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INTENSITY, SCALE, AND SPECTRA OF TURBULENCE IN ~TG
REGION OF .FREE SUBSONIC JET ‘

By JAMESC. LAURENCE

SUMMARY

l’?w intawify of turbulence,the longhdin.al and Zuteralcorre-
lation coejici.ents, and the spectra of turbulence in a S.6-inch-
diametzrfree jet were meawred with hotkre amometers al
exit Mach numbersfrom 0.$ [o 0.7 and Reyrwld8numbersfiom
192,000 to 726,000.

The m-w?t.vof tie meawrement8 sh.inv the fobwing: (1)

Near thenozzle (dtitanc~ km tin 4 or6 jet diam downstream
of the nozzle) the inkmrn”tyoj turbulence, exprewed as percent
of core vebn”t9, t%a &mum at a distance of apmximut.dy
1 jet radiw8from the centerline and decrea8e8 81i@tly with
increasing Mach and/orReynolds number. At dtitin.ca greater
than 8 ~et diameters a%wndxeamof the nozzle, however, the
maximumintensity movesout and d.ecrea.win magnitudeuntil
the Lurbukmx-intity pro$lcx are quite $at and approaching
tim%~ty. (fi) The kk?’d and h@&Ud 8C&k?J3 Of hLTbU-

lence are nearly ino?ependtmtof Mach aruJ/orReynolds number
and in the mixing zone near the jet w-y proportidy with
dtitance from the jet nozzle. (3] Farther o%wrwtreamof the
jet the longitudinal 8calereachtx a timum and then decremev
approximatdy linearly unl.hdistance. (.4) Near tlu nozzte t.h
lizieralgcaleis much wnaller than the bqitwdin.a.l and docxnot
na~ wn”thdidanze from the centerliti, while the lon~”tudinal
mm.leis a maximum at a distancefrom the centerliw of about
0,7 to 0.8 of th-sjet radius. (6) Farther downWeam this ma.m”-
mum movtx outfrom the centerlirkz (6) A stuti-stiudandysi-s
of the correlogmm and spectia yields a “g&” which, aWwugh
different in magnitude-from the conventional, vuries similarly
to the ordinury gcaleand is w“er to evukate.

INTRODUCTION

Recent analyses by Lighthill (ref. 1) and by others (refs. 2
and 3) show that turbulence may be chiefly responsible for
the noim from high-speed jets. However, a complete analy-
sis relmting turbulence to noise has not yet been made.

, Consequently, it is not known where the noise originates in
the jet or which of the turbulence parameters, intensity,
scrde, or spectral distribution, is best suited to noise studies.
Lighthill has suggested that each turbulent eddy might be
considered as n single concentrated sound radiator. If
Lighthill’s suggestion is valid, it will be necessary to know
the turbulence characteristic throughout the jet. The
intmsity of sound radiation will surely be related to the
intensity of turbulence. Furthermore, thh spectral distribu-

tion of turbulent energy might reasonably be expected to
give information about the spectral distribution of sound
energy.

Three regions of the jet need to be investigated (see fig. 1):
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(1) the central core, where the velocity protiles are flat and
the intensity of the turbulent fluctuations is low; (2) the
mixing region, which lies between the central core and the
undisturbed air of the surroundings, where the velocity
gradients are large and the intensity of turbulence is high;
and (3) the region farther downstream where the central core
and the mixing region blend into a completely turbulent air-
strearn. The purpose of experiments in these regions is to
measure the statistical parameters of the turbulence in the
mixing zone and in the completely turbulent region of the jet.

Several investigator have reported the results of work in
these regions (refs. 4 to 8). Referemm 4 has ordy a limited
amount of hokvi.re data in the mixing zone, along with
velocity-proiile and turbulence-level measurements near the
axis of the jet. Corrsin has made or has collaborated in
making the most complete measurements in jets to be found
in the literature (refs. 5 to 7). These investigations are of
grwt interest and of much use, but the velocities investigated
are small (<100 ft/see). Hot-wire measurements in a
unique form of a half-jet in which a solid wall replaces one
side of the free mixing region are reported in reference 8.

In order to obtain data in speed rangw that are of more
interest in jet noise research, a systematic investigation of
the turbulent mixing region of a free jet was undertaken as
part of the jet noise program at the NTACA Lewis laboratory.
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Principal interest vms placed& merwrements with the hot-
wim anemometer of the statisticrd pmameters of turbulence
in the exit Mach number range from 0.’2 to 0.7 and Reynolds
numbers (based on jet radius) from 192,000 to 725,000.
Since it wns impossible to vary Mach numbem and Reynolds
numbers independently, their combined effects are called
Mach and/or Reynolds number effects herein.

The analysis of the results of these turbulence studies
follows the statistical approach tlrst introduced by Taylor
(ref. 9). Dryden reviews this method in reference 10 and
shows the success of this type of approach in dealing with
isotropic turbulence. Similar approaches to the analysis of
the results of studies of jet turbulence have been made also.
But the results have not been very successful, especially in
the mixing region of the jet. Hence, a statistical analysis is
presented in this report which uses a ditferent value of the
%crdc” or eddy size based on the enel~ spectrum of the
turbulence.

r —-— .. —-..—. . ..—. _.. ..— —.. .

I

INSTRUMENTATION AND TEST FACILITIES

HoT-WIRE ANEMOMETERS

The hot-wire anemometers used in this teat were t,he
constantAernperature anemometers described in rofcmmco 11.
Constant-temperature anemometers were chosen instmcl of
constant-current anemometers because of cert ain advantages:
(1) The wire current is controlled by an electronic servosys-
tem that protects against accidental wire burnout when (he
flow is suddenly reduced. (2) Since the briclgo balanco is
maintained during flow changes, there are no componsntion
controls to set and no testing to determine whether tho com-
pensation is etlective. (3) Finally, this instrument can fol-
low large fluctuations in flow without appreciable error.

The hot-wire anemometer and the auxiliary equiprnont
have been improved in several respects (see mfs. 11 wnd 12),
The direcbcoupled ampMer has an improved frequency re-
sponse, and its equivalent input noise has bem dccrcwwd 10
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FIGURE2.—Hot-wire-anemometer probee.
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a value comparable with that of other hot-wire instruments
(less than 100 microvolt). Frequency-response measure-
ments made according to the methods described in reference
11 show cm over-all response (ampliiier, bridge, wire, and
cables) of about 100 kilocycles.

