lm used
with the value at the inboard eml of the M@ppwi span,

Wing ‘coefficients. —The formulas derived in reference 1
are repeated herein for convenience. For asymmetrical
distributions

CL=A $;@m‘“ (29a)

For symmetrical distributions

For asymmetrical distributions

(29b)

(30a)

,



For symmetrical distributions

,-

distribution Ct=lcfi for C.=1 according ti the approximate
relation

-%M:+%m ‘-
(33)

(30bj

For asymmetrical distributions

(31a)
TABLE W.-CALCULATION OF AREA MULTIPLIERS WITH
SPECIAL C!02LSIDER4TION AT THE END OF AO.5-SPAN FLAP

—
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For ant asymmetrical distribu t ions Facton forareestudktwi
—
c

—
1?

— —

(-’,=-ii ‘::@m.=’
For asymmetrical distributions

bmA

(31b) —

o

.154

.309

.454

.Sm

.53s

.m

.m

.m

.O&iI

.Ws

(32)

‘l?& vahws of nm, ~mt, c=, and um. should be used as defined
herein, and the summations shou~d also include the special
qudtipliers in the vicinity of the end of the flap or aileron.

ILLUSTRATIVE EXAMPLES
SYMMETBICAL DLSTR[BLITIOW

~he method described is applied herein to a W@ the
geometric characteristics of which are given in t-able VIII.
Tbe section lift cun-es are shown in &urg 10 as dashed lines
before being aItered and as solid lines after being altered.
The unaltered data are obtained by interpolation of tmo-
dirnensionrd data for the proper Reynolds number and airfoil
thickness-chord rat io for each sptwmi.se station in a manner
similar to that of reference 1. The altered cum- are ob-
ttiincxl as described previously and are used in_the calculation
of the lift distributions in tables IS and X. These tables
were designed for use with calculating machines capable of
performing accumulative multiplication. The mechanics of
tmmputi~ are esplained in the tabks, but a few items need
uddit ional explanation.

The initial approximation of cx/b is obtained in table IX.
The computations in this table are bed on the method of
reference 6, the pertinent equations of which are modified
to suit. the present purpose. The spanvrise stations, at
whkh values of clcib are computed, are Iiited in column (1).
Co[umns {2) to (4) are used to obtain the additional lift
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TABLE VIII.-GEOMETR1C CII.4RACTERISTICS OF EXAMPLE W NG
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For ttaperd wIngawith st@ght.Unedementefmmmot to amstruetfontfp:

I ,,.,, _

(Ah valuaof c/c, neartip to allow for mnndlng.), (Ua3 value of cfe, beforerourdfngtip.)
. . . ..b . .. ....- . . . . . . . .+ --,. . --+ ------- .: :.... : .. . . . . . . . ...- .-,.:: .- =-l*,

Columns (5) to (7) are used to obtain faired values of the
twist ~~due to flap deflection according to the relations

“=’[l+FEI
“=’[1-+-[%11

( )~<y<?g(34a)

(2’y* 2’y ~
~-<~<

)
(34b)

This fairing is ilhwtratcd in @ure 11. Columns (8) and (9)
am used to obtain the average twist ;8 according ta the
equation

(35)

The value of ;i obtained by this summatioti is given at the
bottom ~of the table. Columns (10) to (12) are used to
obtain an angle of attack cc’defined, for the flapped span, as

, AE+2
~ ==~6 (@-G) +G-8+a

and, for tl.w unflappcd span, as
,

(36a)

(36b)

The values of the geometric angle of attack a in cohuun (11)
include the values of continuous twist ●. Values of Cl(r) in
cohmin (13) are obtained for the section lift curves at the
angle a’. In the nonlinear range of the section lift curves,
different values of Cl*f~J)are found corresponding to the two
values of a’ at the cud of the flaps. For the purpose of this
table, the average value of cl*(=~)is used. Finally, columns

(14) and (15) are used b obtain the initial app&inM(!
values of cs /b aooording to the relation

()CIc CJ=lC

--repproz‘Z(41E+2) ‘l[=’) (37)

which was adapted from the equation

given ~ reference 6.
The value of 8 .uscd in tal.ic IX should correspond to the

value of Cl*obtained at the bottom of the table, Some value
of 6 must be selected, however, for the computations needed
to determine the value of Cl*. It is therefore advisablc to
omit the computations in columns (10) to (15), except the
bottom row, until a value of ~ has bem found by trial anti
error which is consistent. with tllc value of cl*.

