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AN ANALYTICAL STUDY OF THE EFFECT OF AIRPLANE WAKE ON THE LATERAL DISPERSION
OF AERIAL SPRAYS ‘

By Wmrmt H. REBD III
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SUMMARY

Cfdcuk.twns are mude to determine the trajectoria oj liquid
rlropler%introduced into the air disturbances genera&d by an
airplune engagedin & 8praying. % @ec& of 8uchfa.etor8
as thepodion & whichdropletsare ejectedinto the di8turbanax,
airplane lijt eoej%ieni, and altitude are inve@@xi. The
distrild.on of depo8it on the ground h eamputedfor 8emral
dropl&size spea!.ra,cariatti in the rti ai which mum h
ejeeted along the span, and laiend $ight-p& 8pa&ng8. Con-
siderationi8 then given to the probkm of adjuhq tie fad0r8
& the aim oj fimprornngthe uniformity and increasing i?he
e$ective width of the depo8it.

Tlu rew.lts indicate that the lateral dtkperti of droplets h
increamd when the spanwi-seposition at which partti are
ejected iv moved toward h wing tip. (ka#.er di.sper%n aho
rewdti when tk airplane lijt eoq$kient or altitudei-sincreruwd.

Wtih tlw 8pT4/ dkharged cdnuously rdongthe 8pan at a
conatmt rate, the depo8it hm a mu.ximumconcentratti & the
plane of symmetry and rapidly dimintihing wnwntwiion
beyond t-h wing tip. In mr.ehUUWX,ii waafm@ th.uitlw uni-
formity and e$wtive width oj h swath euuld be improved by
inerewi~ h mass ejkc rate wiih spamwisedidun.wjrom the
plane of 8gmmMry. When this ia done, #w lateral d&znce
between adjacent jlighi patlw required for a given degree of
unijormtiy 8h0w8 an increru?eamownti~ Z%from 0.4 to 1.0
semi-span. Oj the two droplet-size spedra cormidered,the one
hurnngthe sma.Uermean diumetzr (WO microm) give8 a more
unijonn depod jor a given$ight-path 8pacing and the degree
oj unijormiiy i-s kw 8enAtive to change-sin the spacing of
adjaceni pa88e8oj the airp.?un.e.

INTRODUCI’ION

Although airplanea have been used to disperse liquid
sprays and dust for insect control and agricultural purposes
for many years, only recently has an appreciable amount of
study been devoted tc the problem of improving the efficiency
and effectiveness of the operation. One of the problems
recognized as being important is that of obtaining a suitable
distribution of the deposit. Experimental studies made by
the Torest Insect Laboratory of BeltsviUe, Maryland (ref. 1)
have indicated that, in general, aeritdspray deposita exhibit
excessive peaks of concentration beneath the airplane with
diminishing intensity toward the outer edge of the swath.

Although it is
characteristics

—

possible to improve these measured deposit
by a tedious trial-and-error mocess. it is

believed that a theoretical study of the impo~ant p&sic.al
factors involved would provide a better undemt.andingof the
mechanism which determines the lateral dispersion.of parti-
cles ejected into the flow field behind an airplane. Such a
study may also suggest possible methods of improving the
deposit characteristics which might otherwise be overlooked

In the prwnt report the paths of liquid spray droplets
issued into the flow field behind an airplane are calculated.
Considered in these computdions are the effects of such
factma as the droplet-size spectrum, spanwise location of
nozzles, height of airplane above the ground, and aero-
dynamic flow field in the wike. Distributions of deposit
are determined for several variations of these parameters,
with a view to improving the uniformity and the effective
width of the swath. The airplane used as an illustration
in the analysis is the agricultural prototype desie~ated
the Ag–1.

SYMBOLS

A
b
c
c.
c!
D
9
m

wingaspect ratio .

wing Semisprm,ft
concentration of deposit, lb/unit area
drag coefficient of droplet
lift coefficient of airplane
drag force on droplet, lb
aoeeleration due to gravi~, ftjse~
msas of droplet, slugs

P=J-
Ys—?h

‘Q

;
R.

r
t
u
v
Va,wa

mass ejected per unit-length along flight path, lb/unit
length

velocity induced by isolated rectilinear vortex, ft/sec
Reynolds number of droplet
Reynolds number of droplet moving through still air

at velocity U
radial distance horn vortex center, ft
time, sec
flight velocity, ft/sec
percent of total volume
velocity components of air in y- and z-direction, re-

speetiveily, ft/sec
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Vd)tf)d velocity components of droplet in y- and z-direction,
respectively, fb/see

x,y,z longitudimd, lateral, and vertical coordinates of drop-
let, respectively, semispans

2.’ vertical coordinate of droplet with origin’ shifted to
the bound vortex, semispans

a
uc& ~dimensionless paramettw, ~

r circulation, ft?jsec
6 diameterof droplet, microns (1 micron= 3.28X10- ‘ft)
6= mean diameter of droplets, microns
e dispersion of droplet diameters, microns “
%i- lateral and vertical coordinates of trailing vortex

cores, semiapana
P absolute viscosity of air, slugs/fbsec
v kinematic viacosiky of air, ft’/aec
Pa density of air, shq#cu ft
Pd dimsity of droplets, slugs/cu ft

u dimensionless parameter, 18 ~ ~

T dimensionless time, Ut/b

Subscripts:
o initialvalue
g intersection of droplet path with ground pl~e
y,z lateral and vertical directions, respectively
t termhml velocity of droplet
c correction due to bound vortex

ANALYSIS

The paths taken by spray droplets issued from an airplane
me influenced by the flow field induced in the region of air
through which the airplane has flow-n. When drag forces
acting on the droplets are predominant, as in the case of
small particles, the trajectories follow the streandims of
flow more closely than do the trajectories of larger particlea
for which inertia forces are predominant. In aerial sprays,
the smallest particl~ may remain in suspension in the air
indefinitely, whereas the largest particles fall in paths prac-
tically uninfluenced by the surrounding air flow. In this
section the method of deteminhg trajectories of aerial
spray droplets and the resulting distribution of deposit is
presented.