HOT-WIRE PROBES

The hot-wire probes (fig. 2) were skgle- and double-wire
probes. The double-wire probes were arranged in parallel
and X-rwmy. The parallel arrays (figs. 2(a) and (b)) were
used to measure the longitudinal and literal u velocity cor-
relation coefficients, respectively. For the longitudinal cor-
relations one wire was held fixed and the other was moved
downstream. This wire was displaced not more than 0.005
inch towards the centerline of the jet to avoid interference
from the flow over the first wire. A similar arrangement was
used for the lateral correlations. Practical limitations on the
scpmability of the wires limited the number of points for
which measurements could be obtained. The measured cor-
relations were assumed to be those at the position of the
fixed wire. The X-array (fig. 2(c)) was employed to meas-
ure the u-component of the velocity fluctuations. The
single-wire probe (fig. 2(d)) measured the u velocity iu-
tensities and rdl wtocorrelations.

The wire material used in the tests was the 0.0002-inch
tungsten wire evaluated in reference 11. The mounting
procedure is an adaptation of the plating-soldering technique
tlmt was first used by the ATational Bureau of Standards
(ref. 13).

SPECTRUMANALYZERS

Two spectrum rmalyzem were used in obtaining the spectral
density dat~, One of these has a constant narrow band paw
(5 cps) with a frequency response from 20 to 16,000 cps;
the other is n constant-percentage band-pass instrument
with about the same frequency response. The iilter char-
acteristic of the two instruments are given in figure 3. The
two analyzers give comparable spectmd density curves within
the general accuracy of the experiments.

TAPE RECORDEE

A dual-channel tape recorder was used to record the signals
from a single hot-wire-anemometer probe located in the
uirstrcam. These recordings were later used to obtain the
autocorrelation coefficients.

ACTUATORS

The lateral positions of the probe were controlled by screw-
type actuators. The longitudinal positions, however, were
set by adjustments of a lathe carriage. The probes were
dined in the stream with reference to the centerline of the
jet. This aerodynamic centerline was determined from
total-pressure measurements in the jet. A plug was ma-
chined to fit, the exit nozzle of the jet, and a steel wire was
stretched along the centerline to a point on the centerline
far downstream in the jet (approx. 12 ft). A telescope
mounted at this point helped in relocating the probes after
a probe failure without restringing the steel wire.
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TIWTFACILITIES

The subsonic jet and associated plenum chamber used in
these experimim.ts are shown schematically in figure 4.
The jet has a 3.5-inch-diruneter nozzle at the end of a bell-
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FIGURE 4.-Schematio diagram of subsonic jet, plenum chamber,
filters, and location of presure- and temperature-measuring in-
struments-
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mouth which is attached to a large plenum chamber. The
turbulence intensity in the plenum chamber varied from 4
to 5 percent over the range of the test conditions. The
whole is connected to a compressed-air supply. A flter is
included as an integral part of the plenum chamber. It
successfully removes a large part of the dust and pipe scale
sometimes found in simihr airstreams. The flow is adjusted
by means of electrically controlled valves throughout the
subsotic range of Mach numbers. The instruments for
menwring total pressure and temperature are placed in the
pkmum chamber and read remotely. Figure 1 shows the
approximate location of the testing points in the jet, and
table I gives the exact coordinates.

TABLE I.—LOCATION OF TEST POINTS 1A’ SUBSONIC JET
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EXPERIMENTAL PROCEDURE
INTENSITYMEASUREMENTS

A single hot wire was used to measure the wcomponent’
of the turbulent intensity. An X-wire probe was used to
measure the twomponent. The hotm-ire signal (or the
instantaneous difference b’etween the two X-wires)wasmeas-
ured directly by a root-mean-square voltmeter. Refarence
11 describes the root-m--square voltmeter (average-
square computer) which was used in an improved form for
the dirst half of the intensity surveys made. A true rms
voltmeter was used for the remaindex of the data. It gives
a precise wide-band squaring action that is untiected by
normal ambient temperature variations and, in general, is
more satisfactory than the other instrument.

The turbulence intensity was calculated by methods
outlined in references 11, 13, and 14. .

COREtELA~ON MBASlJREMENT9

Velocity correlati~ns in space and in time are of interest
in the noise problem. TWO hot wires can be used to obtain
the lateral and longitudinal correlation. The wires are
mounted on telescoping tubes that can be displaced either
laterally or longitudinally tith respect to each other by
actuators. During the actual meamnwments, the fluctuating
components of the two hot-wire signals, say q and ~, are
led to a correlator that measures q ~, & and ~.

——

If a linear relation between the velocity fluctuation and
the hohwire voltage is a-swuned, that is,

uq=klti

}
(1)

%=k~ti

as is done in reference 15, there results, upon combining the
signals,

%=$%& (2)

(All symbols are deiined iu appendix A.)
The displacement of the wires in the lateral direction

gives the lateral correlation coefficient; in the longitudinal,
the longitudinal correlation coefficient.

An autocorrelation weflicient, that is, the correlation
between two segments of the same signal separated in time,
can be obtained if some method is devised to obtain from the
signal of a single hot wire another signal delayed in time
with respect to the first. An instrument that providm time
delays of this nature (described in refs. 16 and 17) was
designed and built at the NACA Lewis laboratory (ref. 18).
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FIGURE5.—Block diagram of correlation computer.

In general, this correlator (see fig. 5) works as follows:
The signal from a single hot wire is recorded simultaneously
on two channels of a dual-channel tape recorder. A special
playback instrument uses two piclrrp heads, one of Which
can be displaced with respect to the other by menns of a
micrometer screw. When the two heads are in such a posi-
tion that they are picking up identical signals, the correla-
tion between these signals is necessarily unity. But if tlm
movable head is displaced so that it is picking up a signal
recorded a short time earlier or later, the two signals we,
of course, different. These two signals are the two voltages
5 and ~ considered in equation (1). The corrcla~ion
coefficient Z is then the auto correlation coeficim t %1.

The value of the time interval At is obtained from the
actual displacement of the head rmcl the constant tapo speed:

d
At=–

s
(6)

It is rather obvious that there should be n relation botwem
the autocorrelation and the longitudinal correlation coeffici-
ents involving the stream veloci~ U and the head mpnration
(ref. 19).

An extension of this method can be made to meaaum 1I1o
autocorrelation of the o-components of the turbulence. In
this method the diilerence signal from an X-wire probe
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Ioented in the stream is recnrded simultaneously on both
channels of tho recorder and played back in the usual way.

The double correlator of reference 11 NUNused to obtain
correlations of the hot+-ire signals for the fit half of the
program. The ratios were calculated numerically, because
the ratio meters that are sometimes used are unreliable.
Inaccuracy results from the use of an average-square com-
puter, which depends upon the operating characteristics of a
vacuum tube to obtain the square of the sum and of the
diil’erence of two voltages in order to apply the quwter-
squme principle of multiplication.