If the lift dishibutiou is to be obtaine[l at a relatively liigh
angle of attuck, as in the example shown, the wducs of a’

may be in the rapidly curviug part of the section lift curves

or even greater than k angle of attack for maximum
section Iift coefficient. For th purpose of this t.aMc, the sec-
tion lift curves may bc intended in t.hc gene.ral direction of
tlie nea.dy linear pmt of the curves in order to obtnin the
values of Ci(a?). This procedure is justified inasmurh as
the subsequent operation in column (15) w-HI rcducc the
value of cl.

The approximate values of cx/b (column (15), table IX)
are used in column (3) of table X aml the computations
indicated are performed. Except for the computation of a,,
the computations in this talk are the same as those in
reference 1 for winga without flaps. The value of 6 used
in column” (16) is obtained at the section lift coefficient Cl*
oorrmponding. to the value of (c~/b) * obta.ipd by means of
the interpolation multipliers Um.

In this method of successive approximations, the value of
clc/b in column (22?) wil] usualfy noe check the hithd

%u.. - y
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approximate values in cohnrm (3). The ValUeS to be USed iU
subsequent approximations may be found by the equation

(39)

where A’(cIc16) is the increment to be added to the tipproxi-
mate values to obtain succmding approximate values,
A(c’c/b) is the difference between the check values and tlw
approximate values (column (22) minus cohunn (3)), and
K and A’i are constants for any ptirtimdar wing. Equation
~:]9) is derived in the appendix, and values of h“ and A“t for
r=20 are presented in figure 12 as functions of .4E/q. These
values compare favorably with those empirically determined
in referemw 1 (&=3, Krl= 1, ~L>l =0, ~d ~’=s tO 10).
Mthough these vahms were obtained for elliptic wingg, they
ran be used for wings of other plan form. The number of
terms of equation (w) needed for any pm-t icular approsima-
t ion depends upon the convergence of the approximate ion;
fewer terms are needed r~en the differences A(c,c/b) are
small or when positive differences nearly cancel negative
differences. ~-alues of ~, for values of i greater than 3 are
small enough to be considered negligibk.

Some additional explanation of
may be desirable. For vaIues of

..-”

..-..—. .

.-,

-..”-

the use of equation (39)
m from 3 to 7, equation

(39; may be used directly if the constants KM are neglected.
For vahma of m from 8 to 10, equation (39) maybe expanded
as

(40a)

(401))

=“(H+K’4%1 :
for s~mmetrical distributions, since A

(~)*=At~)r-;

(40(!)
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J’or values of m of 1 an(l 2, equation (39) maybe expanded as

“t+)*=i[’K’-’’’’A(Y)l+K@(Y)s+”(a+
‘“”’”-‘4-+)4+K$+HI (41b)

Binm ..:

~ $(%).,=-A(Y); ‘
.:. .

~ Mtv” conwmgcncc is obtainwl in “table X, the wdues of
c#/fi (column (3)) and a{ (column (18)) me cntcrcd in t al)lo
XI &nd the lift and induced-drag coefficients arc dctcrmit~od
thrgugh use of the uppropriatc multipliers ~u..,.,

: ..._
ASiMMET~ICAL lMSTIUSUTIO~i

_.—.