Calculations of a sirndar nature have been performed by”
various investigators of aircraft icing problems. In these
studies the trajectories of smd water droplets moving in
an airskreampast various bodies such as airfoils and cylinders
have been calculated to determine area and rate of droplet
impingement on the surface. Glauert, in reference 2, con-
sidered csseawherein the air velocities and droplet diametem
were sufficiently small (R< 1) so that the drag could be
assumed proportional to the velocity of the droplet relative
to the air (Stokes’ km- of resistkmce). Later, Langmuir and
Blodgett (ref. 3) extended this work and considered the
variation of drag beyond the limits of velocity and diameter
in which Stokes’ law is valid. It was found, after a considera-
tion of the range of droplet Reynolds number encomp=ed
in aerial spraying, that the deviation of drag from Stekm’
law should be included in the present calculations.

EQUA’IYONSOF MOTION

The motion of spray droplets in a space-fixed plane located
behind the airplane perpendicular to the line of flight will
be considered. A rectanguh+oordinate system is umd
where vertical z distances are measured in airplane semi-
spana from the ground plane (positive upward) and lateral y
distancea in semispma from the line of flight. ~ ~dand w~
are, rwpectively, the lateral and vertical components of
droplet velocity and O=and w= are the correapondhg com-
ponents of air velocity in the plane, the equations of motion
which establish dynamic equilibrium of the forces acting on
8 droplet are

&.D
‘dt ‘

(1)

(2)

The resultant aerodynamic drag force on the droplet is
.

() [ 1D=; AT ; ‘c. (V=–V#+(Wa-Wd)2

and the lateral component of drag which nppeara in
equation (1) may be expressed

Dg=D v~—vd
J(u=–u#+(?v=–w&

According to Stokes’ law (~ee ref. 4, p. 69s) the drag of
spheres at very low Reynolds numbers (I?<l) is

Now-, since -
~=til(v=-va’+ (wa–wd)’

P

the ratio of the actual drag to the drag based on Stokes’
18wbecomes

D c&
D~M’~

since

the nondimensional equation of motion in the y-direction,
after appropriate substitutions into equation (l), becomes

(3)

In a similarmanner the equation of motion in the z-direction
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(eq. (2)) becomes

d(wfl] u C& W= W~ bg
dT ‘F. 24–( )

——— ——

Uuv. (4)

Except for the inclusion of the term due to gravity,
bg/U’, which appears in equation (4), equations (3) and (4)
am of the same form na the equations of motion given in
mforence 3. Since the left-hand sides of equations (3) and
(4) represent the accelerations of the droplet in the lateral
nnd verticnl directions, a double integration of these equa-
tiom with prescribed initial values YO,%, (oJ%, and (wJU)O
defines the subsequent positions of the droplet.

In carrying out the integration of equations (3) and (4)
it is necessary to evaluate R and O&/24 as the particle
progressesalong its trajectory. The Reynolds number of the
droplet is computed from the relation

(a’=(w+(%+)’ (5)

and from reference 3 the term CJ?/24 is tabulated aa a func-
tion of R in table I.

AIRVELOCITIES

The air velocities O=and W=as functions of droplet position
and time are needed to solve equations (3) to (5). Air
disturbances which are not related to the airplane, such as
atmospheric turbulence and wind, are not dealt with in the
present analysis. In the wake of an airplane the major
disturbances are associated with the propeller wash and the
trailing vortices of the wing. Of these, the effect of propeller
wash is largely localized to the vicini~ behind the fuselage
rmd its air disturbance velocities are approximately in the
direction of the fight path. Because the inclusion of these
tmd other air velocities in the direction of flight would
greatly complicate the analysia and since such disturbance
me believed to have a small effect on the lateral displacement
of droplets, they have been neglected. The tig, on the
othor hrmd, sheds a sheet of vortices whiqh soon roll up into
two discrete vortex cores that are initially spaced somewhat
less than awing span apart. These so-called trailing vortices
and the velocities induced by them in the yz-plane persist for
a considerable time after the airplane’s passage and appear
to be of fundamental importance in determining the lateral
distribution of droplets which impinge on the ground.

Idealized flow pattern.-An idenlized flow pattern, void
of viscosity, is used herein to approximate the velocities
which are induced behind a wing. The trailing vortices
and their images reflected from the ground plane are repre-
sented by a system of four parallel rectilinear vortices
which pass perpendicularly through the ~z-plane at points
A, B, B’, and A’ (see fig. 1) and extend to infinity ahead of
and behind this plane. The vortices are of equal strength
and have the directions of rotation indicated by the figure.
The coordinates of the vortex cores of this system change
with time, since the coordinates of one of the vortex cores
moves at the velocity induced at that point by the remain-
ing three vortices. As a result, the trailing vortices are
displaced downward and outward as depicted by the dashed
line9 in figure 1.

-——

FmuEB I.—Paths taken by the trailing vortices in the prwenca of a
ground plane.

If the equations which express the velocities of the cores
and the coordinates of their paths (ref. 4, pp. 223 h“ 224)
are combined and integrated with respect to time, the
positions of the cores as functions of time are obtained. If
a rectangukw spanwise loading is assumed, the strength of
the trailing vortices is expressed as

~=CLUb
A

and these relations then become

(6) ‘

(7)

where w and ~ are, respectively, lateral and vertical coordi-
nates of the vortex core in semispans and the constaW of
integration are

03= C,[+2

@ii=” ‘

.- The velocity components va/Uand wJU induced by the
vortex system at a point- having coordinates y and z semi-
spans are, by the Biot+avart theorem,

w. c.