After about half the data w&e obtained, an electronic
multiplier replaced the double correlator. This mul~iplier
(described in ref. 18) does not use the quarter-square principle
of multiplication. The multiplier operatea from d.c. to 50
kilocycles (3db point) and is useful in obtaining correlation
codiicients. TWO channels are available to give the average
product of two input voltages as well as their average squarea.
The outputs can be read on any high-impedance d-c volt-
meter. By properly adjusting the level of the inputs, the
correlation coefficients can be read directly.

SPECTRUM OF TURBULENCE

If the hot-wire signal is analyzed by means of a series of
bnml-pass filters, a spectrum results. The relative energy
spectrum is more fully discussed in references 10 and 20.
Most of the spectra presented here were recorded on a pnper
strip chart by an analyzer of constant percentage (1/10 -
decade) band Width. The switching from one iilter to the
next is done automatically and in synchronization with the
movement of the chart. The spectrum recordings are made
rapidly (about 1 per rein) and with little attention by the
operator.

The chart recordings are in decibels above any practicaJ
reference voltage, and nt one point on the chart the total
voltage level for the entire range of frequencies is recorded.
The conversion to spectral depaity is as follows: By definition,

%f ) (6)

N,0,=20 log ~
J

Therefore,

Hence, the spectral density function

(7)

(8)

where B is the band-pass Width of the iilters.
The resulting display of the spectral density function with

frequency shows the content of the signal in each individual
frequency band. This method of analysis is important for
two reaaons: (1) It tells the experimenter the frequency bands

430875-67+S

in which most of the energy is concentrated, and (2) the
spectrum can be used to obtain the average eddy size.

SCALEOF TURBIJLZNCE

The scales of turbulence r (ref. 21) are defined in manv-.
applications as follow-s:

Longitudinal:

Lateral:

If

“

(9a)

(9b)

(9C)

~ UI

~ U*

These scales are generally regarded as the physical dimen-
sions in the z- (longitudinal), y- (radial), and z- (tangential)
directions of the average eddy in the flow. The three scales,
as defined in equations (9), are all important in a study of jet
noise. However, variations in the tangential direction are
not included in this report. Reference 21 shows that the
correlation coefficient ~ is related to the spectral density as
follows :

(lo)

and, inversely,

J(.f)=;sm % COS~ dz (11)
o

Thus, there are two possible ways to obtain tie longitudinal
correlation coeilicient. One is to measure it directly; the
other is to obtain it from the turbulence spectrum and
equation (10). If the longitudinal correlation coticient ~
is assumed to be exponential in form, that is,

(12)

then the transform (eq. (11)) can be readily worked out as
(ref. 10)

G
J(fl= u

()

~+ 2n&f 2
u

Analog&s relations are available for the
tions.

(13)

transverse correla-



_.. —-—— —. -.. .—

896 REPORT 129kNAT10NAL ADVISORY

The methods just outlined have been used to great ad-
vantage in the analysis of tubulence induced by grids in
wind tunnels (ref. 21). Similar application to the flow in
subsonic jets does not prove to be so successful, however,
particularly in the mixing region close to the nozzle of the
jet, since the definitions do not apply to shear flows.

In particular, the correlograms that resulted from the two-
wire measurements and the autocorrelation measurements in
the jet are not fitted very well by a single exponential. A
typical correlogram is shown in figure 6(a). It is apparent
that the shape of this curve is di.tlerent from a pure ex-
ponential. Ip order to find a curve of best fit for this data, a
function was built up which is the algebraic sum of two ex-
ponential, as shown in figure 6(b)- The correlation fitting
function is then of the following form (see appendix B):

ZL=e-’’’y-”p’”
or

(14a)

(14b)

In these equations the constants P, A%,and u“ have special-
ized meanings. The A= is a characteristic eddy size that is
different in magnitude from the longitudinal scale of the tur-

bulence [z, and W* is related to this eddy size by u*= U/AZ.
The parameter f? is related to the cut-off frequencies (upper
rmd lower) of the spectral density curves by the relation

g 1.4
I I I I I I I I I I I I I I I I I I II

I I I
I
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Delay time. At. millisac

(a) Typical autocorrelograru.
(h) Method used to approximate autocorrelograms.

FIGURE 6.—Autocorrelograms; f3=0.2; u*= 6283 radians per second.
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fl
Z“ii+m

The cut-off frequency is defined in the usual electronic scnw
as the intersection of the asymptotes of the spectral density
curve with a horizontal line through the maximum point of
the spectral density curve. The relation between tlm distanm
z and the time t“inthese experiments is the velocity of the
stream; that is (ref. 20),

x= U,*J (15)

Equations (14) can be adjusted by means of the quantitim
A., 9, and O* to fit the correlograms obtained esperirnentally.

It is now obvious that the conventional clefinition of the
scales of the turbulence (eqs. (9)) is no longer valid, since tho
integral is always zero if ~ has the form of equations (14).

The parameter B,however, is useful in obtaining a moasurc of
the eddy size, which, after all, is what is meant by tho SCILIO
of the turbulence. In equation (14a), if ~z=O,

* =Z@–l)
z

lnp
(16)

where G is the value of the wire separation when %Q is first

equal to zero. This definition of scale is related to two quan-
tities that are quite easy to evaluate from tho experimmtml
correlograms and spectra: (1) the fit crossing of the abscissu
by the correlation curve, and (2) the parameter ~, wl]ich is
related to the ratio of the low- to tho high-frequeney cut-oil’
of the spectral density curves.
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FIGURE7.—Typical spectral density curve.
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The transform of equation (14n) wm be obtained with the
following result:—

(f)‘w=%+d~’+w’17)
where 13is the same m in equations (14), and

(18)

Figure 7 shows n typicnl spectrsl density curve obtained in
the completely turbulent region of a subsonic jet. It repre-
sents data obtained at the same time and at the same location
in the same j et m the correlogram of figure 6(a). A spectrum
fitting function of the type of equation (17) was calculated by
the methods described in appendix B from the correlation
curve, These calculated points are shown for comparison
with the experimentally obtained spectrum.

ACCURACY OF MEA8UREMRNTS

The accuracy of the hot-wire measurements made with the
com taut-temperature instrument is discussed in ref erencea 11
and 12. It is sufficient to say here that these measurements
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are made as accurately as the usual hot-wire measurements.
In measuring quantities that vary randomly with time, n
certain amount of discretion must be used in obtaining aver-
aged readings of meter pointers that me jumping about.
Reference 12 includes an evaluation of the NACA Lewis
laboratory hot-wire equipment and experimental tcclmiques
and compares them with other systems.

