
REPORT 1098

SUMMARY’ OF METHODS FOR CALWL4TING DYNAhHC LATERAL STARILITY AND RESPONSE
AND FOR ESTIMATING LATERAL STABILITY DERIVATIVES 1

By JOHN P. CAMPBELL and MARION O. WKINXEY

SUMMARY

.-1~urnmam~ of mdhwi8 for mah<ng dynamic [aierai 8tabi[ity
and r~8ponse ca[eulation8 and for e8fimating the aerodynamic
stability e?erirnf ire8 rqu ired for u8e in the8e ca&u[afion8 i8 pre-
.wtdPd. The proce88cw ~f pwforming ea[cu[ation8 of the time
hixtom”es of latw-a[ nlotion8, qf the period and damping of fhe~e
ntotian~. and of fk [atera[ stability boundarie$ are presenfed a%
a .wrieg qf 8imp/e $traigh~foncard #fep8. &iating methwis for
r.d imat;ng th< stab [l{ty detv.ratire8 are sum mam”zed and, in
NIInP casr~, wirriple nev empirical-formula% are presented. Ref-
t r~nce is also made to report~ pre8enh-ng expen.mental dafa
that 8hw[d be u8efu[ in making c8timate8 of the dem-ratire8.
rlrta[[ed estimation methods are pre8ented for imo-8ub80nic-
*WI1 cwttiiiion8 but only a brief di8eu8~”on and a list oj rejer-
ti”IIrP8 are giren for tran.~onic- and aupcr80nic-speed condition.

INTRODUCTION

Dynumic lateral stability has not received widespread
attention in tlw past because it has not generally been a
wrious problem in the design of airplanes. Consideration
of tlynamic lateral stabi~ity has recently become more im-
portant, however, because current design trends toward the
use of low aspmt ratio, sweepback, and higher wing load-
ing have, in many cases, led to umatisfactory dynamic lat-
wal stability. Airplane designers are therefore finding it
necessary to make such calculations in connection with the
design and modification of airplanes. In many cases these
mdrulations are difficult to perform for designers who have
had no previous experience in theoretical stability work
because most of the published theoretical analyses are not
presented in a form that is especially suited to the compu-
tation of dynamic stability. The estimation of the stabiIity
derivatives required in dynamic stabdity calculations has
tiho been found to be difficult in many cases. AIthough
theoretical and experimental data on these derivatives have
appeared in numerous publications, no single publication has
presented methods for estimating the derivatives for all
types of rkirpla.nes.

One approach to a presentation of methods of calculating
stability and estimating stability derivatives in a form suit-
able for use by designers -was made by Zimmerman in
rcfwence 1. Although this report has proved to be of valu-
able assistance to designers in making dynamic stability
(wlctdations, recent trends in airplane design have caused its

usefulness to be seriousl~-Iimited. For example, the equa-
tions of reference 1 do not include the productaf-inertia
terms which h-ire been show-u by recent studies to be very
important in some cases. (See references 2 and 3.) Mom..
orer, the calculation of the time h~tories of lateral motions,
one type of ralmdation that has been the subject of increasing
interest in the h-rstfew years (references 4 to 7), is not covered
in reference 1. The methods of estimating stability deriva-
tives presented in reference L are ako limited because they
apply ordy to nirphmeshavi~~ unswept w-inggwith an aspect
ratio of 6 and operabing at speeds at which compressibility
effects are negligible. The purpose of the present report is
to extend the methods of reference 1 M include the methods
of computation which me of cm-rent interest to designers
and to include methods of estimating derivatiws for con-
figurations and flight conditions which are now beirg
considered.

Thu report summarizes and reducm to sirnple straight-
forward steps methods for computing the time histories of
Iateral motions, the period find damping of these motions,
and the lateral stability boundaries. Existing methods of
estimating stability derivatives for a variety of airplane
configurations are summarized and, in same cases, simple
new empiricaI formulas are presented. Reference is also
made to reports presenting experimental data that should be
useful in making est”mates of these derivatiws.

SYMBOLS

Ml forces and moments are referred to the stability
system of axes which is defined in figure 1. The foliowing
&initions appIy
otherwise defined:

;
7
b
#d

1

to the symbcds e~cept where they ar~

mass of airplane, slugs
wing area, square feet
wing mean chord, feet (b/A)
wing span, feet
span of that part of wing that has tip

dihedrtd, feet
tail length (distance from center of

pressure of -rertical taiI to center of
gravity, measured parallel to longi-
tudinal stability a.zis; values of 1
must be calculat.ed for each angle
of attack), feet
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FWJRE l.—TlM stab!llty sgatem of axes. Arrows fmdlde Positfvedirectionsof moments,
fomcs,andmg[es. Thh sgatemof axesisdefb.wdasanorthogonaleyetemhavingtheorfgfn
at themntercfgmvlty and h whlehtheZaxisfafnthefJhrreofmgmrnetryandwmendlm-
Jarto therekffve wfnd, the X+xiY Isfn tbe pIaneof aymmetxpand pemendlonkrto the
Z+ and the Y-axlak perpcndfetdarto the Maneofwrnmetry. At aLwnabmtrmghOf

attcvir, the axesare fixed in the e.kplane.

J aver~~e fuselage height at wing root,
feet

w average fuselage width at wing root,
feet

2. vertical distance of quarter chord of
wing root chord from fuselage
center line, positive downward, feet

8 nondimensional time parameter based
on span (Vt/b)

z longitudinal distance rearward from
airplane center of gravity to wing
aerodynamic center, feet

d longitudinal distance from Ieading
edge of vertical taiI chord to hori-
zontal tail aerodynamic center, feet
(see fig. 6)

vertical distance from horizontal tail
to base of vertical tail, feet (see
fig. 6)

z

A
A

h

r

r=
t
~7

kxo

kz,

kx

kz

height of center of prcssum of vertical
tailshove longitudimd sttibilityaxis;
values of z must bc calcuhttcd for
each angle of atttick, feet

aspect ratio
swecpbark of wing quartur-chord line,

degrees
taper ratio (Tip c4~ord/Root Aord);

also, differentialoperator in Lrq)iacc
transfoym

dihdral artgIe,degrees (SCOskctcb of
fig. 9)

dihednd angle of wing tip, clogrccs
time, seconds
airspeed, feet per second
radius of ~ation about principn]

Longitudinalaxis of inertia, feet
radius of gyration about princip~l

normal axis of incrtiu, fret
radius of gyration about X-fixis, feet

(~k.i-~ COS’q+k,~ sin’ q) ‘-
radius of gyration about 7=axis, feet

(~kz~ COS’q+kx~ sin’ q)
kxO

&O=T —

K=+

KxzKl=K7-

—

product-of-inertia factor
((kz~–kxo~ sin IIcos ~)

—

,, i

angle of attack of principul Iongittuli-
nal axis of inertia,degrees (see fig. 2)

angle of cIimb, ihgrces (see f%. 2)
angle of attack of Iongitudimd body

axis, degrees (see fig. 2)
angle between principnl longitudinal

as-isof inertia and longitudinal body
nxis, degrees (SCOfig. 2)

air density, slugs por cubic foot
angle of bank, radians
angle of yaw, radians
angle of siciedip, radians
rolling vcIocity, radians per second

(d@/dt)
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(.’lc
f
“*C
(vy,
c.

mxrmnorWM. VU-C.

yawing velocity, radians per
(d$/dt)

initiaI angle of bank, radians
initial angle of yavi, radians

second

—
initial angle of sideslip, radians
nondimensional initial rdhng velocity

[dr$/du)
nondimensional initialyawing velocity

(d~{du)
Routh’s discrimimmt or real part of

complex root R+Ii
imaginary part of compIex root R+Ii
coefEcients of the characteristic bi-

quadratic equation
factors of the B, ~, and D coefficients
roots of characteristic biquadrat-ic

equation
differential operatm (d/dr)
periodof thelateraI oscillation, seconds
time to damp to on+half ampIitude,

seconds
time conversion factor (m/PST7

nondimensional time factor (t/r)

reJative density factor (m/pSb)
impressedrdingmoment, foot-pounds
impressed yawing moment, foot-

pounds
impressed IateraI force, pounds
impressed rolling-moment coefficient
impressed yawing-moment coefficient
impressed lateral-force coefficient
lift coefficient .(Lift/@l
drag coefficient (IX@@)
rolh.ng-moment coefficient

[RoIIing moment/qSb)
yavcing-moment coefficient

[Yawing moment/@W)
latwd-force coeilicient

(LateraI force/qS)
dynamic pressure, pounds per square

- foot ($Y P)

ac,q=-
a@

2V

C=% --”
‘P a%

c=,=%
am

c.,=%

azv

PC*P
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‘1’–4;:=

(?y
y,=<

jlcl
l,=yK;,

pcnc
“=FKz~

.

C’y,
?/c=--y

[fk’np), increment in Cnpproduced by lift and
induceddrag forces

(M,p), increment in CSPproduced by drag
not associated with lift

H horizontal tail
section lift curve slope

%l.)scripils:
W@ wing
fu-s fusehige
tail used to designate vertical tail
design used to designate. desi@ under con-

sideration
Ma used to designate design for which

force-Lest data are available
exp experimental
V-tail v-tail
(’ eflcctive
H horizontal tail

CALCULATION OF LATERAL STABILITY AND
RESPONSE

Various types of calculations maybe performed to indicate
in some way the stability of an airplane or the response to
gust disturbances and control manipulations. The calcu-
lations most commordy made are calculations of ~imc his-
tories of disturbed motions, period and damping of the free
motions, and spiral and oscillatory stability boundaries (lines
of neutral damping of the spiral mode and of the lateral
oscillations). Step-by-step procedures for performing these
types of calculations are explained in the text and derivations
and additiona~pertinent material are presented in appendixes
A to D.

Tho period and damping calculations arc the easiest of
th~ three types to pm-form. For tlis reason, and because the

dynamic lateral stability of airplanes is at present spceificd
in the flying-qualities requirements in terms of the period
and damping of he lateral oscillation, period and damping
calculations are probably the most commonly performed.

RecenL dynamic stability work has indicated, lmwmmr,
that the period and damping chtiractcristics of the free’
motions of an airplano are not always a su.fllcicntindim lion
of whether tho dynamic behavior of an airplane fohving
various types of disturbances will be considered satisfactory.
For this reason the calculation of tirnc histories of tlw
motions of airp~anes is becoming more common dcspito
the fact that these calculations are fairly laborious. TIM
increasing use qf automatic computing machines has also
made the calculation of motions more popular.

For many years, calculations of stability boundaries wcro
the type of calculation most commonly performod. In
recent years, however, stability boundaries have not bccu
considered to give an adequate indkation of stability.
Since boundaries arc useful in some case+ however, (for
example, for quick approximation of the eflccts of changm
in dihedral and tail area) the methods of calculating the
spiral and oscillatory stability boundaries are described
herein. Lines of constant period and damping of t-helatwvd
oscillation are related to stability boundaries (lines of
neutral stability). In some cases these lines of constant.
period and damping may prove more useful than bcnmdarics.
Since no sstensive use has been made of lima of constant
period and damping, however, tho methods of calculating
these lines (presented in references 8 and 9) arc noL given
in the present report.

The equations and meihods of calculation presented in
the present report deal specifically with the iuhercnt motions
of airplanes for the case of three degrees of frccdotn (roll,
yaw, and sideslip) and linear stability derivatives. In order
to perform simihr calculations for cases involving additional
degrees of freedom, nonlinear derivatives, or autopilots with
time lag, spc.cial equations arc rwquircd. The methods and
equations for treating these cases are presented in rcfcrcnccs
10 to 18. Additional degrcw of freedom for tho case of free
controls arc treated in rcfcrenccs 16 LO18 and for tho case
of fuel sloshing arc trcat,ed in rcfcrencc 10. The usc of
nonlinear derivatives in stability calculations is ccvcrcd h
reference 11. Methods of treating tlm cflcct of autopilots,
including the eflcct of time lag in the.tiutopilo~)arc prcscntcd
in references 12 to 15 and 19.

For some cases ~ho effects of aerodynamic time lag arc
important. There are two diflrrcnt. sources of such lag:
(1) the time required for an aerodynamic impulse to lrarcl
from one component of tho airplane to another (for cxmnplc,
@e time required for a change in sidcwash a~ the wing to
reach the tail—a phenomenon commonly referred to as lag
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of sidewwdd; and (2) the time required for the growth and
decay of the aerodynamic. loads on the airplane components.
For both of these cases the time-lag tiects usually become
increasingly important as the period of the Iateral oscillation
decreases. The effects of the first type of time lag can be
accounted for in some cases by moditkation of the stabfity
derivatives. For mample, the effect of the lag of sidewash
on the derivative (?,, is discussed subsequently under the
section on “Estimation of Lateral Sfability Derivatives.”
In many cases, however, both types .of time lag will require
special stabiIity equations Ifo general treatment of these
cases has been published but an indication of the method of
treatment may be obtained from the treatments of autopilot
lag in references 13 and 15.