[
i+z r+z

U=!zz (l-+z)*+(?l-y)’-(r+ z)’+(q+y)’–

1(H$G+?J’+(FJR-Y)’
w. c.

[
7—’?4 Z’+IL——

~–2TA (r+ Z)*+(TI_@2+(r+Z)2+ ti+y)2–

?l+; V—Y
1(r–42+(Tt-Y)2 (t–42+(r?N

(8)

(9)
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The st,reamlinea indicating the direction of air velocity
vectors at a given time are shown in figure 2. ‘The effect
of foliage and other obstructions to air flow near the ground
is, of CC&W,neglected by the idealized flow pattern.

Because the induced velocities given by equations (8)
and (9) become intinite at the position of the line vortices,
it is necessary to consider the minimum radial distance
from these points at which these equations remaiu appli-
cable to physical conditions where infinite velocities are
not possible. In reference 5 an approximate expression is
derived for the radius of the rolled-up vortex cores behind
rLwing. It is shown by simple energy considerations that
the core radius for a wing having an elliptical spanwise
loading is 0.155 semispam In order to avoid the region of
the vortex core, the spamvke starting positions of the
droplets shoild be at least this distance horn the center of
the core.

Velocities in a real fluid.-Since the determination of
velocities in the assumed flow field is based on an ideal fluid,
it is of interest to consider briefly the effects of viscosity on
the flow velocities in a real fluid, or, more specifically, the
dissipation of vorticity with time.

To illustrate the effect of the’ decay of vorticity on the
velocities induced in a real fluid, consider an isolated recti-
linear vortex with an initial strength of r~. At a subse-
quent time t, the circulation in a circle of radius r about the
vortex (see ref. 4, p. 5’92) is

r=ro (1—e–r’’4’t)

9 Hence the tangential velocity on the circle becomes

!78.w=& (l–-.-r’/b’)
,.

and therefore

(lo)

(11)

(12)

/

FIGUEE2.-Streamline9 induced by the trailing vortices in the premnce
of a ground plane.

Equation (12) is plotted against r for various values of time
in figure 3. The ilgure shows the extremely slow rate at
which induced velocities a few feet from the vortex line m
diminished as a result of viscosity. An additional viscous
eflect not accounted for by the idealized flow pattern is
evidenced in the form of a boundary layer of reduced air
velocities adjacent to the ground.

TRAJECTORYCO~UTATIONS

The sample airplane for which the trajectory computw
tions were made is the Ag-1, a single-engine, low-wing,
agricultural airplane of moderate size. The liquid droplets
are assumed to have the density of kerosene, a frcqmmtly
used solvent for insecticides. The physical chwacteristim
pertinent to thwe computations are given in table IL

A step-by-step integration of equations (1) and (2) wns
accomplished on the Bell Telephone Laboratories X-66744
relay computer at the Langley Laboratory. It was found
convenient to tabulate the variation of cDR/24 with 1? for
several values of B and use a linear interpolation between
the tabulated values. The coordimtea of the trailing vortex
cores were determined in a similar manner by tabulating
q and ~ at suitably chosen values of r. The air velocities
were computed at each point rdong the trajectory by eval-
uating equations (8) and (9) directly.

A series of trajectories was computed for several flight
conditions with selected values of the parameters u and l?u
and with assigned initial conditions vO, ZO, (uJ?7)0, rmd
(V@)O. III order to reduce the number of computed
points along a trajectory and yet retain a remonablo degree
of accgracy, the time increments during an integration wero
varied; the criterion used to select these time intervals was

Iiq “kin
o

I I I I I I
1“2 3 4 5

Oi.stomxfrcmvortexcenter,r, ft

FIGURE3.—Effect of viscosity on the reduction of velocity induwd by
an isolated rectilinear vork aa a funotion of time and dktancs from
the core.

.
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the change in the droplet acceleration evaluated at two
adjacent points. The integration was stopped w-hen the
particle intersected the ground plane or when its tmjectmy
looped about the vortex core.

The vortex cores me assumed initially to be at the height
of the wing rmcl separated laterally a distance of 1 span.
Particles are given starting positions at various points along
a line connecting the trailing vortices, and the initial drop-
let velocity is taken to be the steady-state velocity of the
droplet if it were falling under the tiuence of gravity in a
uniform &stream having velocity components equal to the
induced velocities of the idealized flow pattern at the point
of release. This assumption was made, rather than the
assumption that the particles were released from rest at
the trailing edge, in order to compensate somewhat for the
error caused by neglecting the bound vortex in regions close
to the wing (see appendix A). Actually, in the neighbor-
hood of the wing, air velocities are induced by a bound
vortex at the wing and, in addition, a continuous sheet of
vorticity extending downstream horn the bound vortex.
In the present case, where a simplified uniform spanwise
loading is considered, the flow in this region may be repre-
sented by a single horseshoe-vortex arrangenmnt with a
bound vortex at the quarter-chord point connected with
trailing vortices of equal strength which terminate at the
wing tip and extend downstream to infinity. By neglecting
the bound vortex, the initial dowmvaah is underestimated,
although this error in dowmvash is to some extent reduced
by the forward-extending vortices assumed in the idealized
flow pattern.

At a distance of 2.o semispans behind the bound vortex
the velocities induced by the idedized flow pattern were
found to be within 6 percent of the velocities induced by
the horseshoe-vortex system. The approximate error in
the vertical position of a droplet 2.0 semispans downstream
of the wing, caused by an underestimation of the down-
wash ahead of this point together with the compensating
assumption of a fl.nite downward ejection velocity, is eval-
uated in appendix A.