No corrections have been made to any of the hot-wire re-
sults for the finite length of the wire. In these measurements,
the scales of turbulence were much greater than the length
of the hot wires (0.080 and 0.040 in.).

Some of the intensities measured were large compared with
the local mean flow. In the constant-temperature method of
anemometry, these large intensities can be evaluated (see ap-
pendix l?, ref. 11). In the usual method and in the method
used herein, however, the root mean square of the voltage
fluctuations is used in place of their instantaneous values.
This approximation is valid onl y for small values of the fluctu-
ations. Nevertheless, vibration studies (e. g., ref. 5) have
shown that the hot-wire anemometer itself is capablo of fol-
lowing fluctuations in a single direction faithfully up to 60
to 70 percent.

When the fluctuations in U become large, errors will be
introduced because of the interaction of the components of
the turbulence; that is, the effect of u, v, and w on U and on
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z]r,
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I?murm 8.—Intensity of turbulenm in percent of core velocity at various esit Mach and/or Reynolds numbers.

.



898 REPORT 129%NATIoNA-L ADVISORY COMMJTI’EE FOR AERONAUTICS

each other. These em-on are considered in reference 12,
where actual corrections are worked out. No such correc-
tions have been applied to the results shown in this report.

Some of the correlations measured with the average-square
computer and the sum and difference circuits (quarter+ quare
multiplication) show values greater than unity. This is, of
Qume, impossible, and such readings must be the result of
inaccuracies in the multiplication. In most of these in-
stances enough points are available to fair a reasonable curve
without considering these points (X>l).

The largest sources of error in these experiments were (1)
the inaccuracy in repeating setups after probes were changed,
(2) the fluctuations in pressure in the air supply, which
caused fluctuations in the mean flow level, and (3) the
presence in the flow of periodic fluctuations due to sound or
pressure waves and floor vibrations. It is believed that the
measurements reported herein for turbulence intensities
less than 30 percent are not in error by more than +10
percent.

RESULTS AND DISCUSSION

The results of these hot-wire measurements are presented
in a series of graphs and tables. In general, the points-for
which the measurements are reported are shown in figure 1
and are tabulated in table I. However, for the intensity
surveys many more points were used. For some of the
correlation measurements, physical limitations in the amount
of wire separation made it impossible to obtain results at
all the points indicated in figure 1.

The order in which the results are presented has no special
significance. The surveys are given for only one-half of the
jet, because the jet was found to be essentially atiymmetric.

Dista~ from Iine y/r = I , ~rcent of mixirq-zone radbs

I

I

o
Dktorce fmrn jet centedime y/f= O, ~rcent of mbkg+me rodius

(a) Distancee from jet nozzle less than 12 jet radii.
(b) Distances from jet nozzle greater than 24 jet radii.

FIQUS.E9,-Similarity of turbulence-intensity protik. Exit Mach
number, 0.3; Reynolds number, 300,000.

INTENSITYOF TURBULENCE

The intensity measurements were made at values of the
nondimensional radius g/r distributed across the mixing
zone for several positions downstream of the jet nozzle.
The results of these measurements are shown in figures8 to
10. In figures 8(a), (b), (c), and (cl), the turbulence in-
tensity in percent of central-core velocity is presented for
z/r values of 1.14, 2.29, 4.58, and 7.60, respectively, for four
Mach numbers (0.2, 0.3, 0.5, and 0.7). In figures 8(13) and
(f), the intensity is shown only for a Mach number of 0.3 at
xjr values of 7.60, 8, 12, 16, 24, 32, and 40.

One point of particular interest is shown by figure 9.
Figure 9(a) shows that the turbulence-intensity profiles near
the jet nozzle (where the potential core is still present) am
similar in shape and little different in actual magnitude of
the intensity of turbulence. As the distance from the nozzle
increases, however, this simila~ity disappears only to de-
velop again in a difFerent form far downstream. Figure 9(b)
shows the reappearance of a degree of similarity, eapecidly
at points removed from the centerline of the jet. Here the
turbulent velocity profiles are becoming quite flat for a
large part of the mixing zone, the maximum value of the
intensity moving out from the jet centerline. l?igures 10(a)
to (d) show the intensity of turbulence in percent of local
mean velocity for the same lMach numbers and the same
z/T values as @urea 8(a) to (d).

$ 80

= 70
>

~ 60
w
~

50

40

30

20

10

‘6 .8 ID 1.2 1.4 1.6----- .-. .—.
Distance from “~t cenkdne, Y/f

(a) Distance from jet nozzle x/r, (o) Distance from jot nozzle x/r,
1.14. 4.58.

(b) Distance from jet nozzle z/r, (d) Distance from jet nozzle $/r,
2.29. 7.60.

FIQURD 10.—Intensity of turbukmce in percent of local velooity at
various exit Mach and/or Reynolds mumbera.



INTENSITY, SCALE, AND SEPCPRA OF TURBUT13NO13 IN MIXING REGION OF FRDE SUBSONIC JET 899

The mean velocity profiles (obtained horn total-pressure surveys) are shown in figure 11. The local mean velocity
in terms of central-core velocity is plotted against the nondimensional radius y/r for the entire range of Mach numbers
and x/rvalues up to 40.
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Distance from jet nozzle x/r, 1.14. (b) Distance from jet nozzle z/r, 2.29.
Distance from jet nozzle z/r, 4.58. (d) Dfstance from jet nozzle x/r, ‘7.60.

Distance from jet nozzle z/r, 8. (f) Distance from jet nozzle z/r, 12.
Dietance from jet nozzle z/r, 16. (h) Distance from jet nozzle z/r, 24.
Distance from jet nozzle z/r, 32. (j) Di~ance from jet nozzle z/r, 40.

l?IQUEB1l.—Mean vdocity p;Ofle9.
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Oiitmce from jet centerline, Y/3/2

FIGURE 12.—Siilarity of velocity profilee in region of fufly developed

flow.
(

1
wn k ~tance from L* where UIO.=T u..=-

)

Oistame. from jet noz* x/f

Fmum 13.—Effect of potential-core Maoh number on boundaries of
3.5-inch-diameter jet.

Airzpeed, ft/sec

FIQURFIlA—Variation of intensity of turbulence with airspeed for
circular nozzle. Dietance from nozzle z/r, 4.58.

The mean velocity profiles are dso similar, as is shown in
figure 12, where the ratio of the local mem velocity to tho
maximum mean velocity is plotted against a nondimc+nsionol
mixing-zone width. This width is defined as tho ratio of
the distance from the jet centerline to the point whcro tlm
local velocity is half the maximum velocity. The figure
shows very well the degree of similarity for all distances
from the jet nozzle as well as for the difTerent Mach numbers.
Also shown is a comparison with the theoretical mommtum-
transfer results w given by reference 22.