If the a.nglc~of-attac.k distribution is uot symmct.rical, the
as~ot.rid mdtipliers ~~k m~lst be used in t.hc nonlinc~r
range of the section lift, curves. Typical asymmetrical
dis~i~utions aro those for a rollitlg wing or for a whg w!th
deffeci.ed ailerons. Illustrated in t.aide XII is the cue of
a wing with flaps but without deflected ailerons, which is
rolling at such a rate tlmt, the Lip helix angk yb/2 l‘ genera t Ml
is 0.01 radian or 0.573°. Added to the normal imglc o~

!2y pb .
attack is an increment equal to —~ ~ (m kg), which is ihe

equivalent twisk of the rollillg wing. In order to rcducc the
tie: of&e Computitlg form, k table of th nlult.ipli~~ f?~kis

h“arrange m the form shown. The values of ~~k for a posit.ivr
+ahm” of 2y/6 are the. reverse of those for the corresprmlhg
ncgati.vc value. Instead of reversing the values of pm in
talh WI, the values of c fi/b a,rewritten in rcve”kw order iu
column (14). ,1.king these valucs with .thc vulucs ot Pti
gives the uncorrected angle a. for the stations Iistwl at the
bottom of tile table.

In general, the wdue of ~ will be different for the two shkx
of the ~ring, so t~at Lhc approprktc vaks must. be usecl with
columns (16) and (17). The values of a,/8_ in column (1@

fmiiosefor 2!*—= –0,6 from talk II, whurcas the vtdui of
u

2g=o.&ac/~ in column. (17). nrc t]w llcgntive of those for

TABLE X1.-CALCULATION OF WING COEFFICIENTS
FOR EXAMPLE WING

,...- . [A-9.021; *-lo.oo]
.

1 I I J

cL=Ax(a)x(3)-1.699

Cil.~=#4.lo17 .{

...

.-

L,.
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Another modification must be made for asymmetrical lift
distributions since the edg*-relocity factor lZ’ should be used
for the ant.isynunetricd part of the distribution (see reference
6), whereas the edge-~elocity factor JZ has been used to alter
the two-dimensiond lift curves. From reference 6 for
unswept wings,

(42)

This vtJue may be taken into account in the following
manner: The symmetrical part of the effective angle dish-i-
but.ion is

(a–ai)t+ (a–at)r-~
~

which is used directly with the ah ered lift curves. The
antis.ymmetricaI increment in the angle distribution is

(a– ai)~– (a—ai),.t
~

which must be muhiplied by the ratio E/E’ in order for it
to be used with the same Iift curve. The effective angle is
therefore

~,=(a– a&+(a- C4f)r-t ~ (a—a4)k-(a-ai)r-k

9 +p
. 2

= a— ai —A% (43)

where
*a_E’–E

–~ [(a–aJk-(a-aJJ [44)

Equation (44) is computed in column (21) of table XII.
Other than them modifications, the computing required

for table .XII is sirnihr to that for table X.

DISCUSSION

The lift characteristics of two wings without flaps and
with 60-percent and fuII-epan flaps have been calculated by
the method described herein and are presented in figure 13
together with experimental results from reference 7. One
wing had 3rACA 64-210 sectiohs and was equipped with
split flaps. The other wing had hTACA 65-210 sections and
was equipped wit-h spIit, single sIotted, and double slotted
flaps. For the split-flap conditions, the agreement betw~en
calculated and experimental results is quite satisfactory,
whereas the agreement is I= satisfactory for the single- and
double-slotted-flap conditions. Siice the discrepancies occur
for both the 60-percen&pan and full+pan conditions, they
are probably due to dif7erencm between the twodimensiond
and threedimensional section c.haractm”stics rather than due
to the method of calculating. Some of the discrepancies in
ma.sirnum lift coeficien~ may be due to the fact that the
characteristics of these wings were extremely sensitive to
small surface irregularities.

The stalling characteristics of these same wing-flap com-
binations are presented in figure 14 together with the cal-
culated steLmargin distributions. The stallmargin Aci is

the diJTerencebetvieen the rns,ximum section Iiftcoefficient

altered as described herein and the section lift coeflkient at
the maximum wing Iift coefhient.. The spanwise Iocation
of zero margin should correspond to the hmuion of initial

stall, and the margin at other spanwise locations is an
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indication of the manner in which the stfi spreads. In
general, the agreement between the experimental and
calculated stalling characteristics is very good.