A summary of the results of droplet-trajectory computa-
tions is given in table III. Here, the quantities YO,YS,o~,,
wd,, and t~are given for the vtious droplet sizes and airphbne
flight conditions considered in the analysis. The calculated
droplet trajectories for these cases are plotted in @me 4.

Figure 4 indicates that as the droplet diameter is reduced
at a given nozzle location the irdluence of disturbance veloci-
ties becomes more pronounced, until iinally a critical condi-
tion is reached wherein the path of the droplet encircles the
vortex core. It appears from tbe limited number of trajec-
tory computations available that once the particle encircles
n vortex core it continues to do so for a considerable time,
during which it is carried laterally outward with the core.
Inasmuch as the labor involved in calculating the compleb
paths of such particles would be excessive and, owing to
ostensive scattering, the corresponding concentration of
deposit would probably be very small, droplets which
initially loop about the vortex centers are assumed to remain
suspended in the flow field indefinitely. The percentage of

mass represented by these droplets (mass not recovered in
the deposit) is evaluated later in the report.

An additional effect not accounted for in the analysis is
the evaporation of droplets during descent. It might be
noted that, since, in general, droplets which encircle the
vortex cores remain aloft for the greatest time, evaporation
losses are probably most predominant in this part of the
spray. Evaporation tiects, therefore, tend to compensate
for the previous assumption which involved the omission
of part of the deposit.

DISTRIBUTIONOFDKPOSIT

From the foregoing trajectory computation it is possible
to determine the distribution of deposit for various assumed
nozzle characteristics and spamvise rates of efflwx. Consider
first the case where a spray, composed of particles of various
sizes, is introduced into tbe flow field at point (yo, ZJ and at
the rate of Q pounds per unit length along the @ht path.
For each droplet size there is a corresponding position of
impingement on the ground yz; therefore, droplets of size 6
and 3+ A13fall at VI and y~+Ay~, respectively. The rate at
which mass is deposited in element Ay~ is Q ADwhere ADis
the percentage of Q which is represented by droplets having
diameters between ~ and 6+A& The concentration of
deposit at position Y. is then

C=Q $Z (13)

which, in the limit, can be written

(14)

Equation (14) applies for a single nozzle, and by super-
position the concentration of deposit can be determined for
any number of nozzles. For a large number of nozzles
closely spaced along the wing, however, it is more convenient
to consider mass as being ejected continuously along the
spaDrather than at a tite number of discrete points.

The rate of change of concentration at y. with respect to
Q is, by equation (14),

dC_do o%
@ oh dyg

but, since Q is a continuous function

(15)

of yo,

dQdodQ=% Y

Therefore, the total concentmtion at y. due to a continuous
mass flow along the sparebecome~

c= JnodQ& dj
—–—dyo

o dyod6dyg
(16)

In order to compute the concentration of deposit by mems
of equation (14) or (16), suitable expressions for the terms
dt.@ and d~jdy. must be determined. The relation dv/d6is
delined by the nozzle or spray characteristics, and d8/dy.is
associated wiilhthe tiajectoriea of droplets.
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NOZZLR AND SPRAY 0HARACTJ3RISTICS

Reference 6 shows that the breakup of liquid jets, ejected
into a high-velocity airstream, is dependent on the Reynolds
number of the mem droplet size and the relative viscosities
of the liquid particles and the surrounding air. The nozzle.
bore was found ta have no effect & the mean droplet size
except at very low ejection velocities, in which ease the
droplets were more uniform and had diameters approxi-
mately twice that of the nozzle. The mean droplet diameter,
deflnod as 6., is considered herein to be such that half of the
total mass contained in the spray is represented by droplets
smaller than & and the other half, by droplets larger
than &.

h empirical expression for the mean diameter, which is
applicable for all conditions likely to
spraying, is given in referenca 6.
present report tbe expression is

~ _50&!#5_—,Yl v

be encountered in aerial
In the notation of the

(17)

where ti~is the mean droplet diameter in cm, V is the relative
velocity in cm/sec between the liquid jet and the air, and ~d
is the kinematic viscosity of the liquid in cmg/sec.

Inasmuch as the droplet-size distribution curves measured
in reference 6 were nearly symmetrical about &, the so-
called Gaussian or normal distribution gives a very good
representation of the spectra. The equation of the normal
distribution (see ref. 7) then provides the following mathe-
matical expression for the term do/d~ appearing in equations
(14) and (16):

da 0.675
_w po76(:-a.)-J

——
~–~m e

The term c in equation (18) is known as
error” and in the present problem represents

(18)

the “probable
the dispersion

or spread of droplet sizes about 6.; that is, e is such that 50
pereont of the volume is composed of droplets having diam-
eters between 6.–6 and &+c. The magnitude of c is then
a measure of the uniformity of droplet sizes in a liquid spray
having a mean diameter 6..

Two sample spectra of droplet sizes are considered in the
present analysis; these have meamdiameters of 200 and 300
microns and a dispersion e of 50 microns. The parentage of
the total mass in terms of droplet diameter may be de-
termined by integrating equation (18), a plot of which is
given in figure 5 for the two droplet spectra under considera-
tion. (See tabulated values of the probability integral in
ref. 8,)

MATHEMATICALllEPRRSENTATIONOFTRAJROTORY DATA

h empirical relation which expresses the droplet diameter
as a function of y. and yz for a given flight condition is

loo–

80 - 8m, micmns

b 200.
~ Go_
~
~
0

~ 40 -
0
&
n

20-

1
0 100 200 300 400 500 600

Diameter, 8, microns

~GURE 5.-8amp]e droplehsize speotra used in analysis.