The mmdt of these mean velocity studies is shown in
figure 13, where the approximate jet boundaries aro shown
for the diflerent Mach numbers. The positions of the zero
velocity, the on~half maximum, and the core vclocily ore
shown .

A comparison of figures 8 and 11 shows that the maximum
intensity occurs near the points of inflection of the velocity
profiles at approximately 1 jet radius from the centerline
for distancea from the jet nozzle up to about 10 jet radii.
As the distance born the nozzle increases, however, this posi-
tion of the maximum intensity begins to move out from the
jet centerline, and similarity. of the proiiles tends to dcvolop
far downstream from the nozzle. The curves SIIOW that the

line of maximum shear moves out horn the centerline as tho
distance downstream of the jet nozzle increases.

The observed turbulence levels decreased with increasing
Mach and/or Reynolds number throughout the jet. Figure
14 shows that. the level of turbuhmce in the central com and
at the position of maximum intensity decreased with incrms-
ing exit Mach and/or Reynolds number. It is not clear,
however, that the turbulence which is generated in the jet
ting process would change with jet lMach number if there
were no initial turbulence in the jet. The decreaae in intm-
sity shown for the core may possibly esplain the decrease
noted in the mixing zone. E this explanation is nccopted,
the results of the intensi~ mtveys are in a f@r agreement
with those reported in references 5 and 8.

The turbulence intensity of the o-component of the veloc-
ity fluctuations was measured at four points in the jet.
These measurements, along with the corresponding u inten-
sities, are included in table II. This table shows that the
u and o intensities are not equal but may dWer by ubout
as much as 17 percent.

TABLE II—COMPARISON OF u AND u INTENSITY
MEASUREMENTS

1 1 ,

● Dltlemnw19h ~t Of SJIIOllOrlntmUltY.
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(a) Distance from jet centerlinev/r, 1.065.
(b) Distance from jet centerline ~/r, 1.00.
(o) Distance from jet centerline y/r, 0.935.

FIGURE l&-Lateral velocity correlations. Distance from jet nozzle
z/r, 1.14; esit Maoh number, 0.3; Reynolds number, 300,000.

LATERAL CORRELATION COEFFICD3NT8

For encl@istrmce from the jet nozzle z/r, three di.ihrent
distances from the jet eenterhne ~/r were used in the meas-
urement of lateral eorrekdion coefEcients for all the lMaeh
numbers investigated At positions downstream greate” than
approximately 1 jet diameter, the wires on the probes could
not be separated far enough to reach zero correlation. l?ig-
ures 15 and 16 are typical of the results for the lateral cor-
relation coefficients. Figure 15 shows the variation of the
lateral correlation for z/r of 1.14 and for three y/r values.
Figure 16 shows the lateral correlation for y/r of 1.00 at
several x/r values Also shown on the curves of figure 16
are exponential curves that have been fitted to the data.
The agreement is good for xir values of 7.60 and 4.58 but
only fair for x/r of 2.29 smd 1.14. In some cases, however,
this agreement justifies the use of equation (12) to obtain-
equation (13) for the spectral density function.
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FIQURE16.—Lateml velooity correlations. Distance from jet center-
line ~/r, 1.00; exit Afach number, 0.3; Reynolds number, 300,000.

Distance from jet nozz[~ x/j- “–

FIGURE 17.—Vanation of lateral scale with distance from jet nozzle.
Distanoe from jet centerline ~/r, 1.00; exit Mach number, 0.3;
Reynolds number, 300,000.
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FrGURD18.—Effect of &t Maoh and/or Revnolds number on lateral velooitv correlations. Distance from
jet nozzle X/rj 0.57;-dictance from jet centerline y/rJ 1.00.
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Fmurm 19.—Effect of esit Mach and/or Reynolds number on lateral
scale of turbulence. Distance frcm jet centerline ~/r, 1.00.

LATERAL SCALE OF TDRB~CE

The lataral correlation data of figures 15 and 16 for
y/r= 1.00 are compared in figure 17, where the lateral scale
of turbulence is shown as a function of distance downstream
of the nozzle. An exponential curve was faired through the
data points of the correlation curves (fig. 16), and a repre-
sentative value of the scale was obtained. The results show
an approximately proportional increase of lateral scale with
distance from the jet nozzle. The least-square line gives
the relation

&= O.036z+0.043 (19)

which compaxea with

(v=o.02& (20)

given in reference 8. Little, if my, variation of the Iaternl
scale w-as found with distance from the jet centerlirm.

MA~ AND/OR REYNOLDS NDMBER EFFEcI’S

In figure 18 are shown the effects of exit Mach cmd/or

Reynolds number on the lateral correlation coefficient ~, as
a function of wire separation for Mach numbers of 0.2, 0,3,
0.5, and 0.7. These curves show no variation of lateral cor-
relation coefficient with Mach red/or Reynolds number and
show clearly that there is little or no effect of Mach and/or
Reynolds number on the lateral scale. Figure 19 summa-
rizes the data of figure 18 and similar dqta for z/r of 0.67
and 1.14 at tLfixed y/r of 1.00.

LoNGITUDINAL CORRELATION COEFFICIENTS

The longitudinal correlations measured with two wires are
given in figures 20 and 21. Figure 20 shows the variation
of the longitudinal correlation coefficient ~~ with distunco
across the mixing zone for x/r of 1.14. At the points mar the
core of the jet (y/~< 1), strong periodic signals of approxi-
mately 8000 cps were encountered. Their presence couscs
the apparent scatter in the data of figures 20(g) to (i). The
source of these disturbances is urdmown, but the wavelength
of the disturbance is approximately half the diameter of the
jet nozzle. Perhaps transveme oscillations are responsible.
Figure 21 shows the variation of the longitudinal correlation
coefficient with distances from the jet nozzle of 1.14, 2.29,
and 4.58.
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(n) Distance from jet centerline y/r, 1.20 (b) Distance from jet centerline @, 1.154. (o) Distance from jet centerline y/r, 1.103.
(d) Distance from jet centerline ~/r, 1.051. (e) Distance from jet centerline ~/r, 1.00. (f) Distance from jet centerline v/r, 0.949.
(g) Dfatance from jet centerline ~/r, 0.897. (h) Distance from jet centerline ~/r, 0.846. (i) Distance from jet centerline ~/r, 0.79.4.