The foregoing comparisons behveen cskdated and experi-
mental results were made for the same Reynolds number.
If possible, such comparisons should be made at the same
Mach number ako, unless the Mach number is low enough
to have a negligible effect. Even at relatively Iow vrdues of
fre~tream Mach number, adverse compressibility etTects ort
maximum Iift coefficient hare been noted (reference 8) when
sonic velocity is reached iocdly on a wing. Simi18x &ect9
in twodimensiontd flow have not ez yet bsen thorougkdy
investigated so that calculations based on available two-
dimensionaldatam ustbehnited to subcritical Mach numbers.

LJAN13LEY ~RONA~CAL kORATORY,

lVATTIONAL AwmoRr COM3f.HTEE FOR hmo~mmcs.

LANGLEYF~ELD, VA., i%wnber 1s, 1960.
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TABLE XII.-C.4LCULATION OF ASYMMETRICAL LIFT DISTRIBUTION FOR EXAMPLE
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DETERMINATION OF COEFFICIENTS

III the method of successive approximations to determine
the lift distribution, it is destiable to reach convergence with
a minimum number of approximations. This desideration
necea9itatea that each successive approximation be obtained
from preceding computations in some manner. The manner
in which thwe operations were performed in reference 1 and
the ccwfficienta used tkrcin were determined empirically.
It is shown hereinafter, however, that the procecke and
similar coefficients can be dcte.rmincd thcore.tically.

In the following derivation, A(c~c/b) is used to designate
the cliffercnce betwecu tlm.ckk values.~nd the approximate
values, and A’(cJc/b) is used to designate the i~crcment to be
added to the approximate values to obtain the succeeding
approximate values. The section lift curves are assumed to
be linear and 8, to be zero. The operations perfo~ed
durhg the fi%t approximation (table X) may then IN
represented by the .equtttion

If suitable increments A’(c~c/b) are chosen so that the check
values become equal to the approximate values for the
second approximation,

{ak-zk.k(y+A’y)m}(y)L=ff)k+A’@)k(A’)
m

The difference between these cquatiouf.is

APPENDIX

USED TO 0BTAIKSUCCEEUIN(2 APP~OXIMATION9

From reference 1

h“=
180r ‘-”

8~ sill& - -...r

The Iifb.curve dope may be expressed as

(A4)

---- . (A5}

where q is tha ratio of the actual t}vo.dime~ional lif~urve
dope to the thoorctical thin-airfoil value. For elliptic wings,

(A6)

Therefore
,, ()aoc

-Tk ‘“=% (A7)

which,. for conshmt T, is constant for all span~visc stat.ious.
Substituting this value into equation (As) yields

#

Equation (A8) represents r/2 simultatl~cms ‘equations which
may be’ re.prescntd in matrix form as

.

M’+l=%rw ‘ “o’
~hcrc [.1~isa makix with aH Lhc principal diagorml elenwnts

AE
equal to 1+= and k otk demerits arc AJAM. This

matrix can rendily be put into a symmetrical form rind its
reciprocal obtained by one of the standard metk.ds pre-
sented in reference 9. TherI

#
(A1O)

For Mgi-wm value of AE/q, equation (A1O) may be cxprcsscd
in the form

(All)

because .of the particular properties of this reciprocal matrix.
For c.mwenience K ia made equal to uuity .aml the values of
K and K~ arc adjusted accordingly. The values given in
table XIII and figure 12 were obtained for various values of
AE/7 and r=20.

TABLE X111.—COEFFICIENTS USED TO OBTAIN
SUCCEEDING .APPROXIhlATIONS

.-. ---------

+-iiiMii-i-i “:
~1 I I I I I

W6



CALCULATINGLIIW DISTRIBUTIONS FOE UNSWEPT WINGS WFI?H FLAPS USING NONLIMEAR SECI’ION LIFT DATA ~~~...
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