I
derived in appendix B by applying the method of least
squares to the trajectory data presented in table III. An
equation which was found to give a satisfactory npprosima-
tion of the computed data is

6=k1+k$P+k@ (19)

wheie

P=J-
YX—YO

and the coefficients kl, k2, and k3 are functions of yo. It is
seen that as yz becomes large the droplet diameter ap-
proaches the limiting value k!. The mass represented by
droplets of diameter kl and smaller corresponds to the mass
previously omitted on’ the assumption that d droplets
whose paths encircle the vortex centem are entrained by the
air.

On this basis the percentage
illustrated in figure 6 for the
0~= 1.2 and %=0.5 semispm.

of mass not recovered is
two sample spectra with

/
8m, InIcrons

200

300 1
0 .2 .4 .6 B..

yo, s6mi3pan5 --

FIGURR 6.—Percentage of mws not recovered in deposit as a function
of spanwim starting position for CL- 1.2 and ZJ= 0.5 semispan.
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RESULTS AND DISCUSSION

DISTRIBUTIONOF DEPOSIT WITH DISC12ETENOZZLBS

When liquid is ejected behind the wing from a discrete
point, such as a nozzle, the resulting concentration of deposit
on the ground may be determined by evaluating equation
(14) with the aid of equations (18) and (19) at various yg
positions on the ground. The distribution of deposit so
computed is presented b &ures 7 to 9 for a unit mass efFlux
rate. These figures are intended to illustrate the effect of
spanwise location of the nozzle, mean diameter of the drop-
lets, airplane lift coefficient, and airplane height.

The effeqt of the mean diameter of the droplets on the
shape of the deposit curves is shown in figure 7 for the case
of CL= 1.2 and 20=0.5 sem.ispau. Here, the deposit curves
sumcharacterized by high peaks of concentration when the
nozzles are located near the plane of symmetry (YO=O.25
semispan), whereas for nozzle locations in the vicinity of the
wing tip (yO=0.75 semispan) the concentration of deposit is
less intense and the’ distribution. is more uniform. This
effect would be expected since the magnitude and curvature
of the air-flow velocities are increased as the wing tip is
approached, and, as a consequence, droplets of Werent
diameters are dispemed more in this region than at points
farther inboard.

Curve9 for various value9 of mean diameter of the droplets
indicate that as & is reduced the deposit is distributt%iwvera
larger area, the center of which is displaced slightly farther
outboard. .

The effect of airplane lift coefficient on the deposit curves is
illustrated in figure 8, where the altitude is again taken to be
0.5 setipan and &=300 microns. At CL=2.2, the lift
coefficient corresponding to the flapsdown condition, the
deposit curve is of similar shape but displaced farther out-
board than for the flaps-up ease (CL= 1.2). It is of interest
to note that the velocity of impingement for the flapsdown
case (see table III) is generally slightly higher than for the
corresponding flaps-up case. The higher droplet velocities
and also the stronger air-disturbance velocities which accom-
pany the use of flaps may provide greater penetration of the
crop foliage by the sprayed liquid.
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Fmuan 7.—Effect of the mean droplet diameter on distribution of
deposit for discrete nozzk. CL= 1.2; %=0.5 sernispan.

A comparison of the deposit curves calculated for flight
altitudes of 0.5 and 1.0 semispan is shown in figure 9, whero
c.=1.2 and &=300 microns. The figure indioatea that the
uniformity and lateral displacement of the deposit is in-
oreased with airplane alt~tude.

DISTRIBUTIONOF DEPOSIT WITH CONTINUOUS SPANWJSE MASS FLOW

In practica, aerial sprays are generally issued from many
nozzles along the span. In order to calculate tho total
concentration of deposit when there is a multitude of closely
spaced nozzles, it is convenient to use equation (16), which
is the integral form of equation (14). Variations of dQ/dyo
were assumed and the resulting concentrations of deposit
were determined by integrating equation (16) numerically
with the use of Simpson’s rule. In performing these com-
putations the available trajectory data (table III) were
extrapolated by means of equation (19) so as to encompass o
range of spanwise starting positions from yO=O to yO=OoS
semispan. k the resdte whioh .follow, CL= 1.2, zo=O.5
semispan, and the mass effhm rate is assumed to be zero
beyond vO=O.8 semispan.
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FIGmm 8.—Effeot of airplane lift coefficient on distribution of deposit
for discrete nozzles. %=0.5 semiepan; 3.=300 mimmns.
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In figure 10 me presented deposit curves evaluated for a

uniform spanwiae eillux rate (solid lines in the figure) and

dso deposit curves in which dQ/dyo was modified in an attempt

to improve the uniformity of deposit (dashed lines). For

the case of a uniform spanwise mass efflux rate the deposit

curves for both of the droplet-size spectra considered show

maximum concentration at the plane of symmetry. The de-

posit curve for &=300 microns (@. 10 (b)) is the less

uniform of the two; it has a higher concentration at the plane

of symmetry but at y~=2.o semispans it lias about one-half

the concentration of the deposit curve for &=200 microns

(fig. 10 (c)). The deposit is, of course, reduced to zero in all

caseR m y~ becomes large.

For the purpose of determining a modified spanwise efflux

rate which would improve the uniformity of deposit, assume

thut all of the droplets issued from the wing were of equal

size (6= Constmt). Each of the droplets ejected at a point

yo would then fall at a single point y~ on the ground in ac-

cordance with the trajectory characteriatica of the droplet

size in question. The concentration of deposit in this case

would be

c_dQ dtio
dyo dyz

(20)

Therefore, the vaxiation of dQ/dyOwith YOrequired to provide
a uniform deposit of a constmt-droplet-size spray becomes

dQ_Comtant
&– dyo/dy.