FIGUEWI20.—Longitudina1 velooity corrdations. Distance from jet nozzle x/r 1.14; exit Mach number, 0.3; Reynolds number, 300,000.
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Inspection of figures 20 and 21 shows that the longitudinal
correlation is affected by varying x/r and y/r. This effect
will become more apparent when the longitudinal scale is
evaluated from the area und& the correlation curves; the
variation is discussed in the section LONGITUDINAL SCALE

OF TURBULENCE.

AUTOCORRELATIONS

The autmorrelation functions are presented in figures 22
md 23. Figure 22 shows the autocorrelation coficient as
a function of delay time in milliseconds for a fixed xlr value of
1.14 and for V/r values distributed as shown in figure 1.
Figure 23 shows curves of autocorrelation coefficient against
delay time for a tied y/r of about 1.00 for several zjr values.
Again, the effect of varying x/rand ylr will become apparent
when the scale of turbulence is discussed. In figures 22 and
23 the influence of the periodic disturbances is exaggerated
because of the size of the time-delay intervals. The 8000-cps
sound wave is especially prominent, as well as another type
of extraneous sigmd that resulted from floor vibrations due
to heavy machinery in the building. For example, figures
22(g) and (h) show both types of interference. These
wiggles are not present in iigure 23, where the distribution
with distance downstiremn of the nozzle of the jet is shown.

As has been pointed out, the autocorrelations can be con-
verted to longitudimd correlations by certain relations of
the mean flow. Figure 24 shows a comparison of the two
measurements of the longitudinal correlation coefficient.
The agreement is quite good, and the curves shown are
typical of the measurements. The two-wire correlations

FIGURE 21.—Longitudinal velocity correlations. Distance from jet
centerline ~/r, 1.00; esit Mach number, 0.3; Reynolde number,
300,000.
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(a) Distance from jet centerline ~/r, 1.206. (d) Distance from jet centerline ~/r, 1.051. (g) Distance from jet centerline u/r, 0.807.
(b) Distance from jet centerline ~/r, 1.164. (e) Distance from jet centerline 11/r,1.00. (h) Distance from jet centerline ~/r, 0,S40.
(c) Distance from jet centerline y/r, 1.103. (~ Distance from jet centerline y/r, 0.949. (i) Distance from jet centerfino V/r, 0.704.

FmuRE 22.—Autocorrelations. Distance from jet nozzle z/r, 1.14; e..it Mach number, 0.3; Reynolds number, 300,000.
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were measured with the quarta--squme method of multipli-
cation using the average-square computer. The one-wire
results were measured with the analog multiplier. If both
measuremeds had been made with the analog multiplier,
the agreement would probably be even better.

SPECTRA OF TURBULENCE

The spectia of the u-component of the turbulent velocity
are shown in figures 25 and 26. Figure 25 shows the spectra
for a fixed x/r value of 1.14 and a series of ~/r values dis-
tributed as shown in figure 1. On the other hand, figure 26
presents the spectra for a iixed y/r value of approxtimat oly
1.00 and a series of x/r values. The change in the spectra
with distance from the nozzle of the jet is primarily a shift
of energy to lower frequencies as z/r increases. The effect of
this increase will be discussed at the time the longitudinal
scale of turbulence is considered.

(a) Distance from jet centerline ~/r, 1.103.
(b) Distance from jet centerline ~/r, 1.00.

FIaURE 24.-Comparison of longitudinal velocity correlations from
one- and two-wire methods.
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(a) to (f) Distance from jet centerline y/r, 1.00.

. (g) to (j) Dietance from jet centerline ~/r, 1.02$$.
FIGURE23.—Autocorrelations. Esit Mach number, 0.3; Reynolds number, 300,000.
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(a) Distance from jet centerline y/r, 1.206. (b) Distance from jet centerline y/r, 1.154.
(d) Distance from jet centerline v/r, 1.051. (e) Diatsnce from jet centerline ~/r, 1.00.
@ Distance from jet centerline y/r, 0.fM6. (h) Distance from jet centerline y/r, 0.794.

,04

(c) Distance from jet centcrlirm U/r, 1.103.
(f) Distance from jet centerline ~/r, 0.949.
(i) Distance from jet centerline ~/r, 0.743.

FIQURE 25.-Spectral density curves. Distance from jet nozzle z/r, 1.14; exit hfach number. 0.3; Reynohle number, 300,000.
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(a) Distance from jet centerlhe y/r, 1.00.
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FIGURE26.-Spectral density curva. Esit Mach number, 0.3; Reynolck
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(a) Distance from jet nozzle z/r, 4.58.
(b) Distance from jet nozzle z/r, 7.60.

FmuRz 27.—Chnparison of spectra obtained from a hot-wire anemom-
eter and a microphone. Distance from jet centerline ~/r, 1.00; esit
Ifach number, 0.3; Reynolds number, 300,000.

There is a marked change in the w spectra as the distance
from the jet centerline y/r is changed. As the core of the
jet is approached, a siegnal ah approximately 8000 cps in-
creases by more tkm an order of magnitude. This signal
was believed to originate from a sound wave of that fre-
quency.

In figure 27 are compared microphone spectra and ho~wire
spectra recorded for two different values of zlr with the
microphone displaced in the z-direction l% remove it from
the airstream. The presence of a strong signal at approxi-
mately 8000 cps, vrhich can be seen on both sets of records,
shows that a sound wave is indeed the source of the extra-
neous disturbance.

LONGITUDINAL SCALE OF TURBULENCE

The longitudinal scale of turbulence .(’. was determined

by integrating the mea under the longitudinal correlation

COMMITTEE FOR AERONAUTICS
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FIcmmE 28.—Variation of longitudinal scnlo with clfstanco from jot
nozzle. Distance from jet centerline ~/r, 1.00; exit Nfnoh number,
0.3; Reynolds number, 300,000.

curves. The results are shown in figure 28. A straight lino
has been fitted to the data by the method of least squares
(&g. 28(a)). This straight line represents tho variation of
the longitudinal scale quite well for distooccs from tho jot
nozzle less than 16 radii. In iiguro 28(b) the results am
plotted for downstream distances as great as 40 jet radii and
show clearly the decrease in longitudinal scale as tlm distance
horn the jet nozzle is increased beyond 16 radii. .

The longitudinal scale of turbulence was mwhmted by
means of equation (13) and the spectral density curves of
figures 25 and 26. It is obvious from equation (13) tlmt

(21)

Several schemes have been suggested to evtdunta ~(0), tlm

spectral density function for zero frequency.
von K6rm6n (ref. 23) suggests that for small
expression of the type

J(.o=(1 +J&v

For exnmplo,
values of j an

(22)
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FIGURE 20.—Fittingspectral density data to empirical formula (ref. 23).
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FIQUZZD30.—Vnriation of longitudinal scale of turbulence across mising
zono. Exit Mach number, 0.3; Reynolds number, 300,000.
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FICtURE 31,—Variation of eddy size with distance from jet nozzle
(IWCM).

can be used to extrapolate to zero frequency. Corrsin and

Uberoi (ref.6) used thismethod to obtain the scale of tur-

bulence. Figure 29 shows the rwdt of fittingthe data with

a curve of the form of equation (22)forfrequenciesof s00 cps

or less. It is seen that thismethod gives somewhat better

resultsthan equation (HI).