CALCULATION OF PERIOD AND DAMPING .

k pointed out in references 1 and 2, the period and damp-
ing of the various modes of the lateral motion may be calcu-
lated from the roots of the characteristic equation

.4h4+Bh3+Ck’+Dk +E=f)

by thequations

P=? T

and

log. 2 0.693Tllz=—r T* —~ T
,

where R represents a rerdroot x or the reaI part of a complex
root. h=R + Ii and I represents the imaginary part of a
complex root. Xegative mdues of Till represent the time
required to double amplitude for unstable modes of the
motion.

The values of the coefficients A, B, P, D, and E may be
obtained by the method given in steps 1, 2, and 3 of the sec-
tion on “Calculation of Motions.” If the period and time
to damp are to be calculated for a number of related cases,
however, the vrduesof the coefficients A, B, C, D, and Emay
be more convenient Iy calculated by a tabular procedure such
as that shown as table I for making boundary calculations.

Methods of detmmining the roots of the biquadratic
characteristic equation are presented in appendi.. C.

CALCULATIONOF MOTIONS

Calculation of the lateral motions of an airplane involves
the integration of three simultaneous dif7erentia1equations
(see appendi.. A) to obtain a genertd solution in terms of the
mass and aerodynamic ptrrametera of the airplane. The
general equations, once obtained, can then be used to obtain
numerically the motions of any airplane in terms of the

variation with time of the angks of bank, yaw, and sidealipor
some function of these ar@es such as rding or yawing
veIocity. Various methods, such as those given in references
20 to 22, are of course avaiIable for integrating the diierential
equations. Site the prob~emsmet in airplane d.ynmnicsam ‘–
fairly complex, however, many of these methods are not ‘-
suitable because of the diicultiea of computation that arise.
The method given in reference 4 (based on the HeavKlde
operational calculus) is satisfactory for calculating the forced
motions following appliration of external forces or moments
but, -without modification, this method cannot be used to
calculate the motions resulting f~rn initial displacement-
in bank, yaw, or sidesIip or from uutial values of rolling or
yawing angular velocity. A solution based on the Laplace
transformation is more satisfactory than that based on the
H.eaviside operational calculus because it permits direct
caIculation of the free motions following any initial condlt.ion,
in addition to calculation of the forced motions following
application of external forces and moments. The application
of the Laplace transformation to the calculation of lateral
motions is outlined in appendhc B. The material presented “-
in this appendi~ is similar to the work presented in references _
5 and 6 except that the mass and aerodynamic stability
derivatives have been combined as shown in appendLr A
to reduce the number of arithmetical and algebraic processes
required in numerical solutions.

The process of calculating the motions is presented as”a
series of simple though lengthy arithmetica.I and algebraic
steps so that. an understanding of the caIculus involved in
solving the diEerential equations is not required. The
method w shown is suitable for crdculati~mthe motions as
variations of & $, f?, p, and r with time for the case of the
free motions foLlowing initial angular displacements (+.,
#@ and&) and angular velocities (D@)Oand (D~)Oand for the
case of the forced motions reimhing from constant impressed
forces and momerhs (~, lVc, imd Ye). These are the cases
for which motions are usually calculated. It is aIso possible
to caIculate the motions resulting from impressed forces
and moments which are arbitrary functions of timeby the
met-hods eqdained in references 6 and 7.

MOTIONS EESULTEWG FROM INITIAL ANGUId& DISPLACEMENTS AND
ANGULAR VELOCITIES AND FEOM COWiTAXT IMPRESSED

.—

FORCES AND MOMEXTS

The si~ steps involved in obtaining a specific solution for . ..
the lateral motions of an airpIane are:

Step 1: Determine values of the following parameters:
(a) Mass characteristics

m, h-xo, kzo, ~, and p

(b) Geometric characteristics

8 and b
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The methods of determining Lbcvalues of the aerodynamic stability derivatives are given in subsequent.sections of this roporl.
In casea where impressed forces and moments are used as disturbances, determine t.hc vahws of the factors

Clc, cue,CY,

that are appropriate to the particular prol.dcm.
Step 2: From the known factors, evaluate tho following parfimete~ which arc the stability derivativca in tlw form in

whkh t.hcy arc used in the calculation of motions:

–J--- c.,7-LP—
4Kzz

1 -c.,‘r=4m

Aleo, when impressed forces and moments are used, evaluate

16=-- et,
2Kxz

p C.*n,=—
2Kzg

m
T =—

psv

Th values of KX2, K~2, and KXZ can be det~rmin~ from fio foIIow@ expr@si~~:

Kx2=Kxoz COS2~+K.02 sin2w

Kz2=Kzo2 COS2q +Kx: shf q

,

Kxz= (Kzo2–Kx:) Shl q COSq

Step 3: Solve for tile vahws of the appropriate onos of the following coefficients from equatimls (1) Lo (4):

in all cmes sol-ro for the ~alues of A, 1?, C, D, and l?:

A= 1–KJL

B= Px–Aw

c= ‘PIY8+PZ+P6VF+P3V,– pa 1

.

7.

. .

(1)

Pl=-ip–n,+Klnpi-Kd,
Pz=lpn,–l,np



METHODS FOR CALCULATING LATER.4L STABILITY AND ES’ITMATLNG STABILITY DERI1’ATIVES 829 —-. .-
Fa=lgn,-l,nfl
Pd=lPnfl-&n,
Ps=h’lnfl-la
P6=KJ8–nfl
P7= –P3yfl+Pay,+P4yr– P4

The quantities P, to P7 are factors of the cm.flloientsB, C, D, and E which are combinations of terms that occur frequently
in calculations of motions resulting from initial anedar displacements and velocities and which are conseqwmtly grouped
together for convenience.

.-

CalcuIate the values of ao, al, . . . a5 when wiving for the m@e of bank @ or the rolling velocity p:
.—

(ZO=40A

at =M+ (~~)d

a?=4~-~oP~+(D#~ -A~~+KJ, -nr)-(D#)JKln,-~r) +~.-~.K1 1

(2)

(3)

1

(W)O ~ g t~ 7+~174dh 1–K,n,–lpy,+l, –(K, n,–ZJyP +L(–KZ y,+ K~+yJ+dy,- 1–KI YJ+Y.P1 I

1
nc

(
–ln yr+lp+lr Yp—KI

)
$+% tan 7 +y, P1 ‘1

J
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step 4: Salve for the rooti AI,h, ~a,and h of the biquad-
ratic equation

Ah’+ Bh3+Ck’+Dh+E=0 (5)

where the values of the cmflicients A, B, . . . etc. were
given by the solution of equations (l). hlethods of deter-
mining the roots of the biquaclratic equation arc given in
appendix C.

Step 5: Use the co~citints obtained from equations (1)
ta (4) and the roots of equation (5) to SOIVWfor the following
coefficients:

Calculate the values of the factim Al, AZ . . . Ae when
solving for the angle of bank @ or the rolling velocity p:

ao~la+alh% aahl%-!-a~?l’+ q4kl.+ab
“=oAk,b+5Bh,’+4 Ch,8+3Dh$+2Ehl

+

“=+(a’-a’a

(0)

Calcufate the values of the factors Bl, B2, . . . BE when
solving for the angle of yaw $ or the yawing velocity r:

B,=Mb4-b’a

(7)

Calculate the values of the factors G, C2, . . . C5 when

solving for the angle of sideslip 6:

If equation (5) has conjugato complex root+ tic values of
the coefficients (equations (6) to (8)) corresponding to t-hcsc
roots wilI be conjugate complex. III ordrr to facilita~~
treatment of this case it is convenient to establish samo
special notation. This special notation is exphtincd in
appendix D.

Step 6: The equations of motion arc. writ.trn in tlifft’rent
form dcpmding upon the roots of equation (5). If the
characteristic equation has four real roots Xl! h, ~, and k
the general form of the equations of motion is used as follows:

(9)

If, as is generally the case, equation (5) has hvo complex
roots and two rwd roob (f?+li, R—Ii, ~~~an~~M ~the ~qua-
tions of motion may be expressed as

$=&e’E cos (uI+ w4)+A*tw$+A,eh’i-116u +A6

#= K,erR cos (uI +wt)+B*e~+B,e”’ 4+Bw +B6

p=K&”B cos (uI+w)+ C@s+ C4e”4-1-C6

[ (p=: &\meiz cos ur+u~+tan-l *)+

1

&4,e”’a+&?t4e*4+B6 [

(lo)
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where

IL =2>!RA% 1.42 .A=,fm-l +
.4

— .—
h“.= 21’R,2 + IZ

1,~B= tan-l —
R. (lo&)

and RA and 1~ are defined in appemlk D.

If there are four complex roots (R+Ii, R—Ii, R’ +1’i, and
R’-1’i), the equations are

t$=h~.,p’ cos (rI+wJ+KA’euw cost (uI’+~.’) + \

.-i,u+A8

#=h”& COS(u~+w,)+K.’@ COS(uI’+aB’)+

13,g+B8

fi=KceuE COS(uI+uc)+Kc’# COS(uI’ +&c’)+ ~,

P
[ (

=: K.4~’11’+~eaE CO.S ul+wA+tan-I ~)+A5+ *(1 1)

( )]
IL’llR’2+1’2 e“w cos “uI’ +u~’+tan-l &

.
.

r=!
[ (

h“*~!~+~erB cos ul+ti~+tan-l ~
T )

~ +B5+

——
KR’ >~R’2+1’2 & COS (“ml,+u,~+tan-I ~

)] J
where

h“.’= 2%lR.m+ IA’2
_l 1A’

‘A’= tan R.,’

h“~’= 2 ~’R~’+IBti
1’~J=~-I A
R,’

‘}

(ha)

Kc’= 2 >lRcn+Ic’l
_, Ic’

“’tin v

The coefficients hr~, K~, K& q, w~,and w me defined in equa-
tions (lOa) and R~, I*, R~’, and 11’ are de6ned in appendix D.

Solve the appropriate ones of these equations of motion
(equations (9), (10), or (11)) by substituting wdues of the
nondimensional time factor a in the equations and solving
for 0, +, & p, or r.

MOTIONS RESULTING FROM ARBITRAEY D1STUEBANCE9

The motions resulting from arbitrary forcing functions
can be obtained from the motions resulting from constant
impressed forces and moments by the methods explained in
references 6 and 7.

A ~ery useful method of obtaining the motion resulting

- ..

from various abrupt gust and control disturbances is given
by Jones in reference i. In thisreport it is pointed out that,

although the component motions of an airplane must be
calculated simultaneously (that is, by simultaneous differ-
ential equations), the effects of component disturbances may
by the principle of superposition be calculated separately
and later added in an~ desired proportion. Thus, if a given
rol.I@ moment causes a 20Ubank in 1 second and if a given
yavzhg moment causes a 5° bank in 1 second, the combined ._
effect of both acting sirmdtaneqsly will be a 25° bank in I
second. Jones ah points out a somewhat simihr fact with
regard to the effects of disturbances that are not applied
sirmdtaneously. This fact is that, if a given disturbance
which arises at the time t=(l is later augmented, the effect.—
of the increment of disturbance will run its course inde- -
pendently of the effect of the original disturbance. For
emunple, in a problem involving the correction for a gust. ___
disturbance by a manipulation of the control, the motion
produced by the gust disturbance can be calculated inde-
pen&mtly and the motion caused by the assumed corrective ._
control manipulation can be added to it at any desired point.
This example is illustrated graphically in Qgure 3.

TIM principle of superposition maybe applied analytically
as well as graphically. The analytical application which
makes use of Carson’s integraI or D uhamel’s integrd is
described in references 7 and 23. This method is usef~ for
calculating the motions resulting from impressed forces and
moments which are arbitrary functions of time. By applica-
tion of these methods, the solutions for constant impressed
forc~ and moments can be used to obtain new Wlutions for
any mbit rary wu-iation of impre=d forces and moments
with t.imew~lch can be expressed by a mathematical formula.
Scnpe simple variations of impressed forces and moments
with time and their Laplace transforms are given in reference
6. The transforms for any other function for which trans__
forms have been worked out- may be founcl in tables of
Laplace transforms.