(21)

whore dyO/dygis m@essed as a function of YO alone by the

simultaneous solution of equation (19), with 6 equal to a

consimnt, and the relation

dyo aajayt..— —
dy. aapyo (22)

Although this procedure for determining the optimum span-
wise variation of mass flow rate is true only for sprays of
constant droplet size, the uniformity of deposits having a
variable droplet size should be improved by varying the mass
flow rate in accordance with equation (21), taking the droplet
size to be the mean diameter of the droplets.

The modified efflux rate I in figure 10(a) is equation (21)
owduated with 6=300 microns. The constant in equation
(21) was selected to give the smne total mass flow per unit
length along the flight path as was assumed for the caae of
a mnstant spanwise flow rate (Q=O.8 pound per unit length).
The resulting deposit is shown by the appropriate coded curve
in figure 10(b). Here, the peak deposit which occurs at
yc= 1,1 semispam indicate9 that too large a portion of the
maas is transported laterally outward. One method of over-
coming this difficulty would be to evaluate equation (21) for
~ droplet diameter somewhat larger tkm &.

The mass flow rate evaluated to give a uniform deposit
with CLconstant-diameter spray of 350 microns is denoted
by II in figure 10(a). The cm-responding deposit for the
case of a spectrum of 300-micron mean diameter is shown
in figure 10(b). Here, the distribution of deposit is seen to
be approximately uniform up to y.= 1.2 semispans, and be-
yond this point it breab off abruptiy as do the other deposit
curves in figure 10(b); however, the lateral extent of the

deposits of variable mass flow rate is somewhat greater than
the deposit calculated for a uniform mass flow rate.

Since a more favorable deposit-results when the diameter
used to evaluate equation (21) is somewhat larger than the
mean diameter of the droplet spectrum, efflux rate I was
used to modify the deposit curve for &=200 microns. The
resulting deposit is shown in figure 1O(C). The concentra-
tion of the modified deposit for 6m=200 microns is less in-
tense but is uniform over a larger region than the modified
deposit with &=300 microns. 114’oreover,there is no abrupt
reduction in the intensity of concentration beyond y~= 1.2
semispans as was the case for 13==300microns.

In addition to varying the mrwsflow rate along the wing,
there remains the possibility of regulating the mean diameter
of the droplet spectrum at various nozzle locations along the
wing. AE indicated in equation (17), this could be accom-
plished through control of the relative jet velocity, which is
dependent on the direction of the jet relative to the surround-
ing airstream and the pressure under which liquid is ejected.

To investigate one such case, it was assumed that the mean
diameter increased linearly from 200 microns at the plane of
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symmetry to 300 microns at yO=0.8 semispan and that the
sprtmvise efflux rate was held eenstant. In this example,
the spectrum of smallest -mean diameter (6=200 microns)
was issued from the plane of symmetry in order to reduce the
peak deposit which occurred in this region when sprays of
similar spectra were issued at a uniform rate across the span.
The distribution of deposit fo,rthis case is plotted in fi.gge 11.
It is seen that this deposit curve has characteristics similar
to the modified deposit of fib-e 10(b), where the uniformity
of deposit was improved by increasing the mass flow rate with
distance from the midspan.

EFPECTOF PLIGRT-PATH SPACING ON DISTRIBUTION OF DEPOSIT

Thus far, an attempt has been made I%improve the uni-
formity of the lateral deposit of an isolated swath. h actual
practice, however, uniformity of the deposit is dependent
upon not only the distribution of concentration within a
single swath but also the manner in which the swaths are
superimposed, that is, the lateral spacing of adjacent passes
of the airplane.

Since flighbpath spacing is an important factor with re-
gard to economy of operation, its Meet on tbe total dis-
tribution of deposit has been determined for several of the
individurtl swaths shown in figure 10. These results are
presented in figure 12. In order to determine the total con-
centration of deposit, the ordinates of overlapping swaths
are added as illustrated in figure 12 (a). II an optimum
deposit is taken to be one in which the minimum required
ccmcentiation is distributed uniformly on the, ground, the
concentration which exceeds this required minimum value
will constitute an exeess of deposit. A ratio of the excess
deposit (hatched area in fig. 12 (a)) b the total deposit may
therefore be considered a measure of the uniformit& of the
swath. The variation of this ratio with lateral flight-path
spacing is plotted in figure 12 (b) for 8.=300 microns and
in figure 12 (c) for &=200 microns. The coded lines cor-
respond to the efflux rat= given by figure 10 (a).

These plots indicate that, for a similar degree of uniformity
in the swath, the flight-path spacing can be increased by
modifying the efiky rate in the manner shown in figure
10 (a). For example, if 10 percent exeess deposit is con-
sidered tolerable, the modified flow rate would permit an
incrense in the flight-path spacing of approximately 0.4
semispan for &=300 microns and 1.0 semispans for &=200
microns. A second conclusion to be drawn from figure 12
is that, of the two spray spectra considered, the spr~y with
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FIGURE11.—Diatribution of deposit with a linear spanviise increase in
the mean diameter of the droplehize speotrurn. 3.=200+ 125vo;

dQ
cL=l.2; %-0.5 semispan;TO=1.0.

6==200 microns provides a more uniform swath for equiva-
lent flight-path spacings. Furthermore, the uniformity of
this swath appears to be somewhat less sensitive to flight-path
spacing. This cxmsideration would be of importance in
eases where it is diflicult to estimate the optimum spacing
between adjacent pwws of the airplane.

CONCLUSIONS

Results of the foregoing analysis of factors affecting tlm
dispersion- of spray droplets issued from a moderate-siz?
agricultural airplane indicate that:

1. Greater lateral dispersion of aerial sprays will result
when the position at which droplets are ejected is movod
toward the wing tip, when the mean diameter of the droplet
spectrum is reduced, or when either the airplane lift coeffi-
cient or the altitude is increased.

2. The uniformity and effective width of the swath is im-
proved by increasing the mass efflux rate with distance from
the plane of symmetry.

3. As compared with a spray spectrum of 300-micron moan
diameter, the sprwy spectrum with a mean diameter of 200
microns allows greater flight-path spacing and produces a
more uniform deposit. Moreover, the degree of uniformity
is less sensitive to changes in the spacing of adjacent passes
of the airplane.

LANGLEY AEIZONAUTICAL LABORATORY,

NATIONAL ADVISORY ComnTT m FOR hR0NAuTIC8,

LANGLEY FIELD, VA., Aqrud 4, 196$.
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. APPENDIX A

EVALUATION OF ERROR IN DROPLET POSITION DUE TO PROXIM~Y OF THE BOUND VORTEX

When a particle is released Nom the trailing edge of a
wing, the velocity induced by the bound vortex may repre-
sent a substantial part of the total velocity acting on the
particle during the initial part of its motion. In the present
analysis an attempt to account for this additional dowmvash
was made by simply assuming that particles were ejected
downward from the trailing edge. The initial velocities of
the pmticlcs were assumed to be equal to their steady veloc-
ities when falling through a uniform stream having an air
velocity equivalent to the velocity induced by the idealized
flow pattern at the initial position of the droplet. In this
appemk, the errors introduced by such an assumption are
cwaluated for the case in which the wing is reprwmted by a
horseshoe vortex.

In computing these errors it is convenient to detegnine an
air-velocity correction which, when added to the idealized
flow velocities, will provide the velocities induced by a horse-
shoe-vortm system. The required correction is seen to be
tho velocity induced by a horseshoe vortm of span 2b with
legs extending forward to in6nity in the direction of flight.
The strength of this horseshoe vortex is the same as the
strength of the vortices in the ideidized flow field and its
sense of rotation is such that, when-superimposed upon the
idealized vortex arrangement, the forward-exteding legs
cnncel the vortices which would othexwise extend to i.ntinity
ahead of the airplane. The correction velocity induced by
the horacshoe vortex reflected from the ground plane is
small in relation to the velocity induced by tbe bound vortex
at the wing and in the present approximation will be
neglected.

For convenience the origin of coordinates in this case is
taken at the center of the bound vortex with z positive in a
rearward drection and z’ positive in an upward directiop.
The dowmvash-velocity correction (denoted by the subscript
c) in tbe ~-plane iz given by the relation

(Al)
●

At z=2.o semispans, the velocity on the midspan given by
equation (Al) is appro.simately 5.8 percent of the dowmwwh
induced by the idealized flow field when 7=0 and the air-
plane altitude is 0.5 semispan. Consequently, the error in
droplet position associated with the error in induced down-
wasb beyond z=2.O semispans will be aasumed to be negli-
gible. Moreover, it will also be assumed in the fo~owing
cdcuhztions that the vorttm corm are held fixed during the
time required for the airplane to travel 2.o semispans and
that the dowmvash-velocity correction does not change with

the departure of the droplet from the ~-plane. The last
two assumptions lead to overestimation ?f the magnitude of
the dowmvash correction whereas the first hack to under-
estimation of its duration.

If the equation for vertical motion of a droplet (eq. (2))
in the idealized flow fhdd is subtracted from a similar equq-
tion in which the dowmvash-velocity correction (eq. (Al))
and the increment in drop velocity due to this dowmvaah
correction have been included, the resulting equation when
CDR~ is const~t is

()d$

—=2%GH5)J “2’
c

dT

which may be written
.

(A3)

An integration of equation (A3) over a distance extending
from the trailiug edge of the wing (z=O.3 semispan) to a
position 2.o semispans.downstrem of the bound vortm gives
the approximate vertical droplehposition error caused by
using the idealized flow pattern rather than a horseshoe vortex
in the neighborhood of the wing. If the horizontal droplet
position (in semispans) downstream of the bound vortex is

given by 9+0.3, where u is the airplane flight speed, the

additional downwash (wa/ZJ)Oacting on a droplet released
from the trailing edge may be determined by substituting

~=z— 0.3 into equation (Al), where 7=7. It was found

that over the interval 0.3 sz s2.O semispans and for y values
equal to or less than 0.75 semispan equation (Al) was essen-
tially independent of spamvise distance y. An empirical re-
lation which gives a satisfactory approximation of equation
(Al) over this interval is

()4rA W.——
c’. u .=–4-0g+6-60T–2.62p (A4)

where 057s1.7.
CA&The drag-coef%cient term ~J which was =umed to be

constant in equation (A3), will now be evaluated for a
steady-state (terminfd droplet velocity) condition. With

()d$

()—=$=0 and ~’= ~ .
dr ~ ~ , equation (4) reduces to

W. C&, Ru bg
()

—— ——— . .
tJ,24c~

(A5)
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where the subscript tdenotw a terminal wlocity condition
and this velocity is in a negative direction. Equation (A5)
may be written in a more convenient form as

_R CJL_Rv2 bg——
‘24uul (A6)

which, together with the functional relation between CA/24
and R (table I), defies CDRt/2-4,the constant ccef%cient in
equation (A3).

Equation (&i) may now be put into the form

(A7)

where

The general solution of equation (A7) is

With the initial conditions

7=0

# _&’._.
“dT.

the arbitrary constants become

(A9)

When equation (AS), with constants deiined by equation
(A9), is evaluated at ~= 1.7, the value obtained is the approx-
imate error in vertical droplet position caused by using the
idealized flow rather than the flow induced by a horseshoe
vortex. The dowmvash is underestimated -when the ideal-
ized flow field is used, so the correction is additive in a down-
ward direction.

It remains to determine the i.n.fluem%of the assumption
used to compensate approximately for neglect of the bound

vortex, namely, that droplets are ejected at a finite downward
veloci~

(%),.0=5+(%),(Ale)

Let Az’ ,be the total di.tlerencein distance traveled by a
particle ejected into an aimtream at a finite velocity (eq.
(A1O)) and a similarparticle releaaedfrom rest into the same
airstnxm. If the airstream is considered to have u uniform
velocity wJU and the drag term CDRJ24 is again taken
to be constant, Az’ (in semispans) from the differential
equation of droplet motion becomes

(All)

The approximate total error in vertical droplet position
which may be expected as a result of the assumed starting
conditions- used ~ the trajectory computations is then tho
di.fbren~ between equations (AS) and (All). This error
W= evaluated at several spantie starting positiona for the
fight ~n~tiom r&=l.2 and ~=0.5 semispan and for dYop-
let diameters of 200 and 300 microns (the mean diamotem of
spray spectra to be considered).

The calculated errora in vertical droplet position (ii
semispans) for these conditions are as follows:

,

-1”Em& (60mbPwIs) for-
Yo.

~~
a-m InlcTOm

I
a-m Inlcmns

Similar computations were made for the error in lateral
droplet position caused by neglect of the horseshoe vortex.
we corrected lateral droplet position was inboard of the c(Ll-
culated position; however, the magnitude of the c~rrection
was found to be insignificant.

APPENDIX B

LEAST-SQUARES REPRESENTATION OF TRAJECTORY DATA ,

In the computation of the distribution of deposit for the
case of a discrete nozzle the unknown coefficients kl, k,, and
ks and the spanwise starting position y. in equation (19) are
constant. It is d&ed to determine the values of kl, 12, and
k8in the formula

6=k1+k*P+k& @l)

which give the best approximation of n data points (table
III) at the particular y. value in que9tion. The principle
of kas.t squares provides a method of computing these
coefficients which minimize the sum of the squares of the
diiTerencesbetween the values of 13in table HI and the values
of 8 computed from equation @l). Thus the three unknown

,-

coeflkients may be determined by solving the following set
of simultaneous equations:

(B2)

The deposit for discrete nozzles was evaluated only at tho
YOpositions for which trajectory computations were mwi.bble,
This limitation obviated the necessity of interpolating to
detemaine the coeilicients at other VOpositions; however, in
determiningg the deposit for the case of n continuous spanwiae

.
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distribution of mass flow (eq. (16)), the variations of kl, k~j
and ka with y. must be known. From experience gained

while determining the coefficients of equation @32) for
various vfdues of yo, it was found that the variation of these
coefficients with yOcould be satisfactorily approximated by
the relations

k1=a2yos+~y:

ks=hlyo+bgy:

}

(J33)

k~=clyo+~yoz

Equation @l) then becomes

6=a~y0’+~y~+b1y$ +b2y0’P+c,y#+~yo’P’ (B4)

Equtition (B4) contains six unknown coefikients, and for the
cam in which C.= 1.2 and %=0.5 semispan (the flight
condition for which the deposit with a continuous mass
flow was evaluated) there is a total of 20 data points (see
tablo III). Applying the method of least squares to equa-
tion (234) provides a set of six simultaneous equations:

Zy026=aqZy0’+%Zy06+ hZPy;+b*Zpy04+

cl~p’yoa+c’~fiod

~y$6=a,~y~+aJJy>+ bl~PyO’+b2~Pyo’+

c*~Pyo4+&~Fq/05

XPyo6=~ZPy:+~ZPyo4+ b,X~o’+ bZp’y:+

c]~P3yo’+G2~Py$

~Py@=a2~Py~+G~Py~+ bl~$+b,~fio’+

cl~Pyoa+c’~$

~P’yo6=a2~Fyl+a2~fi04+ b,~z+b,~fi:+

c1~P4y02+o’xP’y:

Z~o’~=a~Zfi2+%Zfi~+ bLZT%’+bZfi04+

c,~P4y03+Q~fio4

These equations may be solved for the unlmown coefficients
(a,, G, and so forth) by any convenient method of solving
linear simultaneous rdgebraic equations.

The following numerical valuea of the coefficients in
equation (B4) were determined for the case in which CL= 1.2
and ~=0.5 semispan:

a2=373.7

%= —157.4

DISPERSION OF AERL&L sPRAm 945

b,=216.9

6,=–49.76

C1=—O.0537

c-2=-8.141

The comparison of the points determined by trajectory
computations and the empirical representation of these
points by equation (334) is shown in figure 13.

800– Yo,
wispons .75 .625 .50 .25

~6(x) –

~

#03 –
&

: — Equation (B4)
o Tmjeclory dolo

~~6
~
Jj-Yo

FIGURE 13.—Empirical representation of droplet diameter as a func-
tion of vo and ~~ CL= 1.2; %=0.5.
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TABLE I.—VALUES OF CDR/24AS A F~TCTION OF R t TABLE 111.-RESULTS OF DROPLET-TRAJECTORY
COMPUTATIONS

RR CDRB4
w S3ml- y,, mmf- a,ml-
P W(9 - vd*,fttDeOWJ,lId t*,Seo

Zccm
z ma
z 1%3
z 291
z4m
26i3
2 a51
2.013
3.327
am
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4.69
b.01
&40
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6.16
6.62
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8.!26
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o
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L4
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M
25

E’
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Lm
LM9
L 018
LOW
Lm
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L !M
LZ2b
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L=
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w
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14.0
leLo
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M’
26.0
4ao
g;

m.o

w
14a o
ml o
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3.XLO
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