If thismethod of extrapolationisused, a value of the scale
of turbulence can be obtained. It is emphasized, however,
that the two values of the scale obtained (by fitting the corre-
lation curve with the best exponential and by finding the best
fit for the spectral density curve according to equation (22))

are not necessarily the same. This particularexample shows

the relativeinadequacy of the method of equation (21)for

obtaining the scale of turbulence.

The method used in this report was simply to fair the best
curve through the experimental data and estimate the maxi-

mum value of ~(j). This value of ~(j) is called the Y(O)

used in equation (21). This method gives values of <z that

agree well with the values obtained by integration of the
correlograms, as is shown in figure 28(a), thus validating this

method of selecting Y(O). The values of <= are plotted in

figure 30.

Examination of figures 17 and 28(a) shows that <z is

somewhat more than twice as large as <, at x/r=8. In both

figures, the values of & and [= for xJr=l.14 fall below the

least-square9 lines. The scatter about that line is small es-
cept for this point. Inspection of figures 28(a) and (b) shows
that it maybe poesible to fit the data with some combination
of a parabola up to x/r= 16 aud a straight line thereafter.
This possibility suggests that the character of the turbulence
chmges at about that distance from the nozzle of the jet.
In the mixing zone, the scale of turbulence is given by one

relation, while the disappearance of the core results in an

entirely diflerent one.

This fact is also shown by figure 30, which gives the relation

of the Ionggtudinal scale to the distance from the centerline

of the jet. As long as there is a core, the relation is definitely

one type, which changes markedly upon the disappearance

of the core. This change, however marked it may be, does

not influence the position of the largest eddies (~,~ near

the y/r value of 0.7to 0.8for values of x/r<16.

An analysis of the correlograms and specfirogmuns was

made using the equation

* = _ %(1—/9)
r in/3

(23)

Tile A scale of the turbulence was calculated by the methods

outlined in appendix B. This A scale is diilerent from that

of the conventional scale <z, but the over-all picture is much

the same. Figure 31 shows the variation of this A scale

with distance horn the jet nozzle. Here the variation is

linear with z/r, as was shown in figure 28(a).
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(a) Distance from jet centerline ~/r, O.
(b) Dietance from jet centerline ~/r, 1.00.

FIGURE32.—Spectral density curves for o-component. Exit Mach number, 0.3; Reynolds number, 300,000.
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FI~URE 33.—Velocity autocorrelations of u- and ~components. Exit Mach number, 0.3; Reynolde number, 300,000.

CORRELATIONS AND SPECTRA OF u-COMPONENT OF 1.0
TURBULENT VELOCXTY

The correlations and spectra of the wcomponents of tu.r- .8

bulence were obtained in order to compare them with those
of the u-component. The spectra of the u-component of .6

turbulence at four points in the jet are shown in figure 32.
The spectra of the o-component of turbulence are different

.4

from the u-component in shape as well as in magnitude and
frequency distribution. Figure 33 shows the autocorrela-

.2

tions of the v and the u velocity components at the same four o
points, These four curves indicate also the d.i.tlerences be-
tween the u- and t-componeds: $ -2

~ %

.~. h“’ ~~o 2 ‘4 “ 80 ‘2 4 ‘ ‘ ‘o “
“1 “2

r

(b)

If the values of %=,. and %,,, me related by the following

equation (ref. 10)

(24)

then the turbulence is said to be isotropic. These u and w
measurements, together with the o intensity mmsurements
already discussed, show that the turbulence is not isotropic
at distances from the jet less than 16 radii.

(n) Band-passwidth, 4200to 5800 (b) Band-pesswidth, 4800 to 5200
ops; center frequenoy, 5000 cps. cps; center frequency, 5000 cpa.

(c) Band-pass Widt% 900 to 1100 cps; center frequency, 100 cps.

FIGUEEI34.—Longitudinal velocity correlation. Distance from jet
nozzle x/r, 1.14; distance from jet centerline @, 1.00; exit Mach
number, 0.3; Reynolde number, 300,000.
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(a) No iilter. (d) Band-paw width, 900 to 1100 OpS

(b) Band-pass width, 4800 to 5200 cps. (e) Band-pass width, 480 to 520 cps.
(c) Band-pass widt~ 2900 to 3100 cps. (f) Band-paes width, 190 to 210 cpe,

FmuRE 35.—Autocorrelations for specific band-pass frequencim. Distance from jet nozzle z/r, 4.58; distance from jet centerline U/r, 1.2013;exit
Mach number, 0.3; Reynolde number, 300,000.

Frequency, f, cps

FIGURE 36.—Zero autocomelation as function of frequenoy. Dfstance
from jet nozzle z/r, 4.58; esit Mach number, 0.3; Reynolds number,
300,000.

CORRELATION WITH SPECIPICBAND-PASS lNPUTS

As an additional testof the autocmrelation technique for

obtaining longitudinal correlationcoefficients,the hot-wire

signalswere passed through electronictitersset to pass only

specificbands of frequencies before they were fed to the

correlation computers. l?igures3A(~) and (b) show the

effectof varying the band-pass width. The cmTelations do

not change materially as the width of the band pass i:

changed by a factor of 4, except that the narrow band pnw

produces a greater negative correlation (ref.21). Figure

34(c) shows the effectof changing the center frequency oi

the band pass.

In figure35 are shown the rmtomrrelations for the experi-

ments where the hokvire signals were passed through

electronicfiltersbefore being fed to the correlationcompu 1er

This figure illustratesthe effectof varying the cantor fre-

quency of the band pass, as did figure34(c),and alsoshowf

clearlyhow the presence of the titers changes the corrcln-

tions as measured (e.g.,cf.fig.35(a), for which no fil(el

was used, with the other parts of fig.35, for which tho fil(cn

were used).
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(n) Distnncc from jet nozzle+, 1.14.

102 ,03 ,.4

frequency, f, cps
102 103 ,.4

(b) Distance from jet nozzle z/r, 2.29. (c) Distance from jet nozzle z/r, 4.58.

FIGURE 37.—Zero longitudinal correlation distance as function of frequency. Exit hlach number, 0.3; Re~nolds number, 300,000.