CALCULATION OF STABILITY BOUNDARIES
OSCILLATORY STABILITY BOUNDARIES

b pointed out in the preceding section of this report, the
degree of stability of the uncontrolled motions of an airpkme
is indicated by roots of the characteristic equation

A1’+BA’+C!V+Dk+E=O

For stability the reaI roots or the real part of the complex
roots of the characteristic equation must be neghtive. A
useful discriminant for determiningg some of the character-
istics of the roots in stabiIity work is Routh’s &riminant
R (R= BCD—AV—IPE). The use of this discriminant @
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dynamic st~bility analyses has beeu pointed out in many
reports, for example, references 1, 2, 3, 5, 21, and 24. Routh
htis showm (reference 20) that, if R and the coefficient E are
finite, t.hc necessary and stilcient conditions that the real
roots and the real parts of the complex roots should bc
negative are thak every coefficient of the biquadratic and
also R should have the same sign. Routh also showed that
when R= Oand 1? and D have the same sign there are a.pair
of romplex roots with the real parts zero. Since the value of
the real part of a complex root indicates the stability of an
osciI1atOrymode of the motion of an airplane, the lateral
oscillation is neutrally stable when R= O and the coefficients
B and D have thesame sign. Oscillatory stability boundaries
can be determined, therefore, by solving the equation R= O
and checking to determine whether the signs of 1? and D arc
the same.
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Since two of the most important stability dt’qivativw tif-
fectiug lat,crd stahiIit.yare t.hcdirectional stability derivative
Cm~and the eflcctivc dihedral cierivntive Cl~, boundariw for
neutral osciIlat4)rystabili[y are usually calculated as u fmw-
tion of these two deri~atives as ilhlstr~tcd in figurc 4. Tlwsu
calculations arc gencrrdly carried out by the method shown
in table I. This table contsins a numerical emrnplc and
step-by-step instructions for using tho ttildc. The results of
this numerical examph~ are plotted in figuro 4. The pro-
cedure illust.ratedin taldc I is first.to assume values of the
independent variable Cn to cover the Ixngc for which the
boundary is required. ‘lfht~Valllesof all the other mass aml
aerodynamic stability dc.rivatives except C’l~are th[w esti-
mated. The value of Cfi~is gemwally assumed to huve been
varied by varying t.hc size of the vertical tail and, con-
sequently, the tail contributiol~ to euch of the other stubilily
derivatives varies as Cmpis varied. The values of the coef-
ficients A, B, C, D, and 1? and then R are calculatwl as
functions of Ze:

Tl!c values of 15corresponding to the assumed values of C’q
for the condition of ncutral oscillatory stability are next
obtained by solving the expression R= Owhich is a quadrntic
in 16that is of the form

ILJ6Z+ VJ8+WI= o

Finally, tho values of Cr, corresponding h the assumccl
values ofid~ are obtained from the vahms of lP.

The values of 1~which satisfy the expression R= Omust h
checked to determine whcthm thcy satisfy the otlwr eon-
dition for neutral oscillatory stability—that tho sign of the
coeflicicnts’ B and D must be the same. This check can bc

.cm5
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performed readily by substituting the -dues of 18 which
satisf-y R= O into. the expression for D which is a linear
equation of the form

r)=q12ig+f11

Thus. the sign of D is determined. The sign of B is a con-
~8and is almost invariablystunt for any giwm value of d

positive since the three predominant terms of B contain the
[Iwivatives Cl . (’=,, and Cy~ which in all practical cases
contribute a p&it ire increment to the vaIue of B.

.Sincetwo values of Clfisatisfy the condition R= O for each
value of C’m~,the R= Ocurve has two branches. As pointed
out in reference 24, one of the branches of the R= O curve
genmalIy represents an oscillatory stability boundary and

I the other branch represents a line of numerically equal real
roots with opposite signs. (See fig. 4.) If neither of the
values of C’z~which satisfy the expression R= O for a par-
ticular value of C’mdis found to represent a point of neutral
oscillatory stability, the lateral motion has no osdIatory
mode for that value of C~d. If both of the values of CIP
which satisfy the expression R= O are found to represent
points of neutral oscillatory stability, the lateral motion
has two oscillatory modes. In-this case, since the boundary
D= Orepresents the Iine of infinite period, the branch of the
lJ=O boundary which lies close to the D=O boundary is
uwmlly tbe bounda~ for neutral stability of the longer period
of the t~vo oscillatory modes. A detailed discussion of the -
significance of the stabiIity boundaries and the regions formed
Ly these boundaries is gi~en in reference 24.

In ctdeulating stability boundaries for a sperific airplane
a complete solution such m that explained in the preced~w
paragraphs should be made. For general studies of stability,
however, ap roximate oscillatory stability boundaries may

1fJe calculate much more simply by the methods shown in
reference 24.

As pointed out previoudy, methods of calculating Iines of
ronstant period nnrf damping of the Iateral oscillation are
presented in reference~ 8 anti 9.

SPIRAL STABILITY BOUSDARISS

Spiral stability boundaries, like osdlatory stabiIity bound-
aries. are usually determined as a function of the directional
stability derivative I!7=@and the effective dihedral derivative
( ‘t~as illustrated in figure 4. .4s pointed out in reference 1,
neutral spiral stability occurs when the E’ coefficient of the
charsct eristic equation is zero (lZ=O). A spiral stabiIity
boundary can be eastiy obtained from this relation. If
wqmessions for 1? (in terms of /d) correspond~~ to several
values of ~’~~have already been obtained in the process of
(wiculating an osdat ory stability boundary, the equations
formed by setting these expressions for E equal to zero can
Iw solwd for the vaiues of lfl (and hence ~1~) corresponding
to the assumed values of (7zf. If the values of E have not
already been obtained in the process of caIctdating an owil-
latory stability boundary} a spiral stability boundary for the
level-flight condition (-y=O) can be calculated simply from

the equation
\

c,o=~ C=fl (12)

Values of C“mtare assumed within the range for which the
boundary is required. The values of dl, and ~,, corre-
sponding to each value of P.s are then determined, The
taiI contributions to these clerivatives generally vary with
Cnflsince Cmfiis usually assumed to be nu-ied by chang”mg __-
the size of the vertical taiL

.-
. . ...

ESTLMATION OF LATERAL STABILITY DERIVATIVES

GENERAL REMARKS

Methods of estimat~~ the lateral stabiIity derkatives have
been presented in numerous publications but no si@e report
has contained information for estimat.mgthe contribution of
alI principal airplane components to aIl the derivatives for
airpIanes hav~m any sweep angIe or aspect ratio. In the
present. report, an approach to such a presentation is made
by the coordination of and reference to existing estimation
methods, by reference to publications centaining data which
shouId be useful in mak~~ estimates, and by the suggestion
in some cases of simple new empirical formulas. Detailed
estimation methods are presented for Io-iv-ubsonic+peed
conditions but only a brief discussion and a list of references
are given for transonic- and supersonic-peed conditions.
In general, the estimation methods presented should be ex-
pected to jield onIy fairIy accurate values suitable for makiig
first approsirnations of dynamic stability. This limitation
applies especially to the cases in vihich the derivatives are
based completely on theory.

For convenience, the references that should be usef@ in ._
estimating the stabiIity derivatives are presented in table II.
The references are grouped according to the speed range
covered (subsonic or supersonic) and according to the deriva-.
tires presented in each report. The references for the sub-
sonic case (references 1 and % to 97) are further divid@ into ‘
t-ivogroups-one including re orts which contain estimationfmethods and the other inc uding reports which contain
experimental data that should be useful in making estinmtes
of d~rivatives. The references for the supersonic case (refeq--.—
ences.9S to 118)are subdivided according to wing plan form., -.

The following sections cowerirg the estimation of the nine
stability deri~atives are divided into three groups accora[ng-”-
to the type of derivativ~icleslip derivatiws (CYP,Cxfl,C’ld)~–‘-

rolling derivatives (C’.P, C’IP,Cyr), and yawing derivatives

(c’.,, C’,,, c=,). The deri~atives C,, and C’Y,have uwdly
been neglected in making dynamic laternl stability c~cula- -
tions because theory indicated that for unswept wings CY=
and (7Y, were zero. Recent experimental data, however;
have indicated that both swept and unswept vringgproduce
measurable ralues of these deriwatiws (references 25, 60,”
and 89). Since the vertical tail contributes to C,, and CY,,

it ippears desirable to estimate these derivatives and to use
*

.
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them in the calculations of stability mdcss it is established
that for the cue in question the effects of CY~and CY, on
stabili~y are negligilde. For these two derivatives, only the
~ffect of the wing and vertical tail need to be considered.

The methods of estimating tho rolling and yawing deriva-
tives presented herein wero obtained from theoretical treat-
ments based on the assumption of steady rolling and yawing
and from experimental data obtained principally from tests
made under conditions of steady rolIing and yawing. The
only information that applies directly to the oscillatory
case is a limited amount of data on C.r obtained by oscillation
tccluliquesl. When calculations are made in which the
osctiatory mode is the subject of interest, some consideration
should be given to correcting the derivatives based on steady
rolling or yawing to account for differences in the derivatives
that are likely to exist as a result of differences between
the oscillatory motion and the steady rolIing and yawing
motion. For example, the data of reference 85 have indi-
cated that, for flap-extended or power-on conditions, fairly
large differences might exist between the values” of the tail
contri?mtion to CR,for the steady yawing and yawing oscil-
lation cases. At present little information is available for
correcting the values of d% for the steady yawing ca9e to
apply to the oscillatory case and, unfortunately, little or
no information is available for correcting the ot.he.rstability
derivatives.

Since most wind-tunnel forco-teat data that are likely to
be used in making estimates of t.hc stability derivatives
are probably for much Iower Reynolds numbers than those
for the full-ecrde airpIane, some adjustments to the data
are usuallyrequired to account for the clifferenccs in ReynoIds
number. The effects of Reynolds number should be con-
sickrcd in the cases of all the derivatives, especially those
which arc estimated b-y methods that involve the use of
force-test data. Methods of correcting for Reynolds num-
ber cflects for some of the derivatives are discussed in the
following sections which cover the estimation procedures.
ln the cases where the RqnoIds number effects arc not
diacuwmd,it can be assumed that any abrupt variation in
the dcrivatiwx near the stall for low-scale data will also
be present for tho full-scale airplane but WWprobably occur
at a higher lift coefficient because of the higher maximum
lift codlkient of the airplane. An indication of the Iift-
coefficient range over which the theory may not be expected
to give reliable values of stability derivatives for the full-
sede airplane can be obtained from large-scale drag data.
Thi analysis of rcfcrencc 89 indieatos that the variation
of the de.rivattivcswith lift coefficient is diflerent from the
theoretical vtwi@ion at lift coefficients above that at which
the drag due to lift incre~es abruptly from the ideal value
CL%TA,

The effects of Mach number and power are not treated
in the sections on the individual derivatives but are dis-
cussed briefly in separate sections. A det,aikd treatment
of these effects, incIuding design formuk and charts, was
considered beyond the scope of this report.

THE SIDESLIP DERIVATIVES Cy~, Cn6, C/d

hTosatisfactory ptmdy tkoretical methods have ycb ken
developed for obtaining accurate estimates of UN side+slip
derivatives CYB,Csfl,and CiBfor a complete airphmp, pri-
marily because of large interference elTecta between the
various airplane componenk and bemuse of large, and often
unpredictable, variations of the derivatives with anglo of
attack. Fortunately, these derivatives can be obtained
from conventional wind-tunnel force-test data. SUCL expcri-
inental data are essentiaI to the accurate detorrnination of
sideslip derivatives. It is, of course, high]y desirable to
have force-test data for the exact airplane design under
consideration, but reasonably accurate &timatw can usually
be made by correcting the force-test data for a generally
simiIar d~ign. The methods of correcting the form-teat
data on a similardesign for usc in & CMCunder consideration
are covored in the following sections. In the formulas
presented, the subscript word “design” is used to designntc
the dmign under consideration tmd the subscript word
“data” is used to designate the similar design for which
force-test data are available.

Force-test data should be used to de.tcmninethe effect on
the sideslip derivatives of such airplane components as
leading-edge high-lift devices, stall-control devices, trailing-
edge flaps, naceIlcs, external stores. canopies, and dorwd and
ventral fins, The effect of leading-edge high-lift. dcwiccs is
usually merely to cxtc.nd to a higltcr lift coefficient the same
variation of the derivative with lift coefficient as for the plain
wing. Trailing-edge flaps often havo large effccts on tho
contributions of both the wing and the vertical tail to t.ho
sidcslip derivatives (references 40 and 71); and since tlwsc
effects aro not easily estimated, it appcam tha~in these cas-
use of”force-test data is essential. Tho addition of nacelles
and external stores generally has been found to decrease the
directional stability factor Cm~ahghtly. The results of a
limited amount of rcacarch to determine the ~mCyton the
sideslip derivatives of the size and shape of canopk has
been reported in references 49 and 75 but these rewdts arc
inadequate for making accurato predictions of thu rflccta
of canopies. The effects on tho sideslip rkmivativesof dorsal
and ventral fins are usually small at the small and moderato
angles of yaw that arc generally considered in stability
calculations. (See rcfcrcnc.es 48 and 73.)

Cr
B

Ii estimates of the latmd force clue to sideslip derivative
Cr6, force-test data for the design under consideration
should be used whenever possil.dc. If such data are not
available, data for a similar design can ?]eused and corrccicd
w follows:

Wing-fuselage.-Since the wing-fuselage contribution to
CYPis ueuaIly relatively small compmcd with thal of the
vertical tail, great accuracy is not required in estimating this
factor. This contribution may be estimated as follows:

(1) Wing: If the wings of b t~yo designs aro gcnernlly
similar, the difference in C1-fl~~, can be considered nrgligiblom
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and no correction is necessary. The theory of reference 25
does not appear to be suitable for use iQ estimating Cr~ . .

(2) FuseIage: If the two fu.elages are simiIar in sh~~~,
the difference in ~y~,=~can probabIy be estimated satisfac-

tm-i~yby correct~a for the difference in the reIative size of
the fuse~~e and wing for the two airplanes~ It appears,
however, from table X of reference 71 unlikely that a rdiable
prediction of ~~~r~,can be made directly from the geometry
of the fusebige. Some additional data on CY,l=, are pre-

sented in reference 79. Experimental data from other
investigations have shown that differences in fuseltge cross
section can cause very large differences in the variation of
C=fl,=ewith angle of attack. For example, in the case of a

flat fuselage with the major cross+ectional a.sis horizontal,
the sign of C~~rW,has been found to reverse at moderate and

high angles of attack. Force-test data are essential for
making estimates in such casm.

(3} Whg-fuselage interference: For Iow-wing or high-wing
configurations, wing-fuselage interference causes the vatue
of Cy~ to be greater than that obtained by adding the ccm-
tributions of the wing and fusektge. (See references 37 and
40. ) Lf the verticaI Iocation of the wing on the fuselage is
generally similar for the two designs, however, any correction
for a difference in this interference factor can be negkcted.

Vertical taiL-Accurate eatimatw of C=f,d, are necesgary

beca<se this factor is used to estimate the tail contribution
to several other derivatives. This factor is especially im-
portant at Iow angles of attack because ~ this cws the trd
contribution is often much greater than the wing-fuselage
contribution to alI derivatives except C%. For this reason
it is highly desirable to have tail-off and tail-on forcet~t
data for the design under cmsideratio-n or for a very shdar
&sign. Corrections to the data for a similar design can be
made as folIows:

(1) Correction for differences in wing area, tail area, and
tail lift-curve sIope can be made by the following formula:

The value of C’%tiI can be obtained from Qures 5 and 6

whkh are based on tbe theory of reference 34 and on the
theory and data of references 2S and 35, respectively. The
chart of figure 6 can be used to estimate the chqje in the
effective aspect ratio of the vertical taiI caused by the end-
plate effect of the horizontal tail. It should be emphasized
that for the best accuracy the charts in figures 5 and 6 should
be used in conjunction with formula (13) for correcting
existing force-test data and not @ making a direct estimate
of cY8h.1 .

(~1 ln the C~e of V-taib, the mrrection for ~~~,mttcan be
made as follows:

(,14)

where the terms C!=M, II, and K are the same as given in
reference 30 and are defined as foIIows:

C.aN aIope of the tail lift- curve in pitch measured in the
plane norrmd to the chord plane of each tail panel

r dihedral angle of taiI surface measuredfromXY-plane
of the tail to eaeh tail panel, degrees

K ratio of sum of lifts obtained by equal and opposite - -
changes in angIe of attack of two semispans of tail
to lifts obtained by an M@ change in angle of
attack for the compIete taiI

YaIue.sof the term K, which are usually about 0.7, can be
obtained from reference 30.

(3) Since large differences in sidewash and dynamic pres-- ~
sure at the tail can be caused by differences in wing plan
form and wing Iocation, use of ‘qerimental data for the
speoific desigg or at least for a design which h= a closely
similar wing-fu~elage combination and -rertical tail location
is estremely desirable. h’o methods are available w,tich
permit accurate predictions of side-washat. the tail, but t~g
experimental data of references 40, 50, and 71 can be used to
obtain some indication of the variation in side-h with
vertical location of an unswept wing on a fusehge and the
experimental data of references 36 and 79 provide additional
information on sidewasb at the tail. Other experimental’
data indicate that the sidewash fields produced by hi@Iy
swept, low-aspect-ratio wings or by fusel~mesof flat. cross
seotion can sometinw be strong enough at hiih angles of
attack to reverse the eEectiveneesof a conventionally located
vertical tail surface. UntiI a reliable method is developed
for predicting these Iarge sidewash effects, force-test data
appear to be the only means by which satisfactory est.@ates

‘f %=11 can be obtained.

c%
Although atte,mpts have been made to develop methods

for estimating t-he yawing moment due to sideslip (static
dm-ectiona.lsbbility) derivative d=~ (for example, references
70 and 71), no .reIiabIe method has yet been ,obtained. The
use of force-test data therefore seems imperative.

Force-test data for the design under consideration should
be used if available. If such data are not available, use data
for a similar design and correct as esplained in the sections to
fouow.

Wing-fuselage. —The corrections for the wing-fuselage
contributions are:

(1) Correction for wing: From figure 7 (taken from refer-
ence 25) the dues of (C /CL~~in~for the design under

2consideration and for the esign for which test data are
avafiahle can be determined. The effect of differences in
taper ratio can be neglected. (See references 61”and 68.)
The di.flerence between these mhws of C##Lx should then
be added (with proper regard for sign) to the experimental
data for the complete model.

(2) Correction for fuseIage: The formula

C., =–1.3
(

Fuselage volume h
f=8 Sb )() G (15)

—
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can be used to calculate the Cmflof the fuselage (per radian) Formu#t (15) does not imdudc tho cffcw~of finenws ratio
for the design under,consideration and for the similar design
for which force-test data are avai.bible. TIM differouces

and should not be used for fineness ratios Icss than 4. Ilis

between these two valuea can then be added (with proper
formula is an approximate empirical expression which

regard for sign) to the force-test data for the cornpleto model. should not IN used to estimate the VIJUCof C.~,,, dircctiy
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but should only be used a.sindicated to determine a
tion for force-test data. This correction method

837 ..-..

corrw . .
should _ -

not bi used in de cases of I@h a~les of attack when there
are r&ge ditlwences in fuselage ooti=guration: Force-f.est- — 1
data are essential in suoh cases.

—-

(3) Correction for vertical location of the wing: If the ‘- “
designs are generally simiIar, the correction for the vertical
location of the wing on the fuselage can be neglected. &e .
references 37 and 40.)

(4) Correction for center-of-gravity position: If the ceritei- - ..= “-
of-gravity position for the design under ccmideration is
appreciably diflerent from that for the design for which - -
force-test data are a,vaiIabIe,the value of C=, for the wing- --
fuselage combination can be corrected by multiplying the
value of Cl-, for the wirg-fuselage combination by the
distance between center-of~vity positions (erpressed “in
wing spans] . .———

VerticaI taiI.-Correct.ions “to C=pw, for ditlerences in . .

Crfltil and taiI Iength Z/b can be made by the following _

formula:

(c’fiki,).=.ia.=(c”~tmt)~k@J)*sim (,,,

hat.”
The contribution of wing-tip fins to C=c is treateti in

references 67, 72, and 87.
C$

In estimates of the rolling moment due to sideslip (effective
dihedral) C5, force-test data for the design under considers- -
tion shouId be used. If such data are not available, dwta
for a sirdar desire can be used and corrected by the methods
that follow. -
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Wing-fuselage,-The corrections for wing-fuselage con-
tributions am:

(1) Correction for wing: From figure 8 (b’~ed on ref&ence
25) the theo~cticaIvahcs of CJd/c=for the design under con-
sideration and for the deeign for which data are available can
be det,crmined. The difference bctwwm these t}tiotheoretical
va171es can then be added (with proper regard for sign) to the
experimental data. Consideration should be given to scale
cflcc.t, airfoil section, and surface roughness on the value of
Ctdfor highly swept wings. The lift coefficient tit which the

experimental variation of C1~with lift coeflkient departs
from theory is greatc~t at high Reynolds numbers and for
smooth wings with round leading edges. For “wings ~}ith
rough surfaw or sharp leading edges the effects of Reynolds
number on Clfi arc usually small and low-scalewind-tunnel
data can be used. For airplanes having very smooth swcpt-
back wings with rounded hmding edgce, however, some cor-
rection should be made for scale cflwk when estimations are
made from low-scalo wind-tunnel data. Since no rational
method has been deveIopcd for making such corrections, it is
suggested that., for lift cocfficionta higher than that at which
the experimental data departs from the theory, an average
of the tlmorcticaI and low-scale experimental vahes be used.
Conservative dynamic stabihty results wdl usually be ob-
tained if the uncorrected theoretical vahms of Cl@are used
because these values arc ordinarily greater (more rmgativc)
than measured values and because the larger negative values
of Cl~usually teud to clecreasethe dynamic lateral stability.

@) Correction for wing dihedral: The effect of dihedraI
on (.?lflis treated in. references 29, 40, 52, 59, 68, and 81.
Correction for the difference in dihedral between the two
designs can bc made by multiplying the incremental geo-
metric dihedral angle (in degrees) by the factor Clprobtained

fmm figure 9. A plot of C!flragainst aspect ratio for taper

ratios of 1.0, 0.5, and 0.25 (obtained from references 59 and
68) and a formula from referent@59 for correcting for sweep
are presented in tho upper portion of figure 9. The lower
chart and formula in figure 9 (developed from reference 68)
should he used in addition to the upper chart and formula
of figuro 9 b estimate the values of Ci8rfor the case of a wing

with partial-span dihedral. Although this chart and formtia
apply directly onIy to wings with one dihedral break, they
oan be used to estimate the CI~rfor wings with two or more

dihedraI breaks by the method “described in reference 68.
The cflcct of drooped wing tips and of wing-tip end-plates

‘n %.ine sbo uld be determined by experimental data since

no reliable estimation procedure for these effect.ais available.
(.Seereference 67.)

(3) Correction for wing-fuscktge interference: AItbough the
contribution of the fusehigc alone to C18is Ueudy negligible,

tlw interference beLwccn the wing and fusekqje can greatly
alter the value of Ciflof the wing. This interference is such
that a high location of Lhewing on the fuselage gives more
positive effective dihedraI (higher – Cl~) and a low ~ing

location gives less positive dihedral than a midwing position.

This efkxt is t.rcated Lhwmcticallyin rcfcrencc 69 tind has
been studied experimenhdly in refercnccw 37 and 39 tu 43, r
The following simplified expression for estimating the incrc-
mcnt in Clflcaused by wing-fusekqgc interference htw l.wcn
developed from the relationships presented in reference GO
and in other sources:

z~ h+w
AC’,fl=1.2@ ~ ~ (17)

This expression has been found @ give rctisonrtbly good
agreement with experimental dat.u for a raricty of config-
urations. It is suggested that values of ACl~ be calculntud
from th?i.eequation for both tlw design under ,considcr-
ation and for the design for which force-LwL data arc avail-
able. The diffcrenc~ be Lwcen Lhusc values can Lhcn l.w
added (with the proper regard for sign) to the force-tcsL data.

Vertical tail,-The value of CIP,=ildetermined from forcc-
tmstdata on a similar design can bc corrcctcd m follows Lo
obtain Clfltdlfor the design under c.onsidcmtion:

“(CYPJ4*,,..(,S,(C’dlm,)tistim=(r’s,d,)ti,=””(CY’4*’.
The results of rcferoncc 35 indicate LhtitClhd, can also be

a&ted by the location of the l&izcmt.al tail with respect to
the vertical tail. If the two designs bavo appro.ximntely Lhc
same horizontal tail size and locaLion, bowcrcr, this cficcL
can be neglected.

The value of CIP,dlfor a V-tail can bc estimated from L11o

following empiricaI formula:

(C’h+mt)dui,. =(c%.m’)&i=

CFew+df(~v-t.,l+ 42v.hil tin r)

Irtil”)
..* (b..,.il + 4Z,.,aftSIRr) *I.

where b~.~{l is the developed (not projected) span of L11O
V-tail, Z,.,.{l is the vertical distance from the ccntcr of
gravity to the chord of the V-tail (positive up), and T’ is
the dihedral angle of the V-tail. Moro information on
V-tails can be found iu references 30, 62, and 63.

In the case of a vertical tail located on L.hcwing, f.hrrc is,
in addition to the incremental Old produced by the i.ui~
lateral force, an incremental C’lPproduced by t.hc interfmumc
effect of the vertical tad on the wing. Since this inlur-
ference effect varies greatly with spanwke and vcrtictd
position of the tail, it should bc dctcrmincd from force
trots. Usmdly the interference is such that a vertical tail
above the wing gives a negative increment of Cl~ (posith
effective dihedral) and one MOW the wing gives a positive
increment of Clp. In general, the huges’t intwfercncc oflccb
are obtained with vertical tails at or near the wing tips.
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THE ROLLING DERIVATIVES C.p, C[p, Crp

c
nP

‘IIc wing and vertical taiIarc the only airplane components
that contribute appreciably to the yawing moment duo to
rolling derivative C-P. The contributions of the fuselage and
horizontal tail cm usually be neglected.

Wing.-Thc contribution of the wing to CaPcan be esti-
mated fmm the fonmda and charts of figure 10 which were
taken from reference 89. Although these charts apply
strictly only to wings having a taper ratio of 1.0, cxperinmntal
data have indicated that thy will also provide fairly good
estimates for taper ratios of 0.50, 0.25, and O. IrI the esti-
mation formula

(20)

the value of (CDO}=should be determined, if possible, from
force-test data obtained at high ReynoMs number on the

ASWCImfio,”A
+

~..
o .2 4 ,6 .8 1.0

.

Tp

>

rr-.-. r---- Roof.-

yd J-jt-

+
.

..- .

Tip h Root— .
b/2

FIOUEXs,—Efl@ of dihedrd -Se on C1~for the easeofsnk?hicIneomLk&bk flow (Clt
Inmdiq r in degrees). ‘lhken fromrefereno?s59and S3.

where

wing under consideration, since Iow Reyuokis rnunbcr dfitm
might indicate values of (C~o)a that aro too lmge. For t.ho
case of smooth wings with a lwgc leading-edge rwlhsa and
Iow or moderate sweep, it is suggested thtit [C~O)=for the uir-
plane be assumed to be zero at all lift coefficient.sup [o the
stall. This assumption will result in larger ncgat,ivc values
of C~* than would be wtimatwl from low ReynoMs number
data on (C~O)=and consequently should lead to conscrvat.ivc
dynamic stabiliLyresults since an increase in C% in the ncgn-
tive direction has bocn found to cause a reduction in dynwnic
stability. The vaIue of (C’~O)=for highly swept wings isof ten
very large ah high lift coefficients, especially for wiogs with
rough surfaces, sharp leading edges, or triangular phm form.
For these WCS, vahms of (C~O)=determined even from low
Reynolds number data might lead to rcasonab]y good esti-
mates of C

Y
In rdI them cases, hovmver, high+cale drug

data shogld c used vhncve.r it is avaiIaMe,
Effect of high-lift detices.— The principal cffec.tif lcu(fing-

edge high-lift devices is to extend to a higher lift cocffic.icnt
Lhclinear variation of C% with lift coefficient. Tho fornnda
and chartsof @e 10aredirectly applicable to this cam. The
eflcct of. trailing-e&e high-lift devices k not so stmight-
forward, but experimental data have indicatwl tf.MLthe
formula and charts of figure 10 also give reasonably good
e9timatcs in this case.

-.6 -
1

/

, 1-.8
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FIGURE 10.—Variatfoncd (AC* P) JCL and (AC== )~(COo)= with qmet ratio for tlw

cased sukwcmlcSncompreeefbhflow. k- l.fJ. Takenfromrcfmmo?s9,
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Vertical tail,-The contribution of an isolated ~ertical-
tail surface to C% can be estimated by the fo~owing apprcmi
mate formula which htis ak been commoqIy used to esti-
mate c’=~tiiof a complete airplane:

(21)

The dues of CyeW should be detmnined from force-test

data as previousl.v discussed. Inste;d of the geometric tail
length J/b, it willusually be better to use the effective tai~
length – Cmpti/Cy6w m determined by force-test data.

Formula (21) then becomes

(218)

In the case of the con-rentionalIy located verticaI tail surface,
however, the rolling wing produces a sidewash at the tail
which grea-tlyalters the tail contribution to C%. This side-
wash causes the dues of C=ptiUto be much more negative

than is indicated by formula (2I ). This effeot is discussed
more fully in reference 36 in which is also presented a method
for estimating the sidewash. Sume preliminary theoretical
studies have indicated that the effect of the sidewash on
r

=Ptiu
varies considerably with tail size and ta.iI location

and to some extent-with wing plan form. A comprehensive
e~qxwimentalverification of this theory is phwmed but as
yet only a few scattered checks have been obtained. For
the case of the conventionally located verticaJ tail surface,
the following formula has been found to give estimates of
c mptithat are in faidy good agreement with espw-imentaI

data:

or

(22)

(22a)

Thh formula is based on the assumption that C=pti is zero

at 0° angle of attack and varies with angIe of attack in the
same manner as indicated by fornuda (21).Formula (22)
or the method of reference 36 can be used satisfactorily for
first approximations of Cmp,=for most configurations with

conventionally located vertical Ms. For more accurate
estimates, esperially for con@rations having an unusual
taiI size or taiI Iocation, experimental data should be used.

For wings of trianguhw pIan form with ~ertical tails either-
directly above or above and slightly behind the wing, experi-
mental data have indicated that neither formula (21) nor
formula (22) gives an accurate estimate of C= but that%il
an average of the values obtained by the’ two formulas pro-
-ridesa fairIy good estimate.

It is obvious thab these methods of estimating C’% are

only approximate and are open to question in many cases.-
Experimental and theoretical studies are currently being “-
made to provide better methods of estimating C.9hg. These

studies indicate that the sidewash from the fuselage as welI
as that from the v@ should be taken into account in esti-
mating C=Fti. ‘When these methods become available, the

approximate methods presented herein should be discarded.
At the present time, however, formula (22) and reference___ -
36 will usually provide much more accurate estimates of
c .PM than formuIa (21) which has been in common use up

until this time.
cl

Wing-fuselage.—lMost of theprollingmoment due to rolling ,
(damping-in-roll derivative) Cl, of an airplane is produced
by the wing. The effecL of the fuseIage can be neglected
unle= the ratio of the diameter of the fuselage to the wing
span is relatively Iarge (greater than about 0.3). For large
values of this ratio, the value of C, wiIl be smaller than that-
for the wing alone,by an amount t~at.can be estimated from ._
a consideration of the area and lateraI center of pressure of
the wing area incIuded within the fuselage. (See references.
106, 111, and 115.)

-=

W~.—The damping in rdl of wings has been the subject
of many e-xperimentaland theoretical investigations.

....— —
(See

references on C~min table 11.) As a result, some methods of” “-”
estimating Cr. have been dev~oped which have been found _
to give reasonable; good agreement with experimental remdts.
The method presented in reference 81 appears to give sufli- ““”
ciently accurate estimates of Cl= for zero Mt. This method
is extended in reference 92 to permit the eetimation of Cl
over the normal @@t range of lift coefficient. Estimatio~
charts and formulas from reference 92 are presented in figure
11.

High-lift devices.-ExperimentaI data have indicated that
the damping in roll of wiqp at low and moderate.lift. coeffi-= _
cients is not greatly affected by the addition of high-lift
devices such as trailing-edge flaps, leading-edge flap% ~at%

and slots. The principal effect of such devices is to increase
the lift coefficient at which the sharp decrease in Cl, occurs.
The &arts and formuias of figure 11 can be used to estimate
the Cl=of wings with either full-span or partial-span high-lift
devices with fair accuracy despite the fact that the method
is not strictIy kppIieabIe to partial-span high-Iift devices.
(See reference 92.)

Wing-tip fuel tanks.-l%e use of wing-tip fuel tanks
usually increases the damping in roII of the wing. The
experimental data of reference 94 for unswept wings indicate
that the magnitude of the increase varies with angle of
attack and depends upon the wing taper ratio and on thp size
and Iocation of the ttreks. Unpublished experimental data
indicate simiIareffects of wing-tip tanks on svreptback wings.
The folIowing approximate formula for estimating the incre-
ment in Cl, produced by wing-tip tanks at lovi Liftcoefficients .
is based on the l&it ed amount of available experimental data ““
and should not be expected to }ield very close quant.itative
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cst.imates:

(AC~,)l**=(C~=)tan~s a,,
(

~f=fi;:n::;a:amq (K,)

(23)

where, for symmetrically mounted tip tanks,

h“,= 6

for tanks mountd Mow the wing tip or forward on the wing
Lip,

Kr=3

and for pylon-mounted tip tanks,

K== 1
.

Experimented clata “for both une.wept and swept wings
indicate. thaL (ACl,)tcti usually becomes smaller with in-
creasing angle of attack and, in some cases, aotually reverses
sign at high tmglesof attack so that the tanks are decreasing
rather than increasing the damping in YO1l. The data of
reference 94 can be used to obtain an approximfite estimate
of the effect of angle of attack for unswept winga.

Tail surfaces,-The contribution to C~Pof conventional
type horizontal and vertical tail surfaces is usuallyvery small
and, in most cases, negligible. When an airplane rolls, the
wing produces a rotation of flow at the tail surfaces which
reduces tho already small damping moments of the isoIated
surfaces, except in the case of the verticaI tail at high angles
of attack where the tail center of pressureis below the center
of gravity.

Tile contribution of an extremely large horizontal tail to
Cla might not Lmnegligible and can be estimated by multi-
plying the. value of Cl= for thd particular tail plan form
obtained from the charta and formulas of figure 11 by the
fWWr05~ b,’

()“ST
in which the factor 0.5 is included to

account for th rotation of flow produced by the wing.
The contribution of an isolatid vertical tail surface to Cl.

is given by the foIIowiug approximate formula:

(24)

As in the case of C=, ,={1this formula can be modified to pmvido
.an approximate correction for thd effect of the wing on the
damping in rcdl of conventionally loc.atcd verticaI tail
surfaces:

An anaIysis of this expression indicates that the value of

o

-2

-.4

●

-,6

41 I ! I I I I I I f I I,-

0

-2

-,40 2 4 6 8 10
Asoectmtio A

FIouBe 11.—Chrts and formul%sfor cntimatlng Cl ~ for the m.w M mlmnk Incomprewiblu
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(CL=)CL I
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(clr)cL-o-(cJ,) cL.o, %-,rF“ ““ ““”‘--

0, ,~tl is negligible at low and moderate angles of aLtack
where z/b is positive but that iLmight be fairly important at
very high tinglesof atttick where a/6 is a large nrgative vahw.
& in the case of Cm, experimental data indicnt.cthat, for a
vertical tail locatecf either directly above or above and
slightly behind a wing of triangular plan form, the wduc of
c, ~~,1 can be cstimhted with bc!tter accuracy by M] average
of formulas (24) and (25) than by formula (25) a.Ionc, For

~~convcntiomd tail arrangements, howover, formula (25) gives
better carreIation with experimental data.
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c yp

Wing.-The foIIowing formuht for the derivative C’=w
(lateral force due to rolling) from reference 89 is based on
mperimental data arid is the same as that presented in
reference 25 except for an additional correction to account
for tip suction:

(26)

The data of reference 89 show that this formula applies onIy
for lift coefficients Mow tha~ at. which the dw factor

C’D—~ begins to increase. .%t higher lift coefficients the

experiment d data indicate smaller dues of ~Fz than given
by formula (26). For these cases an apprmimation of the
value of CYPcan be obtained from the experimental data of
reference 89. As in the case of C=,, the break in the variation
of flrr with lift inefficient should be expected to occur at
lovicr lift coefficients for wings having sharp leading edges or
rough surfaces and for wingg tested at.low ReynoMs numbers.

Vertical tail.-The discussion concerning i?==,-,, and
<’,

-..
~~e,l is also applicaMe to Cyv~il. The vaIue of Cyp~i~

for an isolated tail surface is giren by the formula

(27)

This formula can be modified as follows to account approxi-
mately for the effects of vi-ing sidemsh in the case of a con-
vmtiondly locat~d vertical tail:

(28)

An average of formulas (27) and (28) can be used for taik
located either directly above or above and slightly behind the
wing.

THE YAW’lNGDERIVATIVES C.,, Ct,, Crr

Cnr
!

Wing-fuselage.— In the past, the contribution of the wing-
fuaelqge combination ta yawing moment due to yaviing
(damping in yaw) derivative C% has usually been found to
be smaII compared vrith the contribution of the vertical taiI.
The fuseIage contribution to the damping in yavi depends,
of course, on the relative size of the fuselage and wing. In
the past, the reIative size of these components has generdy
been such that the fuselage contribution could be neglected.
(See references 85 and 86.) For some recent designs which
have a large fueehige relative to the w& however, the

fuselage contribution to G% is important. In the we of
fuselages having flat sides or having a flattened cross section
With the major axis -rertical the fuselage contribution may”
also be important- and some fuse&e tintribution to Ca.
should be assumed, especially at high angles of atlack. On
the othe; hand, experimental data have shown that a ‘ _
flattened cross-section fuselage with the major axis hori-
zontal can have negative damping in yaw at moderate and “
high angleof attack.

The contribution of the wing to (7X,can be estimated from _
the formula and charts of @me 12 which were taken from
reference 25. JraIuesof C’DOfor the whg should be estimated
from force-test data. For -rakes of Z/F greatiy Mereqt fr6rn
zero, the charts of reference 25 can be used. The forrmd~ and ___
charts of figure 12 are not considered reliable at ‘high aggk
of attack, especially for swept viinga. The use of experimental
data from the references on C% listed in tabIe IT is recom-
mended in this case.

The effect of partia~+pan inboard flaps on C,r can usually
be neglected. (See reference 85.) The effect of full-pan
trding-edge or Ieading-edge high-lift devics can be @i- ....-
mated satisfactorily from the formula and charts of figure 12.. _ _
Values of CDOin this case are, of course, for the wing with
the high-hft device instaki.

Vertical taiI.-The contribution of a conventional-type “
verticaI tail to C% at low and moderate angles of attack can
be estimated from the formula

(29)

or, with the etlective tail length – Cwke/CrflU substituted

for the geometric tail length l~b., —

C=,
(G&y

L6S=2Cyflti (29a) “

The ahernative method of estimating C~@ presented in
reference 83 will probably provide better estimates than
formula (29) in the higher angIe-of-attack range. The e.xperi-
mentaI values for C’%k=presented in reference 85 for power-
on or flapdown configurations are 30 to 40 percent greater
than the values predicted by formulas (29) or (29a). These
ditlerences are attributed b kg of sidewesh eEects in the
free4sciUation tests used in measuring C=,. In estimations of

~rhxfor stabiIity calculations, simiiar lag of sidewashc
effects should be assumed if the oscillatmy mode is of pr@ary
importante but no Iag of sidewash should be assumed if the
aperiodic mode is most important.

Methods for dmating the 0%= for wing-tip vertical
tails are prtsented in references 72 and 85.
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The \vingand vertical tail are the ogly airplane components
that contribute appreciably to rolling-moment-du~to-yaviing
derivative Clr of an “airpIane. The contributions of the
fuselage and horizontal taiI can usually be neglected. A
semiwnpirical method for estimating Cl, is pr~nted in
reference 8S. This method involves the use of experimental
data cm the parameter C& to correct the theoretical ~alues of
Q,,=,n, given in reference 25 and to estimate the value of

W@.—The formula of reference 8S and the charts of
Cl,/C~ from reference 25 for estimating C1ruiXCare given in

figure 13. The vahws of C~@jCLto be used in the charts can
be obtained from @ure 8. For taper ratios Iess than 0.25,
values of CLr/C=and Clfl/CLfor a taper ratio of 0.25 can be

used. The value of C’LBUPused in the formula should be the

same as the value of ICt;~,f estimated from experimental

data by the method indica~ed in the section on C&. In the
case of Cl,, however, (unlike the case of C~@)eonservati~e
dynamic stability results will usually be obtained if the
,smaller values of the derivative (based on low-scale experi-
mental data) are used instead of the iarger (theoretical)

-.

----

-.

. .

—

vahes. This cMerence is a result of the fact that either an
increase in the normally negative value of dz~or a decrease
in the normally positive vahe of C’lroan cause reduction in
dynamic stability. As pointed out in referenoe 88 the._@.i- -
mation procedure shown in figure 13 appears to account . .
satisfactorily for the effects of high-fift devices, w~ dihedral,
and airfoil section, at least for sweptback wings. This p-io-
cedure is directIy applicable to midwing configurateions but -
should not be used for high-wing or low-wing conflgurationa
because changes in -ring position produce much gniater ‘- -
changes in Clfl than in Clr. lVork is DOWbeing done to
develop an estimation method for the effect of wing position
on 101,,but untiI tbia method is published the fouowing pro-
cedure is recommended for estimat”~mClr of high-w~~ and
low-wing confirmations: Adjust the value of Cl~ to cor-
respond to that of a tidwing position. Then use this value .“
of (?16to est~ate a vaIue of Clr th,atfi apply to any wing
position.

VerticaL tail.-The contribution of the wr~icd tail to
Cl, is usualIy estimated by the formula .

(30)

-where ~retil is preferably obtained from force-test data.
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ViUcn experimental daLa on Cl~ti,lare al=ailable,tbc follow-
i~~gformuIa from reference 88 can be USCCIand will probably
tw more re]iablc than equation (30) because it takes into
account any interference effects that m@ht causo the eflea-
tive vertical location of the center of pressure of the taiI to
be diffcrrnt frwn the location determined by geometrical
procedures:

(31)

or with the effective M Iength —C%m{l/CF~ti{lsubstituted
for tlw geometric tati Iength I/b,

(3 lR)

Cyr

Wing.-The theory of reference 25 gives values of the
derivative C~, (lateral force due to yawing) for the wiug for
a taper ratio of 1.0. The expmimentd data of refurcnccs 25
and 60 indicate that this theory is inadcquat.c for makhg
reliabIe estimates of CY,={m,. IL is rccommcndcd thvrcforo

that the experimental data given in references 25, 59, 00,
and 61 be used in making cstinmLesof C~ .r~{xo

Vertical tail.-The value of Cti,tdil can be estimated by

the fcmnuhl

(32)
,

or by the formula, in which the dfcctive taiI Iength
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-%kiip-,k,l is substituted for the geometric tail length Z/b,

The discussion of lag-of-eidewash efhcts for ~% applytsa’1
aIso to Cyrkil.

EFFECTS OF MACH NUMBER

The effects of Mach number on the lateral stability deriv-
atives have been treated theoretically in many investigations
(see table II) but very little experimental data have been
obtained to verify this theoretical work. Moreover, only
a small part of this experimental work has been covered in
puldishwl reports (reference 114) because most of it is clas-
sified at the present time. It appears, therefore, that
estimates of the lgteral-stability derivatives for the time
Mng vrilIhave to be based largely on theoretical work.

The effects of Mach number on the stabiIity derivatives
ran be usually considered negligible for all airplane com-
ponents except the wing and vertical taiI. For the low-lift-
coefflcient con~~t.ionin the ease of many high-speed airplanes,
the verticaI tail contributes more than the wing to. all the
stabiIity derivatives escept ~%. For thk reason, in calcu-
lations for transonic or supersonic speed conditions it is
especially important to know the effects .of Mach number on
the vertical-tail lift-curve slope or CF6,ci1.

Wing.-The effects of compressibility on the subsonic
stability derivatives of the wing can be estimated by the
formulas of reference 26. The values of the supersonic
stabiIity derka tivM for some W@ plan forms can be
cstimat.ed by the references tabulated in table II. In this
table the derivatives are grouped according to the type
of wing plan form and to the particular derivatives covered.
A heIpfuI summary and discussion of the effects of Mach
number on the derivatives for several different wing plan
forms are presented in reference 106. A summary of the
theoretical lift-curve alope, damping in roll, and center-of-
prcwure characteristics of various * plan forms is pre-
sented in reference 110. In the cases in which the theory
shows large or abrupt changes in a stabiIity derivative with
rhanges in Mach number (for example, fig. 10 of reference
10G) special care should be taken in estimating the deriva-
tive in that particular Mach number range. The abrupt
changes should be smoothed or faired out in a manner .simdar
to that suggested in the following section for estimating
(:$Y*t=il.

In some cases, experimental data for supersonic speeds will
be available on the sideslip deri-ratives and on the damping-
in-rol.l derivative C~ . In such cases the experimental data
should be used in &eference to the theory. Some expm-i-
mental results have indicated that the effect of the vertical
location of the wing on the fuselage on the derivati~-e Cr~
might he greatly different at supersonic speeds from t~at at

.-

subsonic speeds. Since no methods are presently available
for estimating this effect for the supersonic case, it appears
that, at least in the case of high-ning and low-wing designs,
force-test data are necessary for obtaining an accurate
estimate of Clfl.

VerticaI tail.-The sid&lip derivatives produced by the
vertical td at transonic and supersonic speeds can be esti-
mated theoretically but should be obtained from force-@i& __
data whenever possible. These sidedip derivatives can be
used to estimate the tail contributions to the other deriva- .
tires as pointed out previously. In estimates of the value
of Cyflttilfor transonic and supersonic speeds, corrections
must be made for the effect of Mach number on the lift-
curve slope of the tail, and these corrections should account
for any diflarences in the end-plate effect of the horizontal ---
tail on the vertical tail.

For Mach numbers beIow about 0.8 or 0.9 and gbove
about 1.6 or 1.8the ellect of Mach number on the likwrve
slope of the vertical taiI can be estimated satisfactorily from
the theoretical values of references 26, 34, and 110. Site

-—

e.xperimentaI data indicate that theoretical values of lift- ““
curve slope are usually too high for Mach numbers from
about 0.8 or 0.9 to about 1.6 or 1.8, the empiric-ally deter-
mined fairings shown in figure 14 are recommended for use
as a guide in the use of the theory to obtain approm-mate
estimates in this Mach number range when force-teat data
are not avaiIable.

Experimental data have indicated that for vertical-tail”-
configurations which have a tail length (distance from the
center of gravity to the tail center of pressure) that is rela-
tively short in terms of tail chords, the rearward shift of the
taiI center of pressure at supersonic speeds can cause an ___._
appreciable increase in the tail length and consequently an
appreciable increase in the magnitude of some of the tail
derivatives. Theoretical center-f-pressure positions for var-

-.—

ious plan forms at supersonic speeds are given in reference
110.

EFFECTS OF POWER
,--

On the basis of existing information, the effects of power
on the lateral stabiity derivatives appear to be neg@ible
in the case of jet-propelled airplanes but these effects are
often very large in the case of singk-engge propeIIer-dri~en
airplanes. Methods are available for estimating some of
these povrer effects but in most cases experimental data are
necessary for making a satisfactory estirgate. The effects
of power can be broken dovin inta two gened classe.s:

(1) The effects of the Iateral force produced by the pro-
peller itself

,(2) The effects of the propeller Slipstream on the wing,
fuseIage, and vertical tail of the airplane

Effects of propelIer Iateral force.—~ method of estimating
the propek~ateral-force derivative C=Bis presented in ref-
erence 31 which is based on the work of references 32 and 33.

—-.
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The contribution of the prcrpoI1erlateral force to the oLher
stability derivativ= can be estimated from this derivative
by assuming thaL the propclIrr is effectively a vertical tail
surface and by using the expressions for the M contrilm-
tion to the various derivatives presented in the preccdhqg
secticm. Some experimental data on the effect of wind-
milling propeller on all of the derivatives arc premmted~n
reference 66.

MYects of propeller slipstream,-The effects of propeller
slipsLrcam on the lakral-t,ability derivatives are usually
much greater than the effects of propeller lateral force in
the case of singk-engine tractor airplanes. Tho slipstream
cffocts on the wing, the fuselage, and tho vertical tail can be
cousidcrod ag three independent effects.

Tho slipstream effects on the wing can usually be neg-
lected except for the derivatives C~~and C%. Experimental

data showing the dcercasc in eff@ive dihcdrfil (— Cld)
with power for single-engine airplanm arc prcwmtvd in rcf-
erencm”55, 56, 57, 76, and 82. It tipp(’firshighly d~~h’abk
to dctcr~inc, this effect of power cxperimmtdy lxxumsc
interference effi!cts make accurak! estimations of Lho cffccL
very dijllcult. The effect, of the sIipstrcnm on t.hc wduc of

%*, , cannot be estimated from the data on C;pti, ~s
described in the section on Cl,. In ftict., this prucu.hu’c
vro@d .prbbably give the wrong sign for the inmcmonl of
c,:~c@.ribut&i by the slip&ream. An appmximat.ionof
Llus increment might bc obtained by estimating the sl~}- .
strewn velocity and the lateral displacement of the s~ip-
stream caused by yawing. Usually the power effects. on

%dw
fiil” c1

‘mine
wiII be greatest for the flap-cxtcndcd

configuration.
In the case of the single-engine airplane Lhe cffccl Uf the

slipstream on the fuselage is usually h incr~!~sc ncwtively

t.hc valu~ of Cm@and CY~. (See references 55, 56, 57, 73,
76, and 78.) Since no accurate methods of &imating these
sIipstr@a.meffects on C,@and CY6are available, iLis neccsmry
to determine them from force-Lest data.

The effects of the slipst.reamon Lhevcrlical tuil arc oflun
very important and should also be detmnincd from cxpl!ri-
xnental datti,,if possible. The increase in dynamic pressure.
at the taiI cahsed by the slipstrefim is Lrcatc!d theoret.ic.a]ly
in reference 119 and is illustraLedby dw cxporimcntal d~lti
of references~1, 55, 56, 57, 73, 76, and 78. TIN cxpcrimcntal
data of reEcrcnce78 also show thal Lhopropdlrr slipstrrnrn
can ca~.e a destabfizing sidqwash at the tail which will tmul
to reduce the stabilizing effect of the incrcascd dyoamic
prc%sure:.:atthe tail, Siucc these data indicate tha~ slip-
stream effects on the ver~ical tail vary greatly with airpltinc
configuraf.ion and propeller arrangcnwnt (single cmdual rota-
tion), use of e.sperirnentaldata appears to l)c Lhc only satis-
factory estimation prcwcdure at present.

Suggested estimation procedure for power effeots.-The
following procedure is suggested for estimating power effects.
Obtain force-test data for tail off and taiI on. Usc tail-on
data directly for C,~, Cnd,and C~c. Estimaterollingand
ya-ivingderivatives as folIows:

(1) Estimate C,.@,,,P,ZZ,,from rcfcrcncc 31 and use this

derivitivc and propm linear dimsmsionato cst.imntc other
propeller derivatives (rolling and yawing dmivnti~es) in the
same manner as taiI dcrivat.ivcs.

(2) Subtract tail-on claLafrom tail-off data to .@ values.,
of cYBkil 2 Cnfi ,,, and C~Bhilfor Lhepower-on con{ition and
wc these va& to csthnatc the Luil contribution to the
other derivatives.

(3) For tail-off values of rolling and yawing derivatives,
usc same values as for powr-off for all dcrivntiws wowp1
C,r.EsLimateCz, as suggmted in prcccdi.ug scctiou.

(4) Add the values obtained iu steps 1,2, rmd 3 to get the
rolling and yawing derivatives for the complc to airpla.~~’.

INADEQUACIES IN PRESENT, INFORMATION AND METHODS

In the course of summarizing the estimatiol~ rnct.hods for
tho varibus stability derivat.ivcs, the need for much tidditional
information on alI Lhc derivatives bccamc apparent. In
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particular, information is needed to aid in the. estimation
of the derivatives “m the transonic and suptwcmic speed
ranges. ~dditional work also needs to be done in correlating
and a.mdyzing existing subsonic data. and in obtaining De-iv
f~xpt~rimental data for the development of se&iempirical
nwthods of estimat~w the subsonic derivatiws without
resort to force-test data. &other important need is for
full-scale experimental results at all speeds for checking both
low-wale data and the existing methods of estimating deri-ra-
ti-res. DetaiIs of the need for additional work along these
lines are discussed in the following sections. Studies should
HLWbe made to determine the conditions for which the use
(If steady-state stability dern~atives in conventional stabifit.y
ty uat ions is inadequate and to determine satisfactory
m~thods of treating such conditions.

TEAXSOFiiC AND SUPERSONIC SPEEDS

Additional theoretical work is needed on the estimation of
stabihty derivatives in the transonic and supersonic speed
ranges to cover the range of wing plan forms for all the
derivatives. In particular, more work is needed on plan
forms currently under consideration, such as wings having
moderate. s~veepback and tap.or. This need is illustrated by
table H which indicates that very little materia.Iis a~ailable
on the stability derivatives for such plan forms except,
perhaps, for the derivative Cl,. It appears from’ the table
that- this derivative and the triangular plan form have, in
the past, received a disproportionate share of attention,
probably because of the greater ease with which they could
be treated theoretically.

The greatest need for. work on stability deri~atives at the
present time is probabIy in the measurement of the deriva-
tives at transonic and supeponic speeds. Experimental
data on wings are urgently needed for checking the theoretical
work and for use in the development of empirieal corrections
to the theory wherever necessary. SUch corrections are
particularly needed for fairing out abrupt variations of the
derivatives with Mach number and for fairing through the
lIach number range for which theory predicts filte
values. Examples of such discontinuities as indicated by
theory are showm in figures 8 to 13 of reference 103. Since
wpwimental data obtained at supersonic speeds on wing-
fuselage combinations and o.n complete models have revealed
interference effects that are different from those obtained at
subsonic speeds, ”it appears highly desirable to obtain at
least a limited amount of experimental data at transonic
and supersonic speeds to evaluate these interference effects.
For example, investigations should be undertaken to deter-
mine the effect of wing-fuselage interference on the derivative
C16and the end-p~ate effect of the horizontal taiI on the
lift+mrve slope of the vertical tail.

Most. of the experimental data on stabl~t.y derivatives at
transonic and supersonic speeds will of necessity be obtained
at Re.ynoIds numbers considerably less than full-tale values
and under test conditions which might render the results
open to question in some cases. Full-scale checks in flight
of the Iow-scale data and of the estimation methods therefore
appear to be desirable. Consequently the methods of meas-
uring stability derivatives in flight now being developed by

the Cornell ~eronautical Laboratory, the Massackset ts
kstitute of Technology, and the X~C.+ should be cxten~ed
to t.ransonic and supersonic speeds when the metj:ods app{iar
ti be de~eloped to a satisfactory degree of reliabdity for the
subsonic case. Some preliminary considerations involved
in the use of these flight techniques are d~ussed .mreferences
120 to 123.

SEESOSIC SPEEDS

The methods presented, in this report for estimating the
stab.tity derivatives at subsonic speeds depend either directIy
or induectiy on the use of force-teat data. These methods——
are probably more rdiable than methods which do nob
involi-e the use of force-test data on the particular desi~
under consideration or on a simiIar dmign. Methods which
do not rely on such data are desirable in Wme cases, however,
because the necessag data will not always be arailable.

In the case of sideslip derivatives, empirical methods can
probably be developed largely from existing information.
In some cmes it viiUbe necessary to augment the esisting
information with new results since much of the available
force-test data were not obtained in a manner that would
make the data readdy usable for developing genera~ esti-
mation procedures.

In the case of roWng and ~aviing derivatives, considerably
less information is available than in the case of the sideslip
derivatives. Most of the information now available was
obtained in the IiangIey stability tunnei, principally on vii~m
configurations and to a Iimited extent on complete airplane
modds and airpIane components other .&an the wing.
Considerably more work is required, especially for com-
ponents in combination, before satisfactory methods can be
dewJoped for estimat&~ rolling and yavr~m derivati~~
without the use of force-test- data on the particular design
under consideration or on a similar design.

In discussing the work necessary for developi~ new pro-
cedures for estimating the stability derivatives without the
use of force-test data on the desigg under consideration or
on a similar design, i! is useful to break the probIem- dofi”
into two parta: (1) @ect- of individual components and (2)-
the effect of “interferenceof the components on each other.

The principal components to be considered are t-hefuse-
lage, -wing, vertical tail, and propelIer. For the isolated
fuselage, the main problem is the development of methods
for the estimation of C.@ and then, perhaps, of C=, and
cyB.For the isoIated wing, the main problem is t-aestimate
the derivatives at Iift coefficients above that at which
separation begins. Such estimations can be made with
reasonable accuracy for some of the derivatives by existing
methods which make use of force-test data, but the develop-
ment of methods which do not involve the use of force-test
data w-UIprobably be very &fEcuIt. For the isolated verticaI
tail, the probIem is to establish the effective tail area and
aspect ratio from the geometry of the taiI so thab the lift-
curve elope [or Cr4) of the taiI can be mdculated. SoIutions
to this seemingly simpIe problem have in the past become
involved with interference effects so that., as yet, no rdiable
methods have been published for estimat”~ CY~ of the

vertical taiI frgm its geometry. For the.isolated propeIIers,

.-
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the \;’orIi that is necclcd at prc9cnt is a systematic check of
existing methods of estimating the lakrd force on the
propeller to dctermino the accuracy of these methods.

The principal intarfercncc effects to be considered are
mutuaI interference of the wing and fuselage, ~-fuselage
interference on the verticaI tail, horizontal-tuil interference
on the vertical tail, and propelk-slipst,rearn interfercmm on
the Wing, fuselage, and vert.ical tail. The mutual-interference
cff(’cts of the wing and fuselage are probably important
only for tho derivatives cl~, Cn6,,and d;,. A Iarge amount
of experimental data is available for tk sidcslip deriv-
atives but no procedures for estimating the iutcrference
efl@s on th csc derivatives have been reported, Wing-
fuselagc intmfefence has very important effects on (%fl of
tho vorticaI tail and consequently on all of tho stability
derivatives for some flight conditions. These effects result
from Lhe sidcwash and change in dynamic pressure at the
tail which may result from sideslipping, rolling, or yawing.
Although wmsideralde data which show the$c interference
effects uro availab]c, part,icularly for the case of sideslipping,
no mliablc methods exist for estimating the interference
Gffects. l{orizontal-tail interference also l.ms an important
effect on (7Ypof the vertical tail for some horizontal-taiI
positions. Some work on a limited number of configurations

has been done. toward developing methods of estimating
this effect. but data me required on more configurations
before the generally applicable methods can bo mwlvcd.
The propeller slipstream can cause important cffwt.s on
0%’and d; of the wing, on (7S*and Cr~ of tho fusehqy, and
on Cyc of the tail (and ccnscquently on the tail contribution
to alI the dcrivaLives). Some data arc available for the
effect of the slipstre~m on the side.dip drrivativm but,
because of the complexity of this problem, considcrnblc
additionrd data may be required before a satisfactory method
of estimating the slipstream effccts can bc developed.

As mentionod in the preceding section, full~calc checks
of lovr*cale ‘data and of the estimation methods arc desirable.
For the subsonic case some of the cheeks can bc obtained
from large+caIe wind-tunnel tests but some checks in full-
scale flight tests should also bo obtained when the various
methods of measuring stability derivatives in flight have
been developed to a satisfactory degree of accuracy,

LANGLEY J4ERONAUTICAL- LABORATORY,

hTATIoNAL ADVISORY COMMITTEE FOR AERONAUTICS,
LANGLEY FIELD, VA,, December 1$, 1960.

APPENDIX A

EQUATIONS OF LATERAL MOTION.

The dimensional equations for the lateraI motions of an airplane are

d’+ aL d+ &Z_L,=O
;?–~ %+mkxs ~ br dt au

tnkx’ ~ (Al)

d?#I W dd , (P$ bN d+ bN,g_N,=O_–— ---+mk, dp ~r dt av
‘kxz dt’ ?@ dt

(A2)

d+ hY d+by d+ ~~~Lift)4+m~~~–~ dt
—--(Lift)(tan y)t+m +–~ W-TC=O–& z–

(A3)

If equations (Al) and (A2) arc divided by ~ p VWb and equation (A3) is divided by ~ p In$ the equations of motion may be

expressed in the conventional nondimensional form in which they have gencrall~: ken presented in NM2A papm (for
example, scc refcrencc 2):

d’~ 1 d+ d’+ 1
‘blop-c,c=o2@Gt ~–~ c~= -#Wxz =–2 Clr ~

1

}
(A4)

In order to convert these equations into a form which will reduce the number of arithmetical and algebraic steps in
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performing stability calculations, equatioDs (~4) are muhi- K,=K@ K%==&
pki by m/pM and are viritten in the following form:

where

m
p‘m

(D–U6M-Y.=OJ L=& Clr J- c.,‘r‘a== =~c,ry’.tp .
m tu=— D=& ‘ p Cl= nC=&z C==[C== v.=; Cy=‘=psr T

APPENDIX B

APPLICATION OF THE LAPLACE TRANSFORMATION TO CALCULATING MOTIONS

Tbe application of the Laplace transformation to the
calculation of the latmd motions of airplanes is pr~ented in
order to ihkrate the de~elopment of the equat.ionsof motion
in the form in which they are presented in the present report.
This work is similar to that’ presented in references 5 and 6.
In fact, it follows the presentation in reference 5 wry closeIy.
Reference 6 presents a brief explanation of the Laplace
transformation and its application to solution of the equations
of motion of an airplane. This report also makes reference
to detailed explanations of the Laplace transformation. In
oases where modification of the equations presented in the
present report are necessary, reference should be made to
these texts for an understanding of the mathematics involved.
Applying the Laplace transforms

. . . . .

and multiplying each of the equations by x transforms
equations (M) from appendix A to

where

T,=(k=–Jph)&+(KLk’ –l,A)#O+k(D@O+ K,k(D#)O+ 1.

%lving equat ions (B I ) by determinants gives

Siiarly, the espressionafor 4Aand PAare

(EM)

where the expressions for the coefficients in equations (B2)
to (B4) are given in terms of the mass and aerodJmamic
stabiIity derivatives by equations (1) to (4) in the main body
of this report.

In order b obtain the actual variables from the trans-
formed variables, an inverse LapIace transformation must be
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applied. The expressions for $~, ti, and ~~ are. the form
‘lIJoAwhere ux and oh arc polynomials, the degree of ok being
higher than that of tik. The inverse transform of a function
uf t.flis type is

(B5)

In this equation all “of the roots A of m=O are assumed to
Iw distinct. This assumption is valid for pi; but for ~~ and
#k, vi=O has two zero roots. (See equations (B2), (B3),
und (B4). ) The terms in the equations for @and # rwndtkg
from h] two zero roots are

~ (0)+ Q(O)a (B6)

where
U.k *

!J=%A

From equations (B5) and (BG) then, the inverse transforms I

of ~~, A, and PA(equations (132), (B3), and (134)) aru

The equations for the rolling vu]ocity p and the yawing
velocity r can be obtained from equn tions (B7) and (BS) by
differentia.t ion

p=~(A,A,e”’l +A2A2ea’g+AsX,e”’a+ /l,A,c”’4+AJ (B1O)

r=~(B,k,e”Al+B2~*echl+ BskseUh~+ B,x4cUi4+ BJ (Bll).

where the expressions for the coefficients of cquat.ions (B7)
to (Bll) are given by equations (6) @ (8) in t-he scclion
entitled “Calculation of Motions.”



APPELNDIX C.

SOLUTION OF BIQUADRATIC EQUATION

311u1Ymethods are arailable, of course, for sol-ring for the
roots of a biquaclratic equation. For example, there are
Horrwr’s, Ferrm-i’s, BernoulIi’s, Descartes’, and Hitchco&s
methods; various methods of solution by trial; and also
various graphical methods such as that given in reference 1.
Solution by trial in which synthetic ditiion is used, however,
is recmnmended as being the simplest method for most
ititwal siabi.hty -work. The characteristic equation f~r the
lateral motions of an airpkme

Aka+B1’+CX’+DA+E=O

generally has two real roots and a pair of conjugate complex
roots. For these cases the two real roots can be factored out
easily and the remaining quadratic sol-red for the conjugate .
complex roots J.D the few cases for which au four of the
roots of the chmaet erist ic equation are complex, Descartes’
met hod can be used to factor the biquadratic equation into
two quadratics. When there are real roots, solution by
Ihscartes’ method requires more time than factoring out
the real roots singly and consequently is not recommended
for general use. These methods of soiution are explained
in the foIIowing sections.

SOLUTIONBYTRIALBYMEANSOFSYNTHETICDIWWOX

Solution for real roots by trial by means of synthetic
divkion consists of successive approximations of a root and
chevlcing by synthetic division unt iI the root is determined
tu the desired degree of accuracy. This check by synthetic
division is based on the fact that if a is a root of a polynomial
j(z) then x–a is a factor of j(x) and consequently no re-
nminder is left whenj(x) is divided. by x—a.

The method of solving th~ stability biquadratic equation
by trial with synthetic division is explained in three.steps in
the following sections. First, the rule for synthetic division
and a numerical example are given. Second, the specific
use of synthetic division for factoring a biquadratic is illus-
trated by a simplified example for which the roots are know-n.
This example shows how the cubic and then the quadratic
fartors of the biquadratic are obtained. Third, the use of
synthetic division in extracting the roots of a representative
characteristic stabdity biquadratic is ilhstrated viith special
reference to methods of making the first approxinmtions ~f
the real roots.

Explanation of synthetic division.-synthetic division is
explained in ahnost rdl algebra text books but is presented
herein for “the convenience of the reader. The rule for
synthetic division may be given as follows:

Assume that a polynomial in z ~(x)) is to be divided by
x—a: write the coefficients of the polynomial in order,
supplying O when a coefficient is lacking.

Multiply a by the first coefficient, and add (algebraically)
the product to the next coefficient.

Multiply this sum by a, add to the next cocfficie~t, and
proceed until all the coefficients -are used. The last sum is
the remainder and also the value of the polynomial when a
is substituted for the ~ariable z.

---

For example, divide ti+3$+3$-x-6 by x–3 - --

1+3+ 3— 1— 6

+3+18+63+186 3

1+6+21+62+180
.

.—

Use of synthetic division in factoring out roots.—The use
of synthetic division to factor out two know-n rational roo~.. .
of a biquadratic equation. is ikstrated by the following
simple esample. These two ratiomd roots reprewmt the two . .
real roots of the characteristic stability equation which, of
course, are not normally Imom but can ba approximated by
the method given in the next seetion of this report.

One factor of the biquadratic is z—1 so there is no N_ _
mainder when the biquadratic is divided by the root 1

l-f-3 +3–l-6

+1+4+7+6 1

1+4+7+6 O

Since the remainder is O,x– 1 is one factor of the biquadratic
equation and &+4&+ 7x+ 6 is another factor. Inasmtich -
as a cubic equation must have at Ieast one rcaI root, a second
reaI root of the biquadratic equation can be factored out
of the cubic. For ~xampI~ 2+2 k a factor so divide the
cubic by the root —2.

1+4+7+6

22–4–6 —2

1+2+3 O

The factors of the biquadratic then are z– 1, x+2, and
2+2x+3. The quadratic factor can be solved for its
roots by the quadratic formuht. For example .—

Example of application to characteristic equation.—Rea-
sonably accurate “tit apprmimations to the real roots of the.
characteristic equation can be ob tained from simple formula%”
Successively closer approximations can then be obtained by
iDterpolating from the remaindem. The following examplb

853
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ilhlstrates the application of this method to obtaining the
roots of the stability biquadratic, The biquadratic

X+-10,43Aa +16.32A2+68.6k-9.10=o

isof the form
AA’+B??+ Ck’+Dh+E=O

Since the coeflkieut E is generally much smaller than
coeffkieut D in Iateral stability work, one of the real roots
(usually the smaller of the two) is approximately equal to
–i!3/D -or it may be moro cIoseIy approximated by the
equfttion

h=– E*m

or for the ptirticulm case

h=–
–9.10

68 ~ (16.32)(.–9.i.o)=0”12g ,.—
68.6

Approximating Lhi!root by synthetic divisiori

1+10.43+16.32+68.6–9.10 Approximation

+ .13+ 1.36+ 2.3+9.10 .1284 2

+ .13+ 1.36+ 2.3+9.141.129 .1

1+10.56”+17.68+70.9+ .04 1

1+10.56+17.68+70.9+0 2

For this root, the second approximation was determined by
dividing the codiicient Eby the fourth sum from the quotient

–9.10———
70.9

This procedure generally provides
mation for the small real root.

a good second approxi-

Thc cubic equation obtained by setting

hg+ 10.56X’+17’.68h+7O.9

equal to zero is of the form

aA3+bV+cA+d~0

ln most latertd-sttd.ility work, a real root of this equatioy
will b approximatdy equal to —b or it may be more closely
approximated by the equation

h–
ba+d a- .-,.

‘- bs+c”

or for the particular case

h=–
(10.56)3+70.9
(10.56)’+17.68

=<9.65

.. .. .

Approximateing “theroot by synhtic division

1+10.56 +17.68+70.9[ Approximation

– 9.48 – 10.20–70.9 –9.4s5 6

- 9.49 –10.1G–7I.4 –9.49 5“

– ~.48–10,25-70.4I–9.48 ‘ 4

– 9.45–10.50–67.9 –9.45 3

– 9.55– 9.64–76.8 –9.55 2

– 9.65– 8.78–85.9I–9.65 1
.. ..:?-:-.
1.+ 0.91+ 8.90–15.0 1

. I+ 1.01+ 8.04– 5.9 2

1+ 1.11+ 7.18+ 3.0 3

1+ 1.08+ 7.43+ 0.5 4

1+ 1.07+ 7.52— 0.5 5

1+ 1.075+ 7.48 0 tl

For this large reaI root there is no simple method of deter-
mining the second approximatio~ as them was in the case of
the smaller real root. The maaqittudcof tho est.inmtcdrooh
in this case is arbitrarily increased or dccrcascd sliglldy from
the first “approximation. From the remainders determined
from the first two approximations, a fairly closo third ap-
proximation can then bc made.

Factoring the qua~atic equation obt.aincd by sc~ting

A2+l.075h+7.48

equal to zero by uso of the quaclrat.icformula gives the find
two roots of the biquadratic equat.iol~

h
. “ :---=—

2

d

2S.76
=–O.538ki ~

—.

=–O.538&2.68i

The roots of the.hiquadrat.ic equation maybe chcckcd hy
multiplying the four factors to dekmnillc whether tlwir
product. equals the original biquadmtic

(~–o.1284)(1+9.485](X+O.538+2.C8i)(k+ 0.538–2,~8~)=

(F+9.457A–1:220)(A’+1.07A+7.47)=

h4+10.43As+16.32ha+68,t3h-9.10

SOLUTION BY DESCARTW METHOD

Dcscartcs’ method of solving a biquadratic equation is
particularly useful for solving equations which do not have
any real roofi. This method is explained i) most tcxL.

,—

L— .
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I]ooks on advanced algebra and theory of equations. In
generrd, the method consists of reducing the biquadratic
equation to a cubic equation which can be solved easily.
one root of the cubic equation is used to form two quadratic
equations the roots of which me used to obtain the roots of
the biquadrat ic equation.

Method.-Reduce the general biquadratic equation

.-ik’+Bx’+C’U+Dk+E=O
to the form

h~+bL$+ch2+dk+e=0

by dividing hy .4.
Obtttin the Ytilues of q, r, and ~ from the following equa-

tions:

q= C—: b=

and form t-he equation .-

( )d+; qz’+ & q2—+ 8 x2—& ?=0

and Salve this cubic equation in & for one of its roots &# O.
Solution by trial by
mended. Determine
tions.

means of synthetic
the dues of [ and

~=;+zxz—~

Substitute the vrduw of 1 and m and the
obtaining 1and m in the equations

y2+2xy+l=o

division is recom-
m from the equa-

. . . .

due of z used in

@–2q+m=0

and Solve these quadratic equations for their roots y from
which the roots of the biquadrat ic.equation maybe obtained
from the folIowing relation:

APPENDIX D

SPECIAL NOTATION USED IN C&CULA’ITNG MOTIONS WHEN THE CHARA~ERISTIC EQUATION HAS COMPLEX ROOTS

When t~vo of the roots A, and k, are conjugate complex, the coefficients A, and As, B, and B,, ~, and G viilIbe conjugate
complex. If R+li is one of the roots h, and if the powers of& are expressed &s r

k~k= R~+ .Li
then

k,= R,+ lli

k1z=R2+ lJ

A,3=R8+I*i

A,4=R4+ 14i

klK=R&ISi

substitution of the root R+Ii in the expression for .41 gives

(aOR6+a,Ri+aZR3 +asRz+a,R,+aJ+(aOI, +a,I,+aaIs+aa12 +a4I,)i
"4'=(6AR,+5BRa+4CRa+ 3DR,+DRJ+(6.41` +5 BI,+4CIs+3DI~+2 EIJi

The division of these complex numbers is indicated by the equation

It is evident from these relations
imaginary parts of Al as follows:

rl+yl{_ z~z~ + y~gl
+

qayl—zlys .
%

2:+ y,% x2=+y,= X22+yz,

that Al is a comphzx number. In this case ne-ivsymbok are used to represent the real and

.41= RA+I~i

.+ is the conjugate of AI and WN be referred to as
.42= R~– I~i R

By procedures simiIar to those for the ~ coefficients,

(be-%+ bJL+ bJL+bJW biR,+ bJ+(bJ,+ bJrl- bJa+ bJs+ bJJi
''=(6AR,+5BRi+4CRa+ 3DR2+~ER~+(6A~, +5~~'+4~18+3~1, +"2E~~i

.-.
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(%&+ cJL+-c,R,+cJL-J-cJ7J +(COr,.+C114+Q~,+C,~~ +.c,IJi
'''=(6 AR,+5BR,+4CR8+3 DR,+2ER,)+(6AI, q5BI,+4CI,+3DI, +2 EI,)i

—

/r-. . . .... .

which ma~-bc referred to as
C,=Rc +Ici

and

CZ=RC– Ici

.Sitnila.ranalysis shows that, if tiw roots & and ki arc also conjugate complex quautitim (~ =R’ + l’i rm(l ~= R’ — I’i), thm

*WC),

(a&’, +alR’,+a,R’,+a,R’,+ a4R’1+a,)+(a#’, +a,I’4+gJ’,+ aJ’2+ gJ’,)i
‘1’=(6.4R’,+ 5BR’,+4CR’s+3DR’~ +2 ER’J+(6AI’,+ 5B1’++4C1’S+3D1’, +2 EI’,)i

-. ! .-..

R3==R’,+1’~i
and

R.=R’~–I’~i
where

(bJ?’,+ b,R’.~+ b@,+ bJY,+b~R’1+ bd+(bJ’,+b,I’,+ bzI’a.+.t:I’~+ bJ’t)i . .. .. ..... .. ...
‘s=(6~R’,+5BR’4 +4 CR’,+3DRf2+2ER~ l)+(6AIt,+5BI’4+4cI’R+ 3~1’2+ 2EI’l)i

~Sitnilarly,
C8=R’c +l’ci

1111(1

(74= R’c—I’ci
where ~

(c&5+ clR'4+cgR'a+c8'~+c4R',)+(cd'6+&I!~+.ca?.;a+CJ'~+c~I'Ji .:.
“=(6 AR’6+6BR’4+ 4Cfi’a+3 DR’2+2ER’1)+(6AI’,+ 6B1’4+4~1’$+3D1’, +2 E~’,)i “-

—,...=
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TABLE I.—TABLE FOR CALCULATING OSCILLAT’OR~ STABILITY BOUNDARIES
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COMPUTATION PROCEDURE
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