If the logmithm of the delay time for the fit zero crossing
of tlm filtered rmtocomelation curve is plotted against the
logarithm of the center frequency of the band paw (fig. 36),
a straight line with n slope of — 1 results. If the logarithm
of the who separation for zero longitudinal correlation is
plotted against the logarithm of the center frequency of the
band pass, n similar result should be obtained if the turbu-
lent eddy has remained unchanged while pawing the hot
wires. That is, the eddy has been swept along unchanged
with the velocity of the stream. Observation of figure 37
shows that these curves are nearly straight lines with a
slope of — 1. This is additional evidence that the relation
z= Ulo$ holds very well for the turbulence patterns in the
subsonic jot. Thus, the autocomelation technique is a satis-
factory one for studying the longitudinal correlations.

VARIATION OF SCALE OF TURBULL$EmVITH MACH AND/OR REYNoLDS

The effectof exit Mach and/or Reynolds number on the

longitudinal scale was also investigated (fig.38). As with

the lateral scale (fig.19), there was no variation of the

longitudinalscalewith Mach red/or Reynolds number.

Exit Mach nuder, M
I 1 I

192 303 m 725 XK)3
Reynolds number, fle

FIc+unE 38.—Effect of exit Mach and/or Reynolds number on longi-
tudinal scale of turbulence. Distance from jet nozzle z/r, 4.58;
dfetnnco from jet centerline ~/r, 1.00.

SUMMARY OF RESULTS

Ho~wire-tmemometer measurements of the turbulence
parameters-intensity, scale, correlation, and spectra-in a

subsonic jet have been reported for a range of exit Mach
numbers hm 0.2 to 0.7 and for Reynolds numbers from
192,000 to 725,000, with the following results:

1. Near the nozzle of the jet (distances less than 4 or 5
jet diam downstream of the nozzle) the intensi~ of turbu-
lence, expres9ed as a percent of core velocity, is a maximum
at a distance of approximately 1 jet radius from the center-
line and decreases slightly with increasing lMach and/or
Reynolds number. At distances greater than 8 diametam,
however, the masimum intensity moves out and docreasea
in magnitude until the turbulence-intensity profiles are quite
flat and approaching similarity.

2. The lfiteral and longitudinal scales of turbulence are
nearly independent of Mach and/or Reynolds number and,
in the mixing zone near the jet, vary proportionally with
distance from the jet nozzle. Farther downstream of the
jet nozzle the longitudinal scale reaches a maximum and
then decreases approximately linearly with distance. Near
the nozzle the lateral scale is much smaller than the longi-
tudinal and does not vary with distance from the centerline,
while the longitudinal scale is a maximum at a distance from
the centerline of about 0.7 to 0.8 of the jet radius. Farther
downstream this mtium moves out from the centerline.

3. An analysis of the correlograms and spectra, which
differs from the ordinary statistical approach, yields a
‘hale” which, while different in magnitude from the con-
ventional, varies similarly to the ordinary scale and is
easier to evaluate.

4. An autocorrelator using a magnetic tape recorder and
a special playback instrument was used to measure the
velocity autoccmelations. These autocorrelations were con-
verted to longitudinal correlations that aggeed well with the
directly measured longitudinal correlations.

LEWIS FLIGHT PROPULSION LABORATORY
NATIONAL ADVISORY co~m?m FOR AERONAUTICS

CLEVELAND, OHIO, -April %4,1966
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APPENDIX A

SYMBOLS

effective power band width
displacement of hesds of playback instrument

spectral density function of=
frequency
calibration constant

scale of turbulence
exit Mach number
number of db taken from strip chart

correlation ccefficiem t
Reynolds number
jet radius
tape speed
time
delay time
mean strenm velocity
fluctuating, components of velocity in z-, y-, md

z-directio~s, respectively
right-hand coordinate system with z-ti coincid-

ing with jet centerline
nondimensional parameter related to cut-off fre-

quencies of spectrum by eq. (lM)
fluctuating component of hot-wire voltage
wire separation in z- and y-directions, respectively
characteristic eddy size
angular frequency

Subscripts:

b band of frequencies
cure

; frequency
10WW cut-off

lcc local
m maximum
min minimum

P peak
rqf reference
t time
tot total spectrum of all frequencies
u upper cut-off
w
z ~~tudinal

Y lateral
z lateral
1,2 points in stream

Superscripts:

— &verage
I root-mean-square
* characteristic value
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APPENDIX B

ANALYSIS OF TURBULENCE SPECTRA AND AUTOCORRELOGRAMS

The rmrdysis of the data from the hot-wire anemometers
is most easily accomplished by means of the power spectrum
of the turbulence and the autocorrelation technique, as
mplained in the EXPERII.MEATTAL PROCEDURE section.
Tho details of this analysis are interesting also. The
correlation fitting function

R=
#zIA.-@-/WA,

1+3
(14a)

or

(14b)

can be transformed to the spectral density function ~(~) as
follows:

or

@la)

@lb)

The resulting expression for J(j) is

This equation for ~~ has many interesting features. Con-
sider, for instance, sketches (c) and (d). The typical cor-
relogram shows a zero crossing (Q and a minimum value.
These two quantities and the following equations for

%l,mlpand u“

In f?
a*=—

MJ?–1)

(B2)

(B3)

give values for-/3 and w* from the experimental correlogram.
With these values the spectral density curve can be calcu-
lated from equation (17).

An alternate procedure is to work with the experimental
spectral density curve. If the low-frequency part of the
curve has been obtained with suiiicient accuracy, the values
of the low-- and high-frequency cut-offs ~J and j“) can be
obtained from the spectrum. These two values with the
equations

nnd

(134)

036)

give values for P and ti* from the experimental spectrum.
With these values the correlogram can be calculated from
equation (14a) or (14b).

In actual practice the low--frequency part of the spechum
is seldom deii.ned with sticient accuracy to use the alternate
method proposed here. But the correlograms are generally
well deiined and are easily used as outlined.

If a family of curves of ~(j) for a series of values of ~ is
plotted as shown in figure 39, spectrum fitting curves result
that d.iiler horn experimental curves only by multiplicative
constanti. This fanily of curves can be used as a grid and
placed over the experimental data and a best fit obtained.
The value of f?, therefore, is easily determined. Wltb this
value of f? and the zero crossing of the correlogram to, the
value of CO*can be obtained horn equation (B3).

With the values of ~ and CO*the spectrum can be Calcu-

lated by means of equation (17), or A= can be evaluated by
means of equation (16).

%, mln

(c)

J-p ‘ ~$@-
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. .
Frequency ratio, f/f”

FIGURE 39.-Spectrum fitting curwa (eq. (B2)